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PREFACE. 


THE main object of this work and the contents of it will be 
found specified in the Introductory Chapter. It is intended for 
the student who aims at acquiring such a knowledge as can only 
be got by a study of the subject in the historical order of its 
development, for the investigator who is-specially interested in 
this branch of mathematics and wishes to become acquainted 
with the various lines of attack opened up by previous workers, 
and for the general working mathematician who requires guide- 


books and books of reference concerning special domains. 
Ms 


CAPETOWN, SouTH AFRICA, 
19th July, 1905. 
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CHAPTER I. 


INTRODUCTION. 


THE way in which the material for a history of the theory of 
Determinants has been accumulated is quite similar to that 
which has been observed in the case of other branches of science. 

In the middle of the eighteenth century one of the indepen- 
dent discoverers of the fundamental idea, viz., CRAMER, was 
fortunate enough to attract attention to it, and in time it became 
the common property of mathematicians in France and else- 
where. As it slowly spread it naturally also received accretions 
and developments, and of the dozen or so of writers who thus 
handled it in the sixty years that followed Cramer’s publication 
there were of course a few who by a more or less casual refer- 
ence kept alive the memory of some of their predecessors. It 
was then taken up by Caucny, and, thanks to the prestige of 
his name and to the inherent excellence of his extensive mono- 
graph, its position as a theory of importance became more firmly 
assured. The thirty years that followed Cauchy’s memoir 
resembled the sixty that preceded it, save that the number _ 
of contributors was considerably larger. Then another great 
analyst, JacoBs, the most noteworthy of those contributors, 
produced in Germany a monograph similar in extent and value 
to Cauchy’s, and the importance of the subject in the eyes of 
mathematicians became still more enhanced. As a consequence, 
the single decade following gave rise to quite as many new 
contributions as the preceding three decades had, done, and 
closed with the appearance of the first separately published 
elementary treatise on the subject, viz., SPoTTISWOODE’S. The 
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preface to this contains the first notable historical sketch of 
the theory, and includes references to the writings of twelve 
outstanding mathematicians, beginning with Cramer (1750) 
and ending with the author’s own contemporaries, Cayley, 
Sylvester and Hermite. In the same year (1850) there also 
occurred something out of the ordinary, for the correspondence 
between Leibnitz and the Marquis de |’Hépital having been 
published from manuscripts in the Royal Library at Hanover, 
the striking discovery was made that more than half-a-century 
before Cramer’s time the fundamental idea of determinants had 
been clear to LerBniTz, and had been expounded with consider- 
able fulness by him in a letter to his friend. So strongly 
attractive had the subject now become to mathematicians that 
in the single year succeeding the publication of Spottiswoode’s 
short treatise a greater number of separate contributions to 
the theory made their appearance than in the whole sixty-year 
period from Cramer to Cauchy. The wants of students every- 
where had to be attended to: a second edition of Spottiswoode 
was consequently prepared for Crelle’s Journal in 1853; a text- 
book by Brioschi was published at Pavia in 1854; French and 
German translations of Brioschi in 1856; and an elementary 
exposition by Bellavitis in 1857. So far as historical material 
is concerned, the last-mentioned work was of little account; 
that of Brioschi resembled Spottiswoode’s, the number of 
references, however, being greater. Of quite a different char- 
acter was the text-book by BaLrzer, which was published at 
Leipzig the year after the German translation of Brioschi had 
appeared at Berlin, an important part of the new author's 
plan being to deal methodically with the history of the subject 
by means of footnotes. On the enunciation of almost every 
theorem a note with historical references was added at the 
foot of the page, the result being that in the portion (thirty- 
four pages) devoted expressly to the pure theory of determinants 
about as many separate writings are referred to as there are 
pages. This was a marked advance, and although during the 
next twenty years the publication of text-books became more 
frequent—in fact, if we include those of every language and 
of every scope, we shall find an average of about one per 
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year—Baltzer’s dominated the field; enlarged editions of it 
appeared in 1864, 1870, and 1875, and the historical notes 
grew correspondingly in number. Of the other text-books 
only one, Giinther’s, which was published in 1875, sought to 
follow the historical line taken by Baltzer and to add to the 
supply of material. Then in 1876 another new departure took 
place, this being the year in which the first writings were 
published which dealt with the history alone, the one being 
an academic thesis by E. J. Mellberg printed at Helsingfors, 
and the other a memoir presented by F. J. Studnitka to the 
Bohemian Society of Sciences. 

About this time, while engaged in writing my own so-called 
“Treatise on the Theory of Determinants,” I had occasion to 
look into the question of the authorship and history of the 
various theorems, and I was reluctantly forced to the conclusion 
that much inaccurate statement prevailed in regard to such 
matters and that the whole subject was worthy of serious 
investigation. A resolution was accordingly taken to set about 
collecting the titles of all the writings which had appeared on 
the theory up to the end of 1880. The task was not an easy 
one, as will readily be understood by those who know how 
scanty and defective are the bibliographical aids at the disposal 
of mathematicians, and how often the titles given by investi- 
gators to their memoirs are imperfect and even misleading in 
regard to the nature of the contents. The outcome of the 
search was published in 1881 in the October number of the 
Quarterly Journal of Mathematics (vol. xviii. pp. 110-149) 
under the title of “A List of Writings on Determinants.” It 
contained 589 entries arranged in chronological order. Some 
three or four years afterwards, when there had been time to 
test the completeness of the earlier portion of the list, the 
writings included in it were taken up in historical succession 
and suitable abstracts or reviews of them made for publication 
in the Proceedings of the Royal Society of Edinburgh; the 
first contribution of this kind was presented to the Society 
in the beginning of the year 1886. At the same time there 
was being prepared an additional list of writings containing 
omitted titles, 84 in number, belonging to the period of the 
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first list, and 176 titles belonging to the further period 1881- 
1885. This second list appeared in 1886 in the June number 
of the Quarterly Journal of Mathematics (vol. xxi. pp. 299- 
320). In 1890 a collection was made of the contributions, just 
mentioned, which had up to that date been printed in the 
Edinburgh Proceedings, and with the consent of the Society 
was published separately. Unfortunately in that year all this 
train of work had to be laid aside on account of the pressure 
of official duties, and ten years elapsed before it could be 
resumed. It was thus not until March 1900 that a second 
series of analytic abstracts began to appear in the Edinburgh 
Proceedings, and that the preparation of a third list of writings 
was methodically undertaken. The period to be covered by this 
list was the fifteen years 1886-1900; and as the number of 
writers interested in the subject had in these years continued 
to increase, and as closer examination of the literature of the 
previous periods had led to new finds, the resulting compilation 
was more extensive than the first two put together. It was 
presented to the South African Association for the Advancement 
of Science at its inaugural meeting in April 1903 and was pub- 
lished in the Report; it is also to be found in the Quarterly 
Journal of Mathematics for December 1904 and February 
1905 (vol. xxxvi. pp. 171-267). The number of titles in the 
three lists is about 1740; they furnish, it is hoped, an almost 
complete guide to the literature of the theory of determinants 
from the earliest times to the close of the nineteenth century. 

From these later labours it became manifest that it was 
undesirable in the way of separate publication to issue merely 
another volume as a continuation of, and similar to, that of 
the year 1900. The better course clearly was to reproduce the 
material of that volume along with the intercalations necessi- 
tated in it by the existence of subsequently discovered papers, 
and to follow this up in such a way as to give finally within 
the compass of a reasonably sized volume a full history of the 
subject in all its branches up to about the middle of the 
nineteenth century. This is what is here attempted. 

The plan followed is not to give one connected history of 
determinants as a whole, but to give separately the history of 
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each of the sections into which the subject has been divided, 
viz., to deal with determinants in general, and thereafter in 
order with the various special forms. This will not only tend 
to smoothness in the narrative by doing away with the necessity 
of frequent harkings back, but it will also be of material im- 
portance to investigators who may wish to find out what has 
already been done in advancing any particular department of 
the subject. To this end, also, each new result as it appears 
will be numbered in Roman figures; and if the same result be 
obtained in a different way, or be generalised, by a subsequent 
worker, it will be marked among the contributions of the latter 
with the same Roman figures, followed by an Arabic numeral. 
Thus the theorem regarding the effect of the transposition of 
two rows of a determinant will be found under Vandermonde, 
marked with the number xi., and the information intended thus 
to be conveyed is that in the order of discovery the said theorem 
was the eleventh noteworthy result obtained: while the mark 
XI. 2, which occurs under Laplace, is meant to show that the 
theorem was not then heard of for the first time, but that 
Laplace contributed something additional to our knowledge of 
it. In this way any reader who will take the trouble to look 
up the sequence XI., XI. 2, x1.3, &., may be certain, it is hoped, 
of obtaining the full history of the theorem in question. 

The early foreshadowings of a new domain of science, and 
tentative gropings at a theory of it, are so difficult for the 
historian to represent without either conveying too much or 
too little, that the only satisfactory way of dealing with a 
subject in its earliest stages seems to be to reproduce the exact 
words of the authors where essential parts of the theory are 
concerned. This I have resolved to do, although to some it 
may have the effect of rendering the account at the commence- 
ment somewhat dry and forbidding. 


CHAPTER II. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1693 TO 1779. 


THE writers here to be dealt with are seven in number, viz., 
Leibnitz, Fontaine, Cramer, Bézout, Vandermonde, Laplace, 
Lagrange. Of these the first two exercised no influence on 
the development of the theory; the real moving spirit was 
Cramer; Lagrange alone of the others may have been un- 
affected by this particular part of Cramer’s work. 


LEIBNITZ (1693). 


[Leibnizens mathematische Schriften, herausg. v. C. I. Gerhardt. 
1 Abth. ii. pp. 229, 288-240, 245. Berlin, 1850.] 


In the fourth letter of the published correspondence between 
Leibnitz and De L’Hospital, the former incidentally mentions 
that in his algebraical investigations he occasionally uses 
numbers instead of letters, treating the numbers however as if 
they were letters. De L’Hospital, in his reply, refers to this, 
stating that he has some difficulty in believing that numbers 
can be as convenient or give as general results as letters. 
Thereupon Leibnitz, in his next letter (28th April 1693), pro- 
ceeds with an explanation :— 


“Puisque vous dites que vous avés de la peine A croire qu'il soit 
aussi general et aussi commode de se servir des nombres que des 
lettres, il faut que je ne me sois pas bien expliqué. On ne sgauroit 
douter de la generalité en considerant qu'il est permis de se servir 
de 2, 3, etc., comme d’a ou de }, pour veu qu’on considere que ce 
ne sont pas de nombres veritables. Ainsi 2.3 ne signifie point 6 mais 
autant qu’ab. Pour ce qui est de la commodité, il y en a des tres 
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grandes, ce qui fait que je m’en sers souvent, sur tout dans les calculs 
longs et difficiles ou il est aisé de se tromper. Car outre la commodité 
de l’épreuve par des nombres, et méme par l’abjection du novenaire, 
jy trouve un tres grand avantage méme pour I’avancement de l’Analyse. 
Comme c’est une ouverture assez extraordinaire, je n’en ay pas encor 
parlé & d’autres, mais voicy ce que c’est. Lorsqu’on a besoin de 
beaucoup de lettres, n’est il pas vray que ces lettres n’expriment point 
les rapports qu'il y a entre les grandeurs qu’elles signifient, au lieu 
qu’en me servant des nombres je puis exprimer ce rapport. Par 
exemple soyent proposées trois equations simples pour deux inconnues 
4 dessein d’oster ces deux inconnues, et cela par un canon general. 
Je suppose 
10+1l7+12y = 0 (1) 
et 204+ 217+22y = 0 (2) 
et 30+ 31z+32y = 0 (3) 


ou le nombre feint estant de deux characteres, le premier me marque 
de quelle equation il est, le second me marque 4 quelle lettre il 
appartient. Ainsi en calculant on trouve par tout des harmonies qui 
non seulement nous servent de garans, mais encor nous font entrevoir 
d’abord des regles ou theoremes. Par exemple ostant premierement 
y par la premiere et la seconde equation, nous aurons : 


+10. 22411. 22% 
80) (4)* 
—-12.20-12.21.. 
et par la premiere et troisieme nous aurons: 
+10.32411. 322 
salen) 
—12.30-12.31.. 


ou il est aise de connoistre que ces deux equations ne different qu’en ce 
que le charactere antecedent 2 est changé au charactere antecedent 3. 
Du reste, dans un méme terme d’une méme equation les characteres 
antecedens sont les mémes, et les characteres posterieurs font une 
méme somme. II reste maintenant d’oster la lettre 2 par la quatrieme 
et cinquieme equation, et pour cet effect nous aurons { 


Ta pos; OPEN 
ie sable a aa 
1203.23: Pe Aah, 


qui est la derniere equation delivrée des deux inconnues qu’on vouloit 
oster, et qui porte sa preuve avec soy par les harmonies qui se remar- 
quent par tout, et qu’on auroit bien de la peine 4 decouvrir en 


* This is written shortly for +10.22+11.22%=0 ; 
—12.20-12.21x=0 
+The author here slightly changes his notation. What is meant to be indi- 


cated is 
10.21.32 + 11.22.30 + 12.20.31 = 10.22.31 + 11.20.32 + 12.21.30. 
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employant des lettres a, }, c, sur tout lors que le nombre des lettres 
et des equations est grand. Une partie du secret de l’analyse consiste 
dans la caracteristique, c’est A dire dans l’art de bien employer les notes 
dont on se sert, et vous voyés, Monsieur, par ce petit echantillon, 
que Viete et des Cartes n’en ont pas encor connu tous les mysteres. 
En poursuivant tant soit peu ce calcul on viendra 4 un theoreme general 
pour quelque nombre de lettres et d’equations simples qu’on puisse 
prendre. Le voicy comme je l’ay trouvé autres fois: 

“Datis aequationibus quotcunque sufficientibus ad tollendas quantitates, 
quae simplicem gradum non egrediuntur, pro aequatione prodeunte, primo 
sumendae sunt omnes combinationes possibiles, quas ingreditur una tantum 
coeficiens uniuscujusque aequationis: secundo, eae combinationes opposita 
habent signa, si in eodem aequationis prodeuntis latere ponantur, quae 
habent tot coefficientes communes, quot sunt unitates in numero quantitatum 
tollendarum unitate minuto» caeterae habent eadem signa. 

“Javoue que dans ce cas des degrés simples on auroit peut estre 
decouvert le méme theoreme en ne se servant que de lettres 4 l’ordinaire, 
mais non pas si aisement, et ces adresses sont encor bien plus necessaires 
pour devouvrir des theoremes qui servent a oster les inconnues montées 
a des degrés plus haunts. Par exemple, .... ” 


It will be seen that what this amounts to is the formation of 
a rule for writing out the resultant of a set of linear equations. 
When the problem is presented of eliminating w and y from the 
equations 

a+be+cy = 0, d+ex+fy = 0, gthe+ky = 0, 
Leibnitz in effect says that first of all he prefers to write 10 
for a, 11 for b, and so on; that, having done this, he can all 
the more readily take the next step, viz., forming every possible 
product whose factors are one coefficient from each equation,* 
the result being 
10.21.32, 10.22.31, 11. 20.32, 
122.30, 12.20.31, 12.21.30; 

and that; then, one being the number which is less by one than 
the number of unknowns, he makes those terms different in 
sign which have only one factor in common. 

The contributions, therefore, which Leibnitz here makes to 
algebra may be looked upon as three in number :— 

(1) A new notation, numerical in character and appearance, 
for individual members of an arranged group of magnitudes; 
the two members which constitute the notation being like the 


* Of course, this is not exactly what Leibnitz meant to say. 
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Cartesian co-ordinates of a point in that they denote any one of 
the said magnitudes by indicating its position in the group. (I.) 

(2) A rule for forming the terms of the expression which 
equated to zero is the result of eliminating the unknowns from 


a set of simple equations. (11.) 
(3) A rule for determining the signs of the terms in the said 
result. (IIL) 


The last of these is manifestly the least satisfactory. In 
the first place, part of it is awkwardly stated. Making those 
terms different in sign which have only as many factors alike as 
is indicated by the number which is less by one than the 
number of unknown quantities is exactly the same as making 
those terms. different in sign which have only two factors 
different. Secondly, in form it is very unpractical. The only 
methodical way of putting it in use is to select a term and 
make it positive; then seek out a second term, having all its 
factors except two the same as those of the first term, and make 
this second term negative; then seek out a third term, having 
all its factors except two the same as those of the second term, 
and make this third term positive; and so on. 

Although there is evidence that Leibnitz continued, in his 
analytical work, to use his new notation for the coefficients of 
an equation (see Letters xi., xii., xiii. of the said correspondence), 
and that he thought, highly of it (see Letter vii. “ chez moi c’es!, 
une des meilleures ouvertures en Analyse”), it does not appear 
that by using it in connection with sets of linear equations, or 
by any other means, he went further on the way towards the 
subject with which we are concerned. Moreover, it must be 
remembered that the little he did effect had no influence on 
succeeding workers. So far as is known, the passage above 
quoted from his correspondence with De L’Hospital was not 
published until 1850. Even for some little time after the date 
of Gerhardt’s publication it escaped observation, Lejeune Dirich- 
let being the first to note its historical importance. It is true 
that during his own lifetime, Leibnitz’s use of mwmbers on place 
of letters was made known to the world in the Acta Hrudi- 
torum of Leipzig for the year 1700 (Responsio ad Dn. Nic. 
Fatii Duillerit imputationes, pp. 189-208); but the particular 
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application of the new symbols which brings them into con- 
nection with determinants was not there given. 

In a subsequent volume of Leibnizens mathematische Schrif- 
ten,—the third volume of the second Abtheilung,—published at 
Halle in 1863, the following equivalent of the above ‘ théoreme 
général’ appears (pp. 5-6) :— 

“Inveni Canonem pro tollendis incognitis quoteunque aequationes 
non nisi simplici gradu ingredientibus, ponendo aequationum numerum 
excedere unitate numerum incognitarum. Id ita habet. 

Fiant omnes combinationes possibiles literarum coefficientium ita ut 
nunquam concurrant plures coefficientes ejusdem incognitae et ejusdem 
aequationis. Hae combinationes affectae signis, ut mox sequetur, 
componuntur simul, compositumque aequatum nihilo dabit aequationem 
omnibus incognitis carentem. 

Lex signorum haec ist. Uni ex combinationibus assignetur signum 
pro arbitrio, et caeterae combinationes quae ab hac differunt coefficien- 
tibus duabus, quatuor, sex etc. habebunt signum oppositum ipsius 
signo: quae vero ab hac differunt coefficientibus tribus, quinque, 
septem etc. habebunt signum idem cum ipsius signo. Ex. gr. sit 


10+1la+12y=0, 204+21%+22y=0, 3043124 32y = 0; 

fiet +10,.21.32-10.22.31-11. 20.32 
+11.22.30+12.20.31-12.21.30 = 0. 
Coefficientibus eas literas computo, quae sunt nullius incognitorum, ut 

10, 20, 30.” 

Although Gerhardt, the editor, states that the original manu- 
script of Leibnitz, from which this is taken, bears no date, it is 
very probable to date farther back than 1693, and not impossible 
to belong to 1678.* 


FONTAINE (1748). 


[Mémoires donnés & Académie Royale des Sciences, non im- 
primés dans leurs temps. Par M. Fontainet de cette 
Académie. 588 pp. Paris, 1764.] 


These memoirs of Fontaine’s, sixteen in number, cover a con- 
siderable variety of mathematical subjects: it is the seventh of 


*See also Grruarpt, K.I., Leibniz iiber die Determinanten, Sitzungsb. ..... 
Akad. d. Wiss. (Berlin), 1891, pp. 407-423. 


+The full name is Alexis Fontaine des Bertins. The very same collection was 
issued in 1770 under the less appropriate title 7’raité de calcul différentiel et 
intégral. Vandermonde is said to have been a pupil of Fontaine’s (v. Nouv. 
Annales de Math., v. p. 155), 
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the series which indirectly concerns determinants. There is 
not, however, even the most distant connection between it and 
the work of Leibnitz. The heading is “Le calcul intégral. 
Seconde méthode,” the sixth memoir having given the first 
method. The date is indicated in the margin. 

The matter which concerns us appears as a lemma near the 
beginning of the memoir (p. 94). The passage is as follows :— 


“Soient quatre nombres quelconques 
al, a2, a3, a4, 
et quatre autres nombres aussi quelconques 
al, a2, a3, a4; 
faites al a3 — al o2 = ol, 
a2 a3 — a2 03 = a2, 
a3 a4 - a3 a4 = a3, 
al a3 — al a3 = a7], 
a2 a4 — a2 a4 = a?2, 
al a4 — al a4 = al, 
vous aurez a®1 @2 — a1 a2 + a1 a3 = 0,” 
Manifestly this is the identity which in later times came to be 
written 
|1b,| -|@g4| — [4153] -|@eb,| + |b, - [20s] = 9, 
and which, so far as we know, appeared first in its proper con- 
nection in the writings of Bézout. (XXIIL.) 
It is curious to note that Fontaine was not satisfied with the 
lemma in this form, but proceeded to take “autant de nombres 
quelconques que l’on voudra, al, a2,...., al0,... and 
wrote the identity one hundred and twenty-six times before 
he appended “et cetera,” the 126th being 
a6 aT — a6 027 + 6 a'8 = 0. 


CRAMER (1750). 
[Introduction a l’Analyse des Lignes Courbes algébriques. 
(Pp. 59, 60, 656-659.) Geneve, 1750.] 
The third chapter of Cramer’s famous treatise deals with the 


different orders (degrees) of curves, and one of the earliest 
theorems of the chapter is the well-known one that the equation 
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of a curve of the nth degree is determinable when 3n(n+3) 
points of the curve are known. In illustration of this theorem 
he deals (p. 59) with the case of finding the equation of the 
curve of the second degree which passes through five given 
points. The equation is taken in the form 


A+By+Ca+Dyy+ Evy + xu 4 1 


the five equations for the determination of A, B, C, D, E are 
written down; and it is pointed out that all that is necessary 
is the solution of the set of five equations, and the substitution 
of the values of A, B, C, D, E thus found, “Le calcul véritable- 
ment en seroit assez long,’ he says; but in a footnote there is 
the remark that it is to algebra we must look for the means of 
shortening the process, and we are directed to the appendix for 
a convenient general rule which he had discovered for obtaining 
the solution of a set of equations of this kind. The following is 
the essential part of the passage in which the rule occurs :— 


“Soient plusieurs inconnues , y, 2, v, &e., et autant d’équations 


Al = Z!z4 V1y+ Xa+ V+ &e. 

A? = 7224 Vy + X°x+ Vv+4 &e. 

A8 = Z3z + Y8y + X8x+ V°v + &e. 

At = Z4z 4 Y4y + X4x4+ V4 4 &e. 
&e. 


oit les lettres A}, A2, A3, A‘, &c., ne marquent pas, comme a l’ordinaire, 
les puissances d’ A, mais le prémier membre, supposé connu, de la 
prémiére, seconde, troisiéme, quatriéme, &c. équation.” 


[Here the solutions of the cases of 1, 2, and 3 unknowns are given, 
and he then proceeds. | 


“T’examen de ces Formules fournit cette Régle générale. Le 
nombre des équations et des inconnues étant n, on trouvera la valeur 
de chaque inconnue en formant n fractions dont le dénominateur com- 
mun a autant de termes qu'il y a de divers arrangements de n choses 
différentes. Chaque terme est composé des lettres ZYXV, &c., 
toujours écrites dans le méme ordre, mais auxquelles on distribue, 
comme exposants, les n prémiers chiffres rangés en toutes les maniéres 
possibles. Ainsi, lorsqu’on a trois inconnues, le dénominateur a 
[1x 2x3=] 6 termes, composés des trois lettres ZYX, qui recoivent 
successivement les exposants 123, 132, 213, 231, 312, 321. On donne 
4 ces termes les signes + ou —, selon la Régle suivante. Quand un 
exposant est suivi dans le méme terme, médiatement ou immédiate- 
ment, d’un exposant plus petit que Jui, j’appellerai cela un dérangement. 
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Qu’on compte, pour chaque terme, le nombre des dérangements: s'il 
est pair ou nul, le terme aura le signe +; s'il est impair, Je terme 
aura le signe —. Par ex. dans le terme Z!Y¥2X® il n’y a aucun 
dérangement ; ce terme aura donc le signe +. Le terme Z®Y¥!X? 
a aussi le signe +, parce qu’il a deux dérangements, 3 avant 1 et 
3 avant 2. Mais le terme Z3Y?X!, qui a trois dérangements, 3 avant 
2, 3 avant 1, et 2 avant 1, aura le signe —. 

“Qe dénominateur commun étant ainsi formé, on aura la valeur 
de z en donnant & ce dénominateur le numérateur qui se forme en 
changeant, dans tous ces termes, Z en A. Et la valeur d’y est la 
fraction qui a le méme dénominateur et pour numérateur la quantité 
qui résulte quand on change Y en A, dans tous les termes du 
dénominateur. Et on trouve d’une maniére semblable la valeur 
des autres inconnues.” 


it is evident at once that the new results here given are— 

(1) A rule for forming the terms of the common denominator 
of the fractions which express the values of the unknowns in a 
set of linear equations. (IV.) 

(2) A rule for determining the sign of any individual term in 
the said common denominator (and, included in the rule, the 


notion of a “dérangement”). (iit. 2) 
(3) A rule for obtaining the numerators from the expression 
for the common denominator. (v.) 


The problem which Cramer set himself at this point in his 
book was exactly that which Leibnitz had solved, viz. the 
elimination of n quantities from a set of n+1 linear equations. 
The solution which Cramer obtained, and which, be it remarked, 
was the solution best adapted for his purpose, was quite distinct 
in character from that of Leibnitz. Leibnitz gave a rule for 
writing out the final result of the elimination; what Cramer 
gives is a rule for writing out the values of the » unknowns as 
determined from n of the n+1 equations, after which we have 
got to substitute these values in the remaining (n + 1)th equation. 
The notable point in regard to the two solutions is, that Cramer's 
rule for writing the common denominator of the values of the 
nm unknowns (an expression of the nth degree in the coefficients) 
is exactly Leibnitz’s rule for writing the final result, which is an 
expression of the (n+1)th degree. Had either discoverer been 
aware that the same rule sufficed for obtaining both of these 
expressions, he could not have failed, one would think, to 
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note the recurrent law of formation of them. The result of 
eliminating w, «, y, z from the equations, 
a,w+ba+ey+d,z = ¢ (r=1, 2, 3, 4, 5) 

is, according to Leibnitz, if we embody his rule in a later 
symbolism, | a,b,c44,e5| = 0; 
whereas, according to Cramer, it is— 

| ebg0,ds | | be23C44s | | Hb 3e4s | | dab504es | ae 

* | aigb,c4ds | *| aghzc,d | *| dgbsc4ds | *| agbscds | 


> 


and from the collocation of these the one natural step is to the 
identity 
— |aybyeg4e5| = 4, |¢obg¢445| +0, |ageg0s| + - - » — €1|42bscyd5|- 


The fate of Cramer's rule was very different from that of 
Leibnitz. It was soon taken up, and after a time found its way 
into the schools, where it continued for many years to be taught 
as the nutshell form of the theory of the solution of simultaneous 
linear equations. Indeed Gergonne is reported* to have said, 
“Cette méthode était tellement en faveur, que les examens aux 
écoles des services publics ne roulaient, pour ainsi dire, que sur 
elle; on était admis ou rejeté suivant qu’on la possedait bien ou 
mal.” | 

Finally, the exact difference between Cramer’s notation for the 
coefficients of the unknowns and the notation of Leibnitz should 
be noted, and in connection therewith the fact that when dealing 
with the subject of elimination between two equations of the mth 
and mth degrees in @ Cramer uses a notation closely resembling 
that which Leibnitz employed, viz., [1°] [1°], &e. 


BEZOUT (1764). 

[Recherches sur le deyré des équatians résultantes de l’évanouis- 
sement des inconnues, et sur les moyens qu'il convient 
demployer pour trouver ces équations.—Hist. de l’ Acad. 
Roy. des Sciences, Ann. 1764 (pp. 288-338), pp. 291-295.] 


The object of Bézout’s memoir is sufficiently apparent from 
the title; we may therefore at once give those portions of it 


* By Studnitka. But see Kliigel’s Worterbuch d. reinen Math,, Suppl. II..p. 67. 
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which directly concern our subject. On p. 291 is the commence- 
ment of the following passage :— 


‘““M. Cramer a donné une régle générale pour les exprimer toutes 
débarrassées de ce facteur: j’aurois pu m’en tenir 4 cette régle; mais 
Pusage m/’a fait connoitre que quoiqu’elle soit assez simple, quant aux 
lettres, elle ne Pest pas de méme a |’égard des signes lorsqu’on a 
au-dela d’un certain nombre d’inconnues 4 calculer; ... . 


Lemme I. 


“Si lon a un nombre n d’équations du premier degré qui renferment 
chacune un pareil nombre d’inconnues, sans aucun terme absolument 
connu, on trouvera par la regle suivante la relation que doivent avoir 
les coéfficiens de ces inconnues pour que toutes ces équations aient lieu. 

“Soient a, 0, c, d, &c., les coéfficiens de ces inconnues dans la 

premiere équation. 

a’, 0’, c, d’, &e., les coéfficiens des mémes inconnues dans 
la seconde équation. 

a”, 6”, c’, d’, &c., ceux de la troisitme & ainsi de suite. 

‘“‘Formez les deux permutations ab & ba & écrivez ab-— ba; avec ces 
deux permutations & la lettre c formez toutes les permutations possibles, 
en observant de changez de signe toutes les fois que c changera de 
place dans ab & la méme chose a l’égard de ba; vous aurez 

abe — ach + cab — bac + bea — cba. 
Avec ces six permutations & la lettre d, formez toutes les permutations 
possibles, en observant de changer de signe a chaque fois que d changera 
de place dans un méme terme ; vous aurez 


abcd — abde + adbe — dabe - achd + acdb — adch + dach 
+ cabd — cadb + cdab — deab - bacd + bade — bdac + dbac 
+ bead — beda + bdca — dbea -— chad + chda — cdba + deba 
& ainsi de suite jusqu’é ce que vous ayez épuisé tous les coéfficiens de 
la premiére equation. 
* Alors conservez les lettres qui occupent la premiére place ; donnez 
& celles qui occupent la seconde, la méme marque qu’elles ont dans 
la seconde équation; a celles qui occupent la troisiéme, la méme 
marque qu’elles ont dans la troisiéme équation, & ainsi de suite ; égalez 
enfin le tout 4 zéro et vous aurez l’équation de condition cherchée. 
* Ainsi si vous avez deux équations et deux inconnues comme 
ax + by =0 
wxe+b'y=0 
l’équation de condition sera ab’ —ba’=0 ou ab'-ab=0.... 
In the same way the next two cases are given; then— 


“|. . mais comme ces équations de condition doivent servir de 
formules pour |’élimination dans les équations de différens degrés, il 


” 
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convient de leur donner une forme qui rende les substitutions le moins 
pénibles qu'il se pourra ; pour cet effet, je les mets sous cette forme : 
ab’ -ab =0 
(ab’ —a'b)c’ +(a"b —ab")c' +(ab" -a'l’')c = 9 
((ab’ —a’b)c” +(a'b —ab"\ce +(ab" -a'b’)e a” 
+[(ab —ab')c” +(al” - a’"b)c +(a'"b' —a’'b’’)c ]d" 
+[(a'"b —ab’)c” +(ab" —a"b) c+ (a'b —a'"b"\e jd 
+[(a'b" — abc" + (a"b" — ad") e+(a"l’ -ab")c"|d = 0. 
Cette nouvelle forme a deux avantages: le premier, de rendre les 
substitutions A venir, plus commodes; le deuxieme, cest d’offrir une 
régle encore plus simple pour la formation de ces formules. 

“En effet, il est facile de remarquer 1°, que le premier terme de 
Pune quelconque de ces équations, est forme du premier membre de 
Péquation précédente, multiplié par la premiére des lettres quelle ne 
renferme point, cette lettre étant affectée de la marque qui suit immé- 
diatement la plus haute de celles qui entrent dans ce méme membre. 

«9°, Le deuxiéme terme se forme du premier, en changeant dans 
celui-ci la plus haute marque en celle qui est immédiatement au-dessous 
& réciproquement, & de plus en changeant les signes. 

“3°. Te troisieme, se forme du premier, en changeant dans celui-ci 
la plus haute marque en celle de deux numeros au-dessous & réciproque- 
ment, & de plus en changeant les signes. 

“4° Le quatriéme, se forme du premier, en changeant dans celui-ci 
la plus haute marque en celle de trois numéros au-dessous & réciproque- 
ment, & changeant les signes, & toujours de méme pour les suivans. 

“Par exemple, ..: «s 

“D/’aprés ces observations, il sera facile de voir que l’équation de 


condition pour cing inconnues et cing équations, sera 
”» 


The latter part of this we are drawn to at once, as it enunciates 
quite clearly the Recurrent Law of Formation to which attention 
has above been directed. It has to be observed, however, that 
the three ‘equations of condition’ are not in the form got by 
merely following the ‘rule, and that by deriving each ‘terme,’ 
not from the first but from the preceding ‘terme’ we should 
obtain, viz. : 

ab’ —a’b = 0, 
(ab’ —a’b)e” —(ab"” —a"b)e +(vb” —a’b’)c = 0, 
[((ab’ —a’b)c” —(ab” —a"b)d +(a’b" —a’b’)c]d” 
—[(ab’ —a'b)c” —(ab” —a’"b) +(a'b” —a"b’)c] a” 
+[(ab” —a’b)e” —(ab” —a’"’b)c” +(e” — ab") cd’ 
—{(a’b” —a'') 6" — (vb — a" be" + (a"b”" — "bed = 0. 
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The notable point in regard to the earlier portion is, that 
Bézout throws his rule of term-formation and his rule of signs 
into one. In the case of finding the resultant of 

a,x + by + 6,2 =0 (f= 152.5) 
his process consists of four steps, viz. :— 


(1) a, 

(2) ab :—ba, 

(3) abe —acbh+cab —bac+bea-—cba, 

(4) ab,¢3 — Cyd, + C,agb, — b 903 + b, 0,43 — C,b,05. 
The first term of (2) is got from (1) by affixing b, and the second 
is got from the first by advancing the b one place and changing 
the sign. The first term of (8) is got from the first term of (2) 
by affixing c¢, the second term is got from the first by advancing 
ce a place and changing the sign, and the third is got from the 
second by advancing c a place and changing the sign; the last 
three are got from the second term of (2) in the same way as 
the first three are got from the first term of (2). 

It will thus be seen that while Leibnitz and Cramer direct us 
to find the permutations in any way whatever, and thereafter 
to fix the sign of each in accordance with a rule, Bézout requires 
the permutations to be found by a particular process, and 
attention given to the question of sign throughout all this 
process, so that when the terms have been found their signs 
have likewise been determined. 

Bézout’s contributions to the subject thus are— 

(Lye combined rule of term-formation oa (1. 2)-+(1m1. 8) 

rule of signs. 

(2) The recurrent law of formation of the new functions. (V1) 


VANDERMONDE (1771). 
[Mémoire sur l’élimination. Hist. de V Acad. Roy. des Scrences 
(Paris), Ann. 1772, 2° partie (pp. 516-532). | 
This important memoir of Vandermonde and that of Laplace, 
which is dealt with immediately afterwards, both appear in the 
History of the French Academy of Sciences for 1772, Laplace’s 
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memoir occupying pp. 267-376, and Vandermonde’s pp. 516-532. 
There is, however, a footnote to the latter, which states that it 
was read for the first time to the Academy on 12th January ube gra bs 
The part of it which concerns us is the first article, which 
treats of elimination in the case of equations of the first degree. 
Vandermonde here writes :— 
“Je suppose que l’on représente par ; : : &e., : 


’ ’ ’ 


1 
; : 4 &c., &e., autant de différentes quantités générales, dont lune 
’ , ’ 


quelconque soit 2 une autre quelconque soit p &e., & que le produit 


B 


: eke ‘ ° s a 
des deux soit désigné & Yordinaire par | 7, 
“Des deux nombres ordinaux a & a, le premier, par exemple, 
Af F P R e: A a 
désignera de quelle équation est pris le coéfficient 7 & le second 


> 
désionera le rang que tient ce coéfficient dans |’équation, comme on le 
g ’ 


verra ci-aprés. 
“Je suppose encore le systéme suivant d’abréviations, & que Yon 


fasse 
a|B_afB_aB8 
a|b a.b b.@ 
al|Bly_o Bly, « Bly, ¢ Bly 
alblc a.ble b.cla c.a|d 
a/Bly|8_« Blyl§_¢Bly|é,¢ Blyle_o Bly/8 
a|bl[c|d a.b|cld b.c|dja c.dja[b d.aldlc 
«|Bly|slel_« Blyidle, 
a|blc|dje| a.b|cl|dle 
“Le symbole _|_L gert ici de caractéristique. Les seules choses 


& observer sont eves des signes, et la loi des permutations entre 
les lettres a, b, c, d, &c., qui me paroissent suffisamment indiquées 
ci-dessus. 

“Au lieu de transposer les lettres a, 0, c, d, &c., on pouvoit les 
laisser dans ordre alphabétique, & transposer au contraire les lettres 
a, B, y, 5, &c., les résultats auroient été parfaitement les mémes ; ce 
qui a lieu aussi par rapport aux conclusions suivantes. 


. . . Qa , “er 
‘“‘Premié¢rement, il est clair que ae représente deux termes différens, 


Pun positif, & Vautre négatif, résultans d’autant de permutations 
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possibles de a & b; que * LB ly en représente six, trois positifs & trois 


a| ble 
négatifs, résultans d’autant de permutations possibles de a, b, & ¢; 
que ere yy® % Pe 
a| b|cld 


‘‘ Mais de plus, la formation de ces quantités est telle que l’'unique 
changement que puisse résulter d’une permutation, quelle qu’elle soit, 
faite entre les lettres du méme alphabet, dans l'une de ces abréviations, 
sera un changement dans le signe de la premiére valeur. 

“La démonstration de cette vérité & la recherche du signe résultant 
dune permutation déterminée, dépendent généralement de deux pro- 
positions qui peuvent étre énoncées ainsi qu’il suit, en se servant de 
nombres pour indiquer le rang des lettres. 

“La premiére est que 


1/2/3|.../m|m+1}...” 
1]}2|3|...|m|m+1]|...n 
1) 2 | 3 J...[m-mtl|n-m+2|n—m+3|...| 0 


le signe - n’ayant lieu que dans le cas ot n & m sont l'un & lautre 
des nombres pairs. 
“La seconde est que 


1/2|3|...|m|[m+1]...[0 
1/2|3|...[m|m+1]|...[n 
Pee 2yo eae an |m+1|m+2]...|n 
~1[2][38]:..Jm-T]m+1] m |m+2]...[n 


“‘T] sera facile de voir que, la premiére équation supposée, celle-ci 
n’a besoin d’étre prouvée que pour un seul cas, comme, par exemple, 
celui de m=n — 1, c’est-a-dire, celui ott les deux lettres transposées sont 
les deux dernieres. 

“Au lieu de démontrer généralement ces deux équations, ce qui 
exigeroit un calcul embarrassant plutét que difficile, je me contenterai 
de développer les exemples les plus simples: cela suffira pour saisir 
esprit de la démonstration. 


” 


(24 pages are occupied with verifications for the case of 


al8 op alBly ana of #/8l712) 


= 750 — 
a| b’ a|ble’ a|b|e|d 
“On verra qu’en général la démonstration de notre seconde équation 


pour le cas n=a, dépend de cette méme équation pour le cas n=a—1, 
A ‘ : 1/2 1/2 

quel que soit a: d’ou il suit que puisque i | Fa : ? elle est 

généralement vraie. 


20 HISTORY OF THE THEORY OF DETERMINANTS 


“De ce que nous avons dit jusqu’ici a swt que 


1 BAY bones “0 

eb | Ca hee ae 
si deux lettres quelconques du méme alphabet sont égales entr’elles; car 
quelque part que soient les deux lettres égales, on peut les transposer 
aux deux derniéres places de leur rang, ce qui ne fera au plus que 
changer le signe de la valeur ; alors, de leur permutation particuliére, 
il ne peut, d’une part, résulter aucun changement, puisqu’elles sont 
égales; d’autre part, selon notre seconde équation ci-dessus, il doit 
en résulter un changement de signe; cette contradiction ne peut étre 
levée qu’en supposant la valeur zéro . . 

“Tout cela posé ; puisque l’on a identiquement, 


— 
rr 
— 
—_ 
hw 


aoe = 0, 
T]S [Sh loon ees Ol oe 
2|1/2_ 21/22 1/2 21/2 | 
i] 34 3a d |S; Les jdeaae lepine 2 


Qa — 


si l’on propose de trouver les valeurs de £1 et de €2 qui satisfont aux 


deux équations 
1.£142.é243=0 
1.£142.£24+3=0, 
on pourra comparer, & l’on aura 
1|2 1|2 
2/3 


(Three equations with three unknowns are similarly dealt with.) 
“T] est clair que ces valeurs n’ont point de facteurs inutiles: mais 
pour les rendre aussi commodes qu'il est possible dans les applications, 
& particuli¢rement dans celles ot l'on veut faire usage des loga- 
rithmes, il sera bon d’y employer le plus qu'il se pourra, la multiplication 
des facteurs complexes. J’observe done 1° que si l’on substitue dans 
8 

le développement de ana: les valeurs des a8 ly en cna 
Le a|blel@ alble alo 

aura, en réduisant & ordonnant, d’aprés les observations ci-dessus, | 


a|B y|§_ a|B y|B alp y\8 
a|b cld ale bid ald ble 


aiBlyi8_} ,@iB yl8_a|B y\8 
a|bl|c|d b|c ald bld ale 
Pa SNS dl: 
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si de méme on substitue dans le développement des one ly PP Sis is) les 


b|c|dle 
valeurs des lisa i sagautseale , on aura, en a Ee er 
a|b|c|dje albjeld ‘ 
nant, d’aprés les observations ci-dessus, 
alB yldlele_ al yl8lele, | 
a|b cldle ale bldle|f ald blclelf 
a|B yl8le ee) | | 
3 = [ele|f* ble alclalf 
| 
| 


ie) 
ale bleld|f alf bleldle 


beng 1h i! 
b\f ale|dle 


‘“‘La loi des permutations & des signes est assez manifeste dans ces 
exemples, pour qu’on en puisse conclure des développemens pareils 
pour les cas de huit & dix lettres, &c., du méme alphabet ; alors, en 
employant les premiers développemens pour les cas dun nombre 
impair de ces lettres, on aura les formules d’élimination du premier 
degré, sous la forme la plus concise qu'il soit possible. 

“Si Pon veut exprimer ces formules, généralement pour un nombre 

n d’équations 


1 it 1 a 
156142 .£94 32034 1.2. $m. Emt... +n.&n4+(n+1)=0 
2 2 2 2 2 2 
1.€14+2.€24+3.€34+ ... +m.Em+... +n. én+(n+1)=0 
&e. 


la valeur de ’inconnue quelconque &m, sera renfermée dans |’équation 
suivante, 4 une seule inconnue 


te ea |---|” ém 
1] 2]3]...|m 
Ee 252 3.0 | ade. |jn—m|n—m+1|n—m+2|n—m+3}...] 0 = 
* m+ 1|m + 2|m + 3)...... peioeblinkn tol te|m ard we |r 2e28_al:.thn-l 


le signe + ayant lieu seulement dans le cas ot m & nm sont impairs 
Yun & l’autre.” 
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Taking this up in order, we observe first that Vandermonde 
proposes for coefficients a positional notation essentially the same 


as that of Leibnitz, writing ; where Leibnitz wrote 12 or 1,. 


Then he defines a certain class of functions by means of their 
recurrent law of formation—a law and class of functions at once 
seen to be identical with those of Bézout. A special symbolism is 
used for the first time to denote the functions; thus, the expression 


15.2,-3, + 1.2539 + 19-29-38, — 19-223, — 15-29-32 — 1,-2,.39, 
which occurs in Leibnitz’s letter, Vandermonde would have 


denoted by 12/3 
1{ 2] 3 


and the result of eliminating a, y, z, w from the set of equations 


1+ 2,y+3,2+ 4,w =0 (r=1, 2,°3, 4) 
by 
1|2|3]|4 
1|/2|3|4 

It is next pointed out that permutation of the under row of 
indices produces the same result as permutation of the upper 
row, that the number of terms is the same as the number of 
permutations of either row of indices, and that half of the terms 
are positive and half negative. 

The part which follows this is a little curious. The proposition 
is brought forward that if in the symbolism for one of the 
functions a transposition of indices takes place in either row, 
the same function is still denoted, the only change thereby 
possible being a change of sign. The demonstration is affirmed 
to be dependent on two theorems, neither of which is proved, 
as the proofs are said to be troublesome to set forth. Now it 
will be seen that the second of these theorems is to the effect 
that the transposition of any two consecutive indices causes a 
change of sign, and that consequently this alone is sufficient 
for the required demonstration. The first of the auxiliary 
theorems, in fact, is an immediate deduction from the second, the 
particular permutation which it concerns being produced by 
(7m —m-+1)(m—1) transpositions of pairs of consecutive indices. 
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Passing over the illustrations of these propositions, we come 
next to the theorem that if any two indices of either row be 
equal the function vanishes identically, and we note particularly 
that the basis of the proof is that the interchange of the two 
indices in question changes the sign of the function, and yet 
leaves the function unaltered. 

Upon this theorem the solution of a set of simultaneous linear 
equations is then with much neatness made to depend. In more 
modern notation Vandermonde’s process is as follows:—It is 
known that 


A, | byeg| + 0, | ¢,42| + ¢,|a,b,| = | a,byc,| = 0, 
and Gy | Cy | + by| Cyy| + ¢y|a,b.| = |a_b,c,| = 0, 
| B15 | | cat, | 
a + b,34 4+ ¢, = 0 
*| a,b, | *|a,b,| : 
DC, | | Caz | 
and da 1% bait 2) Lie, = 0 
2 aby] + 2 a,b,| 7 3 


hence, if the equations 
a,c¢+by+e,= a 
age + boy +¢,=0 
be given us, we know that 
| be : yet ats 
|@,b.|’ “| aybo| 


4 yi — 


is a solution. 

This result, moreover, is generalised ; the solution of 

Tl Alot. «+ Tren +1 n41=9 (7=1,2,. 4 1) 

being fully and accurately expressed in symbols, although the 
numerators of the values of a, %%,..., @, are not in so simple a 
form as Cramer’s rule for obtaining the numerator from the 
denominator might have suggested. 

Lastly, and almost incidentally, Vandermonde makes known 
a case of the widely general theorem nowadays described as 
the theorem for expressing a determinant as an aggregate of 
products of complementary minors. His case is that in which 
the given determinant is of the order 2m, and one factor of each 
of the products is of order 2. 

Summing up, therefore, we must put the statement of our 
indebtedness to Vandermonde as follows :— 
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(1) A simple and appropriate notation for the new functions, 
1|2|3 


g: (VII.) 
SEDER . 

(2) A new mode of defining the functions, viz., using sub- 
stantially Bézout’s recurring law of formation. (VIII) 


(3) The remark that the ordinary algebraical expression of 
any of the functions is obtainable by permutation of either series 


of indices. (1X.) 
(4) The remark that the positive and negative terms are equal 
in number. (x3) 
(5) The theorem regarding the effect of interchanging two 
consecutive indices. (X1.) 
(6) The theorem (with proof) regarding the effect of equality 
of two indices belonging to the same series. (XIL) 


(7) A reasoned-out solution of a set of » simultaneous linear 
equations, by means of the new functions as above defined. (XIIL) 

(8) Expression of any of the new functions of order 2m 
as an aggregate of products of like functions of orders 2 and 
2m —2. (XIV.) 

In addition to this, we must view Vandermonde’s work as a 
whole, and note that he is the first to give a connected exposition 
of the theory, defining the functions apart from their connections 
with other matter, assigning them a notation, and thereafter 
logically developing their properties. After Vandermonde there 
could be no absolute necessity for a renovation or reconstruction 
on a new basis: his successors had only to extend what he had 
done, and, it might be, to perfect certam points of detail. Of 
the mathematicians whose work has thus far been passed in 
review, the only one fit to be viewed as the founder of the theory 
of determinants is Vandermonde. 


LAPLACE (1772). 

[Recherches sur le calcul intégral et sur le systtme du monde. 
Hist. de V Acad. Roy. des Sciences (Paris), Ann. 1772, 2° 
partie (pp. 267-376) pp. 294-304. Guvres, viii. pp. 365-406.] 

In the course of his work Laplace arrives at a set of linear 
equations from which n quantities have to be eliminated. 
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This he says can be accomplished by means of rules which 
mathematicians have given :— 


““Mais comme elles ne me paroissent avoir été jusqu’ici démontrées 
que par induction, et que d’ailleurs elles sont impracticables, pour peu 
que le nombre des équations soit considérable ; je vais reprendre de 
nouveau cette matiére, et donner quelques procédés plus simples que 
ceux qui sont déja connus, pour éliminer entre un nombre quelconque 
d’équations du premier degré.” 


Taking m homogeneous linear equations with the coefficients 


SMaie® etre: 0.) 6, ee, ie ce 


he first gives Cramer’s rule for writing out what he, Laplace, 
calls the Resultant, using in the course of the rule the term 
variation instead of Cramer’s term “dérangement.” Then he 
gives the “perhaps simpler” rule of Bézout, and shows that 
of necessity it will lead to the same result as Cramer’s. 

The theorem in regard to the effect of transposing two letters 
is next enunciated, and the blank left by Vandermonde is filled, 
for a proof of the theorem is given. The exact words of the 
enunciation and proof are— 


‘Si au lieu de combiner d’abord la lettre a avec la lettre , ensuite 
ces deux-ci avec la lettre c, et ainsi de suite ; c’est-a-dire, si au lieu de 
combiner les lettres a, b, c, d, e, &c., dans l’ordre a, , c, d, e, &c., on les 
efit combinées dans l’ordre a, ¢, 5, d, ¢, &c., ou a, d, b, c, e, &e., ou 
a, ¢, 6, ¢, d, &c., ou &c., je dis qu’on auroit toujours eu la méme 
quantité a la différence des signes prés. 

“Pour démontrer ce Théoréme nommons en général, résultante, la 
quantité qui résulte de l'une quelconque de ces combinaisons, en sorte 
que la premiere résultante soit celle qui vient de la combinaison suivant 
Vordre a, b, ¢, d, e, &e., que la seconde résultante soit celle qui vient de la 
combinaison suivant l’ordre a, c, b, d, e, &c., que la troisiéme résultante 
soit celle qui vient de la combinaison suivant l’ordre a, d, b, ¢, e, &c., 
et ainsi de suite; cela posé, il est clair que toutes ces résultantes 
renferment le méme nombre de termes, et précisément les mémes, 
puisqu’elles renferment tous les termes qui peuvent résulter de la 
combinaison des n lettres a, 0, c, d, e, &c., disposées entre elles de 
toutes les maniéres possibles; il ne peut donc y avoir de différence 
entre deux résultantes, que dans les signes de chacun de leurs termes ; 
or, il est visible que la premiere résultante donne la seconde, si ’on 
change dans la premiére 0 en ¢, et réciproquement ¢ en b; mais ce 
changement augmente ou diminue d’une unité le nombre des variations 
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de chaque terme; d’ou il suit que dans la seconde résultante, tous les 
termes dont le nombre des variations est impair, auront le signe +, 
et les autres le signe — ; partant, cette seconde résultante nest que la 


premiere, prise négativement. 
“Tl est visible pareillement que... .” &c. 


The proof is thus seen to consist in establishing (1) that 
the terms of the one “resultant” must, apart from sign, be the 
same as those of the other; and (2) that the terms of the 
one resultant are either all affected with the same sign as 
the like terms of the other, or are all affected with the opposite 
sign, the comparison of sign being made by comparing the 
number of variations. 

After this, the theorem that when two letters are alike 
the resultant vanishes is established in a way different from 
Vandermonde’s, but not more satisfactory, viz., by considering 
what Bézout’s rule would lead to in that case. 

Application is then made to the problem of elimination, and to 
the solution of a set of linear simultaneous equations, the mode of 
treatment being again different from Vandermonde’s, but this 
time with better cause. He says— 


“Je suppose maintenant que l’on ait les trois équations 
O = lap + dp + *6m', 
O = 2am + 2D.’ + Pep", 
O = 8am + Sd.’ + Fem”, 


je forme d’abord la résultante des trois lettres a, }, c, suivant lordre 
a, b, ¢, ce qui donne, 


1a.2b,.3¢ — 14.26.36 + 1¢.2a.3b — 1b.2a.8¢ + 1b.2c.3a — 1¢.2b.3a 


ou 1¢,[2b,.8¢ — 2¢.8b] + 2a.[1c.8b — 1b.3c] + 8a.[1b.2¢ — 1¢.2b]; 
je multiplie ensuite la premiére des équations précédentes par 
2h,3¢ — 2¢.3b, la seconde par !c.°b — 10.8, la troisiéme par 10.2c — 1¢.%d, 
et je les ajoute ensemble, ce qui donne, 

O= p[ta.(2b.8¢ — %¢.3b) + 2a.(1c.8b — 10.8c) + 3a(1b.2¢ — 1¢.2b)] 


+ p'[1.(2b.8e — 26.56) + 7d.(10.9b — 1.8c) + $b(10.2¢ — 1¢.%D)] 
+p" [1¢.(2b.8¢ — 2¢.8b) + 2¢.(1¢.8) — 15.8¢) + 8¢(1b.2¢ — 1¢.2b)]; 


or, il suit de ce que nous venons de voir, que les coéfficiens de p’ et p”, 
sont identiquement nuls, puisqwils ne sont que la résultante des trois 
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lettres a, b, c, dans laquelle on écrit b, ou c, par-tout od est a; done, 
on aura pour |’équation de condition demandée, 


O = 1a,(70.3¢ — 2¢.3b) + 2a.(1c.8b — 10.8c) + 2a.(10.2¢ — 16.2) ; 


c’est-a-dire, la résultante de la combinaison des trois lettres a, b, ¢ 
égalée 4 zéro. On démontreroit la méme chose, quel que soit le 
nombre des équations. 

“Pour montrer l’analogie de cette matiére, avec |’élimination des 
équations du premier degré, je suppose que l'on ait les trois équations, 


ly = Ja + ap! + lop", 

2p = "Gp oe Ab + 20." 

3p = Sa. + 2b.p’ + Sep", 
Je multiplie, comme ci-devant, la premiére par (?).2¢ — 2c.8b), la seconde 
par (1¢.8b — 10.8c), et la troisieme par (1).2c — 1¢.2b), je les ajoute en- 
semble, et jobserve que les coéfficiens de p’ et de »”, sont indentique- 
ment nuls dans |’équation qui en resulte; d’ou je conclus, 


Pe 0 On C00) Eisep (C00 Oe) yop. Oty 10.20) 
P= Ta(?b3e — 7.5) + 2a('e.8b — 10.8) + 8a(b2e — 1¢,2b) ? 
on voit done que le numérateur de l’expression de mw, se forme du 


dénominateur, en y changeant a en p; on aura ensuite p’ ou p”, en 
changeant dans l’expression de pu,” &c. 


This mode of treatment leaves nothing to be desired. It is 
that which is most commonly employed in the text-books of the 
present day. 

The next point taken up is the most important in the memoir, 
and requires special attention. It is introduced as “a very 
simple process for considerably abridging the calculation of the 
equation of condition between a, b, c,” &c.—that is to say, the 
calculation of a resultant. It is, however, something of much 
more value than this, involving as it does a widely general 
expansion-theorem to which Laplace’s name has been attached, 
but of which we have already seen special cases stated by 
Vandermonde. The theorem may be described as giving an 
expansion of a resultant in the form of an aggregate of terms 
each of which is a product of resultants of lower degree. 
Laplace’s exposition is as follows :— 


“ Je suppose que vous ayez deux équations, 
0 = lau 4+ bp; 0 = 2am + 70’; 


écrivez +ab, et donnez l’indice 1 a la premiére lettre, et indice 2 a 
la seconde ; l’équation de condition demandée sera + 1a.*b — 1b.2a = 0. 
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“Je suppose que vous ayez trois équations ; écrivez +ab, combinez 
ce terme avec la lettre c de toutes les maniéres possibles, en changeant 
le signe de chaque terme chaque fois que ¢ change de place, vous 
aurez ainsi +abc—ach+cab; donnez dans chaque terme J'indice 1 4 
la premiere lettre, Vindice 2 & la seconde, lindice 3 a la troisiéme, et 
vous aurez +1a.2b.8c — 1a.2c.2b 4+ 1¢.2a.*b; cela posé, au lieu de +1a.7b.%c 
écrivez + (1a.2b — 30.2a).8¢; aulieude — 1a.%c.8) éerivez — (1a.8b — 1h .3q).?¢; 
et au lieu de +1¢.2a.8b écrivez + (2u.2b — 2b 8a).1¢; Pequation de condition 
demandée sera 


0 = (1.20 — 1.2a).8¢ - (a.8b — 1b.8a).2¢ + (20.8 — %.8a).0. 


“ Je suppose que vous ayez quatre équations, écrivez + abe — ach + cab, 
et combinez ces trois termes avec la lettre d, en observant 1° de 
n’admettre que les termes dans lesquels ¢ précéde d; 2° de changer 
de signe dans chaque terme toutes les fois que d change de place, 
et vous aurez 


+ abed — acbd + acdb + cabd - cadb + cdab ; 


donnez ensuite l’indice 1 A la premiére lettre, indice 2 a la seconde, 
&e., et vous aurez 


+ 10.2b 8¢4d — 10.2c.8b.4d + 1a.2¢.8d.4b 
+ 1¢,20.3b.4d — 1¢.2a.3d.4b + 1¢.2d.3a.40 ; 
cela posé, au lieu de + 1a.2b.%c.4d écrivez 
+ (a.2b — 10.2a).(2c.4d — Sd.4c), 
et ainsi des autres termes, et l’équation de condition sera 
0 = (1a.2b — 12a).(3e.4d — 8d.4ce) -— (1a.8b — 1d.8a).(2e.4d — 2d.4¢) 
+ (1a.4b — 10.4a).(2¢.8d — 2d.8c) + (20.8b — 2b.3a).(le.4d — 1d.4c) 
— (74.40 — 2b.4a).(1¢.8d - 1d.8c) + (8a.4b — 8d.4a).(10.2d — 1d.2c), 
“Je suppose que vous ayez cing équations, écrivez les six termes 
+abed —-achd+ ... relatifs & quatre équations, et combinez-les avec 
la lettre e de toutes les maniéres possibles, en observant de changer 


de signe chaque fois que e change de place; donnez ensuite l’indice 
1, &, &e,....3 au lieu du terme +1a.%c,3d.4e.5d écrivez 


(ta.3b — 1b.3a).(?c.5d — 2d.5¢).4e, &e 


“Lorsqu’on aura six équations, on combinera les termes 


+ abcde — abced + &c., 


relatifs & cing équations avec la lettre f, en observant 1° de n’admettre 
que les termes dans lesquels e préctde f; 2° de changer de signe 


lorsque f change de place: on transformera ensuite, par la régle 
précédente, . ¥ 
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Notwithstanding the multiplicity of instances, the rule here 
illustrated is not made altogether clear. This is due to two 
causes,—first, the linking of one case to the case before it; and, 
second, the want of explicit notification that the letters b,d,f... 
are combined in one way, and the intervening letters ¢, e,... in 
another. For the sake of additional clearness, let us see all the 
steps necessary in the case of the resultant of the five equations 


Oy, + Dy Shy + Clg + A,Ls+e,0,=0 (r=1, 2, 3, 4, 5), 
and supposing, as we ought to do, that the case of four equations 
has not been already dealt with. These steps are— 


1°. Combining b with a subject to the condition that a 


precede b: result— 
ab. 


2°. Combining ¢ with this in every possible way, the sign 
being &c.: result— 
abe—acb+cab. 
3°. Combining d with each of these terms subject to the 
condition that ¢ precede d: result— 
abed — acbd + acdb + cabd — cadb + cdab. 
4°. Combining e with each of these terms 7m every possible 
way : result— 
abcde — abced + abecd — aebcd + eabed 
= CODE A OC0EUD aio a oes ao. ehlon sy 
5°. Appending indices: result— 
Dg 0p Alg— OD olgghig bye eae vin 
6°. Changing @mbp into (Ambra—bmOn), Crd, into (c,d,—d,c,), 
&e.: result— 

(Gb — by Mtg) (Cyd, — Ag%q)es — (Aybg— bg) (Cg — Ages)ey +. - 
This is the required resultant in the required form. 

It is of the utmost importance to notice what is accomplished 
in 1°, 2°, 8°, 4° is simply (a) the finding of the arrangements of 
a, b, c, d, e subject to the conditions that a precede b, and ¢ 
precede a, and obtaining each arrangement with the sign which 
it ought to have in accordance with Cramer's rule, The number 
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of necessary directions might thus be reduced to three, viz., 
(a), (5), (6), in which case (1), (2), (3), (4) would take their proper 
places as successive steps of a methodic and expeditious way of 
accomplishing (a). 

Laplace appends a demonstration of the accuracy of this 
development of the resultant of the nth degree, the line taken 
being that if the multiplications were performed the terms found 
would be exactly the 1.2.3....2 terms of the resultant, and would 
bear the signs proper to them as such. 

He then goes on to deal with a rule for obtaining a like 
development in which as many as possible of the factors of 
the terms are resultants of the third degree. 

To do so succinctly he is obliged to introduce a notation for 
resultants. On this point his words are— 

“Je désigne par (abc) la quantité 

abe — acb + cab — bac + bea — cha, 
et par (ab) la quantité ab-ba, et ainsi de suite; par (1a.%b.%c) 
jindiquerai la quantité (abc), dans les termes de laquelle on donne 1 
pour indice a la premiére lettre, 2 4 la seconde, et 3 a la troisiéme ; 
par (a.2b), je désignerai la quantité (ab) dans les termes de laquelle 


on donne 1 pour indice a la premiére lettre, et 2 a la seconde; et 
ainsi de suite.” 


We can but remark that here again he leaves little room for 
improvement: his symbolism is essentially that which is still in 
common use. 

The exposition of the rule is as follows :— 

“Je suppose maintenant que vous ayez trois équations, l’équation 


de condition sera 
0 = (1a,2b,8c). 


“Je suppose que vous ayez quatre équations; écrivez +abc, et 
combinez ce terme de toutes les maniéres possibles avec la lettre d, 
en observant de changer de signe lorsque d change de place, ce qui 
donne + abcd — abde + adbe — dabe ; donnez Vindice 1 a la premiere lettre, 
Vindice 2 a la seconde, &c., et vous aurez 


+ 1a.7b.8e.4d — 10.2b.8d.4e + 10.2d.3b.4¢ — 1d.20.8b.4e ; 
au lieu du terme +1a.2b.8c.4d, écrivez +(1u.2b.3c).4d; au lieu de 


- 1a.b.8d.4c, écrivez — (1a.2b,4c).3d, et ainsi de suite, et vous formerez 
Péquation de condition 


0 = (1a.2b.%c),4d — (1a.2b.4c).8d + (20.5b.40).2d — (20.8b.4c).3¢. 
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“Je suppose que vous ayez cing équations, combinez les termes 
+ abcd —abde + &c., relatifs & quatre équations avec la lettre e en 
observant 1° de n’admettre que les termes dans lesquels d précéde e; 
2° de changer de signe lorsque e change de place, et vous aurez 


+ abcde — abdce + abdec + &e. 
donnez lindice 1 4 la premiére lettre, l’indice 2 4 la seconde, &c., 
et vous aurez 
+ 10.7b.3¢.4d.5e — 1a.2b.3d.4¢.5¢ + 14.763.d.4e.5¢ + &e. ; 

ensuite, au lieu de + 1a.2b.8¢.4d.5¢, écrivez + (1a.2b.3c).(4d.5e) ; au lieu 
de — *a.%b.8d.4¢.5e, écrivez — (1a.2b.4c).(3d.5¢), et ainsi de suite; et en 
égalant 4 zero la somme de tous ces termes, vous formerez l’équation 
de condition demandée. 

“Je suppose que vous ayez six équations, combinez les termes 
+ abcde — &c., relatifs & cing équations avec la lettre f, en observant 
1° de n’admettre que les termes ot e précéde f; 2° de changer de 
signe lorsque f change de place: donnez ensuite 1 pour indice a la 
premiére lettre, . 

“Si vous avez sept équations, combinez les termes + abcdef— &c. 
relatifs 4 six équations avec la lettre g de toutes les maniéres possibles ; 
pour huit équations, combinez les termes relatifs 4 sept avec la lettre h, 
en n’admettant que les termes dans lesquels g précéde h, et ainsi du 
reste.” 

The really important point in all this is in regard to the 
manner in which the letters are brought into combination. It 
will be seen that the set begun with is abc, consequently a 
precedes 6, and b precedes ¢ throughout: then d is combined 
in every possible way with this: e is combined subject to the 
condition that d precede e; fis combined subject to the condition 
that e precede f: g is combined in every way possible: h is 
combined subject to the condition that g precede 4: and so on. 
It would appear therefore that the lettres are to be combined in 
every possible way are d and every third one afterwards, and 
that each of the other letters is conditioned to be preceded 
by the letter which immediately precedes it in the original 
arrangement abcdefghi .... Condensing these directions after 
the manner of the former case, we should draft the rule as 
follows :— 

(a) Find every possible arrangement of abcdefghi . . . subject 
to the conditions that in each arrangement we must have a, 0, c 
in their natural order; d, ¢, f in their natural order; g, h, 7 
in their natural order; and so on. 
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(b) Prefix to each arrangement its proper sign in accordance 
with Cramer’s rule. 

(c) Append in order the indices 1, 2, 3,... to the letters 
of each arrangement. 


(d) Change dmbnc;, into (AmDnCr), dex fy wnto (d,.Cxfy), Se. 
Without saying anything as to the verification of the 
developments thus obtained, Laplace concludes as follows :— 


“On décomposeroit de la méme maniére l’équation R en termes 
4 * $ ” 
composés de facteurs de 4, de 5, &c., dimensions. 


To show how this could be effected would have been a tedious 
matter, if the method of exposition used in the previous cases 
had been followed, viz., multiplying instances with wearisome 
iteration of language until the laws for the combination of 
the letters could with tolerable certainty be guessed. On 
the other hand, had Laplace condensed his directions in the 
way we have indicated, the rule for the case in which as 
many as possible of the factors are of the 4th degree could have 
been stated as simply as that for either of the two cases he 
has dealt with. The only changes necessary, in fact, are in 
parts (1) and (4), and merely amount to writing the letters 
in consecutive sets of four instead of two or three. 

Further, when the rule is condensed in this way, the 
problem of finding the number of terms in any one of the 
new developments—a problem which Laplace solves in one case 
by considering how many terms of the final development each 
such term gives rise to—is transformed into finding the number of 
possible arrangements referred to in part (1) of the rule. Where 
the highest degree of the factors of each term is 2 and the 
resultant which we wish to develop is of the nth degree (which 
is the case Laplace takes), the number of such arrangements 
is evidently (1.2.3....1)/(1.2), s beimg the highest integer 
in n/2; if the highest degree of the factors is 3, the number 
of arrangements is 

Lidroane 
(1.2. By 1a 
where s is the highest integer in 7/3 and ¢ the highest integer 
in (v1 —3s)/2; and so on, 
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The facts in reduction of the claim which Laplace has to 
the expansion-theorem now bearing his name are thus seen to be 
(1) that the case in which as many as possible of the factors of 
the terms of the expansion are of the 2nd degree had already 
been given by Vandermonde; (2) that Laplace did not give 
a statement of his rule in a form suitable for application to 
all possible cases, and, indeed, was not sufficiently explicit in the 
statement of it for the first two cases to enable one readily 
to see what change would be necessary in applying it to 
the next case. Notwithstanding these drawbacks, however, 
there can be no doubt that if any one name is to be attached 
to the theorem it should be that of Laplace. 

The sum of his contributions may be put as follows :— 


(1) A proof of the theorem regarding the effect of the 
transposition of two adjacent letters in any of the new functions. 


(12) 
(2) A proof of the theorem regarding the effect of equalizing 
two of the letters. (x11. 2) 
(3) A mode of arriving at the known solution of a set of 
simultaneous linear equations. (XIII. 2) 
(4) The name resultant for the new functions. (XV.) 
(5) A notation for a resultant, e.g. (7a.7c.%d). (VIL. 2) 
(6) A rule for expressing a resultant as an aggregate of terms 
composed of factors which are themselves resultants. (XIV. 2) 
(7) A mode of finding the number of terms in this aggregate. 
(XVI) 


LAGRANGE (1773). 


[Nouvelle solution du probléme du mouvement de rotation d’un 
corps de figure quelconque qui n’est animé par aucune force 
aceélératrice. Nouv. Mém. de lV Acad. Roy... . (de Berlin). 
Ann. 1773 (pp. 85-128). Cuwvres, iii. pp. 577-616]. 


The position of Lagrange in regard to the advancement of the 
subject is quite different from that of any of the preceding 
mathematicians. All of those were explicitly dealing with the 
problem of elimination, and therefore directly with the functions 
afterwards known as determinants. Lagrange’s work, on the 


34 HISTORY OF THE THEORY OF DETERMINANTS 


other hand, consists of a number of incidentally obtained 
algebraical identities which we nowadays with more or less 
readiness recognise as relations between functions of the kind 
referred to, but which unfortunately Lagrange himself did not 
view in this light, and consequently left behind him as isolated 
instances. With him a, y, 2 and a’, y’, 2 and 2", y", 2” occur 
primarily as co-ordinates of points in space, and not as 
coefficients in a triad of linear equations; so that 


Tee! f 
a 


(ay’2! + yz a" + 20'y" —a2'y” — ya'2" —2y'x"), 

when it does make its appearance, comes as representing six 
times the bulk of a triangular pyramid and not as the result of 
an elimination. In days when space of four dimensions was ‘less 
attempted to be thought about than at present, this circumstance 
might possibly account for no advance being made to like 
identities involving four sets of four letters a, y, 2%, Ww; 
wy, 2, w; &e. 

In this first memoir the algebraical identities are brought 
together and stated at the outset as follows :— 


“LEMME. 
“J, Soient neuf quantités quelconques 
v, Y, &, , y'; z, us a zg 


je dis qu’on aura cette équation identique 


J tt aoe 


(aya! + yz’ + 20'y” — aly" — ya’! — 2y'x")? 
= (a? + y? + 2%) (a? + 9/2 + 2/2) (a2 +!" + 22) 
+2 (wa! + yy’ + 22’) (ax + yy" + 22’) (a'a" + y'y" + 22") 
—(2 y+ 22)(a'n" ty'y' +22") 
= (2+ y2+ 22) (a0 + yy" +22") 
— (x? +o! + 2!) (war! + yy! + 22’). 


“Corollaire 1. 


ee ; ® ¥: 233 . 
2, Done si lon a entre les neuf quantités précédentes ces six 
équations 


oe2 ae y? ait 22 otal! Je yy a ala! - b, 
gp’2 +y? + 2/2 pos aan” + yy" + 22" are b', 
a'’2 +y/"? he a’, aay’ « yy’ + 22 as b, 


I 
= 


| 
g. 
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et qu’on fasse pour abréger 
E=y2- zy", naa's’—ae", (=a'y’—y2", 
B=,/(aa'a" + 2bb'b" — ab? — a/b’? - ab") ; 
a& + yn + 2¢= Bf. 
On aura de plus les équations identiques suivantes 
WEY + e=0, w+ yn +2"=0, 
402+ Ca:a/a” —B, 
YC -2n=ba -a'e", yo" €-2'n =a" — be", 
ZE—-a*e=by'-ay", 2’€-a"(=a'y' — by", 


Dett 


“xn a Yé= bz’ ais a ae xn ae YE = a2! Le bz”, 


on aura 


qui sont trés faciles a vérifier par le calcul. 


“Corollaire 2. 
“3. Sion prend les trois équations 
ag + YN + 2¢ = ioe 
va +yy' +22 = b", 
wa’ + yy” +22" = U, 


ll 


et qu’on en tire les valeurs des quantités a, y, 2, on aura par les 
formules connues 


athe: ay") + Ome’ — W)+ oy = mat 
CLOT AD andere akey V2 
Blea" ~ala') + 0G —&2) alge te) 
Ve =ay 41 eO 47) + Cer -97) 
_ Beaty" — a") + ky — ne) + O(n" — gy") 
Eye ey ee 2) CET IE) 
donc faisant les substitutions de l’Art. préc. et supposant pour abréger 


a=aa" —b? 
on aura eae: Ba (a’"b” = bb’) ar ae (a'b’ me bb") ar” 
ry Sean aeons ) 


aS By at (a’b" = bb’) y’ + (a'b! pet bb”) y” 


a 
‘ Be+ (ab = bb’) 2’ i (a’b’ ‘nal bb") 2" » 
a 


In regard to the first identity here (the so-called lemma), the 
important and notable point is that the right-hand member is 
the same kind of function of the nine quantities a’+y’+2’, 
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wx’ + yy +22, ea" + yy +22", we +yyt+ ze, ett y?+2", 
aa" +y'y +22", wa +yy’ +22", wa yy +22", a2 y"24 2 
as the left-hand member is of the nine 2, y,2, @,y',2, @.Y"> Ba 
Indeed, without this distinguishing characteristic, the identity 
would have been to us of comparatively little moment. Possibly 
Lagrange was aware of it; but, if so, it is remarkable that he 
did not draw attention to the fact. It is quite true that 
Lagrange’s identity and the modern-looking identity 
|x yz \? jo® ty? +2 aa’ +yy’ +22 aoa’ +yy” +22” | 
ja of 2 |= law +yy +22 2? +y” +22 aa ty'y" +22" 
eae wa’ + yy” ae” ofa +y'y’ +a" ae? + 42% 
are essentially the same; but no one can deny that the latter 
contains on the face of it an all-important fact which is hid in 
the former, and which in Lagrange’s time could be made known 
only by an additional statement in words. 
The second identity 
wét+ynt2e=0 
is a simple case of one of Vandermonde’s, viz., that regarding 
the vanishing of his functions when two of the letters involved 
were the same. 
The third identity 
Cf t74+ C=cu'—V 
is in modern notation 
eye 


Lene 


, pl? |2 
~ 


[eo et jee yee ee yy ee 
yy | val py'y +22" 2% +y" +2" 
and is thus seen to be a simple special instance of a very im- 
portant theorem afterwards discovered. 

The fourth identity 


ye- Zn = ba’ — an", 


non ae” 


may be expressed in modern notation as follows :— 
aa” ae ae tag’e”” 0” 
lea | jay”) gee aye) 
and, quite probably, has also ere this been generalised in the 
like notation. 
The fifth identity 
ibe BE+(aD" — bb’)a! + (w/b — bb”) x” 


a 


¢ 


a 


b] 
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is not so readily transformable, the determinantal theorem which 
it involves being indeed completely buried. Multiplying both 
sides by a; then doing away with a, which seems perversely 
introduced “pour abréger” when no like symbol of abridgment 
takes the place of a@”b”—bb’ or of a’b’—bb”; and transposing, we 


have BE = w(a’a” —B*) — a (ab — bb’) + 2"(bb"— a0), 


= la b” b’ 
SOE) 
* 
on” b ay” ; 


that is, finally, 
e we +yy +22 we” +yy” +22” 
eo Cray et ag te ay’y +22" 
a ee yy +227 wo? +y +22 
which we recognise as an instance of the multiplication-theorem 
on putting 


(tle Tig 


jay’2"\.|y’2"| = 


) 


RY ae Ai 
a y ao x O yf ae 
0” y GH (0) gf of” 


for the left-hand member. 


LAGRANGE (1773). 


{Solutions analytiques de quelques problémes sur les pyramides 
triangulaires. Nouv. Mém. del Acad. Roy. .. . (de Berlin). 
Ann. 1773 (pp. 149-176). CGuvres, iii. pp. 659-692. ] 


In this memoir also there is a preparatory algebraical portion, 
the subject being the same as before, and the author’s standpoint 
unchanged. Indeed the two introductions differ only in that 
the second is a rounding off and slight natural development of 
the first. 

In addition to £7, & we have now €’, 7’, &, &”, n”, €" used as 


abbreviations for zy”— yz", x2” - 20”, ....; in addition to a, 
we have a’, a”, B, 6’, 8”, standing for aa” —b”, aa’ —b”, b’b” —ab, 
Bie a DOO OGY AN Na AN Vote aig Ne ag ain 
are introduced, having the same relation to § y, ¢, €’7',.... 
HO, oeeeae (thesemlattersnave tole, Yo ay as Ys. : ; 


a, a’,.... Lagrange then proceeds :— 
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“3 Or en substituant les valeurs de & &, &c., en a, a, &e., et 
faisant pour abréger 


Te. fs ged 


A= x2" + 2% 

on trouve X = Ag, Y = Ay, Z = hy, 
x = Ax, Y= Ay, Zi = AZ, 

XK" = Ag”, YY" = Ay, Le, 


a aay” _ aay” par, ya 2" a aya", 


donc mettant ces valeurs dans les derniéres équations ci-dessus, on 
aura en vertu des six équations supposées dans l’Art. 1. 
+ 


A = At © Bis Ai, 
ees B’ = A, 
INE — Aq", Bo Pe A26", 


et de 1a il est facile de tirer la valeur de A? en a, a’, a”, b, &c.; car on 
aura d’abord 


| 
b> 
& 


A aa” = B? 
—— ———— 


a7 a 


A? = 


et substituant les valeurs de a’, a” et 8 en a, a’, &e. (Art. 1) 
A? = aa'a” + 268'0" — ad? — a'b?—a""?; 


on trouvera la méme valeur de A? par les autres équations. Si on 
remet dans cette équation les quantités z, y, z, 2’, &e, on aura la 


méme équation identique que nous avons donnée dans le Lemme 
ci-dessus (p. 86). 


“4. Il est bon de remarquer que la valeur de A? peut aussi se 
mettre sous cette forme 


A2 ‘e aa a aa’ oh oon an 9 (Bb ate Bo’ + B'b") 
a 3 


) 


or si on multiplie cette équation par A® et qu’on y substitue ensuite 


A a la place de A’a, A’ a la place de A®w’ et ainsi de suite (Art. préc.) 
on aura 


ar AatA‘a'+A”a" + 2(BB + BP’ + B'B") | 
3 P] 
ou bien en mettant pour A, A’, &., leurs valeurs en a, a’, &e. (Art. 2) 
A4 pe aa’a”’ 2 2BB'B" = af3? —_ 6. be a” nen, ‘ 


dou Pon voit que la quantité A? et son carré At sont des fonctions 
semblables, Pune de a, a’, a’, b, b’, b’, Yautre de a, a’, a”, Bib ih. 
“5. De plus, comme l’on a (Art. 3) 


ry 2 ub yea” ane za'y” aay” pa yar 2" pe aya" 
= J (aa’a” + 2b0'6" — ab? — a’? — ab") =A, 
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et quil y a entre les quantités 2, y, 2, 2’, &., et a, a’, a”, b, &c., les 
mémes relations qu’entre les quantités é, 7, ¢ &, &., et a, a a”, B, &e. 
(Art. 1), on aura donc aussi 


aK e ane ne" + (En pa Ely” aes n&'C ut, (7 &" 
=) (06, i 2BP'B" es, a3? be a’ B’2 “e a” 2) Ae 
Done on aura cette équation identique et trés remarquable 
én’ ib ne" ae (E'n” co EC7” ze €' CO ant (n/&" 
— (xy'z" + yz a" ae eay’ at vey” af vee. 2s ey a yee 


‘The remaining portion is of little importance ; its main contents 
are four sets of nine identities each, viz.:— 
1. wE4+U€ +0°E"=A, yEtyE+y"E"=0, &e. 
2. mE+yn +26 =A, weE+tynt2— =0, &e. 


3. a &e. 
4. ont’, &e. 


Besides the fact that Art. 3 contains a proof of the Lemma 
of the previous memoir, we have to note the new identity 


X=Az, 
which in modern determinantal notation is 
jae” | Pye 
| 2a" | | wy’ | 


ZA 
Pete 
> 


= 2|xy'2 


—a simple special instance of the theorem regarding what is 
nowadays known as “a minor of the determinant adjugate 
to another determinant.” 

The last two lines of Art. 4 by implication make it almost 
certain that Lagrange did not look upon 


Jo Vet 


ays" +yza" +20'y" —ae'y" —yx'e" —2y'a" 
and awa" +2bb'b" —ab? —ab? -—a"b” 
as functions of the same kind. 
The new theorem in Art. 5, which Lagrange justly characterises 
as “very remarkable,” is in modern determinantal notation 


| ya | | 2 ot” | | ey | a y zZ 2 
| zy” | | oe | | yn | — a’ y oA 
| ye | | coe’ | | cy’ | id y” Zl : 
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—a simple instance of the theorem which gives the relation, 
as we now say, “ between a determinant and its adjugate.” 

In regard to the remaining identities which we have numbered 
(1), (2), (3), (4), we note that (1) and (3) are not new, although 
(3) is here given almost in the form desiderated above (pp. 36-37) ; 
(2) involves the fact that A is the same function of a, «’, 2”, yy; 
yn @, @, 2; as ib 18 Oley, Sak, Yoes a”, yf, 2; and 
(4) may be transformed as follows :— 


ti = afb e+be, 
= Oy the Ges 
bie Gil wae 
ae Mee iP 


il aceite pi tee ee zane ts 
ve +yy +ee yo 2 
war’ + yy +22” yf” 2 E 


so that it may be considered as another disguised instance of 
the multiplication-theorem, the determinant just reached being 
equal to 


ie yo 2 par OR 
ba ye Bh | pede ele | 
a” y” 2” lz 0 1 . 


LAGRANGE (1773). 
[Recherches d’Arithmétique. Nouv. Mém. de VAcud. Roy... . 
(de Berlin). Ann. 1773 (pp. 265-312).] 

This is an extensive memoir on the numbers “ qui peuvent étre 
représentées par la formule Bi?+Ctw+Du2.” At p. 285 the 
expression 

py? +2qyz+r2? 
is transformed into Ps? + 2Qsax + Ra? 
by putting y= Ms+ Na, 
and Z=ms+n2, 
and Lagrange says— 


TY cy. je substitue dans la quantité PR —Q2? les valeurs de P, Q 
et It, et je trouve en effacant ce qui se détruit 


PR — Q? = (pr —q?)(Mn—Nm)?;... .” 
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which we at once recognise as the simplest case of the theorem 
connecting (as we now say) the discriminant of any quantic with 
the discriminant of the result of transforming the quantic by 
a linear substitution. 

Putting now in compact form all the identities obtained froim 
the three preceding memoirs of Lagrange, we have— 


(1) (ay’2" + yz'x" + 20'y” —xe'y” — ya's” — zy'x"? 


= awa" + 2b)'b" — ab? — w/b? — ab”, (XVI1.) 

where eS ERY? ig aoa, : 
(2) @+7?+ C=wa" —b?, where €=y'2" —2'y”, n=... . (XVI) 
(3) y¢—2y= ba’ —a'a". (xIx.) 


(4) €A=axe+ B'a'+ Bx", where a=wa’—b?, Bv=... 
and A=ay'2" + y7x" + 20'y” —a7y" — ya'2" — zyx". (XVI. 2) 
(5)-X= Ax; where Kau! — Cy". (xm) 
(6) (aye + yZ'x" + 2a'y” — a2'y” — ya's” — zyx"? 
= Bt +i E+ Ein — Een” nV (1) 
(7) PR—Q?=(pr—q?)(Mn—Nm)’, (XXI1.) 
if p(Ms+Nza)?+2q(Ms+ Na) (ms+nx)+r(ms+nax)? 
= Ps?+ 2Qsx+ Ra? identically. 


eed, 


BEZOUT (1779). 


[Théorie Générale des Equations Algébriques, sg 195-223, 
pp. 171-187; §§ 252-270, pp. 208-223. Paris.] 


In his extensive treatise on algebraical equations Bézout 
was bound, as a matter of course, to take up the question of 
elimination ; and, as he had dealt with the subject in a separate 
memoir in 1764, one might not unreasonably expect to find 
the treatise giving merely a reproduction of the contents of 
the memoir in a form suited to a didactic work. Such, however, 
is far from being the case. He merely mentions the necessary 
references to the work of Cramer, himself, Vandermonde, and 
Laplace; and then adds— 


“Mais lorsquil a été question d’appliquer ces différentes méthodes 
au probléme de l’élimination, envisagé dans toute son étendue, je me 
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suis bientdt appercu qu’ils laissoient tous encore beaucoup a desirer du 
cété de la pratique.” 


His main objection to the said methods is that when one has 
to deal with a set of equations of no great generality, with 
coefficients, it may be, expressed in figures— 


“Tl faut construire ces formules dans toute la généralité dont les 
équations sont susceptibles, et faire par consequent le méme travail 
que si les équations avoient toute cette généralité. 

197). Au lieu done de nous proposer pour but seulement, de donner 
es formules générales d’élimination dans les équations du premier 
degré, nous nous proposons de donner une régle qui soit indifférem- 
ment et également applicable aux équations prises dans toute leur 
généralité, et aux équations considerées avec les simplifications quelles 
pourront offrir: une régle dont la marche soit la méme pour les unes 
que pour les autres, mais qui ne fasse calculer que ce qui est absolument 
indispensable pour avoir la valeur des inconnues que l’on cherche: une 
régle qui s’applique indifféremment aux équations numériques et aux 
équations littérales, sans obliger de recourir 4 aucune formule. Telle 
est, si je ne me trompe, la régle suivante. 


“ Rdgle générale pour calculer, toutes 4 la fois, ou séparément, les valeurs 
des inconnues dans les équations du premier degré, soit littérales sott 
numériques. 


(198). Soient wu, 2, y, 2. &c., des inconnues dont le nombre soit 2, 
ainsi qui celui des équations. 

“Soient a, b, c, d, &c., les coéfficiens respectifs de ces inconnues 
dans la premiére équation. 

“q’, b’, c,d’, &e., les coéfficiens des mémes inconnues dans la seconde 
équation. 

“a”, b’, ce’, d’, &e., les coéfficiens des mémes inconnues dans la 
troisiéme équation: et ainsi de suite. 

‘‘Supposez tacitement que le terme tout connu de chaque équation 
soit affecté aussi d'une inconnue que je represente par /. 

“Formez le produit uwxyzt de toutes ces inconnues écrites dans 
tel ordre que vous voudrez d’abord ; mais cet ordre une fois admis, 
conservez-le jusqu’a la fin de l’opération. 

“Echangez successivement, chaque inconnue contre son coéfficient 
dans la premiére équation, en observant de changer le signe 4 chaque 
échange pair: ce résultat sera, ce que j’appelle, une premiére ligne. 

“Echangez dans cette premicre ligne, chaque inconnue, contre son 
coéfficient dans la seconde équation, en observant, comme ci-devant, de 
changer le signe & chaque échange pair: et vous aurez une seconde ligne. 

“Kchangez dans cette seconde ligne, chaque inconnue, contre son 
coéfficient dans la troisieme équation, en observant de changer le signe 
& chaque échange pair: et vous aurez une froisidme ligne. 
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“Continuez de la méme maniére jusqu’a la derniére équation 
inclusivement ; et la derniére ligne que vous obtiendrez, vous donnera 
les valeurs des inconnues de la maniére suivante. 


“Chaque inconnue aura pour valeur une fraction dont le numérateur 
sera le coéfficient de cette méme inconnue dans la derniére ou 
n° ligne, et qui aura constamment pour dénominateur le coéfficient 
que l’inconnue introduite ¢ se trouvera avoir dans cette méme n° ligne.” 

The application of this very curious rule is illustrated by a 
considerable number of varied examples, of which we select the 
second— 

(200). Soient les trois équations suivantes 


ax +by +cz +d =0 
we+by+cz24+d 
w'a+b"y+c'24+d" 


0, 
0. 


“Je les écris ainsi 
ax +by +cz +dt =0 
va +by +cz2+dt=0 
wat b’y+e'2zt+d't= 0 
Je forme le produit ayzt. 


Je change successivement x en a, y en 0b, z en ¢, t en d, et observant 
la régle des signes, j’ai pour premiére ligne 


5) 


ayzt — bazt + cayt — dxyz. 


Je change successivement x en a’, y en b’, z enc’, tend’, et observant 
la régle des signes, j’ai pour seconde ligne 


(ab’ — a'b) 2t — (ac’ —a'c) yt + (ad' — ad) yz 
+ (be' — bc) xt - (bd' — b'd) az + (ced’ - ed) ay. 
Je change successivement # en a”, y en 0”, z enc’, ¢ en d”, et observant 
la régle des signes j’ai pour troisiéme ligne 
[(ab’ —a’b)c" — (ac’ — a'c)b" + (be — U'c)a"}E 
— [(ab' — a’b)d” — (ad' - a'd)b" + (bd - 0'd) a" )z 
+ [(ac’ —a'c)d” — (ad' -— a'd)c" + (cd' -c'd)a"|y 
—[(be’ — b’c)d” — (bd' — d'd)c" + (cd' — c'd)b" |x. 
D’ot (198) je tire 
_ —[(be' - U'c)d” — (bd' — b'd)c" + (ed - c'd) bd") 
~ (ab’ —a'b)e" — (ac! —a'c)b" + (bc - bc) a"? 
+[(ac' —a'c)d” —(ad' - a'd)c" + (cd' - c'd)a"" 
5 (al =a bye" = (ad =a’) 0" + (be Ue) a} 
—[(ab’ —a'b)d" — (ad’ — a'd)b" + (bd -Y'd)a") » 
(ab! —a'b)c” — (ac —a'e)b" + (be —U'c)a" 


4 
| 
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Among the other examples are included (1) one in which the 
coefficients in the set of equations are given in figures; (2) one 
in which some of the coefficients are zero; (3) one showing the 
simplification possible when the value of only one unknown is 
wanted; (4) one showing the signification of the vanishing of 
one of the “lignes”; (5) one showing the signification of the 
absence of one of the unknowns from the last “ligne”; and (6) 
one or two concerned with the allied problem of elimination. 

Bézout nowhere gives any reason for his rule; it is used 
throughout as a pure rule-of-thumb: its effectiveness being 
manifest, he leaves on the reader the full burden of its arbi- 
trariness. The unreal product wyzt at the very outset must 
have been a sore puzzle to students, and none the less so because 
of the certainty which many of them must have felt that a real 
entity underlay it. 

To throw light upon the process, let us compare the above 
solution of a set of three linear equations with the following 
solution, which from one point of view may be looked upon as 
an improvement on the ordinary determinantal modes of solution 
as presented to modern readers. 

The set of equations being 


ax +by +cz +d = me 
dx +b’y+céz2+d' =0 
a’u+b’y+e"z4+d"= 0 | 
we know that the numerators of the values of a, y, z, and the 
common denominator are 


lb ¢ a la ¢ a | Crore Av ore 
—|b' ad | tia ce d’'| —la Ud | +a Ue’ 
Igy 0 a’ | : Ge Co Ce : eRe b” Ql’ é nie be Cul : 


They are therefore the coeflicients of a, y, z,t in the determinant 


| 042 Cur 

| Corba Ces 

a” b” cl” a’ Ok A say. 
ease Pere’ 


Thus the problem of solving the set of equations is transformed 
into finding the development of this determinant. In doing so 
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let us use [wyz] to stand for the determinant of which a, y, z is 
the last row, and whose other rows are the two rows immediately 
above a, y,z in A: similarly let [zt] stand for the determinant 
of which z,t is the last row, and its other row the row c”, d” 
immediately above z, t in A; and so on in all possible cases, 
including even [ayzt], which of course is A itself. 

Then clearly we have 


[wy2t]=aly2t]—b[x2t] + clwyt]—d[zyz] (1) 
Developing in the same way the four determinants here on the 
right side, we have as our next step 
[xyet]= a(V fet] —cLyt]+4 [v2 
—b(a' [zt] —e[at] +d [az]) 
+ e(a[yt]— bat] +d[ay]) 
— da [yz] —b[xz}+c[ay]), 
= (ab’—ab)[2t]—(acd —a’c)[yt]+ (ad —a’'d)[yz] 
+(be’ —b’c)[at] —(bd’ — b’d)[az] + (ed —c'd) [xy]. 


Again, developing the six determinants [zt], [yt],....in the 
same way, and rearranging the terms, we have finally 
[wy2zt]= {(ab’—a’b)c” —(ac’ —a’c )b”+(be' —b’c)a"}t 
— {(ab’—a’b)d” —(ad’—a’d)b” + (bd —b’'d)a” }z 
+ {(ac’ —a’c)d” —(ad’—a’d) ce” +(e’ —cd)a"}y 
— {(be’ —b’c)d”—( bd’ — b’'d)c’ + (ed —c'd)b" ha. 
But the coefficients of a, y, z,t in [wy zt] were seen on starting 
to be the numerators and the common denominator of the values 
of x, y, z in the given set of equations: hence 
— {(be’ —b’c)d” —(bd' —b'd)c’ + (ed’ — cd) b" } 
{(ab’ —a’b) ce" —(ac’ —u'c)b" + (be -- be) a} 


C= 


j= 

Now it is at once manifest that the successive developments 
here obtained of the determinant [xyzt] are letter by letter 
identical with the successive “lignes” obtained by Bézout from 
the unreal product xyzt; but that instead of having one arbitrary 
step succeeding another, as in the application of Bézout’s rule, 
there is here a fluent reasonableness characterising the whole 
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process.* As for the peculiarities requiring elucidation in the 
series of special examples above referred to, they are seen, when 
looked at in this light, to be but matters of course. 

Not only so, but it will be found that the translation of xy 
into [ay], &c., is an unfailing key to much that follows in Bézout 
in connection with the subject. For example, let us take the 
wide extension of the rule which is expounded later on in the 
treatise, in a section headed 


Considérations utiles pour abréger considérablement le 
calcul des coéficients qui servent ad Vélimination. 


There are in all fifteen pages (pp. 208-223, §§ 252-270) devoted 
to the subject. The contents of three paragraphs will give a 
sufficiently clear idea of the nature of the whole. The notation 
used is identical with that of Laplace, e.g., 


(ab’)=ab’—ab, 
(ab’c”) = (ab’—a’b)c” — (ab”—a'b)c’ + (wb"—a'b’Ne, 


Two of the three selected paragraphs stand as follows :— 


“(264.) Cette maniére de procéder au calcul des inconnues, en les 
grouppant, n’est pas applicable seulement & notre objet ; elle peut en 
général étre appliquée dans toutes les équations du premier degré, 


*If the fact at the basis of the process were made use of nowadays, it would 
be advantageous, of course, in the first instance to simplify the determinant as 
much as possible. For example, the equations being (Bézout, p. 178) 

2a + 4y + 52= 22) 

3xa+5y+2z=30 7, 

5a + 6y + 4z2=43 
we might proceed as follows :— 


2 4 5 -22 0 2 ill -6 
3 5 2 -30 = 1 1 -3 -8 
5 6 4 -43 0 -3 -3 9 
x y Fae: x y Zz t 
OPO eg 0 Onan 0 1 0 
= 1 0 -4 -5 1 0 0 -5 
=3 — 
0 -1 -1l 3 a 0-1 0 3 
x y % t x 7] Zz t 


=27{-t+0z-3y-52x}; 
whence x=5, y=3, z=0. 
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“Si lon avoit, par exemple, les quatre équations suivantes 


az +by +cz +dt +e =0, 
va +by +¢2 +dt +é = 
Ua +b"y +e'2 +a't +e" 
Wat byt c"2ztd"t+e”= 0. 


En se rappellant que chaque inconnue a pour valeur le coéfficient 
quelle se trouve avoir dans la derniére ligne, divisé constamment par 
celui que l’inconnue introduite aura dans cette méme ligne, on verra 
bienté6t qu’on peut réduire le calcul A chercher le coéfficient de l’une 
quelconque des inconnues dans la derniére ligne; parce que de la 
méme maniére qu’on en aura calculé un, on calculera de méme tous 
les autres: ou méme, lorsqu’on en aura calculé un, on pourra en 
déduire tous les autres, lorsque les équations auront toute la généralité 
possible. Or pour avoir la valeur du coéfficient d’une des inconnues 
dans la derniére ligne, la question se réduit a calculer la valeur du 
produit des autres inconnues. Mais pour ne pas se tromper sur les 
signes, il faudra toujours ne pas perdre de vue, la place que cette 
inconnue est censée occuper dans le produit de toutes les inconnues. 
Ainsi, dans le cas présent, au lieu de calculer généralement la derniere 
ligne pour avoir xyztu, je calcule seulement cette derniére ligne pour 
yztu:; et pour l’avoir de la maniére la plus commode, je grouppe en 
cette maniére yz. tu, et je procede comme il suit, au calcul des lignes, 
observant que y est censé a la seconde place. 


ia 


Premiére ligne. —bz.tu—yz.du, 
Seconde ligne. +(bc’).tw-—bz.d’u+bz.du+yz.(de’), 
Troisiéme ligne. — (bc’).d’u+(be") .d’u—bz.(d’e”’) —(b'c") .du+ bz. (de) — bz. (de’), 
Quatriéme ligne. +(e’). (de) — (be’’) . (d’e””) + (be”’) . (d’e”) + (b’c’’) . (de’”’) 

. —(b'e"). de’) + (bc). (de’) ; 
c’est le coéfficient de x dans la derniere ligne. 

“Pour avoir celui de w, je calculerois de méme la valeur de zyzt, 
en le grouppant ainsi, ay. z#, et je trouverois pour valeur du coéfficient 
de wu dans la derniére ligne, la quantité 

(ab’).(c"d’’) — (ab").(c'd’”) + (ab”).(c'd") + (a'b").(cd’”) 
— (a'b").(cd") + (a"B"").(ed’) ; 
D’ow je conclus 
+(be’).(d’e’”’) — (be) .(d’e’”") +(e’). (d’e”’) +(b'c”’) . (de’”) —(b'c'”’) . (de’”) + (b"c"”’) . (de’) 
(ab’).(c"d’”’)—(ab”).(c'd’”) + (ab). (cd!) + (a'b") . (cd) —(ab’”) (ed) + ("0"). (c’) 
et ainsi de suite. 

(265.) Si j’avois les cing équations suivantes— 
uz +by +cz +dr +a +f 
wa +'y +¢2 +d'r +et +f" 
an +b"y +e'2 +d'r +ett+f" = 
WG Ry te etd r+et+ f= 
aa ie by 2k cvy +i are et +f" = 


SoS SS 
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Je calculerois, par exemple, le coéfficient de a dans la derniére ligne, 
en caleulant yzr.tu, ou yz.rtu, ou yz.7t.U. 

Si javois six équations dont les inconnues fussent 2, y, 2, 7, S et #, 
je caleulerois, par exemple, le coéfficient de z, en calculant ou yz.1s. tu, 
ou yzrs.tu, ou yzr. stu, et ainsi de suite. 


The next paragraph deals with an illustrative example. The 
twelve equations— 


INGE IN (Gy SIN =0 
Ab+A‘b’ + A”b" =0 
Ac+A’c +A"c” + Ba+ Bia’ +B"a" =0 
+Bb+B0' + Bd" 0 
+Be+Be' + Be’ =(f 
+Bd+Bd' +B’d’+Ca+Ca'+C'a’ =0 

+Cb+Cb' +C"b" = 
+Ce+Ce¢ +0" =0 


+Cd+C'd' +C"d" + Da+ Dia’ + D"a"=0 

+ Dd +D'b'+D"b" =0 

+De+D'e + D'"c"=0 

Ad+A'd'+A"d' +Da+Da'+D"a"=0 
are given, and what is required is the result of the elimination 
(équation de condition) of the twelve quantities—A, A’, A”, 
Baw, BY, 0; CaD apap ee cole found (the @’s in the last 

equation being misprints for d’s) to be— 
(ab’c”).[(be'd’ 8 —(ab’e” (ab'd”)] = 0. 

The two paragraphs quoted (§§ 264, 265) show that Bézout 
could obtain with considerably increased ease and certitude any 
one of Laplace’s expansions of numerator and denominator. 
What it accomplished in the illustrative example is virtually, in 
modern symbolism, the reduction of 


ae Ye Oh" 
BO RRO ae ; 
a eee 
be Gao. 
Ga Cae 
| ded odio us 
| re bebe 
Pa 6 tao ot 
sath. (ea Oe O 
Dae ee 
oI ACEC AS oa 
ad sd’ at! Oe eee eres oe 
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to the form | ab’c”|.| be'd’” |? — | ab’c’ 8 .| ab’d’ |. 
Although this can be done nowadays with ease by means of 
Laplace’s expansion-theorem in its modern garb, it may be safely 
affirmed that Laplace himself, using his own process, would 
not have succeeded in making the reduction. Considerable 
importance thus attaches from more than one point of view to 
Bézout’s curious “rule.” 

The only other section with which we are concerned bears the 
heading 
Méthode pour trouver des fonctions dun nombre quelconque 

de quantités, qui sotent zéro par elles-mémes. 


In the second paragraph of the section the principle is explained 
as follows :— 

“(216) Concevons un nombre n d’équations du premier degré renfer- 
mant un nombre ~+1 d’inconnues, et sans aucun terme absolument 
connu. 

“Tmaginons que l’on augmente le nombre de ces équations de l’une 
d’entr’elles ; alors il est clair que ce que nous appellons la derniére 
ligne sera non seulement |’équation de condition nécessaire pour que 
ce nombre n+1 d’équations ait lieu; mais encore que cette équation 
de condition aura lieu ; en sorte qu'elle sera une fonction des coéfficiens 
de ces équations, laquelle sera zéro par elle-méme. 

“Voila done un moyen treés-simple pour trouver un nombre n+ 1* 
de fonctions d’un nombre n+1 de quantités, lesquelles fonctions soient 
zéro par elles-mémes.” 


For example, the pair of equations 
ax +by +cz = st 
wax+by+cz2=0 
is taken, the first equation is repeated, and for this set of three 
equations the équation de condition is found to be 
(ab’—a’b)c — (ae’—u’c)b + (be —b’c)a = 0. 
“Or il est clair que la troisitme équation n’exprimant rien de 


différent de la premiére, cette derniére quantité doit étre zero par 
elle-méme: donc si on a ces deux suites de quantités 


Oh, itd Ye 

ae, Ne RCs 

on peut étre assuré qu’on aura toujours 
(ab’ —a'b)e — (ac'—a'c)b + (be -U'c)a = 9. 


* Should be n. 
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“Et si au lieu de joindre la premiére équation, cefit été la seconde, 
nous aurions trouvé de méme 


(ab’ —a'b)c’ - (ac —a'c)b’ + (be —b'c)a’ = 0.” 


Similarly in regard to the quantities 


Gel! One Came 


the identity 
((ab’—a’b)c” —(ac’ —a’c) b” + (be —b’c) ad 
—[(ab’ —a’b)d” —(ad’—a’d)b" + (bd’ —b’d)a’ Jc 
+ ((ac’ —a’e) d” —(ad’— a’d)c”’ +(cd’ —c'd)a” |b 
—[(be’ —b’c)d” —(bd’ — b’d)c” +(cd’ —c'd)b”]a = 0 
and two others are established, the general theorem. of course 
being merely referred to as easily obtainable. 

Thus far there is in substance nothing new. What we have 
obtained is simply a different aspect of Vandermonde’s theorem, 
that when two indices of either set are alike the function 
vanishes, or, as we should now say, @ determinant with two 
rows identical is equal to zero. Indeed the identities are used 
by Vandermonde in Bézout’s form when solving a set of simul- 
taneous equations. But what follows is important. 

By taking two of these identities 

(ab’—a’b)c —(ac’—a'c)b +(be’—b’c)a =0 
(ab! —a’b) o —(ae’ —a’c)b’ + (be — b’c)a’ =0, 
multiplying both sides of the first by d’, both sides of the second 
by d, and subtracting, there is obtained in regard to the 
quantities 
a. "GO 
OS no ee ee 
the identity 
(ab’ —a'b)(cd’ —c'd) — (ac’—a'c)(bd’ — b’d) + (be’—b’c)ad’—a'd) = 0. 

Similarly by taking the three next identities before obtained, 

which for shortness we may write in modern notation, 
|ab’c’|d — |ab'd’ |e + |ac’'d”|b — \be’'d” |a = 0, 
|ab’c” \d’ — |ab’d’ |e + |ac'd” |b’ — | be’d” | a’ = 0, 
\ab’e” |d”— |ab'd’ |e” + | acd" |b" — | be’d” | a” = 0, 
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there is deduced in regard to the quantities 


Gs) eebponclaind apd 

Gas dhiuiwcsntd>ate 

ats b”, Ch ais e” 
the identities 
| ab’c” |.| de’ | — |ab’d”|.|ce’ | + |ac’d” 
| ab’c’”|.|de” | — |ab’d’|.| ce” | + | ac'd’”|.|be” | — | be’d’” |.|ae” | = 0, 
| ab’c” |.| d’e”| — |ab'd’|.|c’e”| + | ac’d’|.| b’e”| — | bc/d’ |.|a’e”| = 0. 
Finally these last three identities are taken, both sides of the 
first multiplied by /”’, both sides of the second by —/’, both sides 


of the third by f, and then by addition there is obtained in 
regard to the quantities 


CU mieCnte (enc, tf 
a. b’, c, Gis é, ie 
LA A 4t dt ‘/ 7 
C0 gl ne st 


.[be’ | — |be'd’|.|ae’ | = 0, 


the identity 
| ab’e”|.| de’f”| — jab’d”|.| ce’f”| + | ac’d”|.|be’f”| — |be'd”|.| ae’f”| = 0. 
The subject of what may appropriately be called vanishing 


aggregates of determinant-products is not pursued farther, the 
concluding paragraph being 


(223) En voila assez pour faire connoitre la route qu’on doit tenir, 
pour trouver ces sortes de théorémes. On voit qu'il y a une infinité 
d’autres combinaisons 4 faire, et qui donneront chacune de nouvelles 
fonctions, qui seront zéro par elles-mémes: mais cela est facile 4 trouver 
actuellement.” * 


*It is very curious to observe, in passing, that although Bézout does not obtain 
all his vanishing aggregates directly by means of the principle which he so 
carefully states at the commencement, nevertheless every one of them can be 
so obtained. He does not extend the principle beyond the case where only one of 
the original equations is repeated. If, however, we take the equations 

ax +by +cz +dw =0, 
ax+b'y+cz+d'w=0, 
repeat both of them so as to have a set of four, and then proceed by the méthode 
pour abréger to find the équation de condition, we obtain 
|ab’|.| cd’ | — |ac’|.|bd’| + |ad’|.|be’| + | be’|.|ad’| — | bd’|.|ac’| + |cd’|.|ab’| = 0, 
i.e. 2{|ab’|.|cd’| — |ac’|.|bd’| + |ad’|.|bc’|} = 0. 
This is the identity near the foot of p. 51, and others are readily seen to be 
obtainable in the same way. 
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Our second list of Bézout’s contributions thus is :— 

(1) An unexplained artificial process for finding the numerators 
and denominators of fractions which express the values of the 
unknowns in a set of linear equations, or for finding the resultant 
of the elimination of » quantities from n+1 linear equations,— 
a process especially useful when the coefficients have particular 
values. (11.3 + 11.4 + Iv. 2) 

(2) An improved mode of finding Laplace’s expansions, especi- 
ally (but not exclusively) useful when the coefficients have 
particular values. (XIV. 3) 

(3) A proof of Vandermonde’s theorem regarding the effect of 
the equality of two indices belonging to the same set. (x11. 3) 

(4) A series of identities regarding vanishing aggregates of 
products. (XXIII. 2) 


CHAPTER: III. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1784 TO 1812. 


THE writers of this period are eight in number, viz., Hindenburg, 
Rothe, Gauss, Monge, Hirsch, Binet, Prasse, Wronski. Of these 
the first two and Prasse, belonging as they did to the so-called 
Combinatorial School, were not independent of one another; 
Hirsch was a mere expositor; and the others were authors who 
had not specially studied the subject, but who had attained 
results in it in the course of other investigations. 


HINDENBURG, C. F. (1784). 


[Specimen analyticum de lineis curvis secundi ordinis, in 
delucidationem <Analyseos Finitorum Kaestneriane. 
Auctore Christiano Friderico Riidigero. Cum praefatione 
Caroli Friderict Hindenburgu, professoris Lipsiensis. 
(pp. xiv-xlviil.)  xlviii+74 pp. Lipsie.] 

One of the problems dealt with by Riidiger being the finding 
of the equation of the conic passing through five given points 
(“ coeficientium determinatio Traiectoriae secundi ordinis per 
data quinque puncta”), Hindenburg, in his preface, takes occa- 
sion to show how the generalised problem for 4n(n+3) points 
has been treated, pointing out that it is, of course, immediately 
dependent on the solution of a set of simultaneous linear 
equations. He directs attention to the labours of Cramer and 
Bezout, specially lauding the method of the latter given in the 
treatise of 1779. Then he says—“ Haec de Opere Bezoldino in 
universam, quod plurimis adhue Lectoribus nostris ignotwm 
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erit, dicta suficiant. Nunc Regulam wpsam proponam.” ...- 
The seventeen pages which follow, contain a tolerably close 
Latin translation of the Régle générale pour caleuler... -, 
and the Méthode pour trouver ...., pp. 172-187, §§ 198-223, 
which have been expounded above. Cramer's rule is next 
given, the second mode of putting it being in words, and the 
first as follows :— 
“Sint plures Incognite 2, y, % wv, &e. totidemque Aequationes 

simplices indeterminate 

Al=Z)z+ Y1y+ X'a+ W1w+ &e. 

A2= 722+ Y2y + X22 + W2w + &e. 

A’ = Z8z + Y3y + X°x+ Ww + &e. 

A‘ = Ztz 4+ Yty + X4a+ Wiw + &e. 

&e. &. &. &. &. &e. 


Erit, . . . ., positis terminorum signis, ut praecipitur in fine Tabule, 
DEgs BSA: As iVeX We Sie Anak: 
Permut.(1,:2, 34, 5 Byksents are) 


ik Vite 
*= Permut (1.243, 4 Bp Gi dinean~o) ( ) 


Za Nocitae VAY, Ge ducehemmen aia 
The similar expressions for y, x, w, v, u, t are given, and then 
the “regula signorum.” After an illustrative example, the 
question of the sequence of the signs is taken up. 


“Quod si itaque +sg(1, 2, 3, ..., m) denotet signorum vicissitu- 
dines, quibus hic afficiuntur Permutationum a numeris 1, 2, 3, ...” 
singule species, et —sg(1, 2, 3, ... m) signa contraria vel opposita : 
appatet fore 

sg(1, 2) = +sg(1) — sg(1) 


sg(1, 2,3) =+sg(1, 2) -—sg(1,2) +s9(1, 2) 
sg(1, 2, 3, 4)= +g(1, 2, 3) —sg(1, 2, 3) +sg(1, 2, 3)—sg(1, 2, 3) 


unde, quia sg(1) est +, facile eruitur 
sg(1, 2) CT le 
8g (1yo2, Bye) eee 
sg(1, 2,3,4)....-+t--+t4+—-—-+4+-—--4+ 


+--++--++--+ 
” 


and it is pointed out that the first sign is always +, and the 
last + or — according as the number 1+2+48+ ... + (n—1) 
is even or odd. : 
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Bearing in mind that Hindenburg wrote his permutations in 
a definite order, this remark regarding the sequence of signs 
entitles us to view him as the author of a combined rule of 
term-formation and rule of signs, which may be formulated as 
follows :— 

Write the permutations of 1, 2,3,...,n in ascending order 
of magnitude as if they were numbers; make the first sign +, 
the second —, the next pair contrary in sign to the first pair, 
the third pair contrary in sign to the second pair, the neat sia 
(1.2.3) contrary in sign to the first sia, the third sia contrary 
im sign to the second sia, the fourth six contrary in sign to the 
third six, the next twenty-four (1.2.3.4) contrary in sign to 
the first twenty-four, and so on. (11.4 + 11. 5) 


ROTHE, H. A. (1800). 


{Ueber Permutationen, in Beziehung auf die Stellen ihrer 
Elemente. Anwendung der daraus abgeleiteten Satze auf 
das Eliminationsproblem. Sammlung combinatorisch- 
analytischer Abhandlungen, herausg. v. C. F. Hindenburg, 
li. pp. 263-305. ] 

Rothe was a follower of Hindenburg, knew Hindenburg’s 
preface to Riidiger’s Specimen Analyticum, and was familiar 
with what had been done by Cramer and Bezout (see his words 
at p. 305). His memoir is very explicit and formal, proposition 
following definition, and corollary following proposition, in the 
most methodical manner. 

The idea which is made the basis of it, that of place-index 
(“ Stellenexponent”), is an ill-advised and purposeless modifica- 
tion of Cramer’s idea of a “dérangement.’ The definition is 
as follows:—In any permutation of the first m integers, the 
place-indea of any integer is got by counting the integer itself 
and all the elements after it which are less than it. For 
example, in the permutation 

6405 Bi LOM 5:7 5,25.5 

of the first ten integers, the place-index of 9 is 6, and that of 

7 is 8, The counting of the integer itself makes the place- 

index always one more than the number of “dérangements” 
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connected with the integer. This necessitates the introduction 
of a corresponding modification of Cramer’s “rule of signs,” viz. 
“3 Willkiihrlicher Satz. Jede Permutation der Elemente 1, 2, 3, 
., 7, werde mit dem Zeichen + versehen, wenn entweder gar keine, 
oder eine gerade Menge gerader Zahlen, unter ihren Stellenexponenten 
vorkommt; mit dem Zeichen - hingegen, wenn die Menge der geraden 
Zahlen, unter den Stellenexponenten ungerade ist.” (111. 6) 


It is difficult to suggest any justification for the changes here 
introduced. The author himself refers to none. Indeed, in the 
very next paragraph he points out that to ascertain whether 
there be an even number of even integers among the place- 
indices is the same as to diminish each of the place-indices by 1, 
and ascertain whether there be an even number of odd integers, 
that is, whether the swm of the odd integers be even. He then 
concludes— 

“Man kann also auch die Regel so ausdriicken: Jede Permutation 

bekommt das Zeichen + wenn die Summe der um 1 verminderten 
Stellenexponenten gerade, — hingegen, wenn sie ungerade ist.” 
This is simply Cramer’s rule, and it is the only rule of signs 
employed henceforward in the memoir, the expression “die 
Summe der um 1 verminderten Stellenexponenten,” occurring 
over and over again as a periphrasis for “the number of 
derangements.” 

The next four pages are occupied with a very lengthy but 
thorough investigation of the theorem that two permutations 
differ in sign if they be so related that either is got from the 
other by the interchange of two of the elements of the latter. 
Strictly speaking, however, the proposition proved is something 
more definite than this, viz.— 

If in a permutation of the integers 1.2,...r there be 
d integers intermediate in place and value between any two, 
A and B, of the integers, the interchanging of the said two 
would increase or diminish the number of inversions of order 
by 2d+1. (a1. 7) 

The proof consists in finding the sum of the place-indices for 
the given permutation in terms of d as just defined, c the number 
of elements less than both A and B and situated between them, 
f the number of such elements situated to the right of B, and 
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eé the number of elements between A and B in value and situated 
to the right of B; then finding in like manner the sum of 
the place-indices for the new permutation ; and finally comparing 
the two sums. The concluding sentence is as follows :— 


“Denn da...., so ist die Summe der Stellenexponenten der 
zweyten Permutation um d+e+1-—e+d oder um 2d+1 grosser als 
bey der ersten Permutation ; folglich gilt das auch bey der Summe 
der um 1 verminderten Stellenexponenten, da bey beyden Permu- 
tationen r einerley ist. Also ist die eine Summe gerade, die andere 
ee a folglich haben nach (4) beyde Permutationen verschiedene 

» Zeichen.” 


As immediate deductions from this, it is pointed out that 

The sign of any one permutation may be determined when 
the sign of any other is known, by cownting the number of 
interchanges necessary to transform the one permutation into 
the other ; (111. 8) 
and that 

If one element of a permutation be made to take up a new 
place, by being, as it were, passed over m other elements, the sign 
of the new permutation is the same as, or different from, that of 
the original according as m is even or odd. (111. 9) 

A third corollary is given, but it is, strictly speaking, a 
self-evident corollary to the second corollary, and is quite 
unimportant. 

Rothe’s next theorem is— 

The permutations of 1, 2, 3,...., n being arranged after the 
manner in which numbers are arranged in ascending order of 
magnitude, any two consecutive permutations will have the same 
sign, if the first place in which they differ be the (4n+3)™ or 
(4n +4)" from the end, and will be of opposite sign if the said 
place be the (4n+1) or (4n+2)" from the end. (111. 10) 
Thus if the permutations of 1, 2, 3,...., 10 be taken, and 
arranged as specified, two which will occur consecutively are 

B4vO RS MONT 6) SR QIN 

8,4, 9,5, 1, 2,3, 6,7, 10; 
and as the first place in which these differ is the 7" from the 
end, it is affirmed that the signs preceding them must be alike, 
The mode of proving the theorem will be readily understood by 
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seeing it applied to this illustrative example. Taking the 
permutation 
Sod Os 35610 de Oil ees 
and interchanging 3 and 5 we have the permutation 
S40, D. LO gi Oy dee tonds 
and thence by cyclical changes the permutation 
8, 4, 9.5. 1 2230. ie LU: 
the number of alterations of sign thus being 
14+(5+44+3+42+1) 


ie. 14+4(5x6), 
—an even number. 


Annexed to the theorem is the following corollary, which is 
not essentially different from Hindenburg’s proposition regarding 
the sequence of signs,— 

If the permutations of 1, 2, 3,..., n—1 be arranged after 
the manner in which numbers are arranged in ascending order 
of magnitude, and also in like manner the permutations of 
1, 2, 3,...., n—1, n, then those permutations of the latter 
arranged set which begin with x, say, have in order the same 
signs as the permutations of the former arranged set, or different 
signs, according as r is odd or even. (a1. 11) 

For example, arranging the permutations of 1, 2, 3, each with 
its proper sign in front, we have 


(A) 


= 3, 2, 1 ; 
then arranging those permutations of 1, 2, 3, 4 which begin with 
3 say, each with its proper sign, we have 


(B) 
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and the two series of signs are seen to be identical, 3 being an 
odd number. Viewing this quite independently of the theorem 
to which it is annexed, it is evident that a change of sign at any 
point in the series (A) implies a change at the corresponding 
point in the other series, and consequently attention need only 
be paid to the first sign of (B) as compared with the first sign 
of (A). Now the first sign of (A) must necessarily be always 
plus, there being no inversions; and the first sign of (B) depends 
on the changes necessary for the transformation of the natural 
order 1, 2, 3, 4, into 3,1, 2,4. The truth of the corollary is 
thus apparent. 

A second corollary is given, but it is of still less consequence, 
the difference between it and the first being that in the arranged 
set (B) the place whose occupant remains unchanged may be 
any one of the 7 places. (11. 12) 

The next few paragraphs concern the subject of “conjugate 
permutations” (verwandte Permutationen),—apparently a fresh 
conception. The definition is— 

Two permutations of the numbers 1, 2,3,..., n are called 
CONJUGATE when each number and the number of the place which 
it occupies in the one permutation are interchanged in the case 


of the other permutation. (XXIV.) 
For example, the permutations 
SPE SoS TOPS MAP GME 2 (A) 
Baroni ges. 779. 26.4 (B) 


are conjugate, because 3 is in the 1* place of (A) and 1 is in the 
3 place of (B), 8 is in the 2" place of (A), and 2 is in the 8" 
place of B, and so on in every case. 

The first theorem obtained is— 

Conjugate permutations have the same sign. (111. 13) 

This is proved in a curious and interesting way, a special 
conjugate pair being considered, viz., the pair just given as an 
example. To commence with, a square divided into 10x10 
equal squares is drawn, the vertical rows of small squares being 
numbered 1, 2, 3, &c. from left to right, and the horizontal rows 
1, 2, 3, &c. from the top downwards. The permutation 


3,5, 0, 10, 9, 4, 6,1, 7, 2 
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is then represented by putting a dot in each of the horizontal 
rows, in the first under 3, in the second under 8, and so on; so 
that if the rows be taken in order, and the number above each 
dot read, the given permutation is obtained. For the represen- 
tation of the conjugate permutation nothing further is necessary : 
we obtain it at once if we only turn the paper round clockwise 
until the vertical rows are horizontal, and read off in order the 
numbers above the dots. In the next place the number of 
“ dérangements” belonging to the permutation 3, 8, 5,... . 1s 
indicated by inserting a cross in every small square which is 
to the left of one dot and above another; thus the two crosses 
in the first hor:zontal row corre- 
spond to the two “dérangements ” 
32, 31; the six crosses in the second 
horizontal row to the six “ dérange- 
ments” 85, 84, 86, 81, 87, 82; and 
so on. Then it is observed that if 
we turn the paper and try to indi- 
cate the “dérangements” of the 
conjugate permutation by inserting 
a cross in every small square which 
is to the right of one dot and above 
another, we obtain exactly the same 
crosses as before. The signs of the two permutations must thus 
be alike. 

Immediately following this, the 24 permutations of 1, 2, 3, 4 
are given in a column, each one having opposite it, in a parallel 
column, its conjugate permutation. The existence of  self- 
conjugate permutations, e.g., the permutation 3, 4, 1 2, is thus 
brought to notice, and the substance of the following theorem 
in regard to them is given :— 
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If U;, be the number of self-conjugate permutations of the first 
n integers, then 


U, = User 10s (XXV.) 
where U,=1 and U,=2. 


This, however, is the only one of his results which Rothe does 
not attempt to prove. 
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In the second part of the memoir, which contains the applica- 
tion of the theorems of the first part to the solution of a set 
of linear equations, there is not so much that is noteworthy. 
Methods previously known are followed, the new features being 
formality and rigour of demonstration. 

The coefficients of the equations being 


Pe 2S, Vth Oe ve a1 9° 
7 Wee Ney aR el ea TR 
Pie aL, ade, sus gy IT 


it is noted, as Vandermonde had remarked, that the common 
denominator of the values of the unknown may be got in two 
ways, viz., by permuting either all the second integers of the 
couples, 11, 22, 338,...., 77, or all the first integers: but this is 
supplemented by a proof, that af any term be taken, eg., 
16. 24.33.47 .51.68.79. 82. 95 

with the cowples so arranged that the first integers are in 
ascending order, and the sign be determined from the number of 
anversions in the serves of second integers, then the sign obtained 
will be the same as would be got by arranging the couples so as 
to have the second integers in ascending order, and determining 
the sign from the inversions in the serres of first integers. The 
proof rests entirely on the previous theorem, that conjugate 
permutations have the same sign; indeed the new proposition 
is little else than another form of this theorem. (111. 14) 

The desirability of an appropriate notation for the cofactor, 
which any one of the coefficients has in the common denominator, 
is recognised,* and the want supplied by prefixing f to the 
coefficient in question ; for example, the cofactor of 32 is denoted 


by £32. 

It is thus at once seen that the denominator itself is equal to 
In.f{In + 2n.f2n +....+7n.frn, 

or nl.inl + n2.f{n24+....+mr.fnr. (Vir 2) 


Also by this means one of Bezout’s (or Vandermonde’s) general 
theorems becomes easily expressible in symbols, viz., 

In.flm + 2n.f2m+....+7rn.frm=0, (x1. 4) 

* Lagrange’s use of a corresponding letter from a different alphabet must not be 


forgotten. 
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the proof of which is given as follows. In all the terms of {1m, 
every one of the integers except one occurs as the first integer 
of a couple, and every one of the integers except m occurs as the 
second integer of a couple: consequently, in every term of 
1n.{1lm the first places of the couples are occupied by the 
integers from 1 to r inclusive, while in the second places m is 
still the only integer awanting and m occurs twice. Suppose 
then all the terms of 


In.f{lm + 2n.f2m+....+rn.frm 


so written that the first integers of the couples are in ascending 
order of magnitude, and let us attend to a single term 


Pee ae iy ee eee FON oa ey " 
in which the two couples, having 7 for second integer, are the 
p and gt. If we inquire from which of the expressions 
In.{lm, 2n.{2m,.... this term comes, we see that it is a 
term of both pn.fpm and qn.{qm, and must, therefore, occur 
twice. Further, we see that in pn.fqm it has the sign of the term 


Sg arta bh 1 a re ere arth: per 


of the common denominator, and that in qn.fpm, it has the 
sign of the term 


ilbx.tos “D* shoes nby Se ete -alarniens 


of the common denominator. But these two terms of the 
common denominator have different signs: consequently 


In.{Ilm + 2n.f2m+....4+7n.frm 


consists of pairs of equal terms with unlike signs, and thus 
vanishes identically. (xu. 4) 
These preparations having been attended to, the set of r 
equations with 7 unknowns is solved by Laplace’s method ; and 
a verification made after the manner of Vandermonde. It 
is also pointed out, that if the solution of a set of equations, 
say the four 
ax,+bx,+ ct,+ dx,=8, 
ea, +fty+ gx,t+ ha,= 8, 
10, tke, + lag+max,=8, 
NX, + 0X, +PXy+ WX,=8, 
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be x, = As,+ Bs,+ Cs,+ Ds, 
= Es,+ Fs,+ Gs,+ Hs, 
x, = Is,+Ks,+ Ls,+ Ms, 
,=Ns,+ Os,+ Ps,+ Qs,} , 
then the solution of the set 


WY + CYot st NY, =r 
by, t+ fyat hyst oyy= Uz 
CY, +9Y2 + lyst Pys=s 
dy, +hy.+ myst qy,=r%! 5 
awe has the same coefficients differently disposed, will be 
y,= Av, + Ev,+ Iv,+Nov, 
Yo= Bu, + Fv,+ Kv,+ Ov, 
Y3= Cv, + Gu, + Lv, + Po, 
y,= Dv, + Hv, + Mv, 4+ Qu, } 5 (XXVL) 
and hence, that the solution of a set having the special form 
ax,+ bx,+ca,+dx,=8, 
bx, + cx,+ farst+9%,= 8, 
Ct, + ft, +hx,+ 1, =8, 
Ad, + Gata + Wits + J0,= 8, 
will itself take the form, viz. 
As, + Bs,+Cs,+Ds,=2a, 
Bs, + Es, + Fs, + Gs, =a, 
Cs,+Fs,+ Hs,+ Is,=a, 
Ds,+Gs,+I1s, +Js,=@,)} . (XXVI. 2) 


GAUSS (1801). 


[Disquisitiones Arithmetice. Auctore D. Carolo Friderico 
Gauss. 167 pp. Lips. Werke, I. (1863) Gottingen. ] 


The connection of Gauss with our theory was very similar to 
that of Lagrange, and doubtless was due to the fact that 
Lagrange had preceded him. The fifth chapter of his famous 
work, which is the only chapter we are concerned with, bears 
the title “De formis wequationibusque indeterminatis secundr 
gradus,” and its subject may be described in exactly the same 
words as Lagrange used in regard to.his memoir Recherches 
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d' Arithmétique (1773: see above), viz. “ les nombres qui peuvent 
étre représentés par la formule Bt?+ Ctu+ Du.” 

Gauss writes his form of the second degree thus— 

ava +2bay+cyy ; 
and for shortness speaks of it as the form (a, bose TTS 
function of the coefficients a, b, c, which was found by Lagrange 
to be of notable importance in the discussion of the form, Gauss 
calls the “determinant of the form,” the exact words of his 
definition being 

“Numerum bb-ac, a cuius indole proprietates forme (a, 6, ¢) 
imprimis pendere in sequentibus docebimus, determinantem huius forme 
uocabimus.” (xv. 2) 
Here then we have the first use of the term which with an 
extended signification has in our day come to be so familiar. 
It must be carefully noted that the more general functions, to 
which the name came afterwards to be given, also repeatedly 
occur in the course of Gauss’ work, e.g., the function ad— Py in 
his statement of Lagrange’s theorem (XXII) 

b’b’ —a’c’ =(bb —ac)(ad — Byy. 
But such functions are not spoken of as belonging to the same 
category as bb—ac. In fact the new term introduced by Gauss 
was not “determinant” but “determinant of a form,” being thus 
perfectly identical in meaning and usage with the modern term 
“ discriminant.” 

Notwithstanding the title of the chapter Gauss did not confine 
himself to forms of two variables. A digression is made for the 
purpose of considering the ternary quadratic form (“formam 
ternariam secundi gradus ”), 


aaa + aa’! +a!” + Qba’a” + 2b’xx” + 2b” ax’, 
or as he shortly denotes it 
(3 a’, a) 
b, b’, be : 
In the matter of nomenclature the following paragraph of this 
digression is interesting,— 
“Ponendo bb-—aa"=A, b'b'-aa"=A’, bb" -aa =A", 
ab -b'"=B, ab’ - bb" =B, ab’ —bb' =B’, 
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oritur alice, forma 


a A’ A oat 


B eBay 


aa a’ 
oe slit 
adjunctam dicemus. Hinc rursus inuenitur, (XXVII.) 
denotando breuitatis caussa numerum 
abb + a'b'b' +.a''b'"b" — aa‘a" — 2bb'b" per D, 
BB-A’‘A”=aD, BB’- AA” =a'D, B’B’— AA’=a'D, 
AB - B‘B’ =bD, A’'B’- BB’ =0'D, A”B’— BB’ =0’D, 


unde patet, forme F adjunctam esse formam 


quam forme 


tis aD, oad 
6Dytebh Deb DY. 
Numerum D, a cuius indole proprietates forme ternarie f imprimis 
pendent, determinantem huius forme uocabimus ; (XV. 2) 


hoc modo determinans forme F sit=DD, sive equalis quadrato 
determinantis forme f, cui adjuncta est.” 
In this there is no advance so far as the theory of modern 
determinants is concerned, the identities given being those 
numbered (xx) and (xxi) under Lagrange. On the same page, 
however, an extension is given of Lagrange’s theorem (xxii), 
regarding the determinant of the new form obtained by effecting 
a linear substitution on a given form. Gauss’ words in regard 
to this are— 

“Si forma aliqua ternaria f determinantis D, cuius indeterminate 


sunt 2, a’, x” (puta prima=a, &c.) in formam ternariam g determinantis 
E, cuius indeterminate sunt y, y’, y”, transmutatur per substitutionem 


talem a = ay + By’ +. yy", 
a! = aly a By’ is yy", 
a” = ay a By an ys 


ubi nouem coefficientes a, 8, &c. omnes supponuntur esse numeri 
integri, breuitatis caussa neglectis indeterminatis simpliciter dicemus, 


f transire in g per substitutionem (S) 


a, 3, YM 
/ / if 
a, B, Y 
7 wt vt 
a 


d > 


atque f implicare ipsam g, siue sub f contentam esse. Ex tali itaque 
suppositione sponte sequuntur sex equationes pro sex coéfficientibus 
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in g, quas apponere non erit necessarium: hine autem per caleulum 
facilem sequentes conclusiones euoluuntur : 
“JT. Designato breuitatis caussa numero 
af3'y" + By'a” + ya’B" — ya" — ay'B" — Ba'y” 
per & inuenitur post debitas reductiones 


RD. Se eee ak eee? 


When freed from its connection with ternary quadratic forms 
the theorem in determinants here involved is 
Tf Ap= cag? + yay? + Ay tg? + Whoa + 2by Aq ty + Ahyaqay 5 
Ay = Bo? + 08,” + M282? + 2598; 8 + 2b, BoB + 2628), 
Ag = My Vo? + 1 V1" + Ayo? + Woy yV2t WyrYoe + 2Zoyor» 
By = 800+ 418171 + %280°Vo + 09 (By¥2+ Bova) + by (Boa + Bao) + b2 (Boi + B10)» 
By = Go Vo%o + Vir + AaVo be + 9 (Yr%q + Yo) + Oy (YoAg + Vato) + bo(¥o% + 11%)» 
By = Ay ap 8q + 4, 4,4 + Ayo + Dg (ay + 28,) + By (gq + Ay) + by (a8; +4480), 
then 


A,B,2?-+A,B,2+ A,B,2— A,A,A,— 2B,B,B, 


= (4yb,? +. 4,0)? +b)? —A4y%. — 2b 9b,b,) 


x (aPr¥2 si Boyide + Yom 8, _ YoP ao 7 OV Bs ai Boy)” 


As thus viewed it is an instance of the multiplication-theorem, 


the product of three determinants (in the modern sense) being 
expressed as a single determinant. 


The multiplication-theorem is also not very distantly connected 
with the following other statement of Gauss :— 


“Si forma ternaria f formam ternariam /’ implicat atque haec 
formam f”: implicabit etiam f ipsam f”. Facillime enim perspicietur, 
si transeat 


f in f’ per substitutionem | 


| fin f” per substitutionem 
a, p, y 6, § ¢ 
a, B,, y dy? ¢; ¢ 
Gan oe y On en i 
f transmutatum iri per substitutionem 

ad + fs’ +8", ae +Be’ +ye", af +B’ + vv’ 

a’d ae p's ab y's", ae ae pe + ye, a’ + eee ak we 

ad + B's’ ae 94 


wet Brel py", a+ BC + ye.” (xvi. 3) 
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MONGE (1809). 


[Essai d’application de l’analyse a quelques parties de la géométrie 
élémentaire. Journ. del He. Polyt., viii. pp. 107-109.] 


Lagrange, as we have already seen, was led to certain identities 
regarding the expression 
| eee 


eye” + YZ uv ai Ce a xe y” ai ae ze pret ayn” 
in the course of investigations on the subject of triangular 
pyramids. The position of Monge is that of Lagrange reversed. 
From the theory of equations he derives identities connecting 
such expressions, and translates them into geometrical theorems. 
The simpler of these identities, as being already chronicled, 

we pass over. At p. 107 he takes the three equations 

aut+be+oy+dz+e,=0 

au+bw+c,y +d,z+e,=0 

au +b,0+c sy +d,z+e,=0, 
and eliminating every pair of the letters wu, a, y, z, obtains the 
six equations 


Bu+ ax+ P=0 (1) 
yetBy+Q=0 (2) 
éy+yzt+M=0 (8) 
az+ dutN=0 (4) 
yu-— ay+ S=0 (5) 


Bz— dx+R=0 (6); 
the ten letters 
dy B, Y é, M, N, P; Q, R, S 


being used to stand for the lengthy expressions which we 
nowadays denote by 
| byco@s|, [4445], | 4 Do%g], | a b205|, 


| a,b.¢s | , | bycx@3 |, |edees|, —| A,A,e5|, | 4C.¢3|, | b,d,e, 


Then, taking triads of these six equations, eg., the triads (1), (2), 
(5) he derives the identities 
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aQ+ BS— yP=0 
6éP+ aR—BN=0 
—yN+ 6S+ aM=0 
or 
—|bycpd,| . \a,4¢9) + | 2,64, . |b, 2,¢s| — [4,524] - |e,d,e_| = 0 
| a,boCo|- |Cyeg| + | Byes! - 003] — |2,¢,4,| .| byex@s| = 0 (xxu1. 3) 
—|aybydl|. | bycgeg| + | 2 DeCo| « [b,dyes| + | D,coAs| . |4bp¢5] = 0 
— |e 6,45] .|@,b,¢3) + |abods| . |44¢,¢3| — | a,b,cq| . |a,4,¢,| = 0 


which in their turn, he says, by processes of elimination, may 
be the source of many others. For example, each of the four 
being linear and homogeneous in a, B, y, 6, these letters may 
all be eliminated with the result 


RS+QN—PM=0, 
or 
| a,c,@5 |. | bytes | — | ayes | | byeg¢3| — | Cydees |.| ayboe, | = 0. 


Also, eliminating P from the first and second, S from the first 
and third, Q from the first and fourth, and so on, we have 


- ByN+6aQ+ BdS+ayR=0, 
aBM+ ydP— ByN — daQ=0, 
aBM—ydP+ BdS—ayR=0, 
Xe. We. 
1.€. 
—| aye |. | aydydl | «| begs | — | tyboes|- | Pys |. | ay l9es | } =f 
+| ayC,, |. | @,Bo¢y |. [Dydyeg| + | O,Co5|- | Abas] - | @1¢2¢s | 
&e. Xe. (XXVIIL) 


Monge does not pursue the subject further. His method, 
however, is seen to be quite general; and we can readily believe 
that he possessed numerous other identities of the same kind. 
This is borne out by a statement in Binet’s important memoir of 
1812. Binet, who was familiar with what had been done by 
Vandermonde, Laplace, and Gauss, says (p. 286):—“<M. Monge 
m’a communiqué, depuis la lecture de ce mémoire, d’autres 
théorémes trés-remarquables sur ces résultantes; mais ils ne 
sont pas du genre de ceux que nous nous proposons de donner ici.” 
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HIRSCH (1809). 


[Sammlung von Aufgaben aus der algebraischen Gleichungen, 
von Meier Hirsch (pp. 103-107). xvi+360 pp. Berlin.] 


The 4th Chapter Von der Elimination wu. s. w., contains 
five pages on the subject of the solution of simultaneous linear 
equations. These embrace nothing more noteworthy than a 
statement, without proof, of Cramer’s rule, separated into three 
parts (iv., i112, v.), and carefully worded. 


BINET (May 1811). 


[Mémoire sur la théorie des axes conjugués et des momens 
dinertie des corps. Journ. de V’Ecole Polytechnique, ix. 
(pp. 41-67), pp. 45, 46.]* 


In this well-known memoir, in which the conception of the 
moment of inertia of a body with respect to a plune was 
first made known, there repeatedly occur expressions, which 
at the present day would appear in the notation of determinants. 
There is only one paragraph, however, containing anything new 
in regard to these functions. It stands as follows :— 


“Le moment d’inertie minimum pris par rapport au plan (C) a pour 
valeur mk? =f? x 


ABC - AF?- BE?- CD?+2DEF 
GBC — F%) + (AC — BE?) +74( AB — D®) + 2gh( EF — OD) + 29i( DF — BE) + 2hi(DE — AF ) 


Si, dans le numérateur, 
ABC — AF? —- BE? —- CD? + 2DEF 
on remplace A, B, C, &c. par 2ma*, my, &e. que ces lettres 
représentent, on a 
Lina Dmy?Zmz2 — Uma? (Zmyz)* — Zmy? (Zaz)? 
— Ymz? (may)? + 2ZmayZmxz=myz, 


et l’on peut s’assurer que cette expression est identique a 


aL 


Sm’ may!" + y2'a" + 2o'y"" a axz'y!" a yt 2" = zyx )?; 


* An abstract of this is given in the Nowy. Bull. des Sciences par la Société 
Philomatique, ii. pp. 312-316. 
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par une transformation analogue, on peut ramener la quantité 
g?(BC — F2) +h? (AC- BE?) +7 (AB-D?) 
+ 2gh(EF - CD) + 2gi(DF - BE) + 2hi(DE — AF), 
a celle-ci 
Lm [g (ye — zy’) +h (ea! — aa’) + i(ay’ — ya’) P.” 
Now the numerator referred to would at the present day 
be written 


A DE 
De Bit 
| kr ee 4. 
and since Sma?, &e. stand for ma?+ma2+m,e,?+ ..., &., 
the first identity may be put in the form 
mx? +My? + Mgy™ +. . MLYA MY, + MyLoYy t+. MXZ+M{XZy + MgXo%qt - . 
MLY +MY tMyeTYot. . my? +My +mMyYo? +. . MYZ+A MY {A + MYo%Qqt - 
MLZ + IML + Mylyeyt. . MYZ+ MYA + MYxq +. . mM2* +m,2? + Mfg? +. «| 
2 2 
ee Fo a Pile: 
=mmym|y Y, Yol + mmms\Y Yr Ys) +--+ (XVUL 2) 
oa ee og Ve. 
where @,, Y,... are for convenience written instead of 2’, 
y”,... It will been seen that this is an important extension 


of a theorem of Lagrange, the latter theorem being the very 
special case of the present obtained by putting m=m,=m,=1, 
and mz=m,=...=0,—a fact which is brought still more 
clearly into evidence if, instead of the left-hand member of the 
identity, we write the modern contraction for it, viz. 


WV 9 IPD, OU aiy | | Paine Td ree alte Ls 
MY MY, MoYe M3Yg +++ | KX |Y Yr Yo Ys 
MS M42, Myr ngesl 0-5 e~ BAZ, 2 


Again the denominator 
7(BC—F*) +h? AC—E?) +7 (AB—D?) 
+ 2gh( EF —CD) + 2yi(DF — BE)+4+ 2hi(DE— AF) 


being in modern notation 


Unnrlics 
OF AS SE 
he De 
ap ie Dike: 
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the second identity may be written 


: h a 
g me +ma? +... maeyt+may, +... mazt+m,a,2,4+... 
h may+may +... my? +my2 +... myztmyyz,t.. 
t MeeZ+Mwee,+... myztmyeyt-... me+mz? +. 
g @ x? g & w,)? ae et ee 
=mm|h y y,| +mm|h y yy) +mym|h y, Yo| +. (XXIX.) 
4 #2 iB t Ne +e, Lez. 2, 


This is also an important theorem, and is not so much an 
extension of previous work as a breaking of fresh ground. 


BINET (November 1811). 


{Sur quelques formules d’algébre, et sur leur application a des 
expressions qui ont rapport aux axes conjugués des corps. 
Nouv. Bull. des Sciences par la Société Philomatique, ii. 
pp. 389-392. ] 

In this paper Binet returns to the consideration of the first of 
the two identities which have just been referred to, writing it 
now in the form 


[arth 7: ay, 


L(ay'e" —ae'y" + yea" — ya's" + za'y” — zyx" 
= Lae Dy* D2? — La? (Lyz)? — Dy? (Laz)? — Ve?( Lay)? + Waydeedyz. 
He puts it in the same category as the identity 
U(y'2—2y')P = dy?L2? — (yz), 
which he speaks of as being then known. Further, he says 


“Ces deux formules sont du méme genre que la suivante 


> wae ye! ae ey aye 3" ye pune yl!" — uel ya! cy’ we” — y's" 2 
Fath the. (Pad PAL ALDE Trl ty ttt Fatt ltt 


tacz’y wl — axel y!” aw n'y" uly en tye 0 — ye ey a — yw ee 
+ yx ul —yslul el! ¢auly! a aly" aly ul — cay! pay al — ay 9!” 
= Du? ler Dy? De — Du? La? (Lyz)? — DuPDy? (Laz)? — Du? D2? (Vary)? 
— Ya?Dy?(Suz)? -— La?Ze? (Duy)? — Zy?Ze? (Vue)? | 
+ 25u?ZayLazdyz + Wa LuyLueLyz + 2y?LuxruzZaz 
+ 232?SuaDuyZay + (Lua)? (Lyz)? + (Zuy)? (Zaz)? + (Luz)? (Zay)? 
— 2Q2uaLayZyzreu — WuyLyzZeaLau — 2WuyZyx2azZeu,” 
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—a result which in modern notation would take the form 


| 2 
Ge Va he any U Uy, Us WY 
a ae Mees a le es Ra a 
GPUs Ys Y Yr Yo Ys 
GAB, Wey -%, ae Fe 


Wu? +. UTbUyayt.. UYtUWY,+.. USTUyZ,+.. 

watua,+.. a +a +.. CY tUY+-. CET UMZ,+-- 

uytuy,t.. cyt ayt.. Pry. yYrwnat-- 

UZ+UZ, +.. TEER +.. YZtYWAt-. +2 +-. 
It is thus clear that, in November 1811, Binet was well on 
the way towards a great generalisation. He even says that the 
three identities may be looked upon 


(XVIII. 3) 


“comme les trois premiéres d’une suite de formules construites 
d’aprés une méme loi facile a saisir.” 
He merely indicates, however, the mode of proof he would adopt 
for the results obtained, and refers to possible applications of 
them in investigations regarding the Method of Least Squares 
(Laplace, Connaissance des Tems, 1813) and the Centre of 
Gravity (Lagrange, Mém. de Berlin, 1783). The mode of proof 
need not be given here, as it turns up again in the far more 
important memoir in which the theorem in all its generality 
falls to be considered. 


PRASSE (1811). 


[Commentationes Mathematics. Auctore Mauricio de Prasse. 
120 pp. Lips.,1804,1812. (Pp. 89-102; Commentatio vii.*: 
Demonstratio eliminationis Cramerianz.) | 


Of previous writings the one which Prasse’s most resembles 
is Rothe’s. There is less of it, and it shows less freshness; but 
there is the same stiff formality of arrangement, and the same 
effort at rigour of demonstration. 


*Separate copies of the Demonstratio eliminationis Crameriane are also to 
be found, bearing the invitation title-page : 

Ad memoriam Kregelio-Sternbachianam in auditorio philosophorum die xviii 
Juli MpcCcXxt. h. ix celebrandam invitant ordinum Academie Lips. Decant 
seniores cterique adsessores . . . . Demonstratio eliminationis Crameriane. 

It is these copies which fix the date. See Nature, xxxvii. pp. 246, 247. 
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The definition of a permutation (variatio) being given, the 
first problem (which, however, is called a theorem) is propounded, 
viz., to tabulate the permutations of a, 8, y, 6,... (“Variationum 
ex elementis a, B, y,... constructarum et in Classes com- 
binatorias digestarum Tabulam parare”). The result is 


af ay ad 


6a 6B oy 
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The first row of the permutations involving two letters is 
got by taking the first letter of the previous row and annexing 
each of the others to it in succession and in the order of 
their occurrence; the second row is got in like manner from the 
second letter; and soon. Similarly the first row of permutations 
involving three letters is got from a@ the first obtained 
permutation of two letters, the second row from ay the next 
obtained permutation of two letters, and so on.* 

The second problem (and on this occasion actually so 
designated) is somewhat quaint in its indefiniteness, viz., to 
prefix to each permutation the sign + or the sign —, so that 
the sum of all the permutations involving the same number of 
letters (>1) may vanish (“Singulis Variationibus, omissis 
repetitionibus, signa + et — ita praefigere, ut summa secundee 
et cujuslibet clussis insequentis evanescat”). There is no 
indefiniteness or multiplicity about the solution, which in 
substance is:—Make the permutations in every row of the 
preceding table alternately + and —, the first sign of all 
being +, and the first permutation of every other row having 
the same sign as the permutation from which it was derived. 
In this way the table becomes 


+a, -B, +7, —5} 
+aB, -ay, +46 
— Ba, + By, — Bd 
+ya, —¥B, +76 
—da, +68, —dy 


+aBy, — apd 
—ayB, +ayd 
+adB, —ady 
oy Bay, + Bad 
ste Bya, od By6d 
- pda, + Bdy 
+aB, —yad 
= Ba, +88 
+yda, —7dB 
—daB, +day 
+6Ba, —dBy 
~dya, +dyB 


* Tt will be seen that the order in which the permutations come to hand in this 
process of tabulation is the order in which they would be arranged according 
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+ aB-yd 
— apd 
—ayBo 
+aydB 
+adBy 
— adyB 
— Bays 
+ Bady 
+ Byad 
— Byda 
— Bday 
+ Boya 
+7aBo 
— yadB 
—yBad 
+ yBoa 
+ydaB 
— y6Ba 
— daBy 
+ day8 
+ dBay 
— 6Bya 
— dyaB 
+ dyBa 


A proof by the method of mathematical induction (so-called) is 
given that with these signs the sum of all the permutations 
of any group vanishes. 

Up to this point the essence of what has been furnished is a 
combined rule of term-formation and rule of signs. (11. 5+111. 15) 
In connection with it Bezout’s rule of the year 1764 may be 
recalled. 

The third problem is to determine the sign of any single 
permutation from consideration of the permutation itself. The 
solution is:—Under each letter of the given permutation put 
all the letters which precede it in the natural arrangement and 
which are not found to precede it in the given permutation ; 
and make the sum + or — according as the total number of 
such letters is even or odd. 


to magnitude if each permutation were viewed as a number of which a, , y, 6 
were the digits, a being <B<7<6 (‘‘ordo lexicographicus,” ‘‘lexicographische 
Anordnung ” of Hindenburg). 
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“Exemp. Date complexiones sint he : 
eyo, daey, cya,  dfey. 
Liter secundum I subjiciantur 


aanada a. BB aaa. aaaa 
BBB RY BBB B.Y 
x u i 8 Y 
8 5 
quarum numeri sunt 
9 6 9 7 


qui complexionibus datis preefigi jubent signa 

= fe = Sy i! 
The proof that this rule of signs, which is manifestly nothing 
else than Cramer’s, leads to the same results as the previous 
rule, is quite easily understood if a particular permutation be 
first considered. For example, let the sign of the particular 
permutation é8ay be wanted. Following the first rule, we 
should require to note four different members, viz., 


(1) the no. of the column in which é8ay occurs in the 4th group, 


(2) ” ” 6Ba ” 3rd ” 
(3) ” ” 6B ” 2nd a3 
(4) ” ” 6 ” Ist ” 


The first of these numbers being 1, we should infer that in fixing 
the sign of d8ay in the fourth group there had been no change 
from the sign of d@a in the third group; the second number 
being also 1, we should make a like inference ; the third number 
being 2, we should infer that in fixing the sign of 66 in the 
second group there had been 1 change from the sign of 6 in the 
first group; and finally, the fourth number being 4, we should 
infer that in fixing the sign of d in the first group there had 
been 8 changes from the sign of a in that group. The total 
number of changes from the sign of a in the first group being 
thus 3+1+0+40, @e., 4, the sign would be made +. Now the 3 
in this aggregate is simply the number of letters in the first 
group which precede 6, the 1 is simply the number of letters 
taken along with 6 before 8 comes to be taken along with it 
to form 68 in the second group, and the two zeros correspond 


DETERMINANTS IN GENERAL (PRASSE, 1811) 77 


to the fact that 68a on the third group and say on the fourth 
group have no permutation standing to the left of them. Conse- 
quently to count the number of changes (3+1-+0+0) from the 
sign of a in accordance with the first rule is the same as to count 
the number of letters placed under the given permutation, thus, 


oBay 
Te 
B 
y 


in accordance with the second rule. 

Another point of resemblance between Rothe and Prasse 
is thus made manifest, viz., that they both refused to accept 
Cramer's rule of signs as fundamental, preferring to base their 
work on a rule equally arbitrary, and then to deduce Cramer's 
from it. 

In case it may have escaped the reader, attention may likewise 
be drawn to the fact that Prasse prefixes a sign not only to 
permutations involving all the letters dealt with, but also to 
any permutation whatever involving a less number; so that in 
reckoning the sign of ad@, say, the full number of letters from 
which a, 6, 8 are chosen must be known. 

A theorem like Hindenburg’s is next given, viz., [f the permuta- 
tions of any group be separated into sub-groups (1) those which 
begin with a, (2) those which begin with 6, and so on, then the 
series of signs of the 38rd, 5th, and other odd sub-groups is 
identical with the series of signs of the Ist sub-group, and the 
signs of any one of the even sub-groups is got by changing each 
sign of the first sub-group into the opposite sign. (111. 16) 
It is more extensive than Hindenburg’s in that it is true of 
permutations which involve less than all the letters, provided 
such permutations have had their signs fixed in accordance with 
Prasse’s rule. The proof depends, of course, on the first rule 
of signs, and consists in showing that if the theorem be true 
for any group it must, by the said rule, be true for the next 
group. It will be remembered that Hindenburg gave no proof. 

Following this is Rothe’s theorem regarding the interchange 
of two elements of a permutation, or rather an extension of the 
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theorem to signed permutations involving less than the whole 
number of letters. The proof is as lengthy as Rothe’s, even more 
unnecessary letters than Rothe’s ¢, f, ¢ being introduced. (11. 17) 

The last theorem is Vandermonde’s (x11); and this is followed 
by two pages of application to the solution of simultaneous linear 
equations. 

No reference is made by Prasse to Hindenburg, Rothe, or 
Vandermonde. ' 


WRONSKI (1812). 


[Réfutation de la Théorie des Fonctions Analytiques de Lagrange. 
Par Hiéené Wronski. (pp. 14, 15,..., 182,133.) 136 pp. Paris. | 


In 1810 Wronski presented to the Institute of France a memoir 
on the so-called Technie de U Algorithmie, which with his usual 
sanguine enthusiasm he viewed as the essential part of a new 
branch of Mathematics. It contained a very general theorem, now 
known as “ Wronski’s theorem,” for the expansion of functions,— 
a theorem requiring for its expression the use of a notation for 
what Wronski styled combinatory sums. The memoir consisted 
merely of a statement of results, and probably on this account, 
although favourably reported on by Lagrange and Lacroix, was 
not printed. The subject of it, however, turns up repeatedly in 
the Réfutation printed two years later; and from the indications 
there given we can so far form an idea of the grasp which 
Wronski had of the theory of the said sums, 

At page 14 the following passage occurs :— 

“Soient X,, X,, X,, &c. plusieurs fonctions d’une quantité variable. 
Nommons somme combinatoire, et désignons par la lettre hébraique sin, 
de la maniére que voici 

wo [ASX AX AK a AEX ee LL 8) 
la somme des produits des différences de ces fonctions, compos¢s de la 
maniére suivante: Formez, avec les exposans a, b, ¢c,..., p des 
différences dont il est question, toutes les permutations possibles ; 


donnez ces exposans, dans chaque ordre de leurs permutations, aux 
différences consécutives qui composent le produit 


AXA PAR anual ue 


donnez de plus, aux produits séparés, formés de cette maniere, le signe 
positif lorsque le nombre de variations des exposans a, 6, ¢, ete., 
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considérés dans leur ordre alphabétique, est nul ou pair, et le signe 
négatif lorsque ce nombre de variations est impair; enfin, prenez la 
somme de tous ces produits séparés.—Vous aurez ainsi, par exemple, 
w[A*X,] = A°X,, 
wie XPea Xs et AX, A Kg AX AKG, 


The new name, combinatory swm, and the new notation, did not 
originate in ignorance of the work of previous investigators, for 
memoirs of Vandermonde and Laplace are referred to. The only 
fresh and real point of interest lies in the fact that the first 
index of every pair of indices is not attached to the same letter 
as the second index, but belongs to an operational symbol 
preceding this letter, and is used for the purpose of denoting 
repetition of the operation. This and the allied fact that the 
elements are not all independent of each other, A'X, and A?X,, 
for example, being connected by the equation 


A?X, = A(A'X,), 


indicate that Wronski’s combinatory sums form a special class 
with properties peculiar to themselves. 


CHAPTER IV. 


DETERMINANTS IN GENERAL IN THE YEAR 1812. 


Here we have the record of only one year and of only two 
authors to deal with; but the authors, Binet and Cauchy, are 
of supreme importance, and the product of the year probably 
exceeded that of all the years that had gone before. 


BINET (November 1812). 


[Mémoire sur un systéme de formules analytiques, et leur 
application & des considérations géométriques. Journ. 
de Ec. Polyt., ix. cah. 16, pp. 280-302, . . .] 


It would seem as if the above-noted frequent recurrence of 
functions of the same kind had led Binet to a special study of 
them. In the memoir we have now come to, his standpoint 
towards them is changed. They are viewed as functions having 
a history: for information regarding them, the writings of 
Vandermonde, Laplace, Lagrange, and Gauss are referred to: 
they are spoken of by Laplace’s name for them, résultantes d 
deux lettres, & trois lettres, & quatre lettres, &e.; and the first 
twenty-three pages of the memoir are devoted expressly to 
establishing new theorems regarding them. 

Of these the fundamental, and by far the most notable, is the 
afterwards well-known multiplication-theorem. It is enunciated 
at the outset as follows :— 

“Lorsqu’on a deux systemes de n lettres chacun, et nous supposerons 
chaque systéme écrit avec une seule lettre portant divers accens, qui 


serviront & ranger dans le méme ordre les deux systémes; on peut 


n-1l 
former avec ces lettres un nombre n 


de résultantes 4 deux lettres, 


= 
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en ne prenant dans le second terme de chacune que des lettres portant 
les mémes accens que celles du premier. Si, avec deux autres systémes 
de lettres, on forme encore des résultantes 4 deux lettres, et qu’on les 
multiplie chacune par sa correspondante obtenue des deux premiers 
systemes, c’est-a-dire, par celle dont les lettres portent les mémes 
accens; la somme des produits de toutes ces résultantes correspon- 
dantes sera elle-méme une résultante A deux lettres, dont les termes ou 
lettres seront des sommes de produits des élémens des deux systémes 
portant les mémes accens. Avec deux groupes de trois systémes de n 
lettres chacun, on peut former semblablement deux séries de résultantes 
4 trois lettres ; faisant ensuite la somme des produits de celles qui se 
correspondent par les accens de leurs lettres, on aura encore une 
résultante a trois lettres. Pareille chose ayant lieu pour des résultantes 
a quatre lettres, &c., on peut conclure ce théoréme: Le produit d’un 
nombre quelconque de sommes de produits * de deux résultantes corre- 
spondantes de méme ordre, est encore une résultante de cet ordre.” 

(XVII. 4+ XVIII. 4) 
The mode of proof adopted is lengthy, laborious, and not very 
satisfactory, except as affording a verification of the theorem for 
the cases of “résultantes” of low orders. It rests too on certain 
identities, the demonstration of which is open to similar criticism. 
All that Binet says regarding these absolutely essential identities 
is (p. 284)— 

“Je représenterai par 2a la somme a’ +a" +a" + &c., des quantités 
a, a", a”, &c.; par Zab la somme des produits ab+a’b’+a"b" + &ce., 
dans chacun desquels les lettres a et b ont le méme accent; par Zab’ 
la somme ab" + b'a” +a'b'” + &c., la tous les produits d’un des @ par un 
des 6, portent un accent différent de celui de a; par Zab’c’ la somme 
abe” + 0'c'a" +ca'b' + &c., et ainsi de suite. Cela posé, on vérifie 
aisément les formules suivantes : 


Lab’ = Yarb — Lab, 
Zab'c” = Ladb@e + 2Dabe — TaXbe — Vb2ca — Xe2ab, 
LYab'c'd'” == YarbrcXd — 6 abcd 


— Ladbred — Ya2cUbd — LaXdzbe 
— YeXdZab — VoTd2ac — XbzcZad 
+ Zabzed + Zackbd + LabtdXbe 
+ 22arbed + 2UbZcda + 2ZcXdab + 2ZdzZabce, 


Yab'c’d’"e* = LarheZcXdrLe + &e., 
&e.” 


* There is an extension here which one is scarcely prepared for, viz., ‘‘le produat 
dun nombre quelconque de sommes de produits,” instead of la somme d’un nombre 
de produits. 

+ Meant for Zad. 
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It is thus seen that not only is no general proof of the identities 
given, but that even the law of formation of the right-hand 
members of the identities themselves is left undivulged. The 
exact words employed in the demonstration of the first case of 
the multiplication-theorem are (p. 286)— 


“ Avec un nombre n de lettres 7, y”, y’”, &c. et un méme nombre de 
nN — 


z’, 2", 2”, &e. on peut former n résultantes 4 deux lettres (y’, 2”), 


(y', 2”), &e. (y’, 2”) &.; ayant formé pareillement avec les lettres, 
v’, v’, wv”, &e, C, ¢", ¢”, &e, les résultantes (v’, ¢”), (v', ¢”), &e., 


’ ’ 


(v’, ¢’”), &c., considérons la somme 2(y, 2’)(v, ¢’) des produits des 
résultantes qui se correspondent par les accens dans les deux systemes. 
On voit, en développant, par la multiplication, chacun des termes de 
cette somme, qu’elle revient a 


Dyv. 2 — Lav. 


A ces deux derniéres intégrales, on peut appliquer la transformation 
indiquée par la premiére des formules de l'art. 1: on parvient ainsi & 


Z(y, z)(v, ¢') = Zyvdzl— Zzvzy¢. 
Ce dernier membre pouvant étre assimilé a 1a forme (y, 2’), il en résulte 


que le produit d’un nombre quelconque de fonctions, telles que 
Z(y, 2)(v, ¢'), est luiméme de la forme (y, 2’).” 


The application here of the identity 
Lab’ = Laxb— Lab 


requires a little attention. The result of multiplication and 
classification of the terms is 


Lyv. 2 — Lav. yf, 
or, as it might preferably be written, 
Z{yv. 26} —{Zev. Ft; 
and this we know from the said identity 
= [Dyv. D2g—E(yo.2)] — [Dav. ByF— Dv. yO) 
which, because of the equality of D(yv.z€) and (zu. yg), becomes 
Sy Sali Sew DHE 
The inherent weak points, however, of the mode of demon- 
stration stand out more clearly when the next case comes to be 


considered, viz., the case for resultants of the third order. From 
the three sets of n letters 
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ch Nek geri © Oe 
Cen 2. Seaies 
all possible “résultantes & trois lettres” are formed, and each 


resultant is multiplied by the corresponding resultant formed 
from other three sets of n letters, 


CPS G0S 54 cart 
UU MMU skein onl 
‘16 Re ee 
Each of these 4n(n—1)(n—2) products consists of 36 terms, 
there being thus 6n(n—1)(n—2) terms in all. But these 
6n(n —1)(n—2) terms are found to be separable into six groups, 
wie ey Ue CAS ye Or ae Ce, Bee, 
so that the result which we are able to register at this point is 
2A Dey te (Gv eG) ee ely vce CA Dye anc ae C” 
+22F.v'' yO —Xaé. 2’ .y"E" 
—DyE. wv oO —eé.y’' w" 
To the right-hand member of this the substitution 
Lab’e” = YaXbrc+ 2Labe — LaLbe — LbXca — XeXab 
is now applied six times in succession ; that is to say, for 
Lae. yu’. aE" 
and the five other term-aggregates which follow, we substitute 
LaF Lyvr2E+ 2U(xLE. yu. 2€) 
— Lréd(yv. 26)— Lyvda (ze. vE)— VeEX(wE. yu) 
and five other like expressions. By this means we arrive, 
“toute réduction faite,” at 


La, ¥, 27 VE, €) =  LaEXyvd26+ VyEXevral+ LeEXavtzy¢ 
— Dn€LevdyE— Ly EXavde6 — UezEXyvraG, 
which is the result desired. 
It is easy to imagine the troubles in store for any one who 
might have the hardihood to attempt to establish the next case 
in the same manner. 
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If Binet’s multiplication-theorem be described as expressing 
a sum of products of resultants as a single resultant, his next 
theorem may be said to give a sum of products of sums of 
resultants as a sum of resultants. The paragraph in regard to 
it is a little too much condensed to be perfectly clear, and must 
therefore be given verbatim. It is (p. 288)— 

“ Désignons par S(y’, 2”) une somme de résultantes, telle que 

(y/; z,") = (y,/; a) ‘3 Yu z,,) + &e. ; 
c’est-a-dire, 
y/2,/" —2/y/" at ae x Te Pe aF Your ean / ia Fp es ot &e. 3 
et continuons d’employer la caractéristique = pour les intégrales 
relatives aux accens supérieurs des lettres. L’expression 


=[S@ 2’) Sy ¢)] 
devient par le développement de chacun de ses termes, et en vertu 
de la premiére formule de l’art. 1 ou de celle du no. 4, 
Ly v, 22,¢ — Zev, Dy, + Zy,,v, 2z,¢ — 2z,v,2y,,¢ + &e. 
ats 2yv,,22,¢, a 22,v,24,6,, a 2 Py rkuby he 22,,v,24,,6,, ap &e. 
+ &e, 


t 


En indiquant done par S, des intégrales qui supposent, dans chaque 
terme, les mémes accens inférieurs aux lettres du méme alphabet, 
ces accens pouvant étre ou non les mémes pour celles des alphabets 
différens, on pourra écrire la précédente suite, en faisant usage de ce 
signe, ce qui donne 
Z[S(y, 2)S(r, ¢')] = 8, [2yvde¢ - Zezvzyé]. 
Cette nouvelle quantité est encore de la forme S(y’, 2”), en sorte qu’on 
peut dire que le produit de fonctions, telles que 
Z{(Sy 2)SQ@, C)} 


sera lui-méme de la forme S(y/, 2”).” 


This, if I understand it correctly, may be paraphrased and 
expanded as follows :— 


Take the product of two sums of s resultants, viz. 


{ly ePltel yg eel | yetee | eee | ytz,” |} 
Xf | EG? hike aah a ite Wer Aten ral wer Ce | 
or Elytet|. Zl veel, 
s=1 é=1 


where, it will be observed, all the resultants in the first factor 
are obtained from the first resultant | y,1z,2| by merely changing 
the lower indices into 2, 3,... , 8 in succession, and that the 
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second factor is got from the first by writing v for y and € for z. 
Then form all the like products whose first factors are 


real (Yrer |, - +» > [ya "1; 
these being along with | y,!z,?| the 4n(n—1) resultants derivable 
from the two sets of n quantities 
Yrs Yao Yrs oe oo YP 
ape adi Md kits Zi 
The sum of these $n(n—1) products may be represented, if we 
choose, by nan [sas ss 
S| Slat] Elms 
s=] s=1 


n=2 
m<n 


Now if the multiplications be performed, there will be s? terms 
in each product, and the theorem we are concerned with has 
its origin in the fact that the sum of all the first terms of 
the products is expressible as a resultant by applying the 
multiplication-theorem, likewise the sum of all the second terms, 
and so on, the result being an aggregate of s* resultants. For 
if we fix upon a particular term of the first product, say 
the term | yer? || tG? | 


which arises from the multiplication of the h™ term of the first 
factor by the k term of the second factor, then take the corre- 
sponding term of the other products, and write down their sum 
| yn'ze| | vebGe| + | yaten? [| utge | be. Lyn 2G || nde |, 
it is manifest that this sum is by the multiplication-theorem 
Yue tYue He . 6 Yn” Zug +erugt. . . -betuy” 
Yee tyeGet. 6 yam ahGi target... enh}. 
Consequently since h may be any integer from 1 to s, and & 
likewise any integer from 1 to s, the theorem arrived at is 
accurately expressed in modern notation as follows :— 


J 


n= 


2 | 2 | ysnes" | : pl uses | | 


n=2 
men 
= = 2 
— SS Ss Yue HY ve +: . oY, Ue Zp buy + 7 Uy oe + 2,"u;," 
i D3; 2 1e1 QF 2 nen 
c=b hl Yn Ge ty g +. . byt" Zn ¢ + 2, G; +. . +z, &; \> 
= = 1 2 
or = 3s Yn: Yn sesh tet. se Ua. | Uy (ULG so ss Ux” 
| 2 
k=] h=1 oh Zz Ce Ou O04 rae 1G & w fon lebare! & ° 
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It is easily seen to be true of resultants of any order, as Binet 
himself points out. (XXX.) 

When s is put equal to 1, it degenerates into the extended 
multiplication-theorem. 

The theorem which follows upon this, but which is quite 
unconnected with it, may be at once stated in modern notation. 
It is— 

If >| «,y.2,| denote the sum of the resultants obtainable from 
the three sets of n quantities 


Daeg Cpe a Sune ete 
Gye. Uso 83 Ys 
Coig tae Spe nae “Sa 


and =|«,y,| denote the like sum obtainable from the first two 
sets, then 


D| ayy_2_| = Da. Dl yy] + Dy. Z| Awe | + Tz. =| eyo |. (KXXL) 


This is arrived at by writing out the terms of Z| y,2.|, of Z| 222 |; 
and of }|a,y,| in parallel columns, thus 


ly. Z| |% @| |®, Yo| 


ly, 2| |% w_| |, Ys | 


| Yn-12n | | Zn-1%rn | | tn aYn |5 

then deriving » results from the members of the first row by 
multiplying by 2,, y,, 2, respectively and adding, multiplying by 
», Yo) %, and adding, and so on; then treating the second and 
remaining rows in the same way; and then finally adding all 
the n.4n(n—1) results together. Each of these results is a 
vanishing or non-vanishing resultant of the 3" order, and it will 
be found that each non-vanishing resultant occurs twice with 
the sign + and once with the sign —. 

This process is readily seen to be simply the same as per- 
forming the multiplications indicated in the right-hand member 
of (XXX1.), 2.€., 

(@,+%_+. . -+2n) (| Yi2e| + | Yr%s| +. + | Yn-22n/) 
HY + Yat. - + Yn) (| %%q| + | yg] +.» + | Sn-12n |) 
H(A 4 et.» -+2n) (\MYe| + [2 Ys] +. - + | n-rYnl), 
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summing every three corresponding terms in the products, and 
writing the sum as a vanishing or non-vanishing resultant. 
There would be n.3n(n—1) resultants in all; but as each suffix 
occurs m—1 times in the second factors and once in the first 
factors, there must be in each product n—1 terms having the 
said suffix occurring twice: consequently there must be n—1 
resultants vanishing on account of this recurrence, and therefore 
altogether n(n —1) vanishing resultants. Of the non-vanishing 
resultants—in number equal to 1. 4n(n—1)—n(m—1), or 
4n(n—1)(n—2),—each one of the form 


| 2,422 | where h<k<l 
must be accompanied by two others, 
| %Y,%| and | 24,2, |, 
and the sum of these is 
| Yue | — | MrYner| + | Payne | 
4.€., | ,Yr,21 | - 


The final result is thus the sum of the resultants of the form 


| .yx%| where h<k<l, and [=3,4,...,%, 
the number of them, as we may see from two different stand- 
points, being 4n(n—1)(n—2). 
Returning to the series of identities, 
3 | Yx22| + Ys|%%2| + 23|2Yo| = | eYo%s|, 
| Yr22| + Ys| Xe | + 24] Yel = | Ye%1 
&e. &e. 


which by addition give the result 
Lal|y42o| + DyX|2%| + V2Z|ayYo| = D|ayYo%sl , 
Binet next raises both sides of all of them to the second power, 
and obtains 
82a yYyoes)? = Te?Z|y,29/? + Ty?Z| 29)? + Ve*D|a,y_/? 
4 2DyzX(|z,05|.|e,Yo|) + 2B2aX(|a,yo|.|Y1%l) -(XXXIL) 
+ 2SayZ(\y,22| - |%12])- 
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Substituting for Zly,2,|", Z]%%,",-.--> their equivalents as 
given by the multiplication-theorem, he then deduces 


Dlayoral? = Va Ly*Le? + 2yzdewLay — La? (Lyz)" \ 
—Dy?(Leay? — UTe*(Lay)’, 
not failing to note that this is not a fresh result, but merely a 
case of the multiplication-theorem in which the factors are equal. 
By putting the right-hand member here into the form 
Dy? {Le2Da?—(Dyz)?} + D2? { La?Dy?— ( Lay)*} 
— Ya? {Dy?d22—(Dyz)?} + 2yz{Lewray — Lyzde’}, 
there is next arrived at the first identity of the set 
= |r Y 223) 
= Dy?D| 29|? + D2*D|x,yo|?— Za°D| yy29?+ QyzL| 2,9l|xyYol, 
= LoD ayyo|?+ Te? D|y 12? — Vy?D| 2a" |? + 2Dewd|x,Yo|| Yr2e|> (XXX 
= Da D|y 29 |?+ Dy2Z| 2, |?— D2*D|ayy9|?+ 2ayZ|Yy2|| 22 |, 


and immediately from these the set 


Z|, Yo2s/ = 2H*Z| y,2P+ Lea D|ayYo|-|Yr2el+ Ley=|y120|-| Z|, 
= Dy’D|2,04)+ Dayd| 12]. [24% | + Vy22| Zee |.|1¥2| | (XXXIV 
= D2*D|ayyP+ Dysd| 2, |-|2,ye| + Deez |ayyol.| Yr2el- 
We may note in passing that either of these sets leads at once to 
the initial theorem 
BD|x,yors = Dav’ Dl ye, + Dy?D|z,0,? + Le? Z|x,Y9) 
4 22 yzX|z,Ho|.|eyYo| + 2ZeaL|ayyo|.|Y12e| 
+ 2ay=|y,29|. | 2%o|; 
and that with the multiplication-theorem already established 
this reverse order would be the more natural. 


The next step taken is the formation of resultants of the 234 
order from elements which are themselves resultants of the 2™¢ 
order; viz., just as from the three rows of ” quantities 


(ie dies steer ence 


Yi Ye Ug = 8 Un 


Bieeytie, Eee en 
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there were formed the three other rows of 4n(n—1) quantities 


sess \diesl> - heen | W:2n|, Osteen aces Yuin le 
PCAN ERS ee ak | 2g], »-- +5 | Sn-rXn|, 
2 a CN estan Piven ional esa soe ae, | Gn —rYn | » 


so from the latter three other rows of quantities 


| 21%, | 24% | | 2n-2%n| | 2n-12n | 
Lele clea aa | tenets nee etter Me amare i ee eae Bl ebexwEn |p 
|7,¥o| | tHYs | | Pn—2Y¥n| | @n—1Yn | 
ee Zed tees a ea ee te es ANG ea pes Th 
ly2e] | 2s | | Yn-22n| | Yn-12n| 
PAL Se Oh 2.00 GES Ot BOT, WILIONS . 7 Sede en BP Z en | 


are formed, the number in each new row being clearly 
}{3n(n—1)}{}n(n—1)-1} 

WO; 1(n+1)n(n—1)(n—2). 

The new quantities are, of course, not written by Binet in the form 


Leeee = il 
Poni ae 


but the fact that they are resultants of the 2°¢ order is carefully 
noted. Each of them is shown to be transformable, by a theorem 
which may be viewed as an extension of a result given by 
Lagrange, so as to have two of the elements resultants of the 3"¢ 
order, and the other resultants of the 1* order. This is done by 
taking, for example, the identities 


| Y%| + Yn| 2) + ml eyy| = |ory%l, 
ty | Yi; | + Ya | 20j| + | wis | = | eeyz|, 
multiplying both sides of the first by «,, and both sides of the 
second by a,, subtracting, and writing the result in the form 
| ayn || 2105 | + | nen || Vis | = Tel nyse | — eal wees, 
Uy, Up, 


| rye | | eryiz |, 


I 
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where of course it has to be noted that in many cases one of the 
resultants of the 3" order will vanish. The quantities, therefore, 
to be dealt with, are 


I, | LyYo%s |, 5 o  By| ORY | — Ip | Ue Ys% | 5 SS EE, Zn, | Ln-sn—s20 | 3 
Y1 | LYo2s |> ome 5 Yu. | Yn2eX; | = Yn | Yr2i%; | ere ers Yn |n-2Yn-12n | 
Pag ACR ae Z| 2nCY;| — 2, \ZyCYj\s< +23 Zn | @n-2Yn-122 |- 


By raising each of the elements of the first row to the second 
power, taking the sum and simplifying, we could, we are told, 
show that the result would be 


Lar?D|x,Y os pa 


Very prudently, however; another process is chosen. It is re- 
called that the quantities in the third triad of rows are related 
to those in the second as those in the second are related to those 
in the first, and that consequently the required sum of squares of 
resultants is, by the multiplication-theorem itself, expressible 
as a resultant, viz., 


S| aol lays ||? = Zl awe P- 2] eye — | ae || rye 


where the elements of the resultant on the right are sums of 
products of quantities in the second triad of rows. Then the 
same theorem is used to make a further step backwards, viz., to 
express each of these three sums of products of resultants as a 
resultant whose elements are sums of products of the quantities 
in the first triad of rows, the effect of the substitution being 


2 | | 22 | 5 | @1Ys | |? = {222Za,?—(D2,0,)?} {Da PZy,"— (Zaryy,)?} 
— {22,0 2ayy, — Dy,2,2My"}’, 
Simple multiplication transforms this into 
Sa. { Da DyPde? — Lyy"(Zz,21)" — deere 
: + 22y,2,22y0, Day, — La,2(Ly,2,) J’ 


which, by still another use of the multiplication-theorem, we 
know is equal to 


2 
. 


2 
Lar? D|x,Yo2s 
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The set of six results of which this is one, is 


2X? = 2a," L|x,yo2%5P, 
LY S=Ly,? Z|x,y924I", 
Lhe," (>| 2452,\", 
LY{Z, = 2,2, Z|2,Yo2s), 
Llyn Xq = DZ,0, 2,452, 
TRY, = 20, y,2|2,Y,25), 


(ZXKV) 


if, for shortness, we denote the quantities of the third triad of 
rows by 


Following these, and deduced by means of them, is an equally 
noteworthy theorem regarding the sums of squares of all the 
resultants of the third order, which can be formed from the 
quantities of the second triad of rows. Denoting these quantities 


temporarily by enor Si 


we know (XXXII.) that 


32 | Evmoks P + 2X 2E," rie DY 20," a 22°26" 
a 22Y,Z,.2m 6, a 22Z,X%,.264 
+ 2X, Y,. LE, 5 


whence, by using the set of six results just obtained, we have 
32 | Emks 


Bal D2, NP Pf Lea," + Sn Dy? + 2G 722," } 
WEE UA 226. Dye + 220,8,.22,0, + 226m. 22,Y; 


and therefore, again by (XXXII) 
Z| Evnegs P= {2 | eyes)”. (XXXVI) 


It is finally pointed out that from the third triad of rows 
there might, in like manner, be formed a fourth triad, and 
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analogous identities obtained ; also that, instead of starting with 
three rows, we might start with four, 


th igAale “eee te 
Dy hy, Soe > hn 
Yr Yo Ya +++ +9 Yn 
Geib She eis he em 


form from them other four 


eA \vte tare ner alas 

DRA Fives cre aan 

APO are cee ee 

| Eee ope hae es : 
thence in the same way a third four, and in connection 
therewith establish the identity (XXXI. 2) 

Dt, D | @yyo2%5|— DayD | yr2aty | + Dy. | zalyers | — Ez,2|t,2y,| = 0 

and other analogues. (XXXII. 24+XXXV. 2) 


The rest of the memoir, 52 pages, consists of geometrical 
applications of the series of theorems thus obtained, 


CAUCHY (1812). 


[Mémoire sur les fonctions qui ne peuvent obtenir que deux 
valeurs égales et de signes contraires par suite des trans- 
positions opérées entre les variables qu’elles renferment. 
Journ. de Ec. Polyt., x. Cah. 17, pp. 29-112. Guwvres 
(2) i] 


This masterly memoir of 84 pages was read to the Institute on 
the same day (30th November) as Binet’s memoir, of which 
we have just given an account. The coincidence of date has 
to be carefully noted, because the memoirs have in part a 
common ground, and because there is a presumption that the 
authors, knowing this beforehand, had, in a friendly way, 


arranged for simultaneous publicity. Binet’s words on the 
matter are (IX. p. 281)— 
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“‘Ayant eu derniérement occasion de parler & M. Cauchy, ingénieur 
des ponts et chaussées, du théoréme général que j’ai énoncé ci-dessus, 
il me dit étre parvenu, dans des recherches analogues & celles de M. 
Gauss, & des théorémes d’analyse qui devaient avoir rapport aux miens. 
Je m’en suis assuré, en jetant les yeux sur ces formules: mais jignore 
si elles ont la méme généralité que les miennes: nous y sommes arrivés, 
je crois, par des voies trés-différentes.” 


And Cauchy’s corroboration is (p. 111)— 


“J’avais rencontré |’été dernier, 4 Cherbourg, ot j’étais fixé par les 
travaux de mon état, ce théoreme et quelques autres du méme genre, 
en cherchant a généraliser les formules de M. Gauss. M. Binet, dont 
je me félicite d’étre lami, avait été conduit aux mémes résultats par des 
recherches différentes. De retour a Paris, j’étais occupé de poursuivre 
mon travail, lorsque j’allaile voir. I] me montra son théoréme qui était 
semblable au mien. Seulement il désignait sous le nom de résultante ce 
que j’avais appelé déterminant.” 


Cauchy prefaces his memoir by another, entitled 


Sur le nombre des valeurs qu'une fonction peut acquérir 
lorsquon y permute de toutes les maniéres possibles les 
quantités qwelle renferme. 


This latter must to a certain extent be taken into account, 
because it serves to show the point of view which he considered 
most natural for examining the subject, and also the exact 
position held by the functions now called determinants, 
when functions in general come to be classified according 
to the number of values they are able to assume in certain 
circumstances. 

At the outset of it the writings of Lagrange, Vandermonde, 
and Ruffini are referred to; the fact is recalled that the maxi- 
mum number of values which a function can acquire by inter- 
changes among its 7 variables is 1.2.3....; also that when 
the maximum is not obtained, the actual number must be a 
factor of the maximum; and then proof is given of the very 
notable theorem that the number of values cannot be less than 
the greatest prime contained in n without being equal to 2. 
It is pointed out likewise that functions capable of having only 
two values are known from Vandermonde to be constructible 
for any number of variables. For example, the number of 
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variables being three, 4, @, 43, all that is needed is to form 
their difference-product 


(dg — Ay) (13 — 44) (4g 4) 
or Cg? Chg + 2A + Ay2Ahg — (bg + gg + a,7e), 
when it is found that either of the parts 
Ag*g + yy + 0"Az, 
or Ag?A, + My", + A47Ag, 


is an instance of a function capable of only two values by per- 
mutation of the variables; the result indeed of any permutation 
being merely that the one function passes into the other. 
Further, the whole expression 


2 2 erie Aad 2 2 
Ag Wy + My" + A," (2a, + @,°dg + ,°A1y) 


is another example, the difference between the two values which 
it can assume being however a difference of sign merely. As a 
reference to the title of the memoir of November 1812 will show, 
it is functions of this latter class which Cauchy there considers. 

At the commencement he contrasts them with functions which 
suffer no change whatever by permutation of variables, that is 
to say, symmetric functions : and, noting the fact, afterwards 
ascertained, that the new functions consist of terms alternately 
+ and —, and that were it not for this alternation of sign they 
would be symmetric functions, he decides to extend the term 
“symmetric” to them, and having done so, seeks to distinguish 
them from ordinary symmetric functions by calling them “fone- 
tions symétriques alternées,” and calling the other “fonctions 
symétriques permanentes.” Cauchy’s view of determinants may 
therefore now be described by saying that he considered them 
as a special class of alternating symmetric functions. 

To include them, however, either the adoption of a convention 
is necessary, or an extension of the definition must be made. 
For example, a,b,—a,b, is not an alternating function, unless 
the elements be so related that the interchange of a, and a, 
necessitates the interchange of b, and 6, at the same time; or 
unless the definition be so worded that interchange shall refer 
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to suffies, not to letters. Cauchy selects the former course 
his words being (p. 30) 


(a3 


- . concevons les diverses suites de quantités 


Tigi cng so Sis: 9 ag 
GES ar 
C1, Ca, o Ga 


tellement liées entre elles, que la transposition de deux indices pris 
dans l’une des suites, nécessite la méme transposition dans toutes les 
autres ; alors, les quantités 


DRTC emrmense Usy Cay ey Ory One. 
pourront étre considérées comme des fonctions semblables de 
Cah Ua A knee 


et par suite, les fonctions de 


OC peas aah RC as een SG yt UN, osu cls 
qui ne changeront pas de valeur, mais tout au plus de signe, en vertu 
de transpositions opérées entre les indices 1, 2, 3,.... n, devront: 
étre rangées parmi les fonctions symétriques de a, Mg, . . . 5 Gy OU, Ce 
qui revient au méme, des indices 1, 2, 3, ..., ”. Ainsi 


2 2 
a,? +4,? + 4a,Mo, 
Ad, + Agby + Agby + 2C,C0C3, 
yb, + dyby + Ab, + Ay, + gb, + a,b5, 
COS (4 — Ay) COS (A — Az) COS (Ay — As), 
seront des fonctions symétriques permanentes, la premiére du second 
ordre et les autres du troisiéme ; et au contraire, 
Ab, + Aad; + Ab, — dgb, — a,b, — Ado, 
sin (a, — @)s8in(a@, — a,)8in (a, — a3) 
seront des fonctions symétriques alternées du troisieme ordre.” 


The question of nomenclature being settled there next arises 
the question of notation. This also is decided on the ground of 
the resemblance of the functions to symmetric functions. It 
being known that any symmetric function is representable by a 
typical term preceded by a symbol indicating permutation of the 
variables, e.g. 

S(a,b,) or S?(a,b,) standing for a,b,+4a,b, 


and S#(a,b,) standing for a,b.+ a,b, +43), + ab, +44. + O03 ; 
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also, that any non-symmetric function may be taken as the 
typical term of a symmetric function, the question arises whether 
the like may not be true of alternating functions. A lengthy 
examination of the latter point leads to the conclusion that any 
non-symmetric function K cannot be the originating or typical 
term of an alternating function unless it satisfies a certain 
condition, viz., that it be such that any value of it obtained by 
an even number of interchanges of indices will be different from 
any other value obtained by an odd number of interchanges. 
Should, however, this condition be satisfied, and K,, Kg, K,,.. - - 


be all the values of the former kind, ard K,, K,, K,,... « all 
the values of the latter kind, then , 
(K,4 Ket Ky + eae). — (hat KR, ) 

is an alternating function and is appropriately representable by 
$(+K) 

if the indices appearing in K alone are to be permuted, and by 
$"(4K) 

if the indices to be permuted be 1, 2,3,..., ”. For example, 


taking the typical term a,b, we have 

S(+4,b,) = a,b,—ab,, 
and S3(+.a,b,) = a,b, + dgbg + 4g, — agb, — Ag, — ays, 

= $3(a,b,) = S3(#Fa,b,)=.... 

S#(-:a,b,) is an impossibility, as when there are four indices a,b, 
does not satisfy the condition required of a typical term ; indeed, 
Cauchy notes that the number of indices in any term must either 
be the total number or | less. 

The number of permutations being even, it is clear that the 
number of + terms K,, Kg, ... . is the same as the number of 
negative terms Ky, K,, (x. 2) 
a generalisation of a remark of Vandermonde’s. 

Further, since K,, Kg, .. . . are all the terms that arise from 
an even number of transpositions, and K,, K,,... . all those 
that arise from an odd number of transpositions, it is plain that 
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any single transposition performed upon each of the terms of 
the function 


(K,+K,+K,+....)—(K,+K,+K,+....) 
must change it into 
(Ky +K, K+... )—(K+K +K,4+....) 


—this is, in fact, the proof that it is an alternating function— 
consequently each of the parts 


Ki+K,.+K,+...., 
K,+K +K,+...., 


belongs to the class of functions which have only two different 
values. 

Also it is. evident that 7f throughout the function any par- 
ticular index be changed into another and no further alteration 
made, the resulting expression must be equal to zero, (x11. 5) 
a theorem regarding alternating functions which is the general- 
isation of a theorem of Vandermonde’s. 

We have lastly to note, that the criterion which determines 
whether a particular K belongs to the class K,, Ks, .... or to 
the class K,, K,, ... . is incidentally shown to be reducible to 
a more practical form. For example, if the term be Keg, and it 
be derivable from K, say, by the change of the suffixes 1, 2, 3, 4, 
5, 6, 7.into 3, 2, 6, 5, 4, 1, 7, that is to say, in Cauchy’s language 
by means of the substitution 

G 2, 3, 4, &, 6, a 

8, 2, 6, 5, 4,1, 7/, 
we transform this substitution into a “product” of “circular” 
substitutions, viz., into 


G51) Ga)-@-@) 
BO, lego 4) 27,07 
and subtracting the number of “factors,” 4, from the total 
number of suffixes 7, make the sign + or — according as this 
difference is even or odd. 

Here the subject of general alternating functions may be left 


for the present. What remains of the first part of the memoir, 
refers to special cases, which naturally fall to be considered 
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in another chapter of our history. At the close of the part 
Cauchy says (p. 51)— 

“Je vais maintenant examiner particuliérement une certaine espece 
de fonctions symétriques alternées qui s’offrent d’elles-mémes dans un 
grand nombre de recherches analytiques. C’est au moyen de ces 
fonctions qu’on exprime les valeurs générales des inconnues que renfer- 
ment plusieurs équations du premier degré. Elles se représentent 
toutes les fois quion a des équations 4 former, ainsi que dans la 
théorie générale de |’élimination.” 


The writings of Laplace, Vandermonde, Bezout, and Gauss are 
referred to, and from the latter the name “ déterminant” is 
adopted. 


The second part bears the title— 


Des fonctions symétriques alternées désignees sous le nom 
de déterminans. (xv. 4) 


and opens with the following explanatory definition (p. 51)— 


“Soient a,, a... ., d, plusieurs quantités différentes en nombre 
égal 4 n. On a fait voir ci-dessus qu’en multipliant le produit de ces 
quantités, ou 


A, Aoflg «+ » Ons 
par le produit de leurs différences respectives, ou par 
(a, a @)(4g ie a) “° (4p sal a) (ag 7 dy) = (Gp, ar Wy) as (4, ie G,—)s 
on obtenait pour résultat la fonction symétrique alternée 
S(24,14,%a,*.... 0°), 
qui par conséquent se trouve toujours égale au produit 
AyAglg s+ » Uy, 

X (ity — y) (dg ~ @y) « + + (y= 4) (ig = My) + « + (On = Mg) + + + (Gn = Gn -1)- 
Supposons maintenant que l’on développe ce dernier produit, et que 
dans chaque terme du développement on remplace l’exposant de chaque 
lettre par un second indice égal a l’exposant dont il s'agit, en écrivant 
par exemple a,, au lieu de a,’, et a,, au lieu de a,’, on obtiendra pour 


résultat une nouvelle fonction symétrique alternée, qui, au lieu d’étre 
représentée par 
S (b6y10,70,* vee Oa) 
sera représentée par 
S (2) sda-cags to Getals 


le signe S étant relatif aux premiers indices de chaque lettre. Telle 
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est la forme la plus générale des fonctions que je désignerai dans la 
suite sous le nom de déterminans. Si l’on suppose successivement * 


on trouvera 
S(+4).19-9) = Ay Aq-g — Ag-y%y-95 
S( 4.0 -7Gp-9Mg-3) = DyyMgolgg — + gy Ag.ghy-g + Ag-q0y-oo-g 


— Fy +1%-9Uqrg — AgeyAorgAy+g — qe %+9g-95 


In regard to this it is important to notice that there are really 
two definitions given us. The latter, viz., that involved in the 
symbolism of alternating functions, 
DCLG, ages olan) 
contains nothing more than Leibnitz’s rule of formation and 
an improved rule of signs. The former is new and may be 
paraphrased as follows :— 
If the multiplications indicated in the expression 
Ge Calens eaila 

X (Ag—)(Ag— Ay) - « « (An —4,)(Ag— Ay). » « (An — Gy) » » (Ann -1) 
be performed, and in the result every index of a power be 
changed into a second suffix, eg.,a,° into a,,, the expression 
so obtained is called a determinant, (111. 18), (v1. 2) 
and is denoted by SG adnate tt) Ona). (vu. 5) 


In this definition the rule of signs and the rule of term- 
formation are inseparable—a peculiarity already observed in 
the case of Bezout’s rule of 1764. 
After the definitions various technical terms are introduced. 
The n? different quantities involved in 
Ge ag arcing ete sical) 
are arranged thus 


Geeta ae Cg ta an tn 
eso te Seta vr ie ay, fc 0 Pen 
Lom er aU AD cen ies Fm 
SSC, oe ne 

Cl ion Ona ewes on Carn 


*n=2, n=3, &c. is meant. 


Univ. of Arizona Library 
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“sur un nombre égal & de lignes horizontales et sur autant de 
colonnes verticales,” and as thus arranged are said to form a 
symmetric system of order n. The individual quantities a,.,, &c., 
are called the terms of the system, and the letter a when free of 
suffixes the characteristic. The “terms” in a horizontal line are 
said to form a suite horizontale, in a vertical column a suite 
verticale. Conjugate terms are defined as those whose suffixes 
(“indices”) differ in order, ¢.g., 3 and 3.9; and terms which 
are self-conjugate, ¢.g., G1, Mo, -- - are called principal terms. 
The determinant is said to belong to the system, or to be the 
determinant of the system. The parts of the expanded de- 
terminant which are connected by the signs + and — are called 
symmetric products, and the product 


Cenareentn. 2a len 
of the principal “terms” is called the principal product. The 
“principal product,” however, is also called the terme indicatif 


of the determinant, and thus an awkward double use of the 
word “terme” is brought into prominence. The system 


Cijor Gog Ube ake One 
Cag arg Cag ine ee ae 
Cijug! “Ogig Cag = eo 4. Cn 
Ong” Cary Og ie es Cen 


derived from the previous system by interchanging the suffixes 
of each “terme” is said to be conjugate to the previous system. 
A symbol for each of these systems is got by taking the last 
“terme” of its first “suite horizontale,” and enclosing the “terme” 
in brackets: in this way we are enabled to say that (q,.,) and 
(An1) are conjugate systems. 

In the course of these explanations a modification of the rule 
of term-formation is incidentally noted, the form taken being 
specially applicable when the quantities of the system have been 
disposed in a square. Cauchy’s wording of this now familiar 
rule is (p. 55)— 


. .. . “pour former chacun des termes dont il s’agit, il suffira de 
multiplier entre elles n quantités différentes prises respectivement dans 
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les différentes colonnes verticales du systéme, et situées en méme 
temps dans les diverses lignes horizontales de ce systéme.” (1. 6) 


> 


Here we may note in passing that the disposal of the “ termes’ 
in a square might have enabled Cauchy to point out (which he 
did not do) the difference between Gauss’ use of the word 
“determinant” and his own, by saying that the “ determinant of 
a form” had its conjugate “termes” equal. 

The rule of signs applicable to alternating functions in general 
is modified for the special case of determinants, and takes the 
following form (p. 56):— 

“Etant donné un produit symétrique quelconque, pour obtenir le 
signe dont il est affecté dans le déterminant 

S(O Ade Gatg + a nen) 
il suffira d’appliquer la regle qui sert 4 déterminer le signe d’un terme 
pris 4 volonté dans une fonction symétrique alternée. Soit 
Hg] UB.2+++- Vern 


le produit symétrique dont il s’agit, et désignons par g le nombre des 
substitutions circulaires équivalentes a la substitution 


é Die SE Wa eee 4 
LY sia, cera Gr 
Ce produit devra étre affecté du signe + si n-g est un nombre pair, 
et du signe — dans le cas contraire.” (11. 19) 


Thus if the sign of the term 
Dery Agra Ug:3 Uy-4 No.5 Nog Nery Uyeg Ay-g 
in the determinant 
(2 Gi Gore Cane oon), 
be wanted, we write the series of first suffixes 6, 8, .. . under 


the corresponding suffixes of the “principal product,” that is to 
say, under the series 1, 2,3, . . . , 9, obtaining the substitution 


Cae 
683192547/; 


this we separate into circular substitutions, finding them three 
in number, viz., 


(), Gsv, Gare a: 
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and the determinant being of the 9 order, we thence conclude 
that the desired sign is (—)°-%, 4.2, +. In connection with this 
subject a modification of Cramer’s rule is given, no reference 
being made to “dérangements” at all. Put into the fewest 
possible words it is—The sign of the term Gai Mp2.--+ den 48 
the same as the sign of the difference-product of the first suffimes, 
that is, the sign of 


(B—a)(y—a)....(€-a)(y—f)..-- (111. 20) 
For example, the sign of 
Age Agen Ugeg Ayrg ges Uo-g Ugy Ayg Ar. » 
above sought, is the sign of the difference-product of 


6, 8, 3, 1,9, 2, 5, 4, 7 
2. the sign of 


(7—4)(7 —5)(7 —2)(7 —9)(7 —1)(7 —3)(7 —8)(7 — 6) 


x(4—5)(4-2) . 2 1. 1. ww ee (4-6) 
(Be) a an ent ae cae oe 
x(8—6) 


The object whith Cauchy had in view in stating the rule in this 
unnecessarily complex form was doubtless to show its essential 
identity with the rule implied in his new definition. He says 
(p. 58)— 


“On démontre facilement cette régle par ce qui précéde, attendu 
qu'une transposition opérée entre deux indices change toujours, comme 
on l’a fait voir, le signe du produit 

(dg—4,)(Ay—G,).. . (dg—q)(a,—Mg)...., 


et par conséquent celui du produit 
(B-a)(y-a)...(€-a)(y-f)....” 


The way having thus been prepared, the propositions of deter- 
minants are entered on. Those known to his predecessors we 
may dispose of rapidly, giving little, if anything, more than the 
enunciation of them, in order that the new garb in which they 
appear may be seen. 
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.... “le déterminant du systéme (a,.,) est égal a celui du systéme 
(%-,) +... En conséquence, dans l’expression 


Ce ornie sae Cnn) 


on peut supposer indifféremment, ou que le signe S se rapporte aux 
premiers indices, ou qu'il se rapporte aux seconds. (Ix. 2) 


Si lon échange entre elles deux suites horizontales ou deux suites 
verticales du systéme (a,.,) de maniére a faire passer dans une des 
suites tous les termes de I’autre et réciproquement on obtiendra un 
nouveau systéme symétrique, dont le déterminant sera évidemment 
égal mais de signe contraire 4 celui du systéme (a.,). Si l’on répéte 
la méme opération plusieurs fois de suite, on obtiendra divers systémes 
symétriques dont les déterminans seront égaux entre eux, mais alter- 
nativement positifs et négatifs. On peut faire la méme remarque & 


Pégard du systéme (4,,.:). (x1. 3) 
Malsvian si l’on développe la fonction symétrique alternée 
[Ft Gy wS (£044 Ogg ss Oy_3-4—1)] 


tous les termes du développement seront des produits symétriques 
de lordre n, qui auront lunité pour coefficient. Ces termes seront 
donc respectivement égaux a ceux qu’on obtient en développant le 
déterminant 


D,, = S( +0, doe a Sas wn) 


et comme le produit principal a,.,d.....@,, est positif de part et 
d’autre, on aura nécessairement 


De OP aS (SF Geile gs eo Oy yn) | (v1. 3) 
Ed epee a Dey OL. Ge ned. sD ae 
En général, si l’on désigne par » l'un des indices 1, 2, 3,..., ” on 
trouvera de la méme maniére 
D,, = S[Gp-pS(Gr1 Gore... Our piGagaptis +++ Gen) | (VE 4) 


.... Cette derniére équation 
0 a Ge Ale + Gn, Onn + Gu 0 + One yO ren (XII. 6) 


sera satisfaite toutes les fois que v et » seront deux nombres différens 
Pun de l'autre. 


. . . on aura done aussi 
Dy = GyrrOuer + Gpdara tb oo oe + Opn Durn (v1. 4) 
O° = GyaDuny Fo Gyadag Hoe Oy Ouen (x1. 6) 


les indices p et v étant censés inégaux.” 
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The expressions here denoted by 6,1, O2,..- + are spoken of 
as adjugate (“adjointes”) to a4, M-2,. ++ -3 and the system 

Diy Oy2 Dyn 

doy Das Down 

Ont Dare La 


as adjugate to the system (a,.,). Similarly the system (b,,-1) 18 said 
to be adjugate to the system (a,.,); and, on the other hand, it is 
said to be adjugate and conjugate to the system (G4 )2) (XRVINZ) 


Up to this point no new property has been brought forward. 
The following paragraph (p. 68), however, opens new ground, 
the formula given in it being of some considerable importance 
in the after development of the theory. 


“Si dans le systéme de quantités (a,.,.) on supprime la derniére suite 
horizontale et la derniére suite verticale, on aura le systeme suivant, 


Oates tastes Meakcek eere 
Ao, Un2 Qgen—19 
achan a a 

An—11y Un—1-2 An-1en-1) 


que je désignerai & Vordinaire par (@).,-1). 
“Soit maintenant (¢.,_;) le systéme adjoint au précédent. Si dans 
Péquation (13) on change 0 en e et n en n—1, on aura en général 


Dyer = By = Fper€ ox + Upesbpra + o2e + Orn 1Owrn—i° 


Pour déduire de cette derniére équation la valeur de 0x.,, il suffira en 
vertu des régles établies, de changer a,., en a,., dans lexpression 
précédente de 8,,.,, et de changer en outre le signe du second membre : 
ou aura done généralement 


Dura) = — (Qarurn + Oyoburg Fs ss ss eG cn hea): 
Si dans cette équation on donne successivement & » toutes les valeurs 


entiéres depuis 1 jusqu’A n-1, et que l’on substitue les valeurs qui 
en résulteront pour 0y.n) Dornyss-y Onan dans Péquation 


Do SOO F Oo alent eile aaee teaetates 
on obtiendra la formule suivante, 
a er ee be Cent ala et tel Oa tia iaenCeerenet 
+ Ayen( Gy 2lr-0 ti Gatia® ocfaatet? Caleta) 
Dy, =GprnOnen — 4 1 Vaen(Gn 1021 + Ay-3la-s + 6. + Onn—1la-n—1) 
eee es 


+ On aen(GaiOn—vi F Omelaia FH vos 1 Onn tla inet) 
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Cette équation peut étre mise sous la forme 

De Ok On i Ovens Sra) (XXXVIL) 
les deux signes S étant relatifs le premier A l’indice » et le second a 
Vindice v.” 
This is the well-known formula nowadays described as giving 
the development of a determinant according to binary products 
of a row and column. The special row here used is the n* and 
the special column the n™ likewise. 

The four pages regarding the application of determinants to 
the solution of a set of simultaneous equations may be passed 
over with the remark that they give evidence of the importance 
attached by Cauchy to his new definition of determinants, the 
solution in the case of the example 

a,0,+6,0, = a 
GX, + bgt, = M, 
being first put in the form 


_ mb(b—m) _ am(m—«a), 
ea te ey 
and similarly in the case of the example 


Ay, +b, +6, = My (y= 17,2; 3). 
The determinant solution of a set of simultaneous equations 
is put to good use by Cauchy to obtain new properties of the 
functions. Taking the set of equations 


Dy y®y + by +. .- + + Ay-,ly = My, 
Dy ly + Agcy Fs. .+ - + Ag Ln = Me 
(20) 
Oe 
\Uins7@y TF Aneg%g +. 2. -- + Ann kn = My, 
and solving for ,, 7%,,. . . he obtains of course the set 

My + Mgde, +... - +7,0,. = D,® 
Mo + Medeg Fe... + m,0,.5 = Dix, 
CCR ET 
WM Dey, FNgvee tae + Moun = Der 


* Misprint in original, for D,,_1. 
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where: 0;5); Dayseas ene = have the signification above indicated, 
and D,, stands for S(+4@44d99 + + + Uy This second set may 
be treated in the same way as the Gree set, the quantities 
My My ...,™m, being viewed as the unknowns. To express 
the result the system of quantities adjugate to (b,,,) is denoted 
by (¢,-,), and the determinant of the system (b,.,) is denoted by 
B,,, the new set thus being 


GD + Crag Fe ee + ¢,.,D,0, = B,m, 
(27) Co), Hy Fi Cag Vein tere te + ConD Xn, = ByMme, 
One Dy H Cyg@ Dy@e +s. 6 + + Cyn nln = ByMn 


Cauchy then proceeds (p. 77)— 


“Les équations (27) peuvent encore étre mises sous la forme 
sulvante, 


D D D 
Cy-1 ie Ts Gap te af 3 ta np en = ™m, 
D D D 
ip at ergs © + SnQren = May 
S05 hep canons 
Ch Bn ote Cpe Hg tie ed bd Us ae = Mn 5 


et comme celles-ci doivent avoir lieu en méme temps que les équations 
(20s sans que l’on suppose d’ailleurs entre les termes de la suite 


eS. onset, Ou CeUx, CU systéme (a,.,) aucune relation particuliére, 
il faudra nécessairement que |’on ait, quels que soient p et v, 
D. 
Cuv BR = Anevy 
B,, 
ou Cuy = Fy du (XXXVUI.) 


n 


Cette équation établit un rapport constant entre les termes du systéme 
(a,-,) et les termes du systéme adjoint du second ordre (¢;.,).” 


More definitely, and in more modern nomenclature, the theorem is 


The ratio of any element of a determinant to the corresponding 
element of the second adjugate determinant is equal to the ratio 
of the determinant itself to its first adjugate. (XXXVIIL) 


Attention is next directed to the group of equations— 
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MaMa yy me Moly hotly oe ap BBM 4 Lele . 


“By = UB" May de oe aL S Sen + TB) 


wy = Ble Bip ote oe oh Bey By 4 ToL ly 


BM yy Maye aids BMS 4 Tell Zap 


BSoyy se by Bp , oe 6 GS-8 + TB ppl eByy 


Belay = Palin Byte Sb aL BL yS-By + TL By 


TM, == MUL se 


TB yy = MB yy"elyy 4 


Telyy a Tg ly 


oe + Set Bely + TM ly 


58 4 BB7Blp 4 LBp_l-lpy 


OO cfs BBL 4 Tel lel 
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Here there are three symmetric systems of quantities 


(Ayn)> Cyn)» (Mn), 
the first appearing in every column of equations, the second in 
every row, and the third only once. The determinants of these 
systems are denoted by 


respectively : that is to say 


D, = S(+ Gy Ggg. + + Onn) 
6, = S(+ ayy deg: ++ Onn) 
M,, = S(£M4Megs « -Myy)- 
If now in 
S( + 4-1Mog + «+ My) 
there be substituted for m,4, M9... . their values as given 


by the group of equations, there will be obtained a function of 
all the a’s and a’s, which must be an alternating function with 
respect to the first indices of the a’s and also with respect to 
the first indices of the a’s. Further, since each of the m’s is 
of the first degree in the a’s and of the first degree also in the 
a’s, each term of the development of S(+m,yMqo - +» + Man 
must evidently be of the form 


ef Ay -pAgey eee Anny pAgev seer One 


But the development by reason of its double alternating 
character cannot contain such a term without containing all 
the terms of the product 


+ S(t Qppdev + ++ Age) £OppAgy «> + Ayr). 


Consequently it must equal one or more products of this kind. 
But again the indices u,v, ... , 7 are either all different or not. 
If they be different, we have 


S( a5 Ay-pAgey « Sate) = + S(+ y+1A ages Ca) = + r) 3 
and if any two of them be equal 
S(+ appds .. + Que) = 9. 


The like is true in regard to S+(Q,ydq,... Qn) This 
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enables us to conclude that the development of M, is equal to 
one or more products of the form 
: ED TOns 
in other words, that 

M,=cD,6,, 
where c¢ is a constant. But if we take the very special case 
where 

yy Ona Lon Op 0, On =O, 
and where consequently 
Mpa, May 0; 
we see that 
Mi —leeDies ipa 1s 
and that therefore 
c=1. 

Hence the final result is 

M.,= D,6,- (XVII. 5) 
This, the now well-known multiplication-theorem of determi- 
nants, Cauchy puts in words as follows (p. 82) :— 


Lorsqu’'un systéme de quantités est déterminé symétrique- 
ment au moyen de deux autres systémes, le déterminant du 
systeme résultant est toujours égal au produit des détermi- 
nans des deux systémes composans. (xvi. 5) 


It is quite clear, from what has been said above, that it was 
discovered independently, and about the same time, by Binet 
and Cauchy, and ought to bear the names of both. Binet has 
the further merit of having reached a theorem of which Cauchy’s 
is a special case, and then made an additional generalisation in 
a different direction; and Cauchy has the advantage over Binet 
of having produced, along with his special case, a satisfactory 
proof of it. 

From the theorem Cauchy goes on to deduce several results 
equally important. Substituting for the system (q,.,) the system 
(b;.,) adjugate to (a,.,) so that 

Of (GeO Uae nae) has 


we know that then 
Mup=D, and Muv=0; 
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that consequently M,, consists of but a single term, viz. 


MyyMigg i=» Maggs HE “Dy 
and that therefore by the theorem 
D: = B,D,, 
whence bad Bd dt (XXI. 2) 


This result, afterwards so well known, Cauchy translates into 
words as follows (p. 82):— 


_.. le d&erminant du systéme (by,) adjoint aw systéme 
(ay.,) est égal & la (n—1)” puissance du déterminant de ce 
dernier systéme. (XxXI. 2) 


Again, by returning to the identity 


and substituting the value of B,, just obtained, there is deduced 
the result 
Cater Ln ces (XXXVIII. 2) 
or, in words, 
.. . dant donné wn terme quelconque Ay, du systéme (ay.,); 
pour obtenir le terme correspondant du systéme adjoint du 
second ordre (cy.,) il suffira de multiplier le terme donné 
par la (n—2)" puissance du déterminant du premier 
systeme. 


A considerable amount of space (pp. 82-92) is devoted to the 
consideration of the adjugate systems of 
(Qn); (ayn) (M-n); 
and the adjugates of these adjugates; but nothing new is elicited. 
The section closes with the manifest identity 


(Quy t Gets». + Gay) (Gy +Oer +. -- + 4,3) 
+ (ayg+ dogt. »- + Age) (Ayo +Geg+.-- +9) 


tr OUGis ius ce ats 

+ (apn Gent» +» + Ayn) (Gypptbent +> + Onn) 
= My HM t+. . . FMyy 

FMyg HMog $e oe $Me 

tev eas 


FMynt Mont «+ + FMgn, 
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which, using later technical terms, we may express as follows :— 


If there be two determinants, and the sum of the elements of 
one first column be multiplied by the swm of the elements of the 
other first column, the sum of the elements of one second column 
by the sum of the elements of the other second column, and so 
on, then the sum of these products is equal to the swm of the 
elements of the product of the two determinants. (2X Kio) 


The third section breaks entirely fresh ground, its heading 
being 
Des Systémes de Quantités dérivées et de leurs 
Déterminans. 


Of the integers 1, 2,3, . . . , n all the possible sets of p integers 
are supposed to be taken, and arranged in order on the principle 
that any one has precedence of any other if the product of the 
members of the former be less than the product of the members 
of the latter. The number n(n—1)....(n—p+1)/1.2.3....p 
of the said sets being denoted by P, the P™ and last set.would 
thus be 

n—p+l, n—p+2,..... ; n—l, n. 
Now, any two of the sets being fixed upon, say the py" and »", 
the system of quantities (q,.,) is returned to, and from it are 
deleted (1) all the “termes” whose first index is not found in 
the u* set, and (2) all the “termes” whose second index is not 
found in the py” set. What is left after this action is clearly 
“un systéme de quantités symétriques de l’ordre p,” the deter- 
minant of which may be denoted by a”). For example, if 


y.=v=1, all the a’s would be deleted hose Aint or second index 
was not included in the set 1, 2,3,..., , and there would be 
left the system 

Ay Aye Ap 

Bey Ag0 Ag-p 

Cg Milan: fe as ea Opp 


of which the determinant would be denoted by 


(p) 
Dine 
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As any one of the P sets could be taken along with any other, 
preparatory to forming such a determinant, there would ne- 
cessarily be in all Px P possible determinants. Arranged in a 
square as follows :— 


(p) (p) (p) 
ayy M9 Q-p 

(p) (p) (p) 
4 Ae9 Qo-p 

(p) (p (p) 
apy Ue. Qp-p 


they manifestly form “un systeme symétrique de ordre P,” 
which, in strict accordance with previous convention, is denoted 


by 
(ai). 
Cauchy then proceeds (p. 96)— 


Si l’on donne successivement a p toutes les valeurs 


LPO PS 8S Oke en on 2, ee 7 
P prendra les valeurs suivantes, 
n(n—1) n(n—1)(n—-2) n(n —1) - 
: Lege lye 3 nr nre 122: wee 


et Yon obtiendra par suite un nombre égal 4 n—1 de systémes 
symétriques différens les uns des autres, dont le premier sera le systéme 
donné (a,.,). Ces différens systémes seront désignés respectivement 


par 
ln 2) P nin=1) (n=2) 
nin— n— a= 
(Gy-n)s [ a. nin | ’ [ a. nisin 9 | i © oe Dee ea 
(n-8) (n—2) 
n(n—1) (n —2) (m—1) (n-1)\ , 

[a pee | [a | » (ar”); (XL.) 
je les appellerai systémes dérivés de (q.,). Parmi ces systeémes, ceux 
qui correspondent 4 des valeurs de p dont la somme est égale 4 n sont 
toujours de méme ordre; je les appellerai systemes dérivés complémentaires. 


Ainsi’en général 
(ap) et (ai3") 


sont deux systémes dérivés complémentaires l’un de lautre, dont 
Vordre est égal a 


im = ning) tap th), 
Re Succ D 
Up to this point a thorough understanding of the notation 
(p) 
(ap 


is the one essential. Taking the particular instance 


(arto 
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we first call to mind that it is an abbreviation for the “ systeme 


symeétrique” whose first row has for its last “terme” the deter- 

minant : 
4-19 

—that is to say, an abbreviation for the system whose deter- 


minant we should nowadays write in the form 


(2) (2) (2) 
| Gy Ag + + + io 
(2) (2) (2) 
| Gey Bq + + + Aig 
(2) (2) (2) 
WMo1 Nos B1.10 


The next point is to realise what determinants are denoted by 
GP Ca ae Me? Le: 
Now the number 10 being of necessity a combinatorial, and, as 
the figure in brackets above it indicates, of the form 
n(n —1) 
RI 
we see that m must be 5, and that the said determinants are all 


derived from 
TAGS Aig Aye Deg 


Ceiling Gag Ong aloe 
Oe Capa Cpag. Onpnls g 
ID PRPC TO I 


Cg igo sl gums Ocala 
The details of the process of derivation are recalled in connection 
with the interpretation of the pairs of suffixes. A requisite 
preliminary is to form all the different pairs of the numbers 
1, 2, 8, 4,5; arrange them in the order 

125°43;,°14; 15; 23, 24,°25, 34, 35,°45; 
and then number them 

12 oes, 4) Sahn wa akSs 69) WL 0} 
These last are the numbers from which the suffixes are taken, 
and what each one as a suffix refers to, is the combination under 
which it is here placed. For example, the first suffix in av} refers 
to the combination 12, and implies the deletion of all the rows 
of the above determinant of the fifth order except the Ist and 


114 HISTORY OF THE THEORY OF DETERMINANTS 


2nd; the second suffix refers to the same combination, and 
implies the deletion of all the columns except the 1st and 2nd ; 
and the symbol as a whole thus comes to stand for 


Ay Ay-g 


Ben leg (XL. 2) 


° 2 ° 
Interpreting a”, a, .. . . in the same way, we see that 


(2) 
(Ai.10 7 


is a compact notation for the system of which the determinant is 


[hs sQ@lore'l scutes nlite oe ee rcieee 

eet eee pee wee | a ghee) 

[@pidsa|, + - >» |UgsGsal, | Og 3255 |, | tg-a2srs | 

| Uy 5-9 |, = © y [OgeGegls [Oes@csl, | ea%s:5 | 
Similarly adh 


stands for the system of which the determinant is 


aay leit ngs et te 
ee ee > | Gen he gilece | 
[er8pelss|s.) oa pene | Aggy Ass | 5 | Uy-gMy uss | 


Ger tertes i) ue eG » | Agog yGgs |, | A 3.3% 4-455 


and which is called the “complementary derived system.” (XL. 3) 
To every “terme” of the latter there corresponds-a “terme” of 
the former, the one “terme” consisting exactly of those a’s of 
the original determinant which are awanting in the other. This 
relationship Cauchy goes on to mark by means of a name and a 
notation. He calls two such “termes,” |a5.,44.(;.3| and |a,.,@o-5| for 
example, “termes complémentaires des deux systémes;” (XL. 4) 
and if the symbol for the one be by previous agreement 
a 
tr 
the symbol for the other is made * 


(n-p) 
Op +1. P-rtl : (XL. 5) 


“If Cauchy had adopted a slightly different principle for determining the 
order of combinations, the u** combination of p things and the (P- +1) com- 
bination of n—p things would have been mutually exclusive, and the convention 
here made in regard to notation would have been unnecessary. 
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As for the signs of the “termes” in “derived systems,” Cauchy’s 
words are (p. 98)— 


“En général, il est facile de voir que le produit de deux termes 
complémentaires pris 4 volonté est toujours, au signe prés, une portion 
de ce méme déterminant (D,). Cela posé, étant donné le signe de l’un 
de ces deux termes, on déterminera celui de l’autre par la condition 
que leur produit soit affecté de méme signe que la portion correspon- 
dante du déterminant D,,.” 


All these preliminaries having been settled, the weighty 
matters of the section are entered on. The first of these is a 
complete and perfectly accurate statement of the expansion- 
theorem, known by the name of Laplace, but which, as we have 
seen, Laplace and even Bezout who followed him were very far 
from fully formulating. The passage is of the greatest interest. 
No better example could be chosen to illustrate the powerful 
grasp which Cauchy had of the subject. What Laplace and 
Bezout laboured at, lengthily expounding one special case after 
another, Cauchy sets forth with ease and in all its generality in 
the space of a page. His words are (p. 99)— 


“On a fait voir dans le § 3° que la fonction symétrique alternée 
S ( £.y.1g-2ls-g +++ Onn) = D,, 
était équivalente a celle-ci 
SiS Cs lallea soe Unntnst) Gaal: 
On fera voir de méme qu'elle est encore équivalente a 
S[+S( + dy1Ge9. +. Opp) S(t Mpgip gr e+ Gn1n—vn]s 


les opérations indiquées par le signe S pouvant étre considérées comme 
relatives, soit aux premiers, soit aux seconds indices. On a d’ailleurs 
par ce qui précede 


SC Gite ler) = SOL, 
Si Lip laste <lailhaaler 0hetn 
Enfin les signes des quantités de la forme 
ayy ape” 
doivent étre tels que les produits semblables & 


(v) 4 (=D) 
4p p 
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soient dans le déterminant D, affectés du signe +. Cela posé, il 
résulte de l’équation 

Ds ra S[ + S( = Cyl ginasees) . S( + p+i . ee esta is 
que D,, est la somme de plusieurs produits de la forme 


(p) ,(n-p) 
a 1%p. 


Selon que pour obtenir ces différens produits on échangera entre eux 
les premiers ou les seconds indices du systéme ((.,), on trouvera ou 
Péquation a est 
Pp ,(n-P) (p) ,(n-P) p) ,\n—P 
D, = 4 ,4pp + 414pyp +--+ + Spite > 
ou celle-ci 


Pp (n—p) (p) ,(-P) (p) ,(n—p) 
D, = ,%pp + 4 o%p-1) t---+% p%i - 


On aura de méme en général les deux équations 


Le AE) (p) ,(n—p) (p) ,(n-p) . 
Di= Op pigsty + Up p-ngi te +) + pe Pty 


_ (Pp) ,(n-p) (p) ,(n—p) (p) ,(n—p) 
D,= Qi %p wap + Sop pire +t - ++ tO pep_prii 


Ces deux équations sont comprises dans la suivante 
_ QP/ ,(») ,(n-p) i 
D,= 8 (a7) Op 4 n41)) (xIv. 4) 


qui a lieu également, soit que l’on considére le signe S comme relatif 
4 Vindice p, soit qu’on le considére comme relatif & l’indice 7.” 


Taking as an illustration the case where n=5, p=2,and 7=7 
(that is, the ordinal number corresponding to the pair 2 5, of 
the suffixes 1, 2, 3, 4, 5), and translating literally from Cauchy’s 
notation into our own, we have 


| HC yobagthgy Ug | = | Ayyog |-| Ugyty3%5| — | Cy2l%g5 |-| orMas%5q| + . - - 
a. ‘pte on H | goss |-| 12534 | - 
With the same certainty of touch and with still greater con- 
ciseness, all the identities directly obtainable by Bezout’s Méthode 
pour trowver des fonctions .... qui soient zéro par elles-mémes, 
are formulated as one general identity, and established on a 
proper basis. The paragraph is (p. 100)— 
“D,, étant une fonction symétrique alternée des indices du systéme 
(a.,) doit se réduire & zéro, lorsqu’on y remplace un de ces indices 
par un autre. Si lon opere de semblables remplacemens 4 1'égard 


des indices qui occupent la premiétre place dans le systéme (a.,), et 
qui entrent dans la combinaison (), cette méme combinaison se 
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trouvera transformée en une autre que je désignerai par (v), et au 


(p) * : : a 
sera changé en a,,,. ailleurs, en supposant le signe 8 relatif &7, ona 


D,.= Sai ee IE) ) 
on aura donc par suite 

Ores. Oe ates) doen Ol dice SILL ad) 
On aurait de méme, en supposant le signe S relatif 4 l’indice p, et 
en désignant par (r) une nouvelle combinaison différente de (7) 

Uae (Cty peeay ys © (XI 75 XL A) 
As this theorem is twin with the preceding, it is best to illustrate 
it by the same special case. By so doing, indeed, both theorems 
become more readily grasped and their details better understood. 
Taking then as before n=5, p=2 and +=7, we first form the 
determinants which Cauchy would have denoted by 


(2) (2) (2) 
Wy x4 Qo ei eee pe ) Wo7? 
and which we denote by 
[Gy2o5| > [Grogs] » + + « © » [GseAsgl- 


Next, for cofactors, we form the determinants which are comple- 
mentary, not of these, as in the preceding theorem, but of the 
members of one of the nine other groups corresponding to the 
values 1, 2, 3, 4, 5, 6, 8, 9, 10 of 7,—say the group 


a, a. aly 
These complementaries being 
| Gig, Qyg%55| » [Moy Qyg%e5| ,- + - + + | 4442336; 
we have the desired identity 
0 = |a49G95|.|@g1%43%55| — | 4 90@g5|-| ey Qygsg|--- + - ats | @ 45055 -[ 112 e3%5| , 


the right-hand side of which is nothing more than an expansion 
of the zero determinant which arises from the determinant 
| 4,4 90%gal44%55| “lorsqu’on y remplace un des indices par un 
autre,” viz., the second 4 by 5. 

With the help of these two theorems a third theorem of almost 
equal importance is derived, viz., regarding the product of the 
determinants of two complementary systems. Denoting the 
determinant of the system 

(az) by Dy", 
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and that of the complementary system 
(az) by DE, 


and multiplying the two determinants together, we see with 
Cauchy that by (xiv. 4) the principal “termes” of the resulting 
determinant are each equal to 


D,,, 


n 


and by (xI1l. 7) all the other “termes” are equal to zero. Conse- 
quently 
Dir), De-*) = (D,)? (XLL.) 


As an example of this theorem, it may be added that the product 
of the two determinants printed above (p. 114) to illustrate the 
notation (a\”? 


that is to say, the determinants of the systems 
(ito) > (440) 


10 
| yg ohg-ghggsrs | 7°. 


is equal to 


In connection with all the three theorems, the special case 
p=1, is given, so that their relation to previously well-known 
theorems (VI., XIL, XXI.) may be noted. It is also pointed out, 
that when in the third theorem n is even and p=}3n, the result 
takes the interesting form 


D,) = (D,)®, (x1s)] 


This brings us to the last section of the memoir, the fourth, 
bearing the heading 
Des Systemes d’ Equations dérivées et de leur 
Déterminans. 


What it is concerned with is the relations subsisting between 
a “derived system” of the product-determinant 


Wire tsa ide ietlege, 
We, Meise ate, 
[Mog SID, oie aft bas, | 2 
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and the corresponding “ derived systems” of the factors 


Oya Ay oni: RAGE) GRIGOT eh site Litres 

hey Ayaan: ome «Oey e-ikige tens © an 
| 

OL by ne Taro OT AY. Di yg Oss. Say F 


in other words, the relations which must connect the systems 


( pre) (ai), (m'\3}) 


by reason of the relations 
2(S"( 4,4 G4) = m,3)] 
(given in full above on p. 107) which connect the systems 


(Ayn) > Caan) » (Mn). 
First of all, attention is concentrated on a single “terme” of 
the system 
(mip): 


or, as we should nowadays say, on a minor of the product- 
determinant. The process of reasoning, which occupies about 
four quarto pages, is exactly analogous to that previously 
followed in dealing with the product-determinant itself; and 
the result obtained is 

MEE Cae (xvi. 5) 


where S? is meant to indicate that the terms on the right-hand 
side are got by changing the second suffixes into 2,3,4,..., 
P in succession. Speaking roughly and in modern phraseology, 
we may say that this means that 


Any minor of a product-determinant is expressible as a swum 
of products of minors of the two factors. (xvi. 5) 


Cauchy then proceeds (p. 107)— 


“Si dans cette équation [xvill. 5] on donne successivement a p et 
& v toutes les valeurs entiéres depuis 1 jusqu’a P, on aura un systeme 
d’équations symétriques de lordre P, que l’on pourra représenter par 
le symbole 


(63) S*(al?| al?) = mi 
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P étant toujours égal a 


n(n—1).... 06: (n-pt+l1) 
eS RE ae 


Pour déduire des équations 
Z[S"(ay.1 @.1) = mv] 
les équations (63), il suffit évidemment de remplacer les trois systémes 
de quantités 
(dy-n) ’ (4)-») ? (7y-n) 


par les systémes dérivés de méme ordre 


(a\’p) » (a’p) » (mrp): 


Je dirai pour cette raison que le second systéme d’équations est dérivé 
du premier.” (XL. 6) 


The close outward resemblance here noted between the original 
and the derived system of connecting equations is due of course 
to the choice of the notation 


(p) 
ap 


for the minors of the determinant 


et (0) PR Ss ood 
and is so far a recommendation of that notation. 


From the system of equations (63) two deductions follow 
immediately. In regard to the first Cauchy’s words are (p. 108)—- 


“Désignons par 

(vp) (p) (p) 

sp,» Dp , Mp 
les déterminans des trois systémes 

(p) (p) (p)\ . 

(ap) » (ap) » (mp) ; 
on aura en vertu des équations (63) 
(65) Me) Do Sat (XLII) 

The enunciation of this in modern phraseology would be— 


Any compound of a product-determinant is equal to the pro- 
duct of the corresponding compounds of the two factors. (XLIL.) 
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The next deduction is stated equally succinctly (p. 109)— 
“Si l’on ajoute entre elles les équations (63) on aura la suivante, 


(66) SP{SP(a))SP(al))} = S*SP(m), (xxx. 2) 


bev bev 


le premier signe S, c’est-a-dire le signe extérieur, étant relatif a 
Vindice v, et les autres, c’est-a-dire les signes intérieurs, étant relatifs 
a Vindice p.” 


This (66) corresponds to (XXXIX.) as (65) corresponds to the 
multiplication-theorem 
M pels 


the transition from the general to the particular being effected 
in both cases by putting p=1. 


With these deductions, the 4th Section practically comes to an 
end; but one or two results, intentionally omitted in the account. 
of the 2nd Section because they seemed to belong naturally to. 
the 4th, fall now to be noted. 


The first is very simple. It arises (p. 91) from observing that 
oh ai x (6,)” < ss (Dope ie s 
and .. =r ME ye 


by the multiplication-theorem. The result (XXI. 2) above (p. 110), 
is then thrice applied, and a theorem at once takes shape, which 
in later times we find enunciated as follows :— 


The adjugate of the product-determinant is equal to the pro- 
duct of the adjugates of the two factors. (XL. 2). 


It is not noted, however, by Cauchy that this is but a case of 
XLIIL., ‘viz.; where p=” —1. 
The next is 
Z[S"*(myy, O-,) = Drty]; 


or SHS Chir ek hen ace ak de Rt (SEI). 
It is nothing more than the result of solving the 7.n equations 
(83) Z[S"(a.y Gy) = Mur] 


first, in columns, for all the a’s, and secondly, in rows, for all 
the as. 
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The last is 
=[S"(ay-, Ty) a d.b,i5] 


OF ay a pda) eae ees aed (XLII. 2) 


where (7;.,) is the system adjugate to (m.,). It is obtained 

from the n.n equations (XLIII.) just as they were obtained from 

the n.n equations (33), use being made of the theorem 
M,,=D,,6,. 


In concluding, Cauchy refers to Binet’s researches on similar 
matters. Most of what he says in regard to them has already 
been given (see p. 93 above). The rest of it is as follows 


LE Fe 


“J] [Binet] me dit en outre qu'il avait généralisé le théoréme dont 
il sagit [M,=D,,,], en substituant au produit de deux résultantes 
des sommes de produits de méme espéce. J’avais des lors déja 
démontré le théoreme suivant : 

Dun systome quelconque @équations symétriques on peut déduire cing 
autres systomes du méme ordre; mais on nen saurait déduire un plus 
grand nombre. 

J’ai démontré depuis a l'aide des méthodes précédentes cet autre 
théoréme : 

Dun systeme quelconque d’équations symétriques de Vordre n, on peut 
toujours déduire deux systomes @équations symétriques de Vordre 

n(n —1) 
a, 


deux syst2mes @équations symétriques de Vordre 
n(n —1)(n— 2) 
otal oust ia: 

En ajoutant entre elles les équations symétriques comprises dans 
un méme systéme, on obtient, comme on I’a vu, les formules (50), (51) 
et (70) qui me paraissent devoir étre semblables & celles dont M. Binet 
m’a parlé.” 

The last sentence here raises an important question for the 
historian to settle, viz., whether Cauchy is to share with Binet 
the credit of the generalisation of the multiplication-theorem. 
The identities on which the claim is based are— 


S"{S"(aur) S(av)} = SS m,.») (50) 
S{S"(Byr) Sur} = S"S(ry») (51) 
SP {S"(alfh)SP(ayh)} = SPS* (meh (70) 
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The first of these, given formerly (p. 110) in the uncontracted 
form 
(Qyyta,+... Oy (i + dey to ek Pa.) 
yep Opry Wie tay )( Cire t Deeg eo... FCs) 
# (dyn Gon + cit, ie + Gara (On + bent co + Onn) 
SOM Mog ores, PMN 


FMy-o + Nog . «+ +M,.5 


where = Myy=Qwidyitdyeayet... + Gun@yn, 


may be at once left out of consideration ; it is not even a case of 
the multiplication-theorem. Cauchy, we may be sure, mentioned 
it only because it is the first of the series to which (51) and (70) 
belong. The next concerns the systems 


(Bin) ? (5,-n) ? ("y-n) 
adjugate to the systems 


(a4-n) ? (4y-») , (My-n) 


dealt with in (50). It indeed is comparable with Binet’s 
theorem; but as it is only a case of (70),—the minors in (70) 
being of any order whatever, whereas in (51) they are the prin- 
cipal minors,—we may without loss pass it over. Directing our 
attention, then, to (70) let us for the sake of greater definiteness 
take the case where n=5 and p=2, and where consequently 


Tig 
Soars 


=10. The theorem then becomes 
G19 { S10(a?),) S10(a),)} = S19g10(m'”),), 


For the purpose of comparison with Binet’s result, it is absolutely 
necessary, however, to depart from this exceedingly condensed 
mode of statement. Remembering that the inner §’s refer 
always to the first suffix, and the outer to the second suffix, we 
obtain the more developed form 
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(aaarar | path) (al qraltl At states) 
4+ (ay, +a22 +a.) (ae tayr+ . . . +%o2) 
+ (at) + Oo t0 . + 4% 10) (a), + ay tot eae + ior) 
= my +m My 
+m) 4 my+ aor + mis 
+ 
+m +metot . . » +o 


Interpreting now the suffixes and superfixes of the a’s, a’s, and 
m’s, after the manner already described,—any suffix r signifying 
along with the superfix (2) the r“ combination of two numbers 
taken from 1, 2, 3, 4, 5,—we finally reach the suitable form 


+|M4-5Mo.5 


+m, Mes] + [My-4Mg-5] +.- + (Mg.4M%q-5] + 


where 


+ | ayAg-o} ++. + | 09-144. 
+ [4.449] +. -.-- + |Qg-4Ag-9 
+ | Q,.9Gg-5) Te - + +e + | 5-045 
+ |@y-gtg-5| He. -- + |Ag.3Ag5 
Ht | Qygdgeg| hes « as + [09-404-5 
+ |Oy-gMg5] ess + |Qg.404.5 
+ [4.4 Mg-q) +... + [MyM y-5 


+ |my.gMg.5| +... + |Mg.9M 5 


Myry = Dey Qyey F Oprodyg +. - 


45 | 4-145: 
+ [Ay 5-9 


+ |tg-4 5-0] 
+ |d5.45-5 


SR - 


ce laggas5 
+ |Og5A5-5 
lag-45-5 Li |agst55 
AgegAses| T [OggQe-g 


43-3055 
Ag. ggg 


} 


Mg4Meo] + [M44 Meol 


aa 
ae 
= 
+ 
+ 


+. 


Ms.gM5-5| H |My-3M5] 


Mo4Moe5| Hb [My 4 Myc], 


; + Oy sQyog- 


. 2 . ’ d d 
The series of suffixes for the a’s, a’s, and m’s are seen to be the 
same, the series of pairs of first suffixes in every row and the 
series of pairs of second suffixes in every column being 


12, 18, 14, 15, 23, 24, 25, 34, 35, 45; 


that is to say, the combinations arranged in ascending order, of 


the numbers 1, 2, 3, 4, 5, taken two at a time, 


On the first side 


of the identity are 10 products, and as both factors of each 
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product contain 10 terms, the result of the multiplication would 
be to produce 1000 terms of the form 


| Op Asq. | mp Ang] 


the whole an in fact being 


Ea) 


sehen) |QmpOng |. 


bo 


Mi 
en 
Mi 


nN 
3 
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A il 
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3 
HI 
w 


On the right-hand side are 100 terms of the form 
|MrpMeq|, 


and if a proof of the identity were wanted, we should only have 
to show that each of the 100 terms of the latter kind gives rise 
to a particular 10 terms of the former kind. This, too, it is 
interesting to note, Cauchy himself could have done. For 
example, the last.of the 100 terms, 


7244756 


| yy Ag + Ngy Aygo FU gs Gy, Nyy Gg FA godg9 T+ +» FM g5 G55 
sy Agy TF UgpQyg +++ AU55Qy5 p51 F Ag Asg + - +» PAg5 M55 5 
=| Oy Uy Ugg Ugg Ags | 52 
As, Aso As A54 A55 


O41 Ago Aggy Ag, Ag5 


O51 452 A53 A54¢ A55 | » 


=| Gy Ag | Og, Myg | eeeeee H | Ugg Uys) | Ayq Ags 


As, A509 


Aq, Ago 


; | 
a5 | Uy, U3 
| Hs, Us3 


Os, O59 a5) As3 As, U55| | O54 G55 |> 


which is nothing more than Cauchy’s formula (62) 
ani?) rH S?(a ae) ee a 


when we put 1.=10=y, and p=2. Instead of 1000 terms on the 
left-hand side and 100 on the right, we should clearly have for 
the general theorem P? terms on the left and P* terms on the 
right, P be it remembered being the combinatorial 


n(n—1)\(n—2)... (n—p+1) 
Pay 6 


Leaving Cauchy, let us now return to Binet, and in order that 
the comparison between the two may be complete, let us formally 
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enunciate in all its generality the latter’s theorem also. Binet 
himself did not do this. After dealing with the case in which 
the determinants involved are of the 2nd order, he merely added 
(p. 289)— 


“On aura encore pour les intégrales 
Z{S(a,y, 2”) S(év',¢)}, 2{S(é,2',y",2") S(7,€,0',.0}, &e. 
des résultats semblables, savoir, 


L{S(a,y/2") 8(6v,0’)} 


_§ | LaESyvr2l + VyELzvTal + TeETavrzy¢ 
xs — Yaéevdyl — LykZavl26 — TeEDyvraxé, 


DS(satay'2") Serve) 
= §,{2tr2agDyvd2l + Lery~Ttvzzé + &e.} 
&e.” 
With the help of modern phraseology, the general theorem thus 


intended to be indicated can be made sufficiently clear. Binet in 
effect says :— 


Take s rectangular arrays each with m elements in the row 
and 7 elements in the column, m being greater than 7, viz.— 


(1) (Ga)ig - ++ (Ar)im — (Ar or (Gaon +++ (Ardom + + (Ader (Ai)eo + - - (G1) sm 
(@g)11(Gz)12 «++ (2)im (aor (Ge )on «++ (Ca)aom + + (Ge)er(Ca)eo - - « (Ay) sm 


(Oy )i( An )r2 Sane. (Qn )im: (Gn ar Gn a2 ly (Gn omy “s (Gn) s1( Enea lita sy) 4 
and other s rectangular arrays of the same kind, viz.— 


(Bi) Oidin «++ (rim — rar ran ++ Cram + + (Order (Ba)s2 - - - COr)om 
(bs)11 (b, 2 a8 (ba) im (bo)or (b, Jaa aia 8 (Ds )orn Ss (bz )e1 (bz) 59 me ee (De) 


lbady =» (On )im (bs)a(bs vise (On om Os alba Cre) (Ory en 


From each array, by taking every set of ~ columns, form C,,, 
determinants, arranging them in any order, provided it be the 
same for all the arrays. Add together all the 1st determinants 
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formed from the first s arrays, and multiply the sum by the 
corresponding sum for the second s arrays; obtain the like 
product involving all the 2nd determinants, the like product 
involving all the 8rd determinants, and so on. Then, the sum 
of these products is equal to the sum of the products obtained 
by multiplying each array of the first set by each array of the 
second set. 

Or we may put it alternatively as a formal proposition, thus:— 


If s rectangular arrays be tuken, each with m elements in the 
row and n elements in the column, m being greater than n, viz. 


and if the minor determinants of the n® order formed from X,, 


— be 
OR leg ly ga ks RR Hag 


Hy, U2...» Lg En Ee ch Eo 
He, Ue » - « Log én bon tone £00 
Xs, Vey + + + Ue s1 & Cao E50 


then 
(Sat ei pa tet Casheeu ers + &a) 


+ (G42 + Wo9-+ LO ic +22) (€io+ £e0+ tee + Es) 
+(®iotGogt . . . +450) (fot fo.» » +&c) 

= (X,+X,+ e wee + X,) (Fit Bet e 08 fe +), 
where C stands for C,,, 2.¢., m(m—1)....(m—n+1)/1.2.8....2. 


Now, counting the terms here as we did in the case of Cauchy’s 
theorem, we see that on the left-hand side there are C multi- 
plications to be performed, each giving rise to sxs terms, and 
that therefore the full number of terms in the development of 
this side is 

s’C ; 
also that on the right-hand side the number is 


8”, 


ao 
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In Cauchy’s theorem the corresponding numbers were found to 
be P? and P?, P being not any whole number as s is, but like 
© a combinatorial. Without further investigation, we might 
consequently assert that, supposing the two theorems to be alike 
in other respects, Binet’s must be the more general, the passage 
from it to Cauchy’s being effected by taking s=C. A closer 
examination, however, will show that this is not the full measure 
of the difference between the two theorems as to generality. 
Not only must we specialise by putting s=C, but s must become 
C in a very special way. In order to make this clear, let us 
take the particular case of Binet’s theorem which approximates 
as nearly as possible to the particular case of Cauchy’s given 
above, In the latter the determinants were of the 2nd order; 
therefore to get the comparable case of Binet’s theorem we must 
put n=2. Again, since P in the particular case of Cauchy's 
theorem was 10, we must for the same purpose put 


Seay 


and C,,,=10, and .. m=5. 
The result is 


| (44% 9 i Ay, Coe oi sis 10.1% 10,2 \ { Gy) Ao + a 19,1 %40,2 
by Oyo Boy O99 Dro1 10,2 pomlese ByoaPr0.2 
] l 
A414 a | Ag Mog wt a 10,1410,3 | 114191 4 4. | Ho 10,3 
erie Phy at a a 8.8 BAP B...8 
11913) | 921 993 10,1710,3 | 11913 | 10,1 10,3 
| | { | 
{ Ay M5 | ai | Lagos a a 0,410.5 \ { O14 45 i 40,4 10,5 
by4Di5 Oeien 10,4910.5 BBi5 Bro4P 10.5 
=| Ory Casas “15 | i (gy Ugg + + » Cys | rie ge 19,1 C10,2 + > + MNo,5 hx 
| Dy Dag» bis| | Bay Ogg. + « bos | Dior Pr0,2- + + Pr0,5 | 
{| ed aC aati ogee 5 ae f A101 Moe: « anus} 
Per aE 
| BiB 1s - c - Bis | Bo, Boo « ‘ - Bos BroaPr02 site » Bros | 


the elements involved being 200 in number, and disposable in 


two sets of arrays— 


Cay Cygee s+ Os 


At Samsara 


(os 


bys ’ 


Cap Gee wes 


ig are 


15? 


A491 %o,2 - 


Droa Bros ee 


» ANo,5 


bros ? 


| 
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and 


pic ifmee a ome ae ob ene ae Cign Cigar ° = O65 
Bu Bye - ++ Bis Bae ++ Bos +--+» BrorBioe- +» Bros: 


In the corresponding identity of Cauchy there are only 50 
different elements, viz., the elements of the two square arrays— 


My Mg + - - As Gy, Ayg + + + Oy5 
Ao, Moo . . . Cos Ao Ao9 . . . O95 
eng ee een Co es Wet MRE 


Indeed,—and it is this which brings the comparison to a point,— 
if from the first of these square arrays we form 10 rectangular 
arrays by taking every possible pair of rows, thus using each 
row 4 times over, viz., 


Ay, Ayn + + Ayes Ay, Ay > + + Ws Wy, Ugg + + + Us 
Ao, Ugg © + + Ags, Mg, Ago » + + Ags, » As; Apo « » © Wes, 


and similarly from the a’s form a second set of 10 arrays, viz., 


Oy, Ayo + + + Ayn yz MQ + + + M5 Og, gq > + + Ags 


and then to these two special sets of arrays apply Binet’s 
theorem, we obtain Cauchy’s theorem. Regarding the two 
theorems in all their generality, the decision we have reached 
may therefore be expressed by saying that Binet’s is a theorem 
concerning 2smn quantities, where s, m, ” are any positive 
integers, and Cauchy’s is a case of it in which 


s = m(m—1)...(m—n41)/1.2.3...0, 
and in which, further, the number of different quantities in- 
volved is not 
m(m—1)...(m—n+1) 
2. 
1.2 n 

but by reason of repetitions is only 

2m?. 
Although this decision is against Cauchy's claim as put by 
himself, it deserves to be noticed that, apparently by oversight, 


xmn, 
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he failed to make his case as strong as he might have done. It 
will be remembered that Binet made two advances in the 
generalisation of the multiplication-theorem. In the first place, 
he gave the generalisation from which the multiplication-theorem 
is got by putting m=n, or, as we nowadays say, by substituting 
two square matrices for two rectangular matrices, and then 
he gave the theorem which we have been comparing with 
Cauchy’s and which degenerates into his own first theorem when 
s is put equal to 1. Now the first of these generalisations 
Cauchy could justly have laid claim to. His identity (xvul. 5) 
is not indeed stated or viewed as a generalisation of the multi- 
plication-theorem, but it is unquestionably so in reality. Osten- 
sibly the identity concerns any minor of a product-determinant, 
but every such minor is obtained by multiplying together two 
rectangular matrices, and, conversely, every determinant which 
is the product of two rectangular matrices may be viewed as a 
minor of the product of two determinants. 

On looking back, however, at Cauchy’s memoir as a whole, 
one cannot but be struck with admiration both at the quality 
and the quantity of its contents. Supposing that none of its 
theorems had been new, and that it had not even presented a 
single old theorem in a fresh light, the memoir would have been 
most valuable, furnishing, as it did, to the mathematicians of 
the time an almost exhaustive treatise on the theory of general 
determinants. It is not too much to say, although it may come 
to many as a surprise, that the ordinary text-books of deter- 
minants supplied to university students of the present day do 
not contain much more of the general theory than is to be found 
in Cauchy’s memoir of about eighty years ago. One apparently 
trivial instrument, which Cauchy had not received from his 
predecessors and which he did not make for himself, viz., a 
notation for determinants whose elements had special values, is 
at the foundation of the whole difference between his treatise 
and those at present employed. When this want came to be 
supplied later on, the functions crept steadily into everyday use, 
and a fresh impetus was consequently given to the study of 
them. But if from the work of the said eighty years all 
researches regarding special forms of determinants be left out, 
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and all investigations which ended in mere rediscoveries or 
in rehabilitations of old ideas, there is a surprisingly small 
proportion left. If one bears this in mind, and recalls the fact, 
temporarily set aside, that Cauchy, instead of being a compiler, 
presented the entire subject from a perfectly new point of view, 
added many results previously unthought of, and opened up a 
whole avenue of fresh investigation, one cannot but assign to 
him the place of highest honour among all the workers from 
1693 to 1812. It is, no doubt, impossible to call him, as some 
have done, the formal founder of the theory. This honour is 
certainly due to Vandermonde, who, however, erected on the 
foundation comparatively little of a superstructure. Those who 
followed Vandermonde contributed, knowingly or unknowingly, 
only a stone or two, larger or smaller, to the building. Cauchy 
relaid the foundation, rebuilt the whole, and initiated new 
enlargements; the result being an edifice which the architects of 
to-day may still admire and find worthy of study. 


CHAPTER V. 


DETERMINANTS IN GENERAL, FROM 1693 TO 1812; 
A RETROSPECT. 


From what has just been said by way of estimate of Cauchy’s 
memoir, it will readily appear that a suitable opportunity has 
now presented itself for taking a general retrospect of the work 
done from the date at which the history commences. The 
system which has been pursued, of numbering the new advances 
made by each writer, enables us to do this very conveniently, 
and with a tolerable approximation to accuracy by means of a 
tabular form. The table, herewith annexed, so far explains 
itself. The authors’ names, it will be seen, are arranged both 
vertically and horizontally in chronological order; and vertical 
and horizontal lines of separation are drawn so as to apportion 
to each name a gnomon-shaped space. The crediting of any 
entirely new result to an author is done by giving its number in 
Roman figures after his name in the vertical list. On the other 
hand, any mere modification, fresh presentment, or extension of 
a previously known result, is notified to the right of the original 
number of the result, and under the new writer's name in the 
horizontal series. Instead of the Arabic figures placed in the 
gnomon-shaped spaces, a cross or other uniform mark would 
have sufficed, but in order to increase the usefulness of the table, 
a number has been inserted, telling the page at which the result 
is to be found. For example, if we look to the space allotted to 
Bezout (1779), we find him credited with one entirely new result, 
numbered XXIL, and with some contribution to each of five 
previously known results, whose numbers are IL., IIL, TVanXci., 
xIv.; and we likewise see that information regarding them 
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1693 
1748, 
1750. 
1764 
1772 
1773. 
1779 
1784 


Lagrange, 


Fontaine, 
' Vandermonde, 1771. 


| Hindenburg, 


1693. Leibnitz, I. 
III. 
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1748. Fontaine, "h 
1750. Cramer, TV: 13 52 


1764. Bézout, Vii. ales 61 


1771. Vandermonde, VII. 24 
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52 | 61-2 


1772. Laplace, SV 
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1773. Lagrange, XVIL. 41, 41 


1779. Bézout, XXur. | ess Be 
1784. Hindenburg, ‘4 
1800. Rothe, XXIV. 59 


: 60 
XXVI. 63, 6 


1801. Gauss, Xx VII. 


1809. Monge, XXVIII. 


1811. Binet, XXIX. 


Prasse, 
1812. Wronski, 
Binet, XXX. 


Cauchy, XXXVII. 
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1801. 


| Rothe, 
Gauss, 


Monge, 


1809. 


Hirsch, 


1811. 


Binet, 


| Prasse, 


7 (3), 58, 592), 61 


64-5) 


66 


66 


68 


70, 72 


75 
75, 77, 78 


1812. 


_ Wronski, 


78 | 


Binet, 


| 
| 
| 
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Cauchy. 


78 | 


81 
81 


101 


99, 101, 102 


103 
97, 103, 117 


116 
93 


109 
119 


110 


117 


104 


| 121 


112, 114, 114, 114, 114, 120 
118, 118 
120, 121 
121, 122 
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all will be got at p. 52 of the History.* Speaking generally, more 
importance ought to be attached to the existence of numbers at 
the corner of a gnomon than elsewhere, because these indicate 
fresh departures in the theory. Sometimes, however, a fresh 
departure may have been very trivial, the real advance being 
indicated by a number well removed from the corner of a subse- 
quent gnomon. Thus if we examine the history of the multipli- 
cation-theorem (Nos. XVIL, XVII.), we find the first step in the 
direction of it credited by the table to Lagrange, and subsequent 
steps to Gauss, Binet, and Cauchy; whereas careful investigation 
at the pages mentioned shows that what Lagrange accomplished 
was of exceedingly little moment, in comparison with the magni- 
ficent generalisation of Binet and Cauchy. Again, it must be 
borne in mind that all the results numbered in Roman figures 
are not of equal importance, it being well known that one 
theorem in any mathematical subject may have vastly more 
influence on the after development of the subject than half a 
dozen others. Such imperfections, however, being allowed for, 
the table will be found to afford a very ready means of estimat- 
ing with considerable accuracy the proportionate importance to 
be assigned to the various early investigators of the theory. 

If we look for a moment, in conclusion, at the nationality of 
the authors, one outstanding fact immediately arrests attention, 
viz., that almost every important advance is due to the mathema- 
ticians of France. Were the contributions of Bezout, Vander- 
monde, Laplace, Lagrange, Monge, Binet, and Cauchy left out, 
there would be exceedingly little left to any one else, and even 
that little would be of minor interest. 


* As regards the newness of xxiii. the table is not quite in accord with the 
text, an earlier writer’s work having been duly noted in the latter (p. 11). 


CHAPTER VI. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1813 TO 1825. 


TuE writers of this period are seven in number, viz., Gergonne, 
Garnier, Wronski, Desnanot, Cauchy, Scherk; Schweins. Of 
these Gergonne, Garnier and Cauchy are merely expository ; 
Wronski only recalls an earlier communication; Desnanot is a 
follower of Bezout; Scherk is a follower of Hindenburg; 
Schweins alone stands prominently forward as being well read 
in the subject, fit to give a full exposition, and fruitful in new 
results. 


GERGONNE (1813). 


[Développement de la théorie donnée par M. Laplace pour 
l’élimination au premier degré. Annales de Mathémutiques, 
iv. pp. 148-155.] 


This is such an exposition of the primary elements of the 
theory of determinants and their application to the solution of a 
set of simultaneous linear equations as might be given in the 
course of an hour’s lecture. It is confessedly founded on 
Laplace's memoir of 1772; but, though the matter of it is thus 
not original, it is nevertheless noteworthy on account of its 
brevity, clearness, and elegance. 

The word “inversion” is introduced to denote (111. 21) 
what Cramer called a “dérangemeut,” and then by easy steps 
the reader is led up to the theorem regarding the interchange 
of two non-contiguous letters. 


‘““(9) Done, si l’on permute entre elles deux lettres non consécutives, 
on changera nécessairement l’espéce du nombre des inversions. Soit 
en effet m le nombre des lettres intermédiaires 4 ces deux-la; on 
pourra d’abord porter la lettre la plus & gauche immédiatement a 
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gauche de lautre, ce qui lui fera parcourir n places; puis remettre 
cette derniére a la place de la premiére; et, comme elle sera obligée 
de passer par-dessus celle-ci, elle se trouvera avoir parcouru n+1 
places. Le nombre total des places parcourues par les deux lettres 
sera done 2n+1, et conséquemment |’espéce du nombre des inversions 
se trouvera changée.” (III. 22) 
This, it must be noted, is not identical with Rothe’s proposition 
on the same subject, Gergonne’s 1 being different from Rothe’s d. 

The proof, that a determinant vanishes if two of the letters 
bearing suffixes be the same, proceeds on the same lines as 
Rothe’s, but is put very shortly and not less convincingly as 
follows :— 

‘“‘Supposons, en effet, que l’on change / en g, sans toucher 4 g ni 
aux indices. Soient, pour un terme pris au hasard dans le polynéme, 
p et q les indices respectifs de g et h; ce polynéme, renfermant toutes 
les permutations, doit avoir un autre terme ne différant uniquement 
de celui-la qu’en ce que c’est h qui y porte l’indice p et g l’indice q; 
et de plus (9) ces deux termes doivent étre affectés de signes contraires ; 
ils se détruiront donc, lorsqu’on changera h en g; et il en sera de 
méme de tous les autres termes pris deux 4 deux.” (xu. 8) 


On putting “le polynéme D,” 2.e. the determinant |a,6,c, ...|, in 
the form 
Aja, +Apd,+Asdgt. .. -+FAmom, 
this theorem of course leads at once to the identities 
Ab, +Agb, + Agbg+. . . -+Amdm= 0 
AG, +AgegtAgcst. . » -tAmCm = | 


and these to the solution of m linear equations in m unknowns. 


GARNIER (1814). 


[Analyse Algébrique, faisant suite 4 la premiére section de 
Yalgébre. 2° édition, revue et considérablement augmenteée. 
xvi+668 pp. Paris.] 


The title of Garnier’ chapter xxvii. (pp. 541-555) is 
“ Développement de la théorie donnée par M. Laplace pour 
Lélimination au premier degré.” It consists, however, of 
nothing but a simple exposition, confessedly borrowed from 
Gergonne’s paper of 1813, and six pages of extracts from 


136 HISTORY OF THE THEORY OF DETERMINANTS 


Laplace’s original memoir of 1772. As forming part of a 
popular text-book, it probably did more service in bringing the 
theory to the notice of mathematicians than a memoir in a 
recondite serial publication could have done; and we certainly 
know that Sylvester, who afterwards did so much to advance 
the theory, expresses himself indebted to it. 


WRONSKI (1815). 


[Philosophie de la Technie Algorithmique. Premiére Section, 
contenant la loi supréme et universelle des Mathématiques. 
Par Hoéné Wronski. (pp. 175-181, &c.) Paris. ] 


Here as in the Réfutation of 1812 “combinatory sums” make 
their appearance, as being necessary for the expression of the 
“loi supréme.” Wronski’s point of view is unaltered toward 
them. He now, however, calls them 


Schin functions, (xv. 5) 


from the letter formerly introduced to denote them, “et pour ne 
pas introduire de noms nouveaux”! ‘Two or three pages are 
oceupied with the statement of the recurrent law of formation 
(Bezout, 1764). 


DESNANOT, P. (1819). 


[Complément de la Théorie des Equations du Premier Degré, 
contenant ...... Par P. Desnanot, Censeur au Collége 
Royal de Nancy,.... Paris.] 


As far as can be gathered, Desnanot was acquainted with the 
writings of very few of his predecessors in the investigation of 
determinants. The only one he himself mentions is Bezout, and 
the first part of his work is in direct continuation of a topic 
which the latter had begun. His book is a marvel of laboured 
detail. No expositor could take more pains with his reader, 
space being held of no moment if clearness had to be secured. 
As might be expected, therefore, all that is really worth pre- 
serving of his work is but a small fraction of the 264 pages 
which he occupies in exposition. 


The first chapter bears the heading 
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Recherche des Relations qui ont liew entre le dénomi- 
natewr et les numératewrs des valeurs générales des 
inconnues dans chaque systéme d’équations du premier 
degré ; 

and, after a reference to the impossibility of obtaining any 
result in the case of one equation with one unknown, proceeds 
as follows :— 


“Si Pon a les deux équations 
aa+by=c, wutby=c, 
elles donnent 
cb’ — be’ ac’ — ca’ 
~ ae ba” = ah — ba’ 
nommant D le dénominateur commun, N et N’ les numérateurs des 
valeurs de x et de y, nous aurons 
D=ab'—ba’, N=cb'-bc, N’ =ac'-—a’. 
Multiplions N par a, N’ par b et ajoutons, nous trouverons 
aN +N’ =c(ab' — ba')=cD; 
done 
aN + 0N’=cD. 
Nous aurions de méme, en multipliant N par a’ et N’ par 0’, cette 
autre équation 


wN+0'N’=cD.” 
With this may be compared Bezout’s Méthode pour trowver des 
fonctions... . gut soient zéro par elles-mémes (see p. 49). 


Exactly the same method is followed with the set of equations 
ac +by +cz =d 
wa+tby+cez2 =a 
a’a+ b’y+ z= d"). 
Here fifteen relations are obtained, only seven of which are 
viewed as necessary, Viz., 
(ab’ —ba’ )N’+ (ac’ —ca’)N” = (ad’ —da’ a 
(ab” — ba”) N’+ (ac” —ca”)N” = (ad” —da”)D) , 
(da’ —ad’)N + (db’ —bd’ )N’ + (de’ —cd’ )N” = of 
(da”—ad”)N + (db” —bd”)N’ + (de” —cd”)N” = 0) , 
aN+bN+cN’=dD 
aN+0N+eN’=d'D 
a’ N + 0°N’+ c'N’=a'D). 
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From a modern point of view there are but two which are really 
different, viz., 


|ab’|.|ac’d” | pi |ac’|.|ab’d” | |ad’|.\ab‘c” | 
and —a|be'd"| — blac'd”| + clab'd”| — dlabc’| = 0, 


the twelve quantities concerned being 
ip ou 
a Uedd 
a’ b" Ca ao 
The former is obtainable from Bezout’s identity 
|ab’c”|.|de’f”| — |ab’d”|.|ce’f’| + |ac'd”|.|be'f’”| — |be'd”|.|ae’f”| = 0 


by putting 
tS f= 0, 0, 1 


and 6,¢,¢ = @,a,a’. 


The other, as is well known, comes from Vandermonde. 
Before proceeding to the case of four unknowns, a notation is 
introduced in the following words (p. 6) :— 


“Soient a, b, ¢, d, f, g, A, etc. des lettres représentant des quantités 
quelconques; &, 1, m, p, g, 7, ete. des indices d’accens qui doivent 
étre placés & la droite des lettres. Au lieu de mettre ces indices 
comme des exposans, plagons-les au-dessus des lettres quils doivent 


affecter, de maniére que i désigne a affecté du nombre & d’accens ; 
que a indique le produit de 2 par bi ainsi de suite. Représentons 
by teal at Neil a kl - 
la quantité gy-}q par te i) de sorte que nous ayons cette équation 
kl ais tute 
(ob l=a beta. 
This being settled, the similar quantities of higher orders are 
defined by the equations 


(ab) =2(ab) — ab) +2(03), 
(abed) = dlabe) ~diabe) tdlabe)— dlabe), 
&e. &e. &e. 


It is thus seen that Desnanot’s definition is almost exactly the 
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same as Vandermonde’s, and his notation essentially the same 
as Laplace’s. To this definition and the proof of the theorem 
regarding the effect of the interchange of two indices or two 
letters seven pages are devoted, and then a fresh step is taken. 
The exact words of the original (pp. 13, 14) must be given, 
as they distinctly foreshadow a great theorem of later times. 


“14, Si nous développons cette expression 
(ai)(ab) ~ (a8) (20) 
(c3)(ab): 


done nous avons cette équation 


(A) (a3)(ab) ~ (a5)(a8) = (08)(a8): 


15. De cette formule je vais en déduire d’autres. Je dis que si 
jintroduis la lettre c dans les seconds facteurs de chaque terme et en 
méme temps l’indice 4, ’équation subsistera encore, et que j’aurai 


(B)  (as)(abe) ~ (ab)(abe) = (a%)(ade)- env.) 


Légalité serait prouvée si en développant les deux membres, les 
quantités multipliées par la méme lettre c, affectée d’indices égaux, 
étaient égales dans chaque membre ; or j'ai 


e(a6)(ad) +¢(a5)(ad) 
el(aé)(ab) ~ (a4)(a2)) 

+ ((as)(ab) - (ab)(cd))) | + clot) (a4) 

- (ad) (ad) - oa b) (as): 
Les quantités multipliées par - 3 et : dans chaque membre sont égales 
entr’elles, c’est évident; et la formule (A) rend les coefficiens de i 
égaux ; done puisque dans (B), il n’y a que des termes multipliés par 

e re c, et ~ je conclus que l’équation (B) est exacte.” 

Having thus shown that if in each of the second factors of 


the identity 
| @yd,||@g04| — |@,55||¢b,4| + |a,b,||42b3| = 0 (A), 


le résultat sera 
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a new letter c be added and the index 1 be prefixed, the sign of 
equality may still be retained, so that we have a new identity 


| bo [|4:b3¢4] — |@yb3||@xboe4| + |2,5,||a4b.¢,| = 0 (B); 
he then goes on to prove in the same fashion that the first factors 
of this derived identity may be treated in a similar way with 
impunity, viz., that they may be extended by the appending of 


the letter ¢ with a new index 5, so that we have a further 
derived identity 


|b y¢5||ab34] — |41B305|| 41204] + [a1by05||4aboe5| = 0 (C), 
already known to us from Monge. 
And this is not all, for the next paragraph shows that these 


two extensions may be repeated in order as often as we please, 
the opening of the paragraph being as follows (p. 15) :— 


“17, Généralisons et prouvons que si la formule 
GE vaca Km. .P Bm. «it 2 rice yey 5 ews APG 
(circle | + ie inode : :) - (opete) agate) 
est vraie dans le cas ot il y aurait n lettres comprises dans chaque 
facteur, elle sera encore vraie en ajoutant une nouvelle lettre d dans 
les seconds facteurs de chaque terme avec l’indice / qui n’y entre 
pas; et qu’ensuite, si l’on ajoute la méme lettre d dans les premiers 


facteurs de chaque terme avec un nouvel indice 7, légalité ne sera 
pas troublée. 


I] s’agit done de démontrer que ces deux formules sont exactes : 


(ab. :e)(abi ied) ~ (ab: :c)absced) =(ab.le)(ab: ed), | anv. 9) 
Gb ccd)\ab..cd) 7 (above alla hema hetia) au ltmnie ed) || aula 
The line of proof is still the same, and may be shortly indicated 

by treating the case 


(D) |ab5¢5||1by¢3@,| — |a,b.¢,||a,b.¢,45| + |ab9¢3||a,b,c,d,| = 0, 


which comes immediately after (C), and is derived from it by 
extending the factors in which a,b, does not. occur. Since by 
definition 


|a,b.e,d,| = d,|a,b,c,| — d,|a,b.¢,| + d,|a,b3¢,| — d|ab5c,|, 


and |a,b,c,d,| = d,|a,b,c,| — d|a,b¢5| + d,|a,b,c,| — A,|Agb3¢,|, 


DETERMINANTS IN GENERAL (DESNANOT, 1819) 141 
it follows that 
|a,b,¢5||a,b,¢,4,| — |a,b,c,||a,b,c44,| 
S {d,|a,b,c,| ~ ds|abs¢4| }|ab305| 
{|a,b,05||a,b,c4| _ |a,b,¢4 | by¢5| | dy 
- {|ayb2¢5||4b.c4I = |@,b204|| 12b305| | dy. 
But the cofactor here of d, is by (C) equal to 
— |a,b,C,||a,b,c.| ; 
and the cofactor of d, 
= |a,b,¢,||4,b,¢,| — |a.b,c,||a,.b5¢,|, 


and therefore by (C) 


= — |aqb,¢5| gb, C5}, 


| @1b5¢5||@b,¢,]. 
Making these substitutions, we have 
|ayb9¢5|4,b.¢gd4| — |a,b.¢,|]4,b,¢,4,| 
rq |a,bs¢a| { d,|a,b,¢,| — d,|a,b.¢5| + d,|a,b,¢,| — d,|a1gb4c5|\ 


— |a,5,cg||a,b,c,,| , 


I] 


as was to be shown. 
The next three cases are 
[t1P2esMtellboc5t,| — |aybeegAglaybacsd,| + |a,b.¢,dg|la,b,c,0,| = 0 (E) 
layboCgAy|ldoCgUsl] — |b yDoCgAgllty Daeg see] + |Aybocsdgla,bocy,e,| = 0 (F) 
| _¢3,eq||Ab 90,4506] — |0tyDoCsFseq||1D20y gee] + [Ory DoC gh g@z||04D9057,e,| = 0 (G). 
When the factors of each product are of the same order, as in 
(C), (E), (G), the identity is, in modern phraseology, an “exten- 
sional” of (A); that is to say, there is a part common to every 
factor of the identity, eg., a, in (C), a,b, in (E), a,b,c, in (G), 
and this common part being deleted, the result is simply the 
identity (A). When the factors of each product are of different 
orders, as in (B), (D), (F), the identity is an “extensional” of 
something still simpler than (A), viz., 


A, |%_b3| — Gb |@43| + ds|,b,| = 0. 


142 HISTORY OF THE THEORY OF DETERMINANTS 
In exactly the same manner and at quite as great length the 
identity , niet Se 
kl r r r 
(a)(ag) ~ (ag)(a7) = (ara)(a) 
—already known to us from Lagrange—is made the source of a 


numerous progeny. By putting figures for k,1,... and at the 
same time writing them as suffixes, these identities, original and 


derived, take the form 


lay falla9el = a9 
lay fallarboge) = ae 
labo fslevb2Gel = — |a5.9s 
labo fsl@sb2¢sJe \a,b.9s 
laybacsfalerb2¢39el — (1 P2Cags 
leyboes fallerocs4sJol— base 


lax Fo <3 lay Fogel, 
lay. fo = las FoFallx a] 
lay, fl Fm \ayb2 fsFell4102|, 
labycs fel = asd FsFelltr02¢s! » 
larbocs fel = |e decsFsJollr>2¢al 


lade fel = 1 DaCs Galt Docgts| , 


(A’) 
(B) 
(C’) 
(D’) 
(FE) 
(F’) 


|a,docghy FellayDaCy2s9el — |trboCsU.GolltrboCyts fol = [Ardara Sf, Jaltrboeg%,|- (G’) 
Of these (C’), (E’), (G’) deserve to be noted, being along with the 
original (A’) extensionals of the manifest identity 


Fos — Gofo = \fs9el- (LIV. 3), (XXII. 6) 
On the other hand (B’), (D’), (F’) are essentially the same as (B), 
(D), (F) already obtained—a fact which Desnanot overlooks. 
As the source of a third series of results, obtained in still the 
same way, the identity 


(aa)(Fg) ~ (ag)(Fa) = (arlag) 
is next taken. In reality, however, this does not differ from the 
first identity so treated, viz., : 


kl m m m 

(ab)(ab) — (a6)(ab) = (ab)(ab (A). 
In (A) the letters ab remain unchanged throughout, and the 
indices vary ; while in (A”) the indices remain the same, and the 
letters vary. As we should now say, the difference is a mere 
matter of rows and columns. The derived identities (B’), (C’), 
and (D”), . . . are consequently found to be quite the same as 
(DC), CD eae 


The fourth and last source made use of is the well-known 
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theorem regarding the aggregate of products whose first factors 
constitute what Cauchy would have called a “suite verticale,” 
and whose second factors are the cofactors, in the determinant of 
the system, of another “suite verticale.” Desnanot however, 
viewing the theorem from a different stand-point, enunciates it 
as follows (p. 26) :— 

“Si Ton a n lettres ab.... cdf, et qu’on les combine n—-1 d n-1, on 
ero. HeOrrOngemmens a0 on CO AD ches Cle BDies ts Oh, a meee thes, woe aus : 


a.... cdf, b.... cdf; qwon applique dans chaque arrangement les n—-1 
indices kl.... mp, ce qui donnera ces quantités 


(ad!icd)» (ab. .c7)> (abl af). (oeeaf)» (5. .caf): 


et qu’ensuite on les multiplie chacune par la lettre qui wentre pas dans 
Varrangement en Vaffectant d’un. méme indice et donnant au produit le 
signe plus ow le signe moins, suivant que la lettre multiplicateur occupe 
un rang impair ou pair dans les n lettres, en partant de la droite, la somme 
des produits sera 2éro.” (XII. 9) 


Before proceeding to deduce others from it, he gives a proof of it 


for the case 
DIVER, 3D kKU..mp kKl..m p 
(BY) flab..cd) ~ dlab..0f) + ad..df) - 
_ P/kl..mp klL..mp 
B(a..cdf) * a(b..cdf) = % 
The method of proof is interesting, because it depends almost 
entirely on the definition which Desnanot follows Vandermonde 
in using. It will be readily understood by seeing it applied to 
the simple case 
b, |Dycgy| — By|dyCg@y| + 5|D,eo44| — b4|byca5| = 0. 
Expanding each of the determinants |b,c,d,|, |b,cgd,|,.- . - - in 
terms of the b’s and their cofactors, we have 


b,|b.¢3%4|  — b,|b,cg%4| + b3|b,¢9¢4| — b,|bycoag| 


= b,{ baled] — baled) + b,|cad3|} 
e, b,{b,|ca0l,| — b,|ed,| + b,|c,49|} 
oF b{Dy| cod — b,|¢,d,| xe b,|eyd,|\ 
= b,{b,|¢ads| — byleds| + bled,| } ; 
aaa) 


for the terms in the expanded form destroy each other in pairs. 
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The derived identities are obtained exactly in the manner 
followed by Bezout in 1779 (see pp. 51, 52). The fundamental 
identity is taken, say in the form 


Felaybeegh see] — 5% DoCstafs| + Es Arbocseafs| — 054.4 ses fs| 

+ delayed sea fs| — A5| DyColsesSs| = 9, 
and another instance is put alongside of it, in which the same 
letters and suffixes are involved, say 


Fi|aybeegh ges] — €y|4,bo¢34afo| + Fy|erbocseats| — C1 [tO seas 
+ d,)ayeodsey fs] — 44] yoga fs] = 0. 
One of the constituent determinants, say the last, |b,c,d,e,f,| 1s 


then eliminated by equalisation of coefficients and subtraction, 
the result being 


|aafs|-|@yb_cgdyes| — |ay65||4,b.¢54,f5| + |a,5||,.c¢,F5| 
— |a,¢,||a,b.d5e,f5| + |a4b;|\a,¢.05e,f5| = 0 (C”) 
In the next place, two additional instances of this derived 
identity are taken along with it, the first differing from it in 


having a 2 instead of a 5 in all the first factors, and the 
second in having a 2 instead of a 1; viz., 


|ay fall doCg%4¢5| — |4€q||, D934, f5| + |@,Aq|| a, bo¢5¢, f5| 


= | @4Cq|| badge, F5| ot |a,b9|| a,¢,45e,f, s| = 9, 
and 


| dof s||@1b.¢44@5| — |a9@5|| a,b,c, f5| + | ty || a doc5e, 5 | 
— |Q¢5||@Dod ses fs] + |Qebg|a,cd5e,f5| = 0. 


Multiplication by 6,, —b,, —b, is then effected and addition per- 
formed, when by reason of such identities as 


bela, f5| — bsl41 Fol — Pilate ts] = labo fol, 
and b,|a,b,| — b,|a,b,| — b,\a9b,| = 0, 
elimination of |a,c,d,e,f;| is produced, and the result takes the 
form 
|tybe fl|%1O2e44e5| — | d:¢5||a,bycgd, | + labo, ||a,boc5¢, f| 
(D”) — |a,b,¢5||2,b,45¢, f,| = 0. 
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The process of derivation may be pursued further, giving next an 
identity in which the first factors are all of the fourth order. 
Desnanot says (pp. 31, 32)— 


e.bour yne pas nous répéter constamment, nous dirons que cette 
formule s’étendrait 4 un nombre quelconque de lettres placées dans 
les premiers facteurs, et que 


ea tee een va Cllaceeecn 
+ (ab. e)labic af) — «+++ =o 


Les termes sont alternativement positifs et négatifs, les indices sont 
les mémes dans les premiers facteurs de chaque terme, ils font partie 
des indices qui se trouvent dans les autres facteurs et sont placés 
dans le méme ordre; quant aux lettres, il y a ou une, ou deux, ou 
trois, etc. lettres communes aux seconds facteurs écrites toujours dans 
le méme ordre et suivies de la n*™* lettre qui n’entre pas dans les 
seconds facteurs; de sorte que sil y a n’ lettres communes 4 tous les 
facteurs, le nombre des termes de (H”’) sera n—n’.” (XXIII. 7) (XLIV. 4) 


a”) 


The general result (H”) is simply what would now be called 
the ‘extensional’ of the identity of Vandermonde from which 
Desnanot derives it. 


Co-ordinate, in a sense, with the said identity, is that other 
which Desnanot uses as a definition; and this latter is the next 
of which the extensional is found. The process, so far as 
indicated, is exactly similar to that employed in the preceding 
case. The results obtained are 


(a f)lab...6d) ~ (ua) (ab..207) + (ae)(as...49) - 
ae = GNEa9) = (RITA 
and 

(5 f)(ab:1:08) — (aba)(ab...07) 

ee ere te Byers ie): 


and the general result including them is referred to. (VI. 4) (XLV.) 
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That they are extensionals of the definition is evident from the 


fact that the index p may be moved to the left so as to make a 


common to every factor of (B””), and 1, h common to every factor 
Ol Cree). 

Still another series of results is obtained, but they are 
essentially the same as the foregoing, the difference again being 
merely a matter of rows and columns. 


All these preparations having been made, Desnanot returns to 
the subject of the relations between the numerators and denom- 
inators of the values of the unknowns in a set of linear equations. 
Thirteen pages are occupied with the case of four unknowns, 
the number of relations found being 74, of which, after scrutiny, 
14 are retained. The case of five unknowns, and the case of six 
unknowns are gone into with about as much detail, and then, 
lastly, the general set of m equations with » unknowns is dealt 
with. None of the relations obtained need be given, as they are 
all included in the identities which have been spoken of above as 
extensionals. 


The second chapter (p. 94) bears the heading 


Simplification des formules générales qui donnent les valewrs 
des inconnues dans les équations du premier degré, lorsqu’on 
veut les évaluer en nombres. 


Here again the cases of three, four, five, six unknowns are 
dwelt upon with equal fulness in succession. The consideration 
of one of them will suffice to show the nature of the method, 
and will enable the reader to judge of the amount of labour 
saved by employing it. Choosing the case of four unknowns, 
we find at the outset the equations stated and the solution 
condensed as follows (p. 104) :— 


‘EQUATIONS DONNEES. 
ax +by +cz +dt =f 
wx +b'y +¢2 +d't = f' 
ae +b"y +c"2 +0"t = f" 
a" e+ byteve+a''t= fl’. 
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CALCUL. 
ab’ —ba = a, 
ab” —b"a = B, 
a'b” —b"a' = y, 
ab” — ba” = 8 


d 
alin” = b’a’” = 74 ; 


m=c' a—cB +cy, 
n= C"a-—cd +¢e, 


m = f’a-fB+fy; 
n = fa—f'd +fe; 


1 a , ue 
De = {m(ed — 8d’ + ed) — nad" — Bd +r}, 
N’”’ = (nn! — nm), 
a 


N’= 1 m(ad” — 2+) — naa" — a+ | 


fD-cN’ = aN — S, 
wD = CN” ON ee, Se 


ps aS’ — Sa’ 
= ae 
we Sb’ -—bS 
Qa 
N N’ NG INS 9 


147 


The explanation of the mode of procedure is not difficult to see -— 


(1) The determinants |ab’|,|ab”|,|a’b’|,|ab’|,|a’b"| are cal- 


culated. 


(2) With the help of these are next got four of a higher order, 


Viz. \ab’e”| ; |ab’e’”| ; |ab’f”| : |ab’f"|. 


(3) Two others of the same order, viz. 


ad’” — dd’ + ed, ad” — Bd’ + yd, 


1.€. |ab’d’”| , |ab’d” | i 
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having been calculated, the identity 
|ab’|. D = |ab’c”|. |ab’d’”’| — |ab’e’”| . |ab’d”| 
is used to find D. 
(4) A similar identity 
jab]. N’” = |ab’c”|. |ab’f’”| — | ab’e’”|. |ab’f”| 
is used to find N”. 
(5) A similar identity 
|ab’|. N” = |abt/* 
is used to find N”. 
(6) Two subsidiary quantities S, S’ are calculated, the first being 
= flab’e’d’”’| — clab’f’d’”’| — dlab’c’f|, 
and the second 
= f'\ab’c’d’’| — ¢\ab’f’d’”’| — d’\ab‘e"f’ |. 
(7) From these N’ and N are readily got. For evidently 
aS’ — Sa’ 
= |af’|.|ab’c’d’”| — |ac’|. |ab’f’'d’”| — |ad’|. |ab’e” f’”| 
and this by a previous theorem 
= (ab'| laf ed |; 
= |ab’|. N’. (XII. 3) 


|ab'a”| 


|ab'a”| — \ab’f’” 


The third chapter consists of a lengthy examination (pp. 157- 
264) of the singular cases met with in the solution of linear 
equations, and does not concern us. 


CAUCHY (1821). 
[Cours d’Analyse de I’Ecole Royale Polytechnique. _I. Analyse 


Algébrique.* xvi+576 pp. Paris. Cwvres, 2° sér. iii. 
pp. 73-82, 426 — 428.] 


When Cauchy came to write his Course of Analysis, after- 
wards so well known, he did not fail to assign a position in it to 
the subject of his memoir of 1812. The third chapter bears the 
heading, “Des Fonctions Symétriques et des Fonctions Alternées.” 


*No more published. 
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It occupies, however, only fifteen pages (pp. 70-84), and of these 
only nine are devoted to alternating functions and the solution 
of simultaneous linear equations. Of course, in so limited a 
space, the merest sketch of a theory is all that is possible. An 
alternating function is first defined, the word “alternée” being 
now set in contrast with “symétrique,” and not, as formerly, with 
“permanente.” Functions other than those that are rational 
and integral being left aside, the latter, if alternating, are shown 
(1) to consist of as many positive as negative terms, in each of 
which all the variables occur with different indices, and (2) to 
be divisible by the simplest of all alternating functions of the 
variables, viz., the difference-product. The set of equations 


aet+bytoe+...t+gwthv =k, (i= 0, 1,2 3., 01) 


is then attacked, the method being—to take the difference-product 
of a, b,..., h,—denote by D what the expansion of this becomes 
when exponents are changed into suffixes,—denote by A, the 
co-factor of a, in D,—then obtain the equations 


Agbp $A b, tAgbdg +. - +A, -0,-1 = 


Ago t Aya, tActet. . -+An-1%,-1 = D, 
Ao FAG, + Acts +. FA,-en-1 = 9, 


Aho tAghyt Agha t+... +An-sen-1 = 9, 
—and thereafter proceed as Laplace had taught. As in the 
memoir of 1812, the “symbolic” form of the values of a, y,.. . 
is unfailingly given. 

A note is added (pp. 521-524) on the development of the 
difference- product, showing how all the terms may be got from 
one by interchanging one exponent with another, how the signs 
depend on the number of said interchanges, and how, by counting 
the number of cycles (here called groups), it may be ascertained 
whether any two given terms have like or unlike signs. 

It will thus be seen that not only is the name “determinant” 
never mentioned in the chapter, and the notation S+)),¢)...h,-1 
never used, but that the subject is scarcely so much as touched 
upon. Although, therefore, Cauchy's text-book went through 
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a considerable number of editions, and had a widespread influence, 
it gave no such impulse as it might have done to the study of 
the theory of determinants. 


SCHERK (1825). 


[Mathematische Abhandlungen. Von Dr. Heinrich Ferdinand 
Scherk,.... iv+116 pp. Berlin. (Pp. 31-66. Zweite 
Abhandlung: Allgemeine Auflésung der Gleichungen des 
ersten Grades mit jeder beliebigen Anzahl von unbekannten 
Griéssen, und einige dahin gehérige analytische Unter- 
suchungen. )] 


The only previous writings of importance known to Scherk 
were, according to his own statement, those of Cramer, Bezout 
(1764), Vandermonde, Bezout (1779), Hindenburg, and Rothe. 
His style bears most resemblance to Rothe’s, whose paper, how- 
ever, he does not speak of with unmixed eulogy, characterising 
it as containing “eine strenge aber ziemlich weitliufige Auflésung 
der Aufgabe.” 

The main part of the memoir consists of a lengthy demon- 
stration, extending, indeed, to 17 pages quarto, of Cramer’s rule, 
or rather of Cramer’s set of three rules (iv., v., 111.2), by the 
method of so-called mathematical induction. The peculiarity of 
the demonstration is that it is entered upon without any previous 
examination of the properties of Cramer’s functions (deter- 
minants); and it is noteworthy on two grounds—(1) as being 
new, and (2) because the properties, which it really if not 
explicitly employs, had also not been previously referred to. 

The cases of one equation with one unknown, two equations 
with two unknowns, three equations with three unknowns, are 
dealt with in succession, the solution of one case being used in 
obtaining the solution of the next. All three solutions are noted 
as being in accordance with Cramer’s rules, and the said rules 
being formulated, and upposed to hold for n equations with 
nm unknowns, it is sought to establish their validity for n+1 


equations with n+1 unknowns. In other words, the set of 
equations being 
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nn n—1n—-1 n—2 n—2 ital 
ac + awe +t+anxe+....+ av = s 
il 1 ah if 1 
nn n—-1n-1 n—2 n—2 IL 
ae -+- @ @ + -a @ +....+ av = 8 
2 2 2 2 2 
nn n—1ln-1 n—2 n—2 ules | 
Co -- @ et + ae +...5+ aw= 8 
n n n n n 
and the corresponding values of 
1 2 n 
; Abr, 605 A ae 
being 
n 1 n 2 n n 
P(a; 8, a) P(a; 8, a) P(a; s, a) 
n = te n heh n heh 
n 1 NCS n ano Nee. ? n on n\ ? 
P(a; a, a) P(a; a, a) P(a; a, a) 
n h h n h h n h h 
it is required to show that the solution of the set of n+1 
equations 
n+1n+1 nn kk 1s 
ae +aed+...t+tart+...+ a= s 
1 1 1 al it 
nt+1 n+1 nn kk zea 
ax +axnect. + axw+ + ax= 8 
2 2 2 2 2 
n+1 +1 nn Kk it Gl 
an +ant+...+ Ant + Uo = 8 
n+1 n+1 n+1 n+1 n+1 
is 
m+1 1 n+1 n+1 
es!) wo (5g) 
n+1 h h n+1 
oS oe 2 = Sere (EU 4) 
P(‘a 3a, a) (a ;a,a) 
n+1 h h n+1 h h 


Before proceeding, the notation 


n 1 
P(a:; 8&5 a) 
woh Rh 


requires attention. 


It is meant to be an epitome of Cramer’s 


rules; the first half of the group of symbols, viz. P(a implying 


3 


12 n 
permutation of the under-indices of the product aaa... a and 


123 n 


aggregation of the different products thus obtained, each taken 
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with its proper sign: and the second half implying that in every 
1 
term of this aggregate s is to be substituted for at A modern 
h 


writer would denote the same thing by 


2 3 77 
s a a a | 
1 1 1 1 

2 3 n 
8 a a a) 
2 2 2 2 

2 n 
s a Cae hte, OF a 
n n nr n > 


n 1 i 
only it must be noted that in using P(a rR a) at this stage, we 
nh h 


leave out of account the signs of the terms composing it, the 
rule of signs being the subject of a separate investigation. Any 
one of the forms 


n 1 1 n 2 2 
P(a;a,a), P(a;a,a), TE p 
n hoeh n h h 
it need scarcely be added, will thus stand for the common 
denominator. 


Of the n+1 equations the first m are taken, written in the 
form 


nn n—1n—-1 kk Um n+1 n+1 

ane + as +.. tawt+...t+arn=s— ae 
1 1 1 1 1 

n—1n—-1 kk yh n+1 n+1 

ax + Shahn ~tae+...t+awv=s— 4@4ft 
2 2 2 2 


nn n—-1n—1 kk ed n+l n+1 
Oe Ge +) a-ha 00 =F sn— ae 
n n n n n n ) 


and solved, the results being by hypothesis 


n+in+1 1 
P(a:; 8S—ae ,«) 
nih h h 


K-aw, J ? 
P(a; a, a) 
n hoh 


1 
eo 
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n n+1n+l &k 
P(w; 8 — a @ , a) 
Ce 


g h h 
t= ) ee 


wv Z 2 
Pla; a, a) 
n hi oh 


n m+1nt+l n 
P(a;e— a @ ,a) 


a n ih h h 
<= n n mn 
P(a; a, a) 
n hoh 


These values are then of course substituted in the (n+1)™ 
equation, which thus becomes 


n n+1n+1 1 n n+1n+1 k 
n+1 n+l Pla; s—a z , a) » Plas s—a x , w) 
n h 
a x a a n if 1 ae a a : n k k : 
tL 
a oe P(a Sa, a) san P(a; ‘es w) 
n h h n h oh 
n n+in+l 1 
‘ P(a; 6 — a @ 2) 
n h h h =s A 
cy ny. ie t vo UR) Wit Sys 
n+ P(a; a, a) n+1 
n hoh 


n+1 
and as this manifestly involves none of the unknowns but « ,. 


the object must now be to solve for ap and then show what the 
value obtained is transformable into. The way in which this is 
effected is well worthy of attention. Scherk’s own words in 
regard to the first steps are (p. 40)— 


n+1n+1 
“Da aber s - e a in jeder einzelnen Permutationsform nur Ein- 


mal, Pamalichi. in abe ersten Potenz vorkommt, so bedeutet das Zeichen 
n nm+1n+l k 
P(a a en a a) 
nm kh h h 
dass in jede der in I. beschriebenen Permutationsformen fir a erst 8; 
n+1n+1 
dann 2 a gesetzt, und beide Resultate von einander abgezogen 
eanion sollen : folglich ist 
n m+in+tl &k n k n ntlntl &k 
P(a; Sea iae ,a) = P(a5s,4) - P(a; G22; a). 


n h h n h h 
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In dem letzten Gliede dieser Gleichung kommt aber in jeder Form 
n+1 n+1 1 F 
2, und zwar zur ersten Potenz, vor; « ist also gemeinschaftlicher 


Factor aller Formen, und folglich ist 


n n+1n+l k n k n+1 n ntl k 
P(a;s a t, a) =P(a;s,a) -— eP(4; a, 4). 
hh nh 


h 


n kh h h n 
Macht man diese Substitution fiir k=1, 2,..., , in der letzten 
Gleichung, und bemerkt, dass 
n Lee n 2 2 nm ik &k 
P(a;a,4) = P(a;4, 4) =e P(a;a,4), 
n hh mn hh n hh 


so geht diese in folgende Gleichung tiber 


n+1 n k k\w+tl 
a P(a;a,a)a 


2 


n+1 nhih 
n n n k n k 1 n 1 
+ a P(a;8,a) + + a P(a;s,a) + + a P(a58,4) 
n+1 m hon n+1 nhh n+1 n hh 
n n n+l n k n ntl k nm n+l 1 n+1 
- a P(a;a, a) + a ebets a P(a;a,a) + + a P(a;a,a) x 
n+1 n h bh n+1 nh A n+1 nih 
n k &k 
= s P(a;a, 4); 
n+1 n h h 
folglich 
1 n A 2 n 2 n n n n k &k 
Pcp AL P(a;s,a)- a P(a;s,a)—...- a P(a;8,a)+ sP(a;a,4 
, n+1 nih h n+1 n hih n+1 n hih n+1 n hih 
ay 1 n n+1 1 2 n+1 2 n nm n+l n n+1 “a 
- a P(a;a,a)— a P(aja,a)~...— a P(a;a,a)+ aP a5a, 4) 
n-+1 n hh n+1 n hh n+1 n hh n+1 n hh 


The first theorem here made use of and formulated, viz., 


n n+1n+1 k n nm n+1n+1 k 
P(a; s— Oh ih, a) = P(a;8,a) - P(a:; a x, a) (XLV) 
n oh h h nh h n h h 
is the now familar rule for the partition of a determinant with 
a row or column of binomial elements into two determinants, 
or for the addition of two determinants which are identical 
except in one row or one column, The second theorem, viz., 
n ntintl k n+1 n ntl k 
P(a; a 2 a) eh Ar P(a; ae a) XLVIL.) 
n h n hoh 
is the now equally familiar theorem regarding the multiplication 
of a determinant by means of the multiplication of all the 


DETERMINANTS IN GENERAL (SCHERK, 1825) 155 


elements of a row or column. That these two very elementary 
theorems should not have been noted until the time of Scherk 
is rather remarkable. 

The consideration of the constitution of 


n-+1 k k 
Eh Os: Ob a) 

n+-1 h h 
is next entered upon, with the object of showing that the terms 
are exactly the terms of the denominator 
ao As 7h nel. i ee See mt+1 sn k &k 
— a P(a; a ,a)— a Pa; a ,a)- ad ds tare + a P(a3a, a). 

n+1 n h h n+1 n h h n+1 rm 8 


More than two pages are occupied with this part proof of 
Bezout’s recurrent law of formation. The identity of the terms 


of 
n+1 n+1 
P( GS ) 
M+1 h h 


with the terms of the numerator then follows at once; and the 


desired form for the value of "Ze , so far as the magnitude of 
the terms is concerned, is thus obtained. The corresponding 
forms for x,, #,... are of course immediately deducible. 

The rules for obtaining the terms of the numerator and 
denominator having been thus established in all their generality, 
the rule of signs is next dealt with. The treatment is cumber- 
some, but fresh and interesting. It is pointed out, to start with, 
that the counting of the inversions of order of a permutation, 
is equivalent to subtracting separately from each element all 
the elements which follow it, reckoning +1 as a sign-factor 
when the difference is positive, and —1 when the difference is 
negative, and then taking the product of all the said factors. 
This, it will be recalled, is essentially identical with an ob- 
servation of Cauchy’s. Scherk, however, goes on to remark 
that these sign-factors may be viewed as functions of the 
differences which give rise to them, and may be sc represented. 
Whether there actually be a function which equals +1 for all 
positive values of the argument and equals —1 for all negative 
values is left for future consideration. Cramer’s rule of signs 
is thus made to take the following form (p. 45) :— 


er oe 
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“Wenn ¢(8) eine solche Function der ganzen Zahl Bist, 
welche = +1 ist wenn f positiv, und —1 wenn B negativ ist, so ist 
das Vorzeichen Z irgend eines in dem Aggregate 


n bh Rh 
P( “G5 “) enthaltenen Gledes 


n k &k 
12 3 k-1 k k--l n 
OME een aa ai 6 
aa reaph a(*-1) al*) q(k+1) al”) 


folgendes : 


(a “cso es ak eee 


TOE WRC tar Peta setts 36a ae Ga 


(al*- -1)_ a*- 2) (at — qi*- a) ite Mew m) 
(a — qit- ») i (alt) ats Y) es: (a = ql= ») 


o(a*) al). b(at—a®) 2... h(a” — al”) 


(a) — al"-1),” (111. 23) 
And it is this form which Scherk seeks to establish. The mode 
of proof is again the so-called inductive mode. In the case of 
two permutable indices the law is readily seen to hold. We 
thus have, preparatory for the next case, 


Pp ke k k 2 l 1 2 
(a; a, a) = 92-1) 4.04 ¢1=2) 


2 


P(a; a ,a) z g2-laa + g(1—2) 


2 


P(a; a, a) = g(2— laa + gi-2) 


9 
ra 


epQe wnQw ~Qr 
re Qe He-Qnw + Qw 


But “nach dem Obigem ” 


3 k k 1 2 3 1 2 2 3 2 3 2 k k 
P(a; a, a) oe —aP(a; a, a) - aP(a; aa) ao aP(a; aa) 
3 h h 8 2 2 h 3 


h h 


Consequently 


Qo 


Hi f.8) = Aveo aime 


1 


—a{ g(2—1)a a + p(1—2) 
+a 


{e210 a + g(1—2) 


LS 


i oe ee oe 
re Qre KH Qw vy Qw 
—— a ee 
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But as — (2-1) = ¢01-2) 
and —1 = ¢(2-8) 
and —1 = ¢(-83), 


we may substitute 
$(1—2)g(2—3)g(1—8) for —g(2—1). 
This and five other similar substitutions give us 


P(a;a,a) = 9(2-1)0B—-1)PB—2)aaa + $(3—1)4(2—1)6(2—-3) aaa 


3 h 


+ $(1-2)g(8—2)93-laaa + (3—2)g(1—2) (1-3) aaa 


+9(1-3)p2—B\2—l) aaa + g2—3)p(1—3)g(1-2) aaa 


so that the law is seen to hold also for the case of three permu- 
table indices. The completion of the proof, giving the transition 
from n to 7 +1 permutable indices, occupies three pages. 

This is followed by two pages devoted to the subjects tem- 
porarily set aside at the outset, viz. the possible existence of 
functions having the peculiar properties of ¢. Two amusing 
instances of such functions are given,— 


(Daa B yet BPaA PPE Phe, a) 


= Peto pe-2— pea | 
_ sin2@6r , sin28r_, sin20r 
LS oe EI (I (EE oe 


_ sin2Br _ sin267 _ sin 2 Bar 
(B+1)24 (B+2)2r (8+3)27r 
1 2 3 sin 267 
-(gaitgeateat oe 
where P,* stands for the /*" coefficient in the expansion of (a+ 6)”. 
Success, however far from brilliant it may be, in thus expressing 
the rule of signs by means of the symbols of analysis, led Scherk 
to try to do the same for the rule of formation of the terms. 
Nothing came of the attempt, however. “ Bald aber,” he says, 
“ zeigte es sich dass Permutationen niemals durch andere analy- 
tische Zeichen ersetzt werden kénnten.” 
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Such speculations are not altogether uninteresting when later 
work like Hankel’s comes to be considered. 

In an Appendix dealing (1) with the case of a set of linear 
equations which are not all independent, (2) with the solution of 
particular sets of equations, there is given at the outset a proof 
of the theorem regarding the sign of a permutation which is got 
from another permutation by the interchange of two elements. 
If the under-indices of the one term whose sign is z be 


ad a eee Oar ee ee ee eee ae a”, 
and of the other whose sign is Z* be 
aaa”... a MaMa)... a®Daight) ... gM 


it is shown that 
Z 1 $(a't! — a’) g(a? — a’). ta p(a* — a’) 
Z, g(a’ a a) g(a’ a gas) p(a' 23 a‘) 
eat e) d(a*—a't) | 4 pat—a*"), 


p(ai—a") p(a'tt—a*) — g(a**—a"')’ 


and there being here 2k—27—1 quotients each = —1, the result 
arrived at is 


7 a or 2= —Z, 


as was to be proved. (111. 24) 
The body of the Appendix contains, along with other matter 
which falls to be considered later, the statement and proof of 


propositions identical in essence but not in form with the 
following :— 


1 2 n—1 n 
a a a a 
1 1 1 1 
1 2 n—-1 n 
a a a 
2 2 2 2 
(1) Melee ir wie ak me Cay 5 hs (XLVIIL.) 
1 2 n—1 n 
a a a 
m—-1 n-1 -1 n-1 
1 2 n—1 n 
eas Te °T 


* More than a page is occupied in writing the expressions for z and Z. 
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1 1 1 1 
where T=ma+mat+....+¢™m a 
5 ea 8 2 2 m—1 n-1 
2 2 2 2 
T=ma+ma+....¢™m a 
ii 2 2 m—-1 N—-1 
1 
a 
1 
uf 2 
Gea 
2 2 
1 2 3 
(2) £23 n 
_ “a A HOM sodice d. 
1253: n 
1 2 3 n 
CARO ss oer er.i' 6 
n n n n 


The first of these is proved from first principles, and not by the 
immediate use of theorems XLVI., XLVII. above. The second is 
proved by noting that any other term is got from the first, 


12 3 nN 
Cho hrcason a, 
1523 n 


by permutation of the under-indices, that any such permutation 
will introduce one or more elements whose upper-index exceeds 
the lower, and that such are all zero. (vi. 6) 


SCHWEINS (1825). 


[Theorie der Differenzen und Differentiale, u.s.w. Von Ferd. 
Schweins. vi+666 pp. Heidelberg. (Pp. 317-431; Theorie 
der Producte mit Versetzungen.)]| 

With much of the preceding literature Schweins, our next 
author, was thoroughly familiar. Cramer, Bezout, Hindenburg, 

Rothe, Laplace, Desnanot, and Wronski he refers to by name. 

The one notable investigator left out of his list is Cauchy, whose 

important memoir bearing date 1812 might have been known, 

one would think, to a writer who knew Desnanot’s book of 1819 

and Wronski’s memoirs of 1810, 1811, &c. Still more curious is 

the omission of Vandermonde’s name, whose memoir, as we have 
seen, is to be found in the very same volume as that of Laplace. 
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Schweins’ portly volume consists of seven separate treatises. 
It is the third, headed Theorie der Producte mit Versetzwngen, 
which deals expressly and exclusively with the subject of 
detervhinants. The treatise is logically arranged and carefully 
written. It opens with an introduction of 4 pp., the main part 
of which serves as a table of contents and as a guide to the 
theorems which the author considered his own. It consists of 
four Sections (Abtheilungen), subdivided into portions which we 
may call chapters, the first section containing five chapters, the 
second also five, the third one, and the fourth four. 

Schweins’ name for the function is 


Producte mit Versetzungen ; (Xv. 6) 


his notation is a modification of Laplace’s, viz., he uses 


| ) (VII. 6) 


where Laplace used simply 


(sat ilo) 


and his definition is essentially the same as Vandermonde’s; that 
is to say, he employs Bezout’s law of recurring formation. His 
words at the outset are— 


“Die Bildungsweise der Producte, welche hier untersucht werden 
sollen, geben folgende 2. ..en an :— 


[a A) =A). A, = [Rye 
| A, Ay Ay) iz | AA) ay ae | A Ay). Ay vr | AA). As, 
[| A, A, A, A,) = | A, A, A,).A,- | A A, A,). A, 
+[A, 44) S- [A AA) A, 
und allgemein 
K)= (©) eA BENE CP, 
LAs) Avscee oad poet Atmel Ageatae utc): Paee ae 
AL) Gs ae a a 
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The sequence of propositions as might be expected is not unlike 
that found in Vandermonde. The first six propositions are— 

1. The under elements (A,, A,,.. .) being allowed to remain 
unchanged, the upper elements (a,, a,, . . .) are interchanged in 
every possible way to obtain the full development. 


2. The sign preceding each term is dependent upon the number 
of interchanges of elements necessary to arrive at the term. 

3. If two adjacent upper elements be interchanged, the sign of 
the determinant is altered. 

4. If an upper element be moved a number of places to the 
right or left, the sign of the determinant is changed or not 
according as the number of places is odd or even. 


5. If several upper elements change places, the sign of the 
determinant is altered or not according as the number is odd or 
even which indicates how many cases there are of an element 
following one which in the original order it preceded. 

6. If in any term the said number of pairs of elements occur- 
ring in reversed order be even, the sign preceding the term 
must be positive; and if the number be odd, the sign must be 
negative. 

The proof of the 3rd of these, which gave trouble to Vander- 
monde, is easily effected in what after all is Vandermonde’s way, 
viz., by showing that the case for m elements follows with the 
help of the definition from the case for n—1 elements. (XI. 4) 

Schweins’ 7th proposition is that there is an alternative re- 
curring law of formation in which the under elements play the 
part of the upper elements in the original law, and vice versa. 
This amounts to saying, in modern phraseology, that if a deter- 
minant has been shown to be developable in terms of the elements 
of a row and their complementary minors, it is also developable 
in terms of the elements of a column and their complementary 
minors. The proof is affected by the so-called method of in- 
duction, and is interesting both on its own account and from the 
fact that Cauchy’s development in terms of binary products of a 
row and column turns up in the course of it. The character of 
the proof will be understood by the following illustrative 
example in the modern notation :— 
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By the original law of formation we have 
|aydacgby] = My|By¢q4y] — Aq|DyegAg| + Mtg|D,Co4q| — 44|D12o%s] 3 


and, as the new law is supposed to have been proved for deter- 
minants of the 3rd order, it follows that 


|aydacga| = @y|Dyegly] — Ae {B,leg,] — ¢|B544] + d|byes|} 

+ G,{d,|Cody| — ¢|byd,| + d,|bee4)} 

— O44, |ey4y| — ¢4|B.d5| + d|ba¢|}- 
Combining now by the original law the terms involving 5, as a 

factor, the terms involving c,, and those involving d,, we obtain 

|a,bycgd,| = a,|dycgcl,| — D,|agcy4| + ¢y|@gbg@,| — a, |aQb5c,|, 
and thus prove that the new law holds for determinants of the 
4th order. (VL. 7) (1x. 3) 
Cauchy’s development above referred to appears in the pen- 


ultimate identity in the convenient form of one term a@,|b,c,d,| 


followed by a square array of 9 terms. The form in Schweins 
is— 


| By Siroren an a Eaeks ee r 
NWR RL We | 
| 1 n 1 , 1 ; n , e rs : .(XXXVII. 
_\e+y-1 1 N-Z-1 An-—z+1 overs 1 ) Acne ss, on | 
as area ) | Ay i Neaged n—y+1 °** n—1 A, Date 


Laplace’s expansion-theorem is next taken up. To prepare the 
way a theorem in permutations is first given, the enunciation 
being as follows: If from n different elements every permutation 
of q elements be formed, and every permutation of n—q elements; 
and if each of the latter be appended to all such of the former as 
have no elements vn common with it, all the permutations of the 
whole n elements will be obtained. Thus, if the permutations 
of 1 2 3 4 5, or say P(1 2345), be wanted, we first take the 
permutations three at a time, viz., 


P(1 23), P(124), P(125),...., P(845) 


where 123, 124, 125,..., 345 are the orderly arranged 
combinations of three elements; secondly, we take the permuta- 
tions two at a time, viz., 


P(1.2), “PCs3))) RG isaioe ae , P(45); 
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and, thirdly, we append each of the two permutations included in 
P(4 5) to each of the six included in P(1 2 3), each of the two 
in P(3 5) to each of the six in P(1 24), and so on. The identity 
here involved Schweins writes as follows, the only difference 
being that P is put instead of V (Versetzungen) :— 


P(12345)= P(123)xP(45) 
+P(1 2 4)x P(3 5) 
+P(1 25)xP(3 4) 
+P(1 3 4)x P(2 5) 
+P(1 3 5)x P(2 4) 
+P(1 4 5)x P(2 3) 
+P(2 8 4)x P(1 5) 
+P(2 3 5)x P(I 4) 
+P(2 45)x P(1 3) 
+P(3 45)x PCI 2). 


Another example is— 


P(123456)= P(123). P(456) 
+P(1 2 4). P(8 5 6) 
+P(3 5 6). P(1 24) 
4+P(45 6). P(1 28). 
The proof consists in the assertion that no permutation can occur 


twice on the right-hand side, and in showing that the number 
of permutations which occur is the full number. 


From this lemma Laplace’s expansion-theorem is given as an 
immediate deduction. The passage (p. 335) is interesting, as the 
mode of enunciating the theorem approximates closely to that 
of modern writers, and has a certain advantage over Cauchy’s, 
perfectly accurate, more general and more compact though the 
latter be. 

“Nach dieser Weise, alle Versetzungen zu bilden, welche wir hier 
zuerst bekannt machen, kénnen auch die Summen der Producte mit 
Versetzungen und mit verinderlichen Zeichen in niedrigere Summen 


zerlegt werden, wenn bei jeder Versetzung nach der oben gefundenen 
Vorschrift das zugehorige Zeichen bestimmt wird ; z. B. 
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|S RAR)H= PALA) TAA) = [44,4,) 144, 
-| x. 4,4.) a, -| a8 8,)-[ 4, 


+| A, AA, +| 4, 4,4,)-[ 4,4 
+[ A, ALA, 


Lege 


[A 
+] 4. 4, 8,)-[ A, 
[A 


-|s, 4,4, ad barat 


AA) LAA, 
AA) LALA, 


Wena lea 


“A, 4,4, A.A, 


- = 
1B 
bs 


): 
): 
): 
). 
+| A, A, A,)- 
): 
+] A, A, A,)-| A, A, 
-| A. 4, A,)- 


Ay A; 


) 

A.) Ay) 
|A.4) ‘ 
[A.8)) Ay) 
[a Ay) 
| A.4,) Cae 
|4.4)) ) 
| A.4) ) 
JA.a)) 
[ ) 


+|A, A, A,)- A Au +] A A; A, A,): ay A A : 


In der ersten Scheitelreihe sind die oberen und in der zweiten die 
unteren Elemente veranderlich; die Zeichen + und — befolgen das 
Gesetz in § 140. Eben so ist 


(Another example is given.) 


Wir wollen fiir diese Bildungsweise folgende allgemeine Zeichen 
wahlen : 


Wee = >) A eee ae ie 


ee Ang a . Ag ) 


Qtl Mt2-sseee 


Fa Se fea, & aq ee ies ag fw] bebe Aa ae 


wo * nach dem Gesetze bestimmt werden muss, welches in § 140 
gefunden ist.” (XIV. 5) 


The one imperfection in this is in regard to the question of sign. 
It is implied that the sign to precede any product, say the product 


| A, Ay A) : | A, A.) 
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is fixed by making it the same as the sign of the term 


a, a, a a, a 


A, A, A 3 Ay A, ) 
but nothing is said as to how this ensures that the 11 other 
terms of the product shall have their proper sign. 

Considerably less interest attaches to the next theorem dealt 
with,—Vandermonde’s theorem regarding the effect of the 
equality of two upper or two lower elements. All that is 
fresh is the lengthy demonstration by the method of so-called 
induction. The identities immediately following from it by 
expansion Schweins expresses as follows :— 


DVC¥|! 


POUCA ORCA HON TRA HO. ONG Gg-1%q Aq41--- re) ag ms 0 
o A 
xe 


i UF cau ene UE eme ts ons Gag SUS ATO Oreo bys Sie: Wd 
a5) Gd In ey neice ALAC ge ioe ma 
whereta = Lijetigninin. 811%: (x11. 10) 


This concludes the first chapter of the first section. 


The second chapter deals with a most notable generalisation 
and is worthy of being reproduced with little or no abridgment. 
The subject may be described as the transformation of an 
aggregate of products of pairs of determinants into another 
aggregate of similar kind. A special example of the trans- 
formation is taken to open the chapter with, the initial aggregate 
of products being in this case 


|a,b.¢,d,|.|€; 7697 om |a,b,¢5@,|.|5 fo9r| 
+ |a,b,¢5 f,|-|ds6971 — | ayb5¢394|-|dse6f7|- 


Expanding the first factor of each product Schweins obtains 
{ dylab3¢4| — dylabyeq| + Aglarybye4] — Ayleabseal }-| Csfo6r 

—{ €4|G4D5C| — €5|4yD—¢4| + €p|@yb5¢4| — e,|agb,0| } ds fe9r\ 
+{ falasbacs| — fal@abueal + folarbscal — Ailrabscal } Is eos 
—{ g,larbees — gg|a,b—C4| + Jol@yb3¢4| — g1\2bsCal }- Oigen fal: 


He then combines the terms which contain |a,b,c,| as a factor, 
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the terms which contain |a,b,¢,| as a factor, and so forth, the 
result being by the law of formation, 


|a:b,¢31-|@4¢s 697] — |2¢4|-|43¢5 091 
+ |aybs04)-|Fo¢5 697] — |¢2bsCal-|21¢s.Fo9r- 
The identity of this aggregate with the similar original aggregate 
constitutes the theorem. 

The only point left in want of explanation in connection with 
it is the construction of the aggregate of products presented at 
the outset, it being, of course, impossible that any aggregate 
taken at will can be so transformable. A moment’s examination 
suffices to show that when once the first product of all 

|@,b305%4|.|€; FoI! 

is chosen, the others are derivable from it in accordance with a 
simple law,—the requirements being (1) no change of suffixes, 
(2) the last letter of the first factor to be replaced by the letters 
of the second factor in succession, (3) the signs of the products to 
be + and — alternately. As for the first product of all, it is 
not difficult to see that the orders of the determinants composing 
it are quite immaterial. Instead of taking determinants of the 
4" and 3" orders, and producing by transformation an aggregate 
of products of determinants of the 3™ and 4" orders, we might 
have taken determinants of the (n+1)™ and m orders, applied 
the transformation, and obtained an aggregate of products of 
determinants of the n™ and (m+1) orders. This is the essence 
of Schweins’ first generalisation. His own statement and proof 
of it leave little to be desired, and are worthy of examination in 
order that his firm grasp of the subject and his command of the 
notation may be known. He says (p. 345)— 


“Die Reihe, welche in eine andere iibertragen werden soll, sei 
= x—1 C EPCS Sa an+1 By ceili cee se Sapets es ab eUOne 
Grab (yh [ete ae ASB:) |B BOR er 


wo Cal ee ee oe a 


Der erste Factor wird nach 515 in niedere Summen aufgelost 


SCs CeCe er ergy es ml n-yt+l Mo es Gy-} Ay4]. « « Any] ay 
meen MBO) = DCN a ). 


wo ome Di ye ten deat te 1 
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wodurch die vorgegebene Reihe in folgende iibergeht : 


ee oad ne Oe Wis [Bigs BBs Gothen ABs 
Ks ist aber nach 522 
SHH GLB Soko BAN Bay) Bin | Bia einen) 


ety S5(cy| Bnew Bux 
olglic 
Sel emus ee eA. 0)- || poe ep) 
oder es ist 
Ball ay wc cece ose an4+1 dditowOls Heo Uk mie stoma 
Oem (bes babe, abe) 
Ss ae woes sa roe - B,.) 
wo av eas, awe eerie 9 m+, 
Dios WAG 4s ite a eer nm+1; 


oder es ist 


pee ethers Bey 
he ee) |B BF 9) Bel) 
A 6B) 1B BBB...) 


CU DOre tO he 


(XLIX.) 
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The further generalisation of which this is possible, and which 
Schweins effects, depends on the fact that the law of formation 
twice used in proving the identity is but the simplest case of 
Laplace’s expansion-theorem, and that the said theorem can be 
similarly used in all its generality. In other words, instead of 
taking only one of the B’s at a time to go along with the A's to 
form the first factors of the left-hand aggregate, we may take 
any fixed number of them. For example, out of six B’s we may 
take every set of three to go along with two A’s, and we shall 
have the aggregate 


[A @ a3 ay 5 


Ay dhs a De bgl a 


+] 4, A, B, B, B,) B, B, B, —|a, A, B, B, B,) | B, B, B, 
t, Wags az) ag? say hy ees fit ids 1 a aa hae l 
+| 4, 4,8, B, B,)-|B, B, B,) +] 4, 4, B, B, B):| 
B, B,) 


—the sign of any term being determined by the number of 
inversions of order among the suffixes of all the B’s of the term. 


In this particular case the first use of Laplace’s expansion- 
theorem is to transform 


| @ Gg ag ay as 
|A, A, B, B, B, ) 
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and the other similar determinants each into an aggregate of ten 
products, the two factors of any product in the expansion of 


being, as we should nowadays say, a minor formed from the 
first two rows and the complementary minor. In this way 
would arise 20 rows of 10 terms each, and these being combined 
by a second use of Laplace’s expansion-theorem in columns of 
20 terms each, the outcome would be an aggregate of 10 products, 
viz., the aggregate 


% 4G ag ay B,) 


AMASB By Be 


| 4, 4,)-18, 8, BB, BB) 


) |B 
Lg) 


RBS 


ag a3 a 5, bo Ob 
| A, A, Sab 338) 
a a4 % 3 ds b bg bg 
, 8 a, A, | 8, 8, B, B, B, B, 


<B,) - 

foe 
ey B, B, BB 34) 

5B.) + 


a A) |B, a3 a4 B B b3 


ABB, BB 


) 
| 4 4))- 


£5)18 88,488) +188) 


The following is Schweins’ statement of this most general 
theorem :— 


Sy Aco Sine ee asleep aio BS a 
IEP * pga Ve Ak LB ASK, } 


The only points about it requiring explanation are the exact 
effect to be given to the symbol 2, and the meaning of the dashes 
affixed to certain of the letters. The two symbols are connected 
with each other, the dashes not being permanently attached to 
the letters, but merely put in to assist in explaining the duty of 
the >. On the left-hand member of the identity, the two 
symbols indicate that the first term is got by dropping the 
dashes, and that from this first term another term is got, if we 
substitute for B,.... B,, some other set of q B's chosen from 
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B,..-+ Bm, and take the remaining B’s to form the B’s of 
the second determinant,—the two sets of B’s being in both 
cases first arranged in ascending order of their suffixes. On 
the other side of the identity, the use of the symbols is exactly 
similar, n—q of the n upper elements a,, ...., Gn being 
taken for the first determinant of any term of the series, and 
the remainder for the second determinant. The number of 
terms in the series on the one side is evidently m!/q!(m—q)! 
and on the other n!/q!\(n—q)! 

In the demonstration of the theorem greater fulness is evidently 
necessary than in the case of the previous theorem, the rule of 
signs in particular requiring attention. This Schweins does not 
give. He merely tells the character of the first transformation, 
symbolising the expansion obtainable, and then says that a 
recombination is possible, giving the result. 

The succeeding five pages (pp. 350-355) are devoted to 
evolving and stating special cases. ‘This is by no means 
unnecessary work, as in the case of a theorem of so great 
generality it is often a matter of some trouble to ascertain 
whether a particular given result be really included in it or 
not. ‘To students of the history of the subject the special 
cases are doubly interesting, because it is in them we may 
expect to find links of connection with the work of previous 
investigators. 

The first descent from generality is made by putting some of 
the B’s equal to A’s, the theorem then being 


By «6 Wetcike we & % To pian eds Be) | by Ft tesa PA eS & "K’) 
Aes a Aye Ba nee eArraends 


1 q 
XLIX. 3 
= >(-)* ay Se or) 4 | ay ++] Coat uc a p+s+q by Won eKiewa. ee ( Oe--p ) 
A, pong Apdg | B, Washoe he Tee eueciel a: tm BosrAy eee Ay ): 


If in addition to this specialisation, some of the b’s be put equal 
to the a’s, the result is 


>| Pe SEDDK A Ue fee), ; Q'pts—ht] sesso Bit at Biko bere 
J Sep ssi pi sine ‘p+s Leese Atk—ptqthy se seeees 
(XLIX. 4) 


Zz ye | by Bere De bp, CO REeS MOR ery tr ap-+s+g—h | 
2a) Ain ye WAL Ee iF 


q 


OL CRTs Ginthe «Lettie se ne 
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—a notable theorem, which it would not be inappropriate to 
consider rather as a generalisation than as a special case of the 
theorem from which it is derived. Returning, however, to the 
preceding case, and putting k=0, we obtain 


EGON Atlin STAM fF 


(XLIX. 5) 
a SNe Bipia sos. ey fae! . a'p4s41 2 (OROLOMIEC AN a’ n+s+¢ OT eeeemen te bp ) 
Realise, a2 Beet Lene ee x, 


This may be viewed as an extension of Laplace’s expansion- 
theorem to which it degenerates when p is put equal to 0. 
Though comparatively a very special identity it is considerably 
beyond anything attained by Schweins’ predecessors. In fact, 
we only come upon something like known ground, when in 
descending further, we put init g=1. The result thus obtained 


18 
| id hs 3 apes sed | ee : a a ete: fe 
=-Aarl Ee seared nape one alkenes 


which closely resembles a theorem of Desnanot’s. The difference 
between them consists in the fact that here the second factor 
on the left-hand side is any determinant of a lower order than 
the cofactor, whereas in Desnanot the second factor is a mimor 
of the cofactor. A further specialisation, viz. putting B,=Ap44, 
brings us to the result 


OT aie ete 8 e's ee 
Me oe e © @ Asis : 


or (Xxi. 8) 
OY se 6a csi by+41 
Soe en 
The form here is that of a vanishing aggregate of products of 
pairs of determinants, and identities of this form we have 
already had to consider in dealing with Bezout, Monge, Cauchy, 


and Desnanot. ‘I'o the last of these only does Schweins refer. 
His words are (p. 352)— 


ey ba ae. sl tueles fas = () 
2B, .... Bits ; 
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“ Wird in dieser Gleichung s=2 gesetzt, so entsteht folgende :— 


SPA aR) TBAB SOL) = 0 


Bopp. ee 


wovon Desnanot einige ganz specielle Fille gefunden hat, oder 
vielmehr der ganze Inhalt seiner Untersuchung ist in folgenden 
dreien Gleichungen begriffen 


>) A\A,B,) : | 
ish A.B,) | 
>(-)* B | 


welche mit ermiidender Weitlaufigkeit bewiesen sind ...... 


db; by bg by 
BBB’ B,) ue 


db, bg by 
B,B,B,) = % 


db; bg bg by 
B’,B',B',BY,) = % 


This statement is unfortunately not by any means accurate. 
As for the “ermiidende Weitlaufigkeit,” there can be no doubt 
about it, and to assert its existence is fair criticism; but to say 
that the whole of Desnanot’s results are to be found in the three 
identities specified is a misrepresentation of the actual facts, and 
therefore quite unfair. The reader has only to turn back for a 
moment to our account of Desnanot’s work, to verify the fact 
that the two most important general results attained by the 
latter (XXII. 7 and XLy.) are ignored by Schweins altogether. 

The remaining paragraphs of the chapter are taken up with 
the very elementary case in which the products are three in 
number, and the theorem itself nothing more than one of the 
extensionals so lengthily dwelt upon by Desnanot, viz. the 
extensional of 

Ay|DyCq| — b,\a4¢,| + ¢,\a,b,| = 0. 


It is written in several forms, e.g.— 


Uy Yeie y) Sa) si thw. cules, fel wie) rel er eetel « an+m+1 ) 


Webern been 


n+m 


huia Aeon ean oe ee IEPA Aes 
Og o. siie ia a sa) altare: ee Gham an+m Oy eel os: « Seis fe; sake paveliwt el ola) ein w an+m+1 
a | DASE AeA )| Let aie aT MEY = 0. 
The next chapter, the third, concerns the solution of a set 
of linear equations, although according to the title its subject is 
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the transformation of determinants into other determinants when 
the elements are connected by linear equations. It presents no 
new feature. 

The fourth chapter deals with a special form of determinant, 
the consideration of which must therefore be deferred. Suffice 
it for the present to say, as an evidence of Schweins’ grasp of the 
subject, that the solution of the problem attempted is complete 
and the result very interesting. 

The fifth gives the solution of a problem on which the general 
Theory of Series is said to depend, the problem being the 
transformation of 


into an unending series. The numerator, it will be observed, is 
of the order «©: the denominator is of the same order: and all 
the rows of the former except one occur in the latter. Indeed, if 
the first row of the numerator were deleted, and the n™ row of 
the denominator, there would be nothing to distinguish the one 
from the other. The subject is best illustrated by a special 
example in more modern notation. Recurring to the extensional 
above referred to as the concluding theorem of the second chapter, 
and taking the case where the factors are of the 4 and 5” orders, 
we manifestly have 


|a1b,6304 [a yboess f, Ace |ab,C50,4|. |abq¢3e, f; sl + [ab 2e3 Fal -|¢O 263245] = 0, 


from which, on dividing by |a,b,¢,¢,|.|@,5:¢3¢4|, we obtain 


| ab cody fs | ci | dy doCa, | ab,C5¢4 fs | | D3 F4 On 
| AyboCse4As | | a dacse, | | dybocge4s | | a4DoC3¢4 
Similarly 
|asboesfa| _ [arbres | | a P2es. fa at | abo f5| _ 0, 
| ayb@3Cz | | aybo@s | | H1O2¢3C4 | | ab, es 
| arb. fs | ¥ | yb. | | deo F3 | lanfs si}. 
| @y€qb5 | | dy2o | | 4606s | | 44 


la, fo| nt ay |e fo wy oe 


| ets | €, | As | fi 


and 
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the last fraction of each identity, be it observed, being the same 
as the first of the next with its sign changed. From the four 
by addition we have 


| a,b cg, f leew | a,b eal, |. | ay b C34 Ss | 
| a boca és | — | a bscae4 | | yb oCgL 6s | 


| a,b ¢3| | does F4 
| W1b,@3| | @1b.C3¢4 | 


| ab.| | Ayes F3 | 


| @4€,| | AyD oe3 | 


a, |e fo| 
| 


+ 4. 


ey 


The general result, as stated by Schweins, is that 


| Ql ce wre lew Ce ee sl ere wee eee 
ey B A, ae ASA seid Tia n+m+1 
| Bysshe le es Miver ene) 6-6 esyisitele) ae leila cs ees 
Tt snp gO enCresce coamon Reece gO atem-+1 
(n) (n) (n) (n+1) (n) (n+2) m+1y7 (n) (n-+-m-+1) 
of LO VP TPS verre Viele a aay ee Via 
| nee ae) oes on Sika eRe War ates fresioe 
(n) = n- ud anise oases i £ ntm 
where Bis taal | PTR a a ee ron ec pee zt 
Ad Sekai AT AN, 
| BY 0, 5) S619 0, 0! 6, Se 18 She ie ew ge) We Nae ed Se Bay 
and Vintm) _ A, 6) Je 1S. 8 lon Ma (6) omer oie Ae Ae (L.) 
Qype: ico: vim by ee) eens) © Shoe ea keey © cy Aantm 
AO eee es A 


Since the expression thus expanded is itself one of the L’s, viz., 
L".,—as is readily seen by transferring the B from the beginning 
to the end, and denoting it by A,,,,,.,—and since Li” =1, the 
identity may equally appropriately be written with Li"), at the 
end of the right-hand member, and looked upon as the recurring 
law of foomaten of the L’s in terms of the V’s. This Schweins 
does, giving indeed the result of solving for Leer oe. 
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The Second Section (pp. 369-398), consisting of five chapters, 
and extending to 30 pp.,is devoted to a special form of deter- 
minants, viz., those already partly investigated by Cauchy, and 
afterwards known as alternants. 

The Third Section (pp. 399-403), extending only to 4 pp., 
deals with another special form, whose elements are finite 
differences of a set of functions. 

The Fourth Section, (pp. 404-431), consisting of four chap- 
ters, and extending to 27 pp., has for its subject a third special 
form, foreshadowed by Wronski, the characteristic of which is 
that one of the indices denotes repetition of an operation in- 
volving differentiation. 

When these Sections come to be considered in their proper 
places, it will be seen that very great credit is due to Schweins 
for his labours, and that he has been most undeservedly neglected. 
The fact that he had ever written on determinants was only 
brought to light in 1884:* and, so far as can be gathered, his 
treatise had no influence whatever either on the work of suc- 
ceeding investigators, or in diffusing a knowledge of the subject. 


*y. Philos. Magazine for November: An overlooked Discoverer in the Theory of 
Determinants. 


CHAPTER VII. 


DETERMINANTS IN GENERAL, FROM ,THE YEAR 1827 TO 1836. 


THE writers of this period are six in number, viz., Jacobi, 
Reiss, Minding, Cauchy, Drinkwater, Mainardi. Of these by far 
the most important both as regards quality and quantity is 
Jacobi; Cauchy contributes an investigation in which deter- 
minants are used; Minding makes some little use of the 


functions without knowing it; all the others are unimportant 
expositors. 


JACOBI (1827). 


(Ueber die Hauptaxen der Flichen der zweiten Ordnung. 
Crelle’s Journal, ii. pp. 227-233; or Werke, iii. pp. 45-53.] 

[De singulari quadam duplicis Integralis transformatione. 
Crelle’s Journal, ii. pp. 2844242; or Werke, iii. pp. 55-56.) 

[Ueber die Pfaffsche Methode, eine gewéhnliche lineidre Differen- 
tial-gleichung zwischen 2 Variabeln durch ein System von 
nm Gleichungen zu integriren. Crelle’s Journal, 11. pp. 
347-357 ; or Werke, iv. pp. 17-29.] 

We come here simultaneously on the names of a great mathe- 
matician and a great mathematical journal. Crelle’s Journal 
fiir die reine wnd angewandte Mathematik, which began to 
appear at the end of the year 1825, and which without any of 
the symptoms of old age still survives, has rendered on more 
than one occasion important service towards the advancement 
of the theory of determinants. Its first contributor on the 
subject and one of its greatest was Jacobi. At a later date he 
published in the Journal an excellent monograph on Deter- 
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minants; but even his earliest papers show that he had begun 
to find it a useful weapon of research. 

In the first of the memoirs above noted, dealing with the 
subject of orthogonal substitution, constant use is, of course, 
made of the functions; but there is no special notation employed, — 
nor indeed anything to indicate that the expressions used were 
members of a class having properties peculiar to themselves. 

In the second memoir, which likewise is taken up with a 
transformation, but in which the sets of equations involve four 
unknowns, any special notation is still avoided. Expressions, 
readily seen to be determinants of the third order, are even not 
set down, because, as the author expressly states, they would be 
too lengthy. The last clause of the passage in which this 
statement occurs is noteworthy. The words are (p. 286)— 


“Dato systemate equationum 


au+But+yy+b z= 
au+Pue+yyt+de2 
aout Paty y+ z= 
alu wk Bx ze yy ae 62 = m ; 


Ki (| emt 

ee 

SS. = 
= SS 


ponamus earum resolutione erui : 
Am-+ Alm’ + A”m" + AMm” oe U, 
Bm+ Bm’ + Bm” + B’'m’'”" = L, 
Cm+C'm' +C"’m'+C"'m" = y, 
Dm + D'm' + Dm" +D"'m" = z. 
Valores sedecim quantitatum A, B, etc. supprimimus eorum 


prolixitatis causa; in libris algebraicis passim traduntur, et algorith- 
mus, cuius ope formantur, hodie abunde notus est.” 


On the next page, in eliminating D, D’, D’, D’” from the set of 
equations 

0 = D (a _ + x) a8 Db’ + D4 + Ly Ue 

0 ae Dv’ + D’(a’+a) + Dc” + Des 

0) —_ Db” + Dc” +D"(e"+a)+D', 

O — Db” + Dc” + DD’ +D”(a” +2), 
he arranges the resultant as one would now do who had 


expanded it from the determinant form according to products 
of the elements of the principal diagonal, viz., he says (p. 238)— 
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“Fit illa, eliminationis negotio rite instituto 


wr 


O= (a-2)(a'+2)(a" +2)(a" +2) 
—(a—2)(a'+a)e'¢ — (a—2)(a" +2)c"c” — (a—a)(a" + x)¢c 
—(a" +2)(a" +0) 00 — (a +a)(a +a)b"b" — (a +a) (a + a) bb” 
+2c'c'e" (a-—a) + 2c'b"b" (a +2) (LI.) 
+ 2¢"0'"B' (a +2) + 20H" (a +2) 
ebb cle + bb Cle! + BONN" ~ Bbb"ce” — QB’ c"e"” — Bb"'e".” 


west 
C 


From the next paragraph we learn his sources of information, 
and infer that as yet Cauchy’s memoir was unknown to him. 
The first sentence is (p. 239)— 


“Inter sedecim quantitates a, 8, etc. et sedecim, que ex iis deri- 
vantur, A, A’, etc. plurime intercedunt relationes perelegantes, que 
cum analystis ex iis, que Laplace, Vandermonde, in commentariis 
academix Parisiensis A. 1772 p. ii., Gauss in disquis. arithm. sectio V., 
J. Binet in vol. ix. diariorum instituti polytechnici Parisiensis, aliique 
tradiderunt, satis not sint, paucas tantum referam, que casu nostro 
speciali ope equationum (IV) facile ex iis derivantur.” 


The third memoir is by far the most important to us. In the 
course of the investigation a new special form of determinants, 
afterwards so well known by the designation skew determinants, 
turns up; and three pages are devoted to an examination of 
the final expanded form of it. This examination, we cannot, of 
course, now enter upon; but it is of importance to note that in 
it Jacobi takes the step of adopting the name determinant,—a 
fact which doubtless was decisive of the fate of the word. The 
adoption thus made (although stated to be from Gauss), and the 
occurrence of the words “ Horizontalreihen,” “ Verticalreihen,’ 
make it probable that Cauchy’s memoir had now come to his 
notice. 


REISS (1829). 


{Mémoire sur les fonctions semblables de plusieurs groupes d’un 
certain nombre de fonctions ou ¢élémens. Correspondance 
math, et phys., v. pp. 201-215. ] 


In Reiss we have an author who starts to his subject as if it 
were entirely new, the only preceding mathematician whom he 
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mentions being Lagrange. Like Cauchy he opens by explaining 
a mode of forming functions more general than those of which 
he afterwards treats, the essence of it being that an expression 
involving several of the 7.v quantities, 


GE NP Cb rcoy Se OL 
be ba by . e e be 
Come eit. CP 
‘ees hile hii Os eR ka 


is taken, and each exponent (“exposant”) changed successively 
with all the other exponents, a, B,... , or each base changed 
with all the other bases, a, b,.... Only a line or two, how- 
ever, is given to this, the special class known to us as deter- 
minants being taken up at once. 

His notation for 


6203 — a b8c? — a2b1c3 + a2b3c! + able? — abc! 

is 

(abe, 123), (vu. 7) 
a line being drawn above the exponents to indicate permutation. 
His rule of term-formation and rule of signs are combined 
after the manner of Hindenburg. Like Hindenburg he arranges 
the permutations as one arranges numbers in increasing order 
of magnitude; but, unlike Hindenburg, after the arrangement 
has been made he determines the sign of any particular term, 
On this point his words are (p. 202) 


“Cela fait, déterminons généralement le signe du M™* produit 


(soit I) de la maniére suivante. Le nombre M sera renfermé entre 
les produits 1.2.3.../ et 1.2.3...U(J+1); soit M=m+Ax 1.2.3...1, 
de sorte que A</J+1, et m>0 et <1+1.2.3...1. Cela étant, faisons 


M=m(- 1)” (111. 25) 
This apparently means that if the sign of the 23" term in the 
expansion of 


(abed , 1234) * 


* Or (abcde , 12345), or indeed (a,4,...Gn, 123...7). 
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be wanted, we divide 23 by 1.2.3, getting the quotient 3 and the 
remainder 5, and thence conclude that the sign wanted is got 
from the sign of the 5 term by multiplying the latter by 
(—1)%. Of course 5 has then to be dealt with after the manner 
of 23, the quotient and remainder this time being 2 and 1, so 
that we conclude that thé sign of the 5" term is got from the 
sign of the 1 term by multiplying by (—1). And the sign of 
the 1% term being +, the sign of the 23" is thus seen to be 


(1h eer 


It would seem at first as if the case where M is itself a factorial 
were neglected. This however is not so, the condition m <1 + 
1.2.3...1 being corrective of the opening statement that M must 
lie between 1.2.3.../ and 1.2.3...1(J+1). For example, the 
term being the 24", we put 24 in the form 31.2.3 + 6, and 
thus learn that the sign required is different from the sign of 
the 6 term: then we put 6 in the form 2x1.2 + 2, and thus 
learn that the sign of the 6" term is the same as the sign of the 
24 term ; finally, we put 2 in the form 1Xx1+1, which shows 
that the sign of the 2" term differs from the sign of the 1*: the 
conclusion of the whole being that the signs of the 24" and 1* 
terms are the same, or that they are connected by the factor 
(—1)424), 

Though interesting in itself, a more troublesome form of the 
rule of signs for the purposes of demonstration it is scarcely 
possible to conceive, and, as might therefore be expected, it is 
on the score of logical development that Reiss’s paper is weak. 
Through inability to use the rule later in the demonstration 
of the so-called Laplace’s expansion-theorem, he is forced to 
supplement it by another convention. His words are (p. 203)— 


“Avant Waller plus loin, faisons encore la détermination suivante. 
Soit » une fonction queleonque dans laquelle les & quantités 


A,B,C,...A* entrent d’une maniére quelconque. Supposons que ces 
derniéres soient les & premiéres de l’échelle a ane wile mi sah a 
sl 7. Coit 


Qu’on fasse avec ces s élémens toutes les combinaisons sans répé- 
tition de la classe k, et qu’on les substitue successivment au lieu de 
A,B, ... A* dans la fonction w; c’est-d-dire le premier élément de 
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chaque combinaison 4 A, le second 4 B, etc. Nous obtiendrons par 
la autant de fonctions semblables &4 w qu’il y a de combinaisons 
de la classe k de s élémens. Or, entre toutes les combinaisons 
qui en précédent une quelconque, il s’en trouvera une qui aura k—-1 
élémens communs avec elle, tandis que les deux élémens qui restent 
isolés dans l'une et autre se suivent immédiatement dans |’échelle. 
Donnons a la fonction qui contient la derniére de ces combinaisons 
le signe opposé a celui de l’autre fonction ; par conséquent les signes 
de toutes les fonctions semblables 4 w seront parfaitement déterminés. 
et dépendront du signe de la premiére fonction (f(A,B,C,. . . A*)). 
Soit, par exemple, s=5, k=3; nous aurons successivement, en rem- 
plagant A,B,C, ...S parl, 2, 3, 4, 5, et en donnant le signe (+) 
4 f(123), 


+f(123), —f(124), +f(125), +f(184), —f(185) 
+f(145), ~(234), +(235), —/(245), +(345). 


Voici comment on déterminera le signe de chaque fonction sem- 

blable & w d’apres celui d’une autre quelconque. Qu’on cherche les 

RB CU A ose 

Dee POP. ass 

sous les élémens de l’une et de l’autre de ces fonctions. Si l’on 

nomme / et fh’ leurs sommes respectives, on trouvera le signe de 
Pune des fonctions = (—1)”-*xle signe de l'autre.” 


nombres qui se trouvent dans l’échelle ( 


Four theorems he considers fundamental, viz., those known to 
us as (1) Bezout’s recurrent law of formation, in all its generality; 
(2) Vandermonde’s proposition that permutation of bases leads 
to the same result as permutation of exponents; (3) Laplace’s 
expansion-theorem ; (4) Vandermonde’s proposition regarding 
the effect of making two bases or two exponents equal. The 
two most important, viz. (1) and (3), he leaves without proof, 
and the 4'* he says he would at once deduce from the 3%,— 
doubtless by choosing the expansion in which the first factor 
of every term would be of the form 


(aa, aB) 


and therefore equal to zero. 
The proof of the 2" theorem, viz., 


(abe...r,a@y...p) = (abe...7,aBy...p), 
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is by the method of so-called induction, and may be illustrated 
in a later notation by considering the case 


| % dy Us Oise Diaralet 
kepiral poe Ai ze ogeepe ree, 
CieiCy MOOR digs | Dy» (Cy 


From theorem (1) we have 


a A, ag 


b, b, b, bs b, bs 
ey eee — a, + ds 
c 
Cy Cg iN Ss ss 
Cy C, Cg 
ad, a a, a G, Gs, 
2 as 1 Os 
| Cg Cg C, og Cy Cy ls 
Ga witty hy ‘ Fe A, A, 
=e — C Gs 
b, bg b, bs b, by 


But by hypothesis all the determinants on the right here may 
have their rows changed into columns; and this being done we 
have by addition and the use of theorem (1) 


Gd, Ge Uy | me Pe 
| 
OM a BM a reg a 4 fae AT G8 
Gy S1G.k Wee ad Dab ona 
and thence the identity required. (1x. 4) 


To this proof the following note is appended (p. 207) :— 


“Cette démonstration quoiqu’assez simple semble reposer cepen- 
dant sur un artifice de calcul: mais en cherchant une démonstration 
directe, j'ai rencontré une difficulté d’un genre particulier. En effet, 
on trouve facilement que /™° terme de l’une des fonctions en question 
est aussi égal ou au méme terme de l’autre, ou généralement au m”*, 
et que, dans le dernier cas, le m™* terme de la premiére est aussi 
égal au I™* de la seconde, abstraction faite des signes. (Ix. 5) 
Mais Videntité de ces derniers (qui est de rigueur) exige des explica- 


tions trés-longues et beaucoup moins élémentaires que la démonstration 
que je viens de donner.” 
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The remaining six or seven pages of the paper are more 
interesting, and concern the subject of vanishing aggregates of 
products of pairs of determinants. The theorems were suggested 
by taking, as we now say, a determinant of even order having 
its last 7 rows identical with its first 7 rows, e.g., the determinant 


(abab , 1234), 


and using theorem (3) to expand it in terms of minors formed 
from the first m rows and their complementary minors. When 
m is even, a proof is thus obtained, as we have seen in the 
footnote to the account of Bezout’s paper of 1779, that the first 
half of the expansion is equal to zero. When m is odd, the 
method fails, although the proposition is still true.* Reiss’s 
enunciation is as follows (p. 209) :— 


“Théoréme V.—Soient les échelles 
Gre Saas ee ACE AES oT ene 


12..n, n+1, n+2,...2n UW Bis GoNn VUE mob Ae 


qu’on fasse avec les élémens f,y,..., p toutes les combinaisons 
de la classe (n—1), et qu’on les substitue successivement dans le 


premier facteur du produit 
Domne GOV cic 8 je can Ty Os fa P) 


au lieu de By... 2”; qu’on remplace maintenant dans l’autre facteur 
les exposans a”*1,..p par tous ceux qui ne se trouvent pas dans 


*It is worthy of note in passing, that a common method does exist for establish- 
ing the two cases, —a method quite analogous to Reiss’s, but difficult of suggestion 
to one who used his notation, or indeed to any one who had no notation suitable 
for determinants whose elements had special numerical values. All the change 
necessary is to make the last n elements of the first column each equal to zero. 
This causes no difference in the result when 7 is even, e.g., from the identity 


O A, A, MM 
b, ba bs b% 
a Uy le 


by bs dy 


=0 


we have, as before, 

| aby|-| agby| — | @1b3|+| Gab] + | @yb4|.| a9b3| = 03 
and when n is odd, the second half of the terms which previously gave trouble 
do not occur, 
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le premier, en ayant soin de les écrire suivant Yordre indiqué par 
les échelles. Si l’on donne au premier produit le signe (+), et quon 
détermine les signes de tous les autres d’aprés (I), la somme 
algébrique en sera =0, que le nombre m soit pair ou impair. 
(XXIIL 9) 


An example of it is 
(abe, 123)(abe, 456) — (abe, 124)(abe, 356) 
+(abe, 125)(abe, 346) — (abe, 126)(abe, 345) 
+(abe, 184)(abe, 256) — (abe, 135)(abe, 246) 
+(abe, 136)(abe, 245) + (abe, 145)(abc, 236) 
—(abe, 146)(abe, 235) + (abe, 156)(abe, 234) = 0, 


the left-hand side being nothing more than the first ten terms of 
one of the expansions of the vanishing determinant 


G, Gy Ogu lsh Ont Be 


5 &% |» 


or the other ten terms with their signs changed. Reiss’s proof 
is lengthy and troublesome, the method being to expand each 
factor in terms of the a’s and their complementary minors, 
perform the multiplications (e.g., in the special case just given 
the multiplication of 


Ay |baCg — Ay|byC3|+a3|Dye| by a4|b5¢5| —5|D4Cg| +45 |O4c,|, We.) 


and show that the terms of the final aggregate occur in pairs 
which annul themselves. 

The next theorem is of still greater interest, because it is that 
peculiar generalisation of the preceding which in later times came 
to be -known as the ‘extensional.’ The way in which it is 
established is also noteworthy, viz., by deducing it as a special 
ease from the theorem of which, as we have said, it may be 
viewed as a generalisation. The author's words are (p. 213) :— 
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“Ce théoréme nous conduit 4 une relation qui existe dans le cas 
le plus général, savoir si y—n est un nombre quelconque ou positif 
ou négatif. Supposons v>n, et v-n=N;; soient les échelles, 


epee Ci Orr MOVATT pal B epee 
Looe a NGeN Le Nee, as SN, 2N +1, 2N 42 ad sayy 
et 

(aie) Ci ee ee AT ope er 

De orcsclN Mig IN Fe aie eo ooIN, DON wel ge ON ed 5 aus a) 
Qu’on fasse avec les élémens #, y,...a%, a®*?...p toutes les 
combinaisons de la classe N—1; qu’on les substitue successivement 
au lieu de 8... aN dans le premier facteur du produit 

(Dew TAB SOR, «6 ine} ABs oP) 
Ger Det, OF. P Abs... £); 

qu’on remplace dans l’autre facteur les exposans a‘t’...p par tous 


ceux qui ne se trouvent pas dans le premier: qu’on détermine enfin 

le signe de chaque produit d’aprés (II): la somme algébrique en 

sera = 0. (xxi. 10) (XLIv. 5) 
“En effet, supposons les échelles 


ee A eens ees Ee, ie b, AeA. Mab Oe CRS 
Be eiooe, prone AON, MOM Nato 8 oo rr 1555 95.), ay ON) 


’ 


Meera? 8. Dy A Bb, schol NAS Neg! em a joensen ated Be 
N, N+1,...2N; 2N+1, 2N+2,...v-N,v-N+1, ...v,v+l1, Heyes) 


Formons avec ces élémens la fonction décrite dans le dernier théoreme : 
la somme totale en sera donc = 0, et le premier terme aura la forme 


(ab... rAB...R, aB...pA... A’) 
x(ab...TAB...R, A’... PA... P). 


Or, on voit facilement que tous les termes qui ne contiennent pas 
dans chaque facteur tows les exposans A, B, ... P, s’évanouiront 
séparément, parce quil y aura des exposans identiques dans l’un ou 
lautre des facteurs. I] ne restera done que les termes qui, contenant 
a dans le premier facteur, y épuisent successivement toutes les 
combinaisons de la classe N-—1 des élémens f, y,... p. Mais les 
signes de ces termes sont évidemment déterminés comme ils devaient 
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Vétre; partant la somme algébrique de tous les termes est =0, ce 
qu’il fallait démontrer.” 


This will be best understood by considering a special example. 
Going back to the previous theorem, and selecting its simplest 
case, we have 


|,b5|.|@gb4| — |a4Bg]-|@ob4| + |442,|-|@ob3| = 0. 
Now what the new theorem asserts in regard to this is that we 
may with impunity extend each of the determinants occurring in 
it, provided the extension be the same throughout. For example, 


choosing the extension &, 7, ¢,,* we can, in virtue of the new 
theorem, assert the truth of the identity 


|e boEsnebr|-|%aDsEsnekr] — |rds&sneb7|-|GoDsEsnekr| 
+ |ab,EsneSr|-|¢obsEseb7| = 9. 


That the two may be viewed as cases of the same theorem will 


be apparent when it is pointed out that just as the first is 
derivable from 


| 
Gy Ge Gy 


b, b, by by ae; 
A, Ug Oy athe 
b, be by | 


so the second is derivable in exactly the same way from a 
perfectly similar identity,+ viz. 


* In Reiss’s notation the extension is A, Bg... Rp. 


+ It is perhaps a little more readily seen to be derivable from 
Mh, Gg A, A, Gs Ag Ay 
Gi0y 8g 0, 105 ban By 
& bo fs &4 gs & &, 
™ 2 1 Ne 15 Ns 7 
1 $2 §3 Sq $5 % & 


= 0, 
Ag As a, ° 7 4 Os Ae by 
Be One Og ae ee Ure Canney 
& & & . » § & & 
a 18 tld gh iy Get! OS UST Nate 


Ssuisepsab fiat Rees telbire 


DETERMINANTS IN GENERAL (REISS, 1829) 187 
Oy Gz Ag Ay As Ag Gy As Ag Ay 
by bs bs b, bs be b, bs be b, 
CTtoaileen uoawibena Se). Sila fn So\4 o 


fit iby UBS TU US SU US Bile 


Many more products than three (126 in fact) arise in the latter 
case; but, for the reason stated by Reiss, only three of them do 
not vanish. 


CAUCHY (1829). 


{Sur léquation a laide de laquelle on détermine les inégalités 
séculaires des mouvements des planetes. Hwercices de 
Math., iv. pp. 140-160; or Gwvres (2) ix. pp. 172-195.] 


As the title would lead one to expect, the determinants which 
occur in this important memoir belong to the class afterwards 
distinguished by the name “axisymmetric,” and thus fall to be 
considered along with others of that class. Since, however, the 
proof employed for one of the theorems therein enunciated is 
equally applicable to all kinds of determinants, it would be 
scarcely fair to omit here all mention of the said theorem. 
In modern phraseology its formal enunciation might stand as 
follows :— 


S being any axisymmetric determinant, R the determinant 
got by deleting the first row and first column of 8, Y the 
determinant got by deleting the first row and second column of 
S, and Q the determinant got from Ras R from §, then, if R=0, 


SQ = - ¥; 
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and the theorem in general determinants whose validity is 
warranted by the proof given is in later notation— 


If |boegdy| = 0, then |asesd,|-|bye,4,| = — | aybyegd,|- | e544. (XX. 2) 


This, it is readily seen, is not a very obscure foreshadowing of 
Jacobi’s identity 


| A,B, | = | @yb9¢gd, | - | cya, | - 


JACOBI (1829). 


[Exercitatio algebraica cirea discerptionem singularem frac- 
tionum, quae plures variabiles involvunt. Crelle’s Journ., 
v. pp. 344-364; or Werke, iii. pp. 67-90. ] 


In the ordinary expansion of (aw+by+cz—t)-' there are 
evidently only negative powers of x and positive powers of y 
and z; in the like expansion of (b’'y+c’z+a‘e—t)"* there are 
only negative powers of y and positive powers of z and w; and 
similarly for (c’z+a’a+b’y—t’)"1. It follows from this that 
the ordinary expansion of 


(a+ by+ez—t)-?.(Wytcez+aa—t)*.(c"sta’e+b’y—t’)-}, 


looked at from the point of view of the powers of 2, y, g, 
contains a considerable variety of terms; for example, terms in 
which negative powers of # occur along with positive powers of 
y and z, terms in which w does not occur at all, and so forth. 
There is thus suggested the curious problem of partitioning the 
fraction 


1 
(aw+by+cz—t)(byt+cz+aa—-—t)(c"z+a'a+b’y—-t’) 


into a number of fractions each of which is the equivalent of 
the series of terms of one of those types. This is the problem 
with which Jacobi is here concerned. 

In the case of two variables he counts three types of terms, 
viz., that in which the indices of both w and y are negative, that 
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in which the index of x only is negative, and that in which the 
index of y only is negative. n the case of three variables he 
counts seven types, viz., that in which the indices of a, y, z are 
all negative, the three in which the index of only one variable is 
negative, and the three in which the index of only one variable 
is not negative. These two cases are gone fully into, with 
the result that the expressions for the three aggregates in the 
former are all found to contain the factor (ab’)-1, and the 
expressions for the seven aggregates in the latter the factor 
(a b’c’)-1, The reciprocal of each of those factors is recognised 
as the common denominator of the values of the unknowns in 
a set of linear equations, a denominator “quam quibusdam 
determinuntem nuncupamus et designemus per A.” Its per- 
sistent appearance in the problem under discussion,—a persistency, 
in fact, sufficient to suggest the change of the numerator of the 
given fraction from 1 to (a 6’) in the case of two variables and 
from 1 to (ab’c”) in the case of three,—is remarked upon :— 
“Quam determinantem in hac quaestione magnas partes agere 
videbimus, videlicet omnes illas series infinitas, quas ut 
coéfficientes producti propositi evoluti invenimus, ex evolutione 
dignitatum negativarum determinantis provenire.” Then 
fixing the attention on a unique term of the expansion Jacobi 
ventures on the generalisation that the coefficient of 


LD 2 So ies oe) 
in the expansion of 
Liane, ug. Be Uh!) 


that is to say, of 
(aw+bytez+...) (Wy teeth... )\M(Ce@p.. )ree eee, 


is the determinant 


(an ORO ee ya. (LI11.) 


No proof, however, is given, save for the cases where n=2 and 
nm=8. The proposition is most noteworthy in that it supplies 
the generating function of the reciprocal of a deternunant. 

To obtain a generalisation in a different direction, viz., from 
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(aa+by)-1(byy+a,x)7! to (aw+by)-™ (by +4,2)-”, Jacobi pro- 
ceeds in a very curious and interesting way. Denoting 


BGpOmeyOR MO + B-8a2+B-2a+B-'+a-!+a-"*B+a*B?+ 
or i al © pal 
m= 
by * 
1 1 
men ve a ee 


since it is the sum of the infinite series for (@—a)-! and (a—)7}, 
he proves after a fashion that its product by B—a or a—f is 0, 
and that therefore its product by 


aneeneeeneeeeeceeeseerenseasenesensareeseesses or 


is simply its product by — Turning then from this lemma 


to the product 


(germauh eras (cefepae aalati Ge 


where u, = ae + by, uy, = byy + ae, he substitutes for the 
first factor of it 


[agbja [oP Belay) > [Be Taby[e =F; Gay) 
his justification being the fact that 

by(Uy — by) = |agdy|@ — |dyto| + bu, — 4); 
but, on account of the said lemma, he leaves the term 6) (uw, — 4) 
out of both denominators. For the second factor there is there- 
upon substituted 


| ob, | ea ee 
b, {| ab nly — - | aot, |} + ay {| aod, |x — [bit |} 


wpe gessenpsersnsnnmcrntnnngentntnsnrnneeey | Dass 1 YS soit ioe uate nacre terrane eats 
by {| Qty | — [ads] y} + a {[ Pit] — | ab, | x} 


* Jacobi writes it ina + — with the caution that the two parts are not 


B 
to be taken as cancelling one another. Of course, also, lower down he does not 
write |a b,| but ab, ~ abo or later (a0,). 
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on the ground that we have the identity 
| gb, |+ (Uy — 4) = b, {] ab, | y — | aot |} + a {| aod, | a — [dt |}, 


the term a, {|a,b,|2 —|b,t)|} being subsequently left out of 
both denominators for the same reason as before. The result 
thus reached is consequently 


; 1 1 1 1 
CRAB Cece eae aes a) 
| 
+ 
gb, |x — | byte | | Dyto| — | toby |x 


(pear ahh abate Sly petal [tobi] ) 
| 40 |Y — | Gof, | | Agty | — | Ad, | Y 


or, if we write €, y for the values of x, y which make wu, —t, = 0, 
uw,—t, =0, 


Since the general terms of the four doubly-infinite series here 
are 


to” t,” ie weenie jit 
UL yr > Get? art? 
we deduce 
. bots fy? 
| ob, | aerarr = ea 
V.€., | Qo sf Peer tae 


SNe a et ie 


where m,7 on the one side and y, y on the other are to have 
all integral values from —« to +. Since the coefficients 


% 
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of t,"t,"/wy” on the two a must be equal, we obtain the 


theorem:—The coefficient Mere . in the expansion of 


1 
(aX + boy yeh (by +-a,x)o7 


is the same as the coefficient of tt” in the expansion of 


(byt — boty# Naot: — ayty)’ 


| agb ‘eit 1 


it being remembered that m and n are of the same sign as 
wand v respectively and thatm+n=u"+y7— 2. (x11. 2) 

In similar fashion the author deals with the case of three 
functions uw), U,, U, of three variables w, y, z, proving labori- 
ously and not very neatly the neat result 


Jadial Grgtera) Gra taaa) Gama tgaa) 


% C= iv 2 “) (orn fae (; ae a -) (8) 


thence deriving 
t me SE ai oe ye 
| A b, Ce | i a a 1) aa $ s ic 
CT lial) Sadi iar 1 oar tier’ 
and ending with the theorem :— 


The coefficient OF Sat ; in the expansion of 


i 
(ax + boy + oz)" "(by +6,2+ a,X)"1(e.2 + ax + b,y)' 


is the same as the coefficient of to"t,"t." in the expansion of 


{[b,Colty + [boeolty + [bey |ty J 1{ \ogaglty + [yay [ty + [Cy Aaftiy }”1 {lan bylty + laybalty + jagbolt, 


Jagbyc.a rete? 


it being understood that m,n, r are of the same sign as p, v, p 
respectively and that m+n+r=u+yv+p—3s. (LI. 2) 
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The corresponding results for m functions of ” variables are 
evident. They had already been enunciated in the introductory 
section of the paper, and Jacobi now merely adds “Omnino 
similia theoremata de numero quolibet variabilium, quae § 1 
proposuimus, eruuntur.” It has to be noted, however, that belief 
in the general fundamental theorem, viz., that which includes 
{a) and (() above, is more strongly induced by the elegance of 
the form of the theorem than by the mode of proof. In §1 it 
stands approximately thus— 


: l 1 1 1 
hoes ane Pe) ett ee € —; ahi Se ) 


n-1 v1 


1 ( 1 1 i 1 1 1 
Sa | See -- ses ) e Reon + cement li oe cis Setephonyessy + Botha eee =) 
A\%y—Po Po- Xo \X1—Py ae ne Pras en-1 
and then follows the passage containing the two deductions, viz., 


“quam aequationem etiam hunc in modum repraesentare licet : 


= Bn- 
> to% ty. . Oy) & 1 PoP? PyPt. + + Pri” . 
Uprott Tm hoes: roe Ps A a Pott a, Patt et: anit} 


nr 


designantibus a), 4, etc. 2), 6,, etc. numeros omnes et positivos et 
negativos a —% ad +. E quo theoremate videmus, coefficientem 
termini 

1 


=aee! 
geben TPT tS gposit 


in expressione 


1 
; -1+1 
aproth ygerth 2 unt 


aequalem fore coéfficienti termini f)% 4%... M3 
in expressione 
1 oe 199 
Rit ae (ae) 


The use here of 8,+1, @,+1,.... rather than the change 
made in the two special cases to the less natural {, 8,,_-- is 


worth noting. 
The theorems of the remaining four pages of the paper have a 


less direct bearing on our subject. 
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MINDING (1829). 


[Auflésung einiger Aufgaben der analytischen Geometrie vermit- 
telst des barycentrischen Calculs. Credle’s Journal, v. pp- 
397-401.] 


Unlike Jacobi, Minding was unaware, apparently, of the 
existence of a theory of determinants. The functions occur at 
every step of his investigation, yet he makes no use of their 
known properties to obtain his results. 

He deals with four problems in his memoir, the second two 
being the analogues, in space, of the first two. Nothing note- 
worthy occurs in connection with the latter save that use is 
made of the identity, 


By’ ivi D8 = a(b’c ” —b’¢) -E a ‘(b’c— be") — a” (be —b’c) 4 


where B= ba’ — ba, B’= ba’ — ba’, 
y= ca, cae Ca, y= C— ca’. 


This identity, it may be remembered, we have noted under 
Lagrange as an elementary case of the theorem afterwards well 
known regarding a minor of the adjugate determinant. Strange 
to say, it makes only its second appearance here fifty-six years 
afterwards. In the interim, too, no other special case of the 
theorem seems to have been established. 

The third is that if P, P’ P’, P’” be four points in space, given 
by the equations, 


g@P=aA+O6UB+eC+adD, 
qgq@P=dA+UB+e¢C+¢d)D, 
qQ’ Pp” — ate WX +. b” B + ole ée + Os D : 
gr = aN + b’’B + (gd @: + a’’D : 
then for the bulk of the tetrahedron PP’P’”P”’, we have 


RRR z Ath eae 
ABC D a qdq , 


where 


A= o (By “tt — py te) A’= 6( By / — By ea A” = 6 (By ut —6’y) Fé 


DETERMINANTS IN GENERAL (MINDING, 1829) 195 


and 
B=¢b-abl’, Yy=evce—acd, & =a d—-ad, 
3” = Oo” b’ — a’ Dis y" = OK (ole na a Cox O s& Q d’ — or rs Hee 
Bt= Oboe Gor, ys C= Cea = Gh 6M Oe 
The transformation of A+ A’+ A” into the form 
wa” |ab’e"d’”| 
—a transformation all-important for Minding’s purpose—is not 
made: but in the remark, 


‘“Man kann den Ausdruck A+ A’+ <A” leicht entwickeln, und wird 
ihn dann durch aa” theilbar finden,” 


there is evidently a foreshadowing of the identity 
le’ B.|,.la ¢ |, la at | 
la” b’|, |a’ oe’ |, |a’ dd’ | | = — wa’ ab'e’d’” |. 
la"8"|, Jae", Jaa" 


The fourth theorem, concerning the tetrahedron enclosed by 
four given planes, 


A+aB+yC+(a +b ate y)C, 
At+aB+yC+(a7 +b’ e+e y)C, 
A+aB+yC+(a" +b’ ate" yC, 
A+aB+yC+(a"+b"a+e"y)JC, 


is made dependent on the third. The intersections II, II’, IL”, I” 
of the four triads of planes are found to be given by 


gil = (be )A+(c a )B+(a@ WV )C+(@ be )D, 
g W = (be )A+(¢ a’ )B+(a@ b’)C + (a bc WD, 
g’ Il’ = (b’ eA + (6 a'”)B + (a” b”)C + (a b’ ec" )D, 
QT” = (bc JA + (ca )B + (ab \C + (abe )\D, 
where 
(be) = b(c’—c”) + D(e"—0c) + b(ce—-c), 
(ca’) = c(a’—a”) + e(a"—a) + e(a—-@), 
(ab) = a(b’—b”) + a(b"—b) + aw(b—b’), 
and (abe) = a(bc’) + b(ca’) + e(ab’), 
= a(b'e”—b’c) + a(b"c—be") + a(be'— Bc). 
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Hence, by the third theorem, 
WMD ER A +A‘+ Ae 
A B (GO D ~ 444 “(Oe Oe. ) pT 


where now 
A = 6(B8'y" = By ‘yp A’= 6 (By / —py i); Ae = 6 (By — B’y’) ry 


and 


pe (b’c’’)( ca’) = (bc)\(ca al te j= , ; . . oS = , ‘ . ' 
= (b'\(ab’). (bc (at)... w= oes Yee 
5’= (b'e’)(abe) — (be)\aUc).- Sane kw) 6 = nas 


Minding then continues (pp. 399, 400) :— 


“Man setze 
a’"(be') — a(U'c") + a'(b"e'”) — a"(b'"c) = M 
Nach den néthigen Reductionen erhalt man: 
pi = =( =¢ )M, y¥ = -@ -8)M, 8 = —(0 ce’ —b"e )M, 
BU = +(e" -c")M, y" = +(0" -0")M, 8 = +(0% Cc" —b'"c")M, 
B= -(c -c”)M, y= -(0"-b )M, 8” = —(0%c —6 e”)M. 
Hieraus erhalt man weiter : 
A = —M%(b"c —b' cc’). (b'c"), 
A’ = —M3(b'%c" —b’ cl”). {(b’c'") — (bc) }, 
A” = —M3(b c”-8'"c ). (Uc). 
Eine weitere Reduction ergiebt : 
(be” — bc) (B'e") — (Oc) (B'"c" — BC”) = ("B' — Cb") (BC). 
~ Hieraus folgt A+ A’ +A” = M38(b'c")(0’c’”), und als Resultat : 
HOI MP ab ig 
ABCD © qq"7" 


The first point to be noted here is, that since 
(bc’), (ca), (ab), 
are in later notation 
bbs be OA iGo aa a 


tse ee © in Cea. in Ustede 
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the identity 
abe’) + b(ca’) + cab’) = a(b’c’ —b’c’) + a'(be — be”) +. a'(be’ — be) 


is the same as 


‘ital aaa | Canteen eR Hinal Re MR tod BE Ai 
alec ro ee as b a a’ a” oe C b b’ b” | = b b’ b” 
lige J tick Leal La ilaneliahesialee weegsioks 


—a disguised special case of Vandermonde’s theorem (X11), the 
four elements of one row being each unity. (xu. 11) 


The next point is, that since the expression denoted by M, viz., 
a’ (be’) -_ a ‘e) ah a (b%e”’) = a’ (b’’c) 


is In modern notation 


~ ea 
- 
= 
= 


the identity 


is the same as 


b’ b” 6 b b’ b Wy 

igs cl’ Wa C co c” aha i, a” a” 

1 1 1 1 1 1 b’ b’ 7 b b’ b” b” 

ay oy” a ws a a’ a’ my rol Ca CG to ce” ie 

b’ b” b’” b b’ b”’ 1 1 1 1 es 
, uw my , yy 

CORO E Cot Gag atl 


and therefore is, like its eight companions, a fresh case of the 
theorem regarding a minor of the adjugate.* (xx. 3) 


* Instead of following Minding’s lengthy process, a mathematician of the 
present time would of course observe that the coefficients of A, B, C, D on 
p. 195 are the principal minors of M, and using Cauchy’s theorem would at 
once reach the desired conclusion, viz., that the determinant of them = M°, 
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DRINKWATER, J. E. (1831). 
[On Simple Elimination. Philosophical Magazine, x. pp. 24-28. ] 


Up to this date, almost 140 years after the publication of 
Leibnitz’s letter to De L’Hépital, no English mathematician’s 
name occurs in connection with the subject of determinants,—a 
fact most significant of the comparative neglect of mathematical 
studies in Britain during the 18th century. Apart from the 
contents, therefore, some little interest attaches to Drinkwater’s 
short paper, as being the first sign to us of that revival which, 
as is well known otherwise, had taken place some few years 
before. 

Drinkwater knew of the investigations of Cramer, Bezout, 
and Laplace; and professed only to put the elements of the 
subject “in a more convenient form.” His rule of signs is stated 
and illustrated as follows (p. 25) :— 


“Write down the series of natural numbers 1 2 3 4... n, and 
underneath it all the permutations of these » numbers, prefixing 
to each a positive or negative sign according to the following 
condition :— 

‘Any permutation may be derived from the first by considering 
a requisite number of figures to move from left to right by a certain 
number of single steps or descents of a single place. If the whole 
number of such single steps necessary to derive any permutation from 
the first be even, that permutation has a positive sign prefixed to 
it; the others are negative. For instance, 4 2 1 3...” may be 
derived from 1234.... ”, by first causing the 3 to descend below 
the 4, requiring one single step: then the 2 below the new place 
of the 4, another single step; lastly, the 1 below the new place of 
the 2, requiring two more steps, making in all 4. Therefore this 
permutation requires the positive sign.” 


In this there is essentially nothing new: it at once recalls a 
theorem of Rothe’s (1m. 8). In the following paragraph, how- 


ever, we find the discussion of a point not previously dealt with. 
The words are (p. 25) :— 


“The same permutation may be derived in various ways, and it 
is necessary, therefore, to show that this rule is not inconsistent 
with itself: thus the same permutation 4 2 13... might have 
been obtained by first marching 1 through three places, then 2 through 
two ; and, lastly, 3 through one [?], making six [?] in all, an even number 
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as before. Without accumulating instances, it is plain, if g be the 
smallest number of steps by which any number p reaches the place 
it is intended finally to occupy in that permutation, that if p should 
advance in the first instance m places beyond this, it must subse- 
quently return through m places: or, which is the same thing, it 
must at a later period of the march, allow m of those which it has 
passed to repass it, so that it will regain its proper place after the 
number of steps has been increased from g to g+2m, which, by 
the rule, require the same sign as g. The same reasoning applies 
to every other figure; and hence the consistency of the rule is 
evident.” (111. 26) 


He then establishes four properties of the functions, viz. (1) 
Vandermonde’s theorem regarding the effect produced on the 
function by transposition of a pair of letters; (2) Bezout’s 
recurrent law of formation; (3) Scherk’s theorem regarding the 
partition of one of the functions into two; and (4) Scherk’s 
theorem regarding the removal of a constant factor from one 
of the functions. The two latter theorems, which, as we have 
seen, had been stated for the first time only six years before, are 
given by Drinkwater in the following form (p. 27):— 


“(8) If any factor in f{XYZT ... (n)}, as X, be divided into 
two parts, X=V+W, the function may be similarly divided, so 
that 


S((V+W)YZT ... (n)} = f{VYZT ... (n)} + f(WYZT ... (n)}, 


placing each part of X in the same relative position (which in this ex- 
ample is the first) which X itself occupied before the division. (XLVI. 2) 


(9) If any quantity which does not vary from one equation to the 
other, and which, therefore, is not liable to be affected with an index, 
is found under the symbol, it may be considered a constant coefficient 
of every term of the developed function ; and written as such on the 
outside of the symbol: of this nature are the unknown quantities 
themselves, so that for instance, 


f{XVEZT O(n) J = Bf {XYZT (nj, 
and so of like quantities.” (XLVIL 2) 
After these preliminaries the problem of the solution of 7 linear 


equations in m unknowns is taken up. The method followed is 
essentially the same as Scherk’s. 
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MAINARDI (1832). 


[Trasformazioni di alcune funzioni algebraiche, e loro uso nella 
geometria e nella meccanica. Memoria di Gaspare Mainardi. 
44 pp. Pavia, 1832.] 

In his preface Mainardi explains that the algebraical functions 
referred to in the title are “funzioni risultanti o determinantt.” 
But although he thus speaks of them as if they were known 
to mathematicians by name, and mentions the researches of 
Monge, Lagrange, Cauchy, and Binet in regard to them, he does 
not take for granted that his reader has a knowledge of any 
of their properties. The one theorem on determinants,—the 
multiplication-theorem,—which forms the basis of the whole 
memoir, is consequently sought to be established without the 
use of any previously proved theorem. The attempt, as might 
be expected, is interesting. 

The first two sections (pp. 9-29) of the three into which the 
memoir is divided may be passed over without much comment. 
The first deals with the multiplication-theorem for two deter- 
minants of the 2nd order, and with those applications of it 
to geometry which arise on making the elements of each 
determinant the Cartesian co-ordinates of two points in a plane. 
No proof is considered necessary for this simple case, the opening 
paragraph of the memoir being ;— 


“Rappresentate CON 2m) Wns fay 2X3 Ya Yn» Yo Ys Otto quantita 
qualsivogliano, ed indicati per brevita il binomio 
Vimo la + Ym-Yq COl simbolo (%,), 
Lge Ly + Yn Ye con (pi) 
e simili, si provera facilmente essere 


il binomio 


(a) (XinYn oT XY m) (as a ®Ya) 
+ (Snd%a) (np) — (Sily)( Syl)” 
All the seven other paragraphs are geometrical. 
The second section in like manner opens with an algebraical 
theorem, viz. (p. 13)— 
{®m(Yp — Yn)} {Ca(Yo— Yo)} 
+ {®m(%p—2n)} {a (— 20)} 
+ {Ym(2p—2n)} {Ya (Ze—20)} 
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= — (Bma)(LpLe) — (Lme)(Lpla) + (na) (LmXe) 

— (&nXe)(Xn@a) + (Lpa)(n&e) — (@pile)( na) 

+ (@mp)(Xpa) — (Lm ®a)(Lpty) + (®n&>)( Xa) 

— (@n@la)(®m%) + (LpXo)(An%a) — (Xa) (An) 

+ (®mXe)(L ply) — (Lmo)(XpXe) + (An®e)(XmXo) 

— (Hylp) (Clo) A (Xpte)(AnXy) — (yly)(GnCo), (KXIX. 2) 
where {Xm(Yp—Yn)} and (a,%,) stand for 

(mYp— LpY m) + (LnYm—LmYn) + (LpYn— Ln) 
and Lmba + YmYa + 2mZa 
respectively ; and the remainder is occupied with the applica- 
tions of the theorem to geometry and dynamics. Each factor of 
the left-hand side of the identity is evidently a determinant of 
the third order, and the three pairs of lines on the right-hand 
side are each the expansion of a determinant of the same order ; 


so that in the notation of the present day the identity may 
be written 


1 ey mean | Dee San oh CSc 1 Ba @, 1 
Uae Lad, epee | on fa Satde let |p. 2 OL 
ee. ape OM Co, Cae senl. eles ie a 
| Aaa? ten Oe Mag a Die) WA Lila) 
+1 Yn @ 1 ie Ye, 2 tl |= (Label) (Ante) 
| Yp % 1 Yo % U (Wyte) (pla) 


(Gna)  (®nd) 

+) (@nia) (#no) 

(apa) (pp) 

(LmXp)  (LmCe) 

+| (8nX>p)  (WnX%c) 

(ip) (fle) 

There has been no previous instance of an identity perfectly 
similar to this; the nearest approach to such being, as the 


numbering shows, a result obtained by Binet in 1811. The 
exact character of the affinity between the two, and the general 


a a ee 
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theorem which both foreshadow, will be most readily brought 
into evidence by a little additional transformation. Taking 
first the right-hand side of the identity, we observe that the 
three determinants have only twelve elements among them, 
being obtainable in fact from a single array of three rows and 
four columns. Their sum may consequently be put in the form 


| 1 (ma) (Lp) (LnLe) 
1 (@nGq) (@Xp) (ane) 
1 (&,Xa) (Xp) (X,A¢) 
0 1 1 7 
Secondly, we observe that the first factors on the left-hand side 
are similarly obtainable from 
ray ote | 
Zn Yn 2% 1 
Lp Up Zp 1 ; 
and the second factors from 
a ae 
Lp Ud 2 1 
%e Ye % 1; 
and as the determinant which is the so-called product of these 
arrays is equal to the said left-hand member diminished by 


Lm Um 2m | Xa Va Za 
Ln Un Zn |-| X Yo % 
Lp Up 2» Le Ye Ze ’ 


Mainardi’s theorem may be put in the much altered form— 
1 (LpXa) (© Xp) (me) 
1 (nig) Cnty) (Unie) 


1 (fq) (Xp) (We) 


Wee Lees 


1 
=!&, Yn 2 Lj. Lp Yo BM 1 
1 


0 1 1 1 Tp ¥ D zy | & Ye Ze 1 
en Ym 2m La Ya %a 
— | ern Yn 2n|-| ® Yo %® 


Lp Yn % Le Ye 2% |. 
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The constitution of the 3rd section is quite like that of the 
others, the first paragraph dealing with the multiplication- 
theorem for the case of determinants of the 8rd order, the second 
paragraph with the same theorem for determinants of the 4th 
order, and the remaining eight paragraphs with geometrical 
applications. The mode of proof of the multiplication-theorem 
is partly indicated by saying that any particular case is made 
dependent on the case immediately preceding it; but its exact 
character can only be understood by a somewhat minute ex- 
amination. The investigation for the case of determinants of 
the 3rd order stands as follows (p. 29) :— 


“Si considerino i due polinomj 


Lm (YnZp— Ypen) + n(%mYp — Yep) + Xp(Ymen— Ynem) 
(1) = {Gms Yns Zh 
Ba(Yo%e — Yor) + Ue(%Yo— 2a) + Le(Yas — Yo%a) 
= {2X5 Yo, %}- 
Se ne effettui il prodotto, il quale, mediante l’equazione (a) del primo 
articolo, si potra disporre sotto la forma seguente 
Lm ba (Yrs) (YpYe) — Vial Yn'e) (YpYs) 
+ Lyla (YmYc) (Yn) — Cn®a (Y's) (YoYo) 
+ fla (Ymo) (Uno) — pa (Yo) (YnYs) 
+ Ly ly (Yo) YpYa) — Tnilo(YnYa) (Yp¥o) 
(h) + Hp ily(YrYa)(YpYe) ~ 2nXv (Yo) YnYa) 
+ yfl6(Yno) (YnYa) — Tir (Ym¥a) (Yne) 
+ Lnte(YrYau) YoYo) ~ ®nite(YnYs) YpYa) 
+ nile Yno) (You) — Tribe YmMa) Yp¥o) 
+X e(YmYa)(YnYo) ~ Tt_(YmYo) Yn) « 


Esaminando ora la quantita 


Linke {ribs (YpYo) + She (YnYo) + Cnkitye 
= 2, (YrY>) — %pXy(YuYo) — LySXp rile 
+ DyLhq {Lic (YpYo) + TeXy(YrnYo) + Lic Mr 
= Lpily(YpYo) — Lylle(YmYs) — VinXyMy% } 
4 yg {Lily (YrYo) + Erbe(YmYo) + Lmotne 
— Lyle (Ynlr) — Eni (YnYo) —~ Cmbcbnitr} 
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e le due espressioni che si traggono da questa, cambiando, prima a in 2, 
bin ¢, cin a; poscia a in ¢, cin 6, b ina; con facilita si scorge che la 
somma di questi polinomj é nulla identicamente, per cui si potra 
aggiungere al prodotto (h) senza punto alterarlo. Fatta quest’ 
addizione, l’aggregato altro non sara che lo stesso polinomio (h), ove s1 
supponga che i simboli (y,/,), (Yp¥.), ecc. Tappresentino rispettivamente 
i trinomj seguenti 


Lyk + YnYs + Pn@ oy  Tp%_ se YnYc + Ze» ECC. 


Se ora si ordineranno le espressioni (7) portando fuori dalle parentesi 
y ovvero z in luogo di a, formeremo il prodotto delle medesime cosi 
scritte, ed opereremo come sopra, il risultato sara il polinomio che si 
desume da (h) cambiando le z che sono fuori dalle parentesi in y ovvero 
in z egualmente accentate. Se faremo per ultimo la somma di queste 
tre espressioni, tal somma si caverd dal polinomio (h) scrivendo (7,,.”,) 
OVVEFO (Yp¥,) invece di 2,0, 3 (#,%,) in luogo di a," ec. ec. e sara 
eguale al triplo prodotto delle expressioni (/). 

Essendo poi quella somma divisibile per tre, effettuata la divisione 
per questo numero, avremo 


1s Yns Zp} {has Yn ’ Ze} = (pila) (ap) (x,2,) st (22a) (2,2) (XpX-) 
+ (2,0) (re) (rite) 
- (pC) (xp) (ae) — (0a) (2 nip) (22) 


— (Aq) (Lpihs) (Sano) >” 
(xvul. 6) 


That the essential points of this method of demonstration may 
be seen, let us apply it as it would be applied if adopted at the 
present day :— 

The given determinants being 


|a,b,c,| and |a,B,ys5|, 
we should say sick Pay 


|a,b.c, | = a, byes | — ay] bycg | + 3 | Oye |, 
and | ,8yy3| = a,|Byys| — a2|Biys| + a3| Brvels 
hence, using the multiplication-theorem as established for deter- 
minants of the 2nd order, and (to save on the breadth of the 
page) denoting 
da+ bB + cy +... by 


we should have 


Dat A ete 
Oxy) vn y 


| @4b.¢3|.| ayBoy | 
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Di Op De RC, Dirnty Os. 6 Di PitQin © 
See rf eee eerie Se re Hag FUL Nhe liye | Puri 9 
ob Bos'¥2 Bs¥s za » V2 Bs,¥s a Ba Yo Px 3 
OL.8en Dames Beis Dey Ce Day Cy Dg, Cp 

Ba Yo Ps,¥3 Px¥o P33 Po,¥2 Ps¥z 

Der Cerne, ys el iad OPV CPO iC 
SL le ee eee OP yg |e 
eta © o\s Bs¥s ae tenon Bs,¥3 PEN OTE), 

Ds, Cy 20s, Ce Des Ce ds, .Ca De stGa es Wes 

Bu Bs,V3 byt Ps, Buys PsVs 

by Ce abe C. D3 \Cz 0.86 bAG, DG 
ites Wet ae ee UIP oe ath le Oe Gi 
ie Buy Bo Ye ae Buy Basa #3 Pv Px V2 

bs Cz Os, Cg bs, Cz Ds, Cg Dy Cy by, Cy 
RA Ba Yo Bu Po,¥e Buy Px V2 : 


That each line of this result is not altered in substance by writing 
Olen Oats rome Ue 5) le, Uo, Co for Dar Co 
dt, BosY2 Boe a3, 33,73 3 Y3 


would probably be shown by expressing the line in the form of a 
determinant of the 3rd order, e.g., the first line in the form 


, &e, 


oy 6, G by G 
: By Yo Bs Ys 
Do C3 Oa, Cy 
Gil i a 
ie Bao BeVq 
“f bs, Cs bs, Cg 

‘ Bo Yo Bs,Y3 ; 


and increasing each element of the second column by a, times 
the corresponding element of the first, and each element of the 
third column by a; times the corresponding element of the first. 
The whole result would in this way be transformed into 


prey eee ORO gee Dies | qe 07, Cy 
141 122 
A, Ba,Yo a3, B3, 3 ay BV a3, 33,3 
Uy, Coens, a,c, |e Bo OoiCot Mey 0s, Cy 
Cnty AyQg B B 
O83 o,Ye a3, Bs, AapPpYV1 %3P3V3 
OW, Uses LG, Onn, Conan Cay x Unh Cy 
Asay ae Aso B 
Ay, Bo, Y2 Ag, 33,3 4,84, Y1 %P3V3 
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23 CG; Oy Gases 
aa, —— = 
a, ,Bi,y1 2,3 5,Y2 
Ag, bg, Cy Ag, Day Cg 
a A, Ag ars x Oo Bor: 
1,3, 2, Po V2 
Ga, Dis Cn Oe, Ogu ls 
M303 
a;,By, 7; Ay, Bo,Yo 


Now by either of the interchanges 


M1 Ag, Ug, aio os) meeges drt or Oe) 
oe by, bs, By, Ba» Bs/’ (es Cos Cy» Yi» Yao Ys 
the first columns of this,—and the first columns only,—would be 
affected, the a’s and a’s becoming b’s and #’s respectively in the 
one case, and c’s and y’s in the other; and as neither interchange 
could affect the left-hand side of our identity, we should con- 
sequently note that thus three different expressions would be at 
once obtained for |a,b,cs|.!a,8,y3|. Adding these together, and 
combining the nine determinants of the sum in sets of three by 
means of the addition-theorem (XLVI.), we should have finally 


a, 0,0, 4, 0G ren Cy 
a8 V4 ao,Bo,Yo a3, 3,73 
ees, ON RT Te MOE Re Mle) Regs 
3|a,b5¢3|.|a,Boy5 =3| 2 2 —y pie My ee 
a8; ay, Bo,Vo a3,B3, 3 
Gs, bs, Cg Mg, bg, Cg dg, Dg, Cg 
ay, By ay, 35,2 a3, Bg ¥3 ’ 


from which it is only necessary to delete the common factor 3. 


JACOBI (1831-33), 


[De transformatione integralis duplicis indefiniti 
| ier poy 
A+Bcos$+C sin ¢+(A’ +B’ cos $+ C’ sin $)cos + (A” + B’ cosh + 0” sing)sing 
0nd 
G — G’ cos 7 cos 6 — G" sin 7 sin 0 
Crelle’s Journal, viii. pp. 258-279, 321-357; or Werke, iii. 
pp. 91-158. ] 


in formam simpliciorem | 
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[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Jowrnal, x. pp. 101-128; or 
Werke, iii. pp. 159-189.] 

[De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant; una cum variis 
theorematis de transformatione et determinatione integral- 
ium multiplicium. Crelle’s Journal, xii. pp. 1-69; or Werke, 
ili. pp. 191-268.] 


The first two of these memoirs may be viewed as continua- 
tions of a memoir with a similar title, which appeared in the 
second volume of Crelle’s Jowrnal, and to which we have already 
referred. They are noted here merely in order that the thread 
of investigation may be preserved unbroken, for the last memoir 
practically swallows up, by means of its splendid generalisations, 
all those that had gone before. 

So long as we confine ourselves, in problems of transformation, 
to three independent variables, the explicit employment of the 
theory of determinants may be dispensed with. When, however, 
a sufficient number of special cases have been investigated, and 
an alluring glimpse has thereby been got of a generalisation 
involving them all, he who attempts the establishment of the 
generalisation must have recourse to the new weapon. In this 
latter position Jacobi now found himself. He wished to pass 
from the problem of orthogonal substitution in the case of three 
variables to the analogous problem in which the number of 
variables is 7, or in his own words (p. 7) :— 


“Investigare substitutiones lineares huiusmodi 


Y, = 0 + Oy By +... +O, Bey 
Yo = 04" hy + Oy" By +o . - . + Oy Tay 
= a,"e, + a.” + + a,,"2 

Y ee eT gq tt sees nm en) 

quibus efficiatur 
YY, + YoYe toe 6 + YnYn = Uyh, + Veflg +. os + Urns 

simulque data functio homogenea secundi  ordinis variabilium 
Wy, %, - ++» % transformetur in aliam variabilium 4, Yo; - + + » Yn» 


de qua binarum producta evanuerunt.” 
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This being the case he introduces determinants at the outset, 
fixing upon a notation which is practically Cauchy’s, and imme- 
diately using properties of them without proof. Much that is 
contained in the memoir falls to be considered later, as it 
concerns special forms of determinants,—those afterwards 
known as Jacobians, axisymmetric determinants, and, of course, 
determinants of an orthogonal substitution. Indeed, the half- 
page of introduction is almost all that is of interest at present, 
but even in this a new and important theorem is enunciated. 
The first sentence of it stands as follows :— 


“Supponamus, designantibus a,’ datas quantitates quaslibet, ex 
n equationibus linearibus propositis huiusmodi 


Gn — an, + ag + see ner ay. 5 


per notas regulas resolutionis algebraicze haberi equationes forme : 


Ax, = 89, + Pivot ciated tebe tee 


Ipsum A supponimus denominatorem communem yalorum incogni- 
tarum, qui per algorithmos notos formatur: sive fit 


Nv eee (n) 
= 2taa,....Q, 


signo summatorio amplectente terminos omnes, qui indicibus aut 
inferioribus aut superioribus omnimodis permutatis proveniunt ; signis 
eorum alternantibus secundum notam regulam, quam ita enunciare 
licet, ut termino cuilibet per certam permutationem indicum orto 
idem signum tribuatur, quo aflicitur productum sequens conflatum e 
differentiis numerorum 1, 2, ... , 2 


(2-1)(8-1).... (m-1).(8—2)(4-2).... (n—2).(4-3) ete, 


eadem numerorum permutatione facta.” 


It will be at once observed here that Cauchy’s italic letters S, a,b 
are simply changed into Greek ¥, a, 8. 
The next sentence is :— 


‘“‘Hadem notatione adhibita, sit 


Bait Gi Re oe Ba 


ubi ipsam B e quantitatibus 8," eodem modo compositam accipimus, 
quo A ex ipsis «,'") componitur. Quibus statutis observo fieri : 


B — Ass 


ac generalius : 


‘Ru ) -1y) 1 2 
2+ By Bo.... Bie Reo eee Moar aats (cee Ce 
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As for the first theorem thus formulated, the credit of it is, of 
course, due to Cauchy: the second, however, is new, being 
indeed the theorem referred to above under Minding as having 
been foreshadowed by Lagrange, and left for over fifty years 
undisturbed. Jacobi evidently knew it in all its generality, 
for he adds— 


“De qua formula generali cum pro variis valoribus ipsius m, tum 
indicibus et superioribus et inferioribus omnimodis permutatis, per- 
multae aliae similes formulae profluunt.” 

Jacobi’s mode of proving the two theorems occupies § 6 (pp. 
9-11). Temporarily denoting by X,, the left-hand member 
of the m™ given equation 


aa, + aft, +... + aa, = Ym 
and by Y,, the left-hand member of the m™ derived equation 
Brit Sie e ek CO iw AL,, : 
and explaining that by 
pu) ar 
@ i, = W;, 


he means the coefficient of x,~1x,71...#,~1 in a certain specified 
expansion of U, he recalls his paper of the year 1829 on the 
“ discerptio singularis,” and affirms that he had there proved 


(a3 
fore 1 me 
EXE EX 1 at 
ro eo 
sive etiam, quod idem est, 
_ tabla Shed _! 
ENS SY = 1 MiB 
; YiYo+++Yn 
ac generalius 
honetes a8 Le pir 
Cee, (Li. 4) 
1 De Fee 
= Antret:-- +rytl ee gies oe Yin il 
YiY2+ ++ Yn 
designantibus 7, %2,.+- +57 AC 51, S2,--+, 8, NUMeEros quoslibet integros 


sive positivos sive negativos.” 
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A glance, however, suffices to convince one that the concluding 
general theorem here given differs considerably from the 
theorem which he had previously enunciated and_ possibly 
proved. As originally stated the theorem .was— 


1 
EB agtlqy a+] moen-1t1 1 
0 i eae | et eerie 
y Botlp Bi+1 * gBn-1t1 
0 z at Mie: 


1 
= | pops? oe peas 


O07 O1 In - 
tty... t2n-2, 


which being altered into the notation of his present paper by 
the substitutions 


Vo tGun sive. tigen Caan 
Wn they vege rah OF Gabrg ees 
Y, Y, 
Por Py +> = A BD 
Go, A> - tay hoy 
Bia jee. ° = 8; 85; 
A = A, 
becomes 
1 
Xl Xt X ntl if 
: n 
oer An arts Tene 
= PP 5% Y a Y 82 Y Sn 
Asits+ soe toatl 1 2s em 


Yr Ya"? + Yn 
Using on both sides of this the fact that if an expanded function 
be multiplied by the product of certain powers of the variables, 
any particular coefficient in the original expansion has now for 
ae its original facient multiplied by the said product, we 
obtain 


© "0y"? .. . Hem 
v 
Kt Kd eee an 1 


CMe warn Lip 


1 Y,Y,"... Y," 
y | 


= Asitet ss +ent1 ary Een n+l 
2 Yo cis Yn : 


diy eoht taal 
Y1Y2-++Un 
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—a statement differing from Jacobi’s in having 7’s and s’s on the 
right-hand side where he has s’s and 7’s respectively. The 
oversight was probably not noticed by reason of the fact that 
in the special instances considered by him the values of any r 
and the corresponding s are the same. 

In the first of these instances he puts 


1H, =...=7,= —-1 
S3=S&=...=8,=—-1, 
and obtains , ote 
1 = Mages eetepal autigel airman 
YY2+*- Yn 
thus arriving at Cauchy’s theorem regarding the adjugate, viz., 
BrenAts! (XXI. 3) 
In the second instance, he puts 
P=, =~. St = — 1, Tad = Tee =. Hn = 0, 
8, = 8 =... = 8m = —1, Snir = Smt, =--- = om = 0, 


and obtains 


| 
Ngee mek Xp ee Lt we: 
LntiXin+2+++ Xn 


1 
man ‘| yyo—y; | Neely 
Y1Y2-++ Ym 
He then recalls the fact that by the conditions attaching to the 
expansion of the expressions enclosed in rectangular brackets 
the powers Ob ys Lorie me olen contained in the one and the powers 
Of Ymntis Ym+o.°-+ Yn contained in the other are all positive; and 
argues that as we are concerned only with terms that do not 
involve these variables, it is quite allowable to put them all 
equal to 0. This being done it is seen that 


1 it 
a = (m+1) _ (m+2) (n)? 
Dare ar tee x,| 1 >») ae Anti bmoe °** On 
Limn+1ein+2+++ Ln 
and 


1 aight 3s lat rasig 
lyxn vs hy he +i, «-. a 
Yr1Y2-+- Yn 
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so that there is obtained 
et = (m-+1) _(m+2) (n) 
pay oh CF ce ie = A” ipa PBR Ants +++ Qn > 
as was expected. 


The only other point to be noted at present is contained in 
the casual remark that the 6’s may be expressed as differential 
coefficients of A. When dealing later (p. 20), with a special form 
of determinant, he says— 


“Data occasione observo generaliter, Si a%,, et a,x inter se diversi 
sunt, propositis n aequationibus linearibus hujusmodi : 


Oy 3Uy + Ay stlg +. . - 2 + Qnty = V1, 
Gy Uy + Agellg +. +... + Ag nlln = Voy 
Oath + Gyollg +. 6c He Oninlls = Un3 
statuto 
Tiv=_>) + 11% 2 2 « « Anny 
sequi vice versa 
Tu De ore mae v 
ee Oa, 1 Ody, m fF On. n? 
or or or 
Tu = —— Vv —— es ee, x~— ¥,, 
‘ Oa. * » Ody. a a Cane ”” 
oF or or ” 
Tu, = =—%) + o— t+... . tHa—%,. (KUT5)(VLS 
ae Sai. ees Sa, %° (Xun. 5) (vr. 8) 


JACOBI (1834). 


[Dato systemate n aequationum linearium inter » incognitas, 
valores incognitarum per integralia definita (n—1)tuplicia 
exhibentur. Crelle’s Jouwrn., xiv. pp. 51-55; or Werke, vi. 
pp. 79-85.] 


This short paper is, as it were, a by-product of the investigation 
which resulted in Jacobi’s long memoir of the preceding year. 
Its only interest for us at present lies in the fact that values 
which are ordinarily expressed by means of determinants are 
here given in the form of definite multiple integrals. Indeed, 
instead of viewing the result obtained as being the solution of a 
set of simultaneous linear equations, it might be equally appro- 
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priate to consider the investigation as belonging to the subject of 
definite integration. It will suffice, therefore, merely to give a 


statement of the theorem arrived at. 
it 18,— 


“Sit propositum inter n incognitas 2, %,. 


In Jacobi’s own words, 


. . . “ae ? ey 
tionum linearium 
BZ + Oye +... + One = My 
bay + Dong + soph (OR8e = Mas 
Ooi On eae ee ack, On ai Wes 
statuamus 
xe = [Ona + Doro SF tt -+- ba, |? 
a [Dro + Dopitg +... + Onoky|? 
t+ [Din®y + Dop®y +++ + Opnkn]?, 
porro 
M = m2) + Mle +... + Mn 
ubi 


Ge (Cl ay he ye 


radicali positive accepto ; porro ponamus 


V=t D+ dude... 


gt 


a p-1) 


mn) 


systema m aequa- 


signo ancipiti, ante ipsum ~ posito, ita determinato, ut valor ipsius V 
positivus prodeat. Quibus omnibus positis, erit 


n cal |= M (b.2 5 bing qRomoear Bran) Ot, 8a « za 82-1 
’ 


orig Vy 


Int (n+2) 


Ly X2 (n+2) 


re |- M (dio, + Daca +... + Dncln) O,0ke «. « Oly —1 


nN &, 


218° V 


bel Se M (by) + Donita + +++ + Dnniln) 80498» » » Ol 
+ Ly 2 (242) 


o} 


integralibus (mn —1)tuplicibus extensis ad omnes valores reales ipsorum 
yy Zp, +++) In—1 €b positivos et negativos, pro quibus etiam 2, realis 


sit sive pro quibus 


Dh ee Pie ein teen g ca’ Lay 


et designante S aut 


1 w\3 
t 
Pee) SR 


prout n aut par aut impar.” 


(a) * 


(LIII.) (XIII. 6) 
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JACOBI (1835). 


[De eliminatione variabilis e duabus aequationibus algebraicis. 
Crelle’s Jowrnal, xv. pp. 101-124; or Nouv. Annales de 
Math., vii. pp. 158-171, 287-294; or Werke, iii. pp. 295-320. ] 


In a memoir having for its subject Bezout’s method of elimi- 

nating « from the equations 

a," +.6,- 0°71 +... bata, = 0, 

bob a eee oH 
determinants are certain to occur explicitly or implicitly; and, 
the author being Jacobi, one is not surprised to find them 
introduced near the outset and employed thenceforward. It is 
of course only a special form of them which appears, viz., that 
afterwards distinguished by the term persymmetric; conse- 
quently, for the present the main contents of the memoir do 
not concern us. Note has to be made, however, of two points 
—(1) that while Jacobi does not discard his former notation 
DE Gy 4, Aras . + + Grn, sm he introduces and uses another, viz., 


{" Os Cards 2 Te es 
ee Sao 8n| 

(2) that a page is devoted to a fuller statement of the above- 
mentioned theorems regarding the adjugate determinant and a 
minor of the adjugate. The final sentence of this statement is 
all that need be reproduced. It is 


‘Sint. igitur 1, 9,7", ss eget" otqQue, 3.035, 8 hai 75 oo eee 
omnes 0, 1, 2,..., %—1, quocunque ordine scripti; erit 


(x, pine) etini e pn) 1, r, Pen as m1) 
A ae: LPO o, , (xx. 5) 
|s, SS ego ae 885 va Se 
where L stands for Y+apoai;-.- + Gn—1,n-1 and the adjugate of L 
is D+ AgoAi,... Ann. No proofs of the theorems are given. 


CHAPTER VIII. 


DETERMINANTS IN GENERAL, FROM THE YEAR 1836 TO 1840. 


THE writers of this period are nine in number, viz. Grunert, 
Lebesgue, Reiss, Catalan, Molins, Sylvester, Richelot, Cauchy, 
Craufurd. Of these the most prominent is Sylvester, who 
apparently in ignorance of all previous work discovers the 
functions for himself, gives a fresh investigation of some of 
their properties, and in a second paper makes an afterwards 
widely-known application of them to the theory of elimination ; 
Richelot, Cauchy, Craufurd contribute papers dealing with the 
said application; Lebesgue explains the results of another 
application previously made by Jacobi and Cauchy; and Grunert 
Reiss, Catalan, Molins give elementary expositions of the general 
theory. 


GRUNERT (1836). 


[Supplemente zu Georg Simon Kliigel’s Worterbuch der reinen 
Mathematik. Art. Elimination (I. Gleichungen des ersten 
Grades), ii. pp. 52-60. ] 


With Grunert it is necessary to take a long step backward. 
Although the memoirs of Bezout, Vandermonde, and Laplace 
were known to him, in addition to those of Hindenburg, Rothe, 
and Scherk, he advances only a short distance into the subject ; 
his aim, indeed, is little more than the establishment of Cramer’s 
rule for the solution of a set of simultaneous linear equations. 
His mode of presenting the subject, however, is fresh and 
interesting, the method of “undetermined multipliers” being 
taken to start with. 
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Writing his equations in the form 


(1),@, + (2),a@ + (8),% +... +(%)2, = [1], 
(1) 90, + (2)gity + (3)qtg +...» + (ND), = (1], 
(1) gc, + (2)gatq + (3)g% +...» + (M)gt, = | 
ee (2),%» + (3),%3 ata ae ty =e (1) nLn a (1), ? 


and taking p,, 5, P3,--+-» P» a8 multipliers, he readily shows of 
course that if the multipliers can be got to satisfy the conditions 


(2), 9, + (2).P. + (2)gPg +. - - + (2)nPn = 9 
(3), 21 + (3)2Po + (3)gP3 +... - + (3),Pn = 9 
(4),P1 + (A)ope + (4)303 +... - + (4p Pn = | 
(2), Pi +(%).P. + (M)gPg+. - - -+(2),Pn = 9); 
the value of «, will be 
[11 + ope + [1],75 +... + [1 Pn . 
(1),2, + (1p. + CL), ee eG yr 
in other words, that «, can be determined at once if a function 
(1), 9; + (1). + (hype eee % Ue 
can be formed of such a character that it will vanish when 
instead of the coefficients (1),, (1)., (Dg, - - - , (1), we substitute 
the members of any one of the n—1 rows 
(2)0F (2 ask (F)s acute gles 


(4) (Alo As ---- A 


(My ()y (Mgrs so (m)y3 
the said function itself being the denominator of the value 
of x, and the numerator being derivable from the denominator 
by inserting [1],, [1], [1],,..., [1], in place of Cine 
(1);,..., (1),. Further, as any one of the unknowns may be 
made the first, the complete solution is thus put in prospect. 
“Alles kommt demnach auf die Entwickelung einer Function 
von der angegebenen Beschaffenheit an.” (xin. 7) 
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Two rules, Grunert says, have been given for the construction 
of such a function, one by Cramer, the other by Bezout. The 
former he states, and illustrates by constructing the desired 
function for the case where n=4. The proof of it is then 
attempted, and is said at the outset to consist essentially in 
establishing the proposition that a permutation and any other 
derivable from it by the simple interchange of two indices must, 
according to Cramer’s rule, differ in sign. This proposition is 
therefore attacked. The permutation 


ee Ee aay bois CCl) te ett, BE A 


is taken in which the inferior indices are in their natural order 
1, 2, 3,..., n, and k and 1 being interchanged, there arises 
the permutation 


re! ih 9B ges Gi eae Sia de B 


The part preceding (x), in A is called I., which thus of course 
also denotes the part preceding (1), in B; the part between (/). 
and (1),4, in A or between (1), and (/),+, in B is called II.; and 
the remaining part common to both A and B is called III. The 
number of inversions in both, when 1 and & are left out of 
account, is denoted by y; the number in both due to & and the 
division III. is denoted by X; the number in A due to & and the 
division II. by )’; and the number in both due to the division I. 
and k by \”. The counting of the inversions then takes place 
for the two permutations. In the case of A there are the 
inversions due 


(1) tol andk, whichare }” in number. 
(2) tol. and IL 


(CPL L0 se Pm Teel CR Pern”: 
(4) tol. and IIT. 

(by ato ke and Le ie on Cee re 
(Gy ito Me ODOs i. sowsrceck cogs je TE Te a 
Ci) mitore sande ins fads ap Tate oF oe 
(3) etomLlandriy aie G21ar, e2te (BAIR Py 


(9) to IL. and ITI. 
CUO yarvO Leonie lye ta se os fe cine aiet 
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and as those not counted here are y in number, the total is seen 

to be atB+y+tAtNV+rA’- 1. 

Similarly in the case of B the total is found to be 
atB+y+tA—N+2X —-2. 

But the former total exceeds the latter by 2\’+1, and this being 

an odd number, the proposition is proved. (111. 27) 

Before proceeding further it is important to note that Grunert 
here establishes a more definite theorem than he proposed to 
himself, viz., the theorem of Rothe (III.7). If he attains greater 
simplicity it is in part due to the fact that instead of taking any 
two indices for interchange, / and 7 say, he takes & and 1. 

To prove now that the function constructed in accordance 
with Cramer’s rule will satisfy the requisite conditions, it suflices 
to show by means of this theorem that on making any one of 
the n—1 specified sets of substitutions the function will be 
transformed into one consisting of pairs of terms which annul 
each other; in other words, to prove Vandermonde’s theorem 
regarding the effect of making two indices alike. This is done; 
and then it is shown how a, can be got by interchanging a, and 
x, in all the given equations, the first step being of course to 
establish the fact that the denominator of ~, and the denominator 
of x, only differ in sign. 

Bezout’s rule of 1764 is next taken up, and shown to be 
identical in effect with Cramer’s. The proof, by reason of the 
recurring character of the former, is inductive; that is to say, 
it is demonstrated that, if the two rules agree in the case of n 
unknowns, they must also agree in the case of »+1. Para- 
phrasing the proof, but taking for shortness’ sake the case where 
n=4, we say that it is agreed that both rules give in this case 
the signed permutations 

1234, —1248, +1428, —41238, —1824, +... 
Now for the case where n=5 Bezout’s rule directs that to the 
end of each of these permutations, e.g., the permutation — 4123, 
a 5 is to be put, and asserts that the result —41235 will be one 
of the desired permutations with its proper sign. That it is a 
permutation of the first five integers is manifest, and since the 
number of inversions in 41235 is necessarily the same as the 
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number in 4123, its sign is correct according to Cramer’s rule. 
In order to obtain four other permutations, Bezout’s rule then 
proceeds to bid us shift the 5 one place and alter the sign, shift 
the 5 another place and alter the sign again, and so on. The 
result is 

+41258, —415238, +45123, —54123. 


In regard to this, it is clear as before that permutations of the 
first five integers have been got, and that the altering of the sign 
simultaneously with the shifting of the 5 is in accordance with 
Cramer’s rule, because every time that the 5 is moved one place 
to the left the number of inversions is increased by unity. The 
only question remaining is as to whether all the permutations 
are thus obtainable; and as it is seen that each of the 24 per- 
mutations of the first four integers gives rise to 5 permutations 
of the first five, we have at once grounds for a satisfactory 
answer. (IIL. 28) 


LEBESGUE (1837). 


[Theses de Mécanique et d’Astronomie. Premiere Partie: For- 
mules pour la transformation des fonctions homogeénes du 
second degré a plusieurs inconnues. Journal (de Liouville) 
de Math., 11. pp. 337*-355.] 


This simply-worded and clear exposition is a natural outcome 
of a study of Jacobi’s memoirs on the subject. Like these it 
mainly concerns determinants of the special form afterwards 
individualised by the term axisymmetric; and, indeed, it is 
notable as being the first memoir in which a special name is given 
to a special form, the expression “déterminants symétriques” 
being repeatedly used for the particular determinants referred to. 

His general definition is (p. 343) :— 


“Si l’on considére le systéme d’équations 


Ait ap A, oto Flees gion 29 sig + Aintn = ™, 
Asit, + Aggle ee so eea. 4 AD he Ny; 
Aaah + Ate ate Re ae. a ub De rz Mrs 


* N.B.—There are two pages numbered 337. 
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le dénominateur commun des inconnues ¢,, f,, ... , #, est ce que Yon 
nomme le déterminant du systeme des nombres 


| it Ate ore Care oe Are, 

(17) 

ie An oat Oe ee te 

Comme ce dénominateur peut changer de signe, selon le mode de 


solution qu’on emploiera, on conviendra de le prendre de sorte que le 
terme A,,A,2A33 --- Anny qui en fait partie, soit positif.” (VII. 3) 


No use, however, is made of this for the purpose of establishing 
the properties of the functions, results being for the most part 
taken from previous investigators and merely restated. A nota- 
tion for what are nowadays called the minors of a determinant 
is given in the following words (p. 344) :— (XL. 7) 


“Ceci rappelé, si l’on représente par D le déterminant du systéme 
(17), par [g, 2] le déterminant du systeme qui se tire du systéme (17) 
par la suppression de la série horizontale de rang g et de la série 


i. 


verticale de rang i, et semblablement par la notation h ? .| le déter- 

d, 
minant du systéme qui résulte de l’omission des séries horizontales de 
rangs g et 7 et des séries verticales de rangs 7 et & dans le systeme (17), 
on pourra,...” 


Further, the determinants thus denoted are spoken of on 
page 346 as “déterminants partiels.” (XL. 8) 


REISS (1838). 


{Essai analytique et géométrique. Correspondance math. et 
phys., X. pp. 229-290.] 


Reiss’s memoir, the first part of which appeared in 1829, was 
never completed. In the course of some remarks introductory 
to the present essay, he says by way of excuse :— 


‘Je m’apergus bientét, et plusieurs savans me l’ont fait remarquer 
que ces recherches, fussent-elles trés-fécondes en résultats élégans, 
étaient trop abstraites pour intéresser le public qui n’apprécie 
les théories que selon le degré de leur utilité. J’ai done taché de 
montrer, par un exemple, de quelle maniére on peut se servir de ces 
fonctions dans la géométrie analytique: et jai choisi le tétraedre qui, 
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par le concours de plusieurs circonstances qu’on aura occasion de 
reconnaitre plus tard, permettait une application tres-facile et presque 
immédiate des premieres conséquences auxquelles j’étais parvenu.” 


The analytical portion of the essay is to a considerable extent 
identical with the original memoir. In so far as there is a 
difference, the change is towards greater simplicity, less’ seem- 
ingly aimless plunging into widely extensive theorems, and in 
general a better and more attractive style of exposition. Less 
space too is given to it,—not even half what is occupied by the 
portion on the tetrahedron, the main aim now being to urge on 
mathematicians the capabilities of the analysis in its application 
to geometry. 

The matters falling to be noted as not having been given in 
the original memoir are few in number and of little importance. 
In restating the theorem 


(2UG. tT, aBy ..? p) = (abe... 7, apy .-. p) 


the remark is incidentally made that the order of the terms on 
the one side is never the same as that on the other except when 
the number of bases is 1, 2, or 3; for example, the number of 
bases being 4, we have 


(abcd, 1234) = a,b,c,d, — a,b ed, — a,b,c,d, 
+ a,b.¢d, +... 


whereas 
(abed, 1234) = a,b,c,d, — @bod3e, — A4Cqb,d, 
+ 4050,0, ts 6 2 
the difference first appearing at the fourth term. (1x. 6) 


Bezout’s recurrent law of formation, formerly merely enun- 
ciated, is now accompanied by a demonstration. This is not 
without its weak point, the cause of which, as might be expected, 
is the awkwardness of Reiss’s rule of signs. The first paragraph, 
which will suffice to show its character, is as follows (p. 233) :—- 


“Portons notre attention d’abord, seulement sur la fonction 


(abe ... 7, ay... p). Si Yon se représente la maniére dont on 
° cP. ig DA Li 

fait les permutations des élémens a,6,y, .- + Pp; on verra qua partir 

de la premiere, il y aura 1.2.3... (n—- 1) complexions qui commencent. 


par a, et que, si l’on sépare cet élément par un trait vertical des autres, 
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on aura a droite toutes les permutations des élémens Byy «+ ~ p. Les 
1.2.3....(n—1) premiers termes de (abc... 7, oBy..- p) com- 
mencent donc tous par a%, et puisque les signes de ces termes sont 
déterminés d’aprés la manitre exposée plus haut, on trouvera leur 


somme =a%(be...7, By... p)” 


Vandermonde’s theorem regarding the effect, on the function, 
of interchanging two bases is stated generally, and a demonstra- 
tion is given. The mode of demonstration, which occupies one 
page and a half, will be readily understood by seeing it applied 
in later notation to the case where there are fowr bases, that is 
to say, where the theorem to be proved is 


| dabecyds| = — | baagc,ds |. 
By repeated use of the recurrent law of formation we have 


|aabgeye| = 1g) BgcyAla| — ag] Baca] + ty | battle | — cs] batptly 


= a{ bp|cyds| — b,| cede | + bs| eed, |} 
— ap{ba|c,ds| — by| cads| + bs | cad,|\ 
+ ay{ba|¢pds| — Dp | cadts| + bs|cadp|\ 
— as{ba| cpt, | — bp | cady| + b,| cacte | ¥ 


By collecting the terms which have b, for a common factor, 
bg for a common factor, and so on, this result becomes 


| aabpcyds| = — ba{ap|eyds| — ay|¢ads| + a0| ced, |} 

+ be{da|c,ds| — ay|cads| + as| cad, |} 

— b,{aa| ¢pds| — ap|cads| + a5|codp|} 

+ bs{aa|¢pdy| — ap |cady| + ay|cada|}, 

— by| agcyds| + bg| aacyds| — b,| dacpds| + bs | acd 
— | baage,ds|, 


v|> 


as was to be proved. (XL 5) 

The suggestion readily arises that this process would be equally 
applicable in proving Vandermonde’s theorem regarding the 
vanishing of a function in which two bases are identical, and 
the process, it may be remembered, was actually so employed 
by Desnanot. 


DETERMINANTS IN GENERAL (REISS, 1838) 223 


One of the theorems given by Scherk, and later by Drink- 
water, appears in the following form (p. 240), the peculiar notation 
adopted for a determinant with a row of unit elements being 
constantly employed throughout the remainder of the essay :— 


“Si une des bases, par exemple a, est telle que la quantité qu'elle 
représente soit la méme quel que soit l’exposant dont elle est affectée, 
c’est-a-dire, si at=af =aY=..., on aura 


(cbc ian f, Aue Byoni~Pp) 
= at[(bc...7, By.-.p) — (be...17, ay... p) + (be... 7, a85...p) ¥...]. 


La quantité qui se trouve sous la parenthése, peut done étre représentée 
de la maniére suivante : 


(L0G Bat, Pye bP) ; (XLVII. 3) 
en admettant une fois pour toutes que le chiffre romain I soit tel que 
1=I«=I#=Iy=... II va sans dire que toutes les propriétés qui ont 
lieu pour (abc... 7, aBy .. . p) se rapportent également a 


(Lick aat, 2 OP yay. tp) 

The character of the identities used in the treatment of the 
tetrahedron will be learned from a glance at the following 
examples :— 

a, (Ibe, 128) — b,(Iae, 123) + ¢,(1ab, 123) = (abe, 123). 

(a, —4,)(Ibe, 123) — (b, —b,)(Lac,123) + (¢,—¢,)(lab, 123) = 0. 

(ab, 12)(ac, 34) — (ab, 34)(ac, 12) = — a,(abe, 234) + a,(abe, 184), 
= +a,(abe, 124) — a,(abe, 123). 

(Lab, 123)(Iae, 124) — (Lab, 124) (Lac, 128) = — (a, —a,)(Iabe, 1234). 

(ab, 123)(abe, 124) — (lab, 124)(abe, 123) = + (ab, 12)(Labe, 1234). 


The first of these we have already seen used by Minding; the 
second is nothing more than the manifest identity, 


i Ais SR 8 i 1.0) pe all Moai 

s/f} OM Fae 
Ay—A, A, A, As a toes eh eg 0; 

by aa bs b, by bs by b, bs bs 


Cy Cn Oy Oy CC, C2 Cg 
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the third is evidently the equatement of two expansions of 


Cte te ie cits Hil ee 
G, My Oy | | Oy Oy Oy thy 
Dal bay Did; Dew: bar Dewmnd, 
A A Os Pug weigh See 


the fourth is a case of the fifth: and the fifth is itself a case 
of a theorem (C’) of Desnanot’s. 


CATALAN (1839). 


[Sur la transformation des variables dans les intégrales multiples. 
Mémoires cowronnés par V Académie royale ... de Brua- 
elles, xiv. 2™° partie, 49 pp.] 


The first of the four parts into which Catalan’s memoir is 
divided bears the title “ Valewrs générales des inconnues dans 
les équations dw premier degré, et propriétés des dénominateurs 
communs,” and in the introduction it is said to contain several 
remarkable new properties of the functions called resultants 
by Laplace “et connues aujourd’hui sous le nom de déter- 
minants.” 

His method of dealing with the opening problem is to derive 
the solution of m equations with n unknowns from the solution 
of m—1 equations with n—1 unknowns; or more definitely, to 


show that if the multipliers \,, ,, A; necessary for the solution 
of the set of equations, 


yh, + dy, + C0, = 4} 
e881 + Dott, + Cy, = ay 
Ag, + Dg, + Cyt, = a, 


be the determinants of the systems 


dy 6, az ds a, 6, 


a 


is Obs 09, a, 6, 
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then the multipliers ,,,, As, A, necessary for the solution of 
the set 


a,x, + ba, + c@, + dye, = oy 
Wet, + byt, + 6,0, + dye, = ay 
Ag, + dy + Cy, + AX, = ay 
Al, + dy, + Cl, + ye, = a4 


are the determinants of the systems 


di, 0, Cy ds bg Cs G Of %& a 6, G& 

dg 0, Cs Oy Dy Cy a b, A, 6, Cy 

Cae nei Cotas Soest ek. Drie Ce CRT 
(x11. 8) 


This of course means that in the first case 
Ary + Ay + AzAz = 9, 
BA, + BA, + br, = 0, 
os Aya + Agay + Azas. 
AyCy + Agly + AgCs 


and 
and in the other 
AyAy + Agdg + AsA3 + ry = 0,* 
BA, + bare + O5rA3 + OA, = 9, 
Cry + Core + Cgdg + GA, = 9, 


Ayay + Aga + Azaz + Ashe 


ue = RET ds Ady + A 


The proof is disappointingly weak and unsatisfactory, and, what 
ig still more surprising, rests at one point on a manifest 
inaccuracy. He says (p. 9)— 


“Par un calcul direct, on vérifie la formule (6) et les relations (5) 
pour le cas de trois équations. En méme temps, Yon reconnait que 

“1° Le dénominateur de la valeur de 2, par exemple, renferme 
toutes les combinaisons trois 4 trois des coefficients, chaque combi- 
naison ne contenant ni deux fois la méme lettre, ni deux fois le méme 
indice. 

“9° Deux termes qui, dans l’expression de ce dénominateur, peuvent 
se déduire l'un de autre par une permutation tournante ont méme 
signe. 

“3° Deux termes qui ne different que par le changement d’une 
lettre en une autre, et réciproquement, sont de signes contraires. 


* Note, however, the error in sign of A, and gq. 
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“4° Par suite, le dénominateur est le méme pour toutes les inconnues, 
= ? 
pourvu que l’on prenne convenablement le signe du numérateur.’ 


He then proceeds— 


“Supposons done que pareille vérification ait été faite pour n—1 
équations entre n—1 inconnues, je dis qu’elle se fera encore dans le 
cas de n équations.” 


Now although the statement in 2° is true for the case of three 
equations, it is not true generally, and therefore cannot be 
proved.* 

The theorems which follow this introductory matter concern 
a special determinant, viz., the determinant of the system, 


Cy apldyry Cee8h ek ds ts k, h 
Og Og Cote ae ee Kin te 
UU. Or teen Rover, 


in which the elements are connected by the 4n(n—1) relations 
ab, + dab, + dgbg +... + Andy = 0 ) 
AyCy + Ugly + AgCg +... + AnCn = 0 
Ayl, + Agl, + Aglg +... + Anln = 0 
bye, + dacy + bycg +... + dye, = 0 
bd, + bad, + bydg +... + bad, = 0 


bl, + bl, + dole +... + baln = 0 


Kyl, + kyla + kelg +... + hyly = 
Such determinants are only a little less special than determinants 


of an orthogonal substitution, and thus naturally fall to be con- 
sidered later along with those of the latter class. 


*In the proof he is fortunate (or unfortunate) enough to use another special 
case in which the statement is true. He says :—‘‘ Les deux termes Azbgcydses fo et 
er fetes, qui entrent dans D,, et qui se déduisent lun de l’autre par ile 
permutation tournante entre les lettres ont méme signe.” 
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SYLVESTER, (1839). 


[On Derivation of Coexistence: Part L* Being the Theory of 
simultaneous simple homogeneous Equations. Philosophical 
Magazine, xvi. pp. 37-43; or Collected Math. Papers, i. 
pp. 47-53.] 


Sylvester was apparently first brought into contact with deter- 
minants while investigating the subject of the elimination of « 
between two equations of the m™ and n degrees. At the close 
of a paper on this subject (Phil. Mag., xv. p. 435) he says—‘I 
trust to be able to present the readers of this magazine with a 
direct and symmetrical method of eliminating any number of 
unknown quantities between any number of equations of any 
degree, by a newly invented process of symbolical multiplication, 
and the use of compound symbols of notation.” These last 
words, indicative of the method, exactly describe the matter 
dealt with in the paper we have now come to, and as will soon 
be seen, the functions which are the outcome of the said 
“compound symbol” of operations are determinants. 

It would also appear that Sylvester was unacquainted with 
any of the important memoirs of his predecessors regarding the 
functions: the twenty-seventh chapter of Garnier’s Analyse 
Algébrique, to which he refers, may very probably indicate the 
extent of his knowledge. 

Premising that he is going to use such symbols as @,, d,, . . 
he calls the letter a the “base,” and the complete symbol “an 
argument of the base,” a, being the first argument, a, the second, 
and so on. Taking then a number of expressions, “ each of 
which is made up of one or more terms, consisting solely of 
linear arguments of different bases, 7.¢., characters bearing indices 
below but none above,” eg., the expressions, 

d,—b,, %— %3 
he alters them by writing the index-numbers above, ¢.g., 

a aes bi . a eS Ca: 
takes the product of these resulting expressions in its expanded 
form a2 — ob! — ale! + Biel; 


* Misprint for IJ., as an expression in the paper itself shows. 
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and then reverses the operation on the index-numbers, thus 
finally obtaining 
Ay — a,b, — a,c, + b,¢,. 
The full series of these operations he indicates by the letter ¢, 
and denotes by the name of “ zeta-ic multiplication.” Thus, as 
results in zeta-ic multiplication, we have 
§(a, —0,)(4, —) = Ag— 04), — 4,6, + ,¢, , 

and €(a,+b,)? = a,+2a,b,+6,.* 
Further ¢,, is used to denote that, after the operations ¢ have 
been performed, the indices are all to be increased by 7, the 
result of so doing being called the zeta-ic product in its r™ phase. 

He nexts recalls a notation previously introduced by him for 
the functions which came later to be known shortly as difference- 
products; denoting, for example, 

(b—a)(ec—a)(e—b) by PD(abc), 
(b—a)(c—a)(e—b)(d—a)(d—b)(d—c) by PD(abed), 

and “. abe(b—a)(e—a)(e—b) by PD(Oabe). 

Lastly, he combines the two notations; and any reader who 
remembers Cauchy’s mode of solving a set of simultaneous 
linear equations can with certainty predict the result of the 
union to be determinants. A new notation and a new name 


for the functions thus come into being together, the determinant 
of the system 


6,0, #6, 
Piipeitas Ke 
being represented by 
€abePD(abe) or €PD(Oabc), (vu. 9) 
and being called a zeta-ic product of differences. (Vek) 


These special zeta-ic products being reached, the rest of the 
paper is taken up with an account of some of their properties, 
and the application of them to the discussion of simultaneous 


*He would not hesitate even to extend the use of the symbol, denoting, for 
example, 
Os QM, 


1-rotyposg---: by Seos(a). 
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linear equations. Some of the matter may be passed over as 
being already familiar to us, although its earlier appearances 
were certainly made in a less picturesque dress. The first 
really fresh theorem concerns the zeta-ic multiplication of a 
determinant ¢PD(Oabc ... 1), by those symmetric functions of 
a, b, c,...,l, which we should now denote by 


DaeaDaor, Dade: 
but which Sylvester writes in the form 
Si( abe, 1) B(a0e. 121), -S,(abe.. i. 1), 


In his own words it stands as follows (p. 39) :— 


“Tet a, b, c, ... 1 denote any number of independent bases, say 
(n—1); but let the argument of each base be periodic, and the number 
of terms in each period the same for every base, namely (7), so that 


,. = Qn = On a, = Uy = Ca 
b,, - ORG, > Di b,, = bo aa ee 
, = Crtin = Cnn Pe NN tee Cn 


L, = Late a Le, L, = ly = Ling 


Y 


r being any number whatever. Then 


(PD (Oabe...1) = €(S,(abe... 1). PD(Oabe ... 2)) 
€PD(Oabe...1) = €(S,(abe... 1). ¢PD(Oabe ... 1)) 


¢_,PD(Oabc...1) = €(S,(abe... 1). (PD (Oabe ... 1)).” 
The limitation made upon the arguments of the base would seem 
to imply that the theorem only concerned determinants of a 
very special kind. Such, however, is not the case. A special 
example in more modern notation will bring out its true 
character. Let the determinant chosen be 
| @,b.c5d, |, 
and let the symmetric function be 
ab + ac + ad + be + bd + ed. 
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Multiplying the two together “zeta-ically,” that is to say, in 
accordance with the law 
A, X As = Apts, 
we find that 120 of the total 144 terms of the product cancel 
each other, and that the remaining 24 terms constitute the 
determinant 
| 4,b.¢,d5 |, 
the identity thus reached being 
§(|a,b,¢,0,|. Zab) = | a,b,c,d, |. 


Now Sylvester's PD notation being unequal to the representa- 
tion of the determinant | a,b,c,d,| in which the index-numbers do 
not proceed by the common difference 1, he would seem to have 
been compelled to give a periodic character to the arguments of 
the bases in order to remove the difficulty. At any rate the 
difficulty is removed; for the number of terms in the period 
being 5 the index-numbers 4 and 5 become changeable into 
—1 and 0, and thus we can have 


| a,b c,d, | = |a,b,c_,d, |, 
= | a_yboc,dy |, 


—a determinant in which the index-numbers proceed by the 
common difference 1, and which is obtainable from | «,b,c,d,| by 


diminishing each index-number by 2. Sylvester’s form of the 
result thus is 


¢{S,(abed). €PD(Oubed)} = €,PD(Oabed).* 


*It is rather curious that Sylvester overlooks the fact that the legitimate 
equatement of two zeta-ic products implies an identity altogether independent 


of the existence of zeta-ic multiplication. Thus, the identity just discussed is 

essentially the same as the identity 

@ a? a> “at a a at ad 

OO Os be b b2 bt BB 
x (ab + ac + ad + be + bd + cd) = 

CICERO Ce © Licluechwucs 


d. dd da d @ dt al, 


where the index-number denotes a power and the multiplication is performed in 
accordance with the ordinary algebraic laws. From this point of view the above 
quoted proposition of Sylvester’s involves an important theorem regarding the 
special determinants afterwards known by the name of alternants. 
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Following this comes the application to simultaneous linear 
equations, or as they are called “equations of coexistence.” The 
system is represented by the typical equation 


ant bytoe+... +1t=0, 


in which r can take up all integer values from —« to 5.0, 
there being really, however, only n equations, because of the 
periodicity imposed on the arguments of the bases. One so- 
called “leading theorem” is given in regard to the system, its 
subject being the derivation of an equation linear in @, y, 2,...,¢ 
by a combination of the equations of the system. The theorem 
is enunciated as follows (p. 40) :— 


“Take f, g,..., & as the arbitrary bases of new and absolutely 
independent but periodic arguments, having the same index of perio- 
dicity (n) as a, 6, ¢c,..., J, and being in number (n-1), «e., one 


fewer than there are units in that index. 

“The number of differing arbitrary constants thus manufactured is 
n(n—1). 

“Tet Av+By+Cz+ ... +Lt=0 be the general prime derivative 
from the given equations, then we may make 


A = (PD(0afg ... k) 
B=<PD(Obfgiw.4) 
Cr=-(PD (Ocfg. =. &) 


L = (PD(Olfg... k).” (XIII. 9) 
As in the case of the other theorems, no demonstration is 
vouchsafed. In order, however, that the connection between it 
and previous work may be more readily manifest, it is desirable 
to indicate how it would most probably be established now. 
Taking the case where the number of unknowns is three and 
the number of given equations fowr, viz.— 


x 


ae + by +¢2 = 0 
a + bey + 62 = 0 
a, + bey + ¢,2 = 0 
aye + by + G2 = 9), 
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we should form an array of 4(4—1), i.e. 12, arbitrary quantities, 


fi 9 hy 
to Go Ne 
ts 93 Ns 
te 9s Ma, 


from which we should select the multiplier | /,9,4,| for the first: 
given equation, the multiplier |f,\g,h,| for the second equation, 
and so on. The multiplication then being performed we should 
by addition obtain 


|afogsrs|e + lO fogsaly + lahegss|2 = 9, 

which is what Sylvester would call “the general prime deriv- 
ative of the four given equations,” the process being an instance 
of what he would similarly term the “derivation of coexistence.” 

By proper choice of the arbitrary quantities it may be readily 
shown, as Sylvester proceeds to do, that the theorem gives (1) 
the result of the elimination of m unknowns from 7 equations ; 
(2) the two equations of condition in the case of +1 equations 
connecting » unknowns; (3) the ratio of any two unknowns in 
the case of m—1 equations connecting unknowns; and (4) the 
relation between any three unknowns in the case of n—2 equa- 
tions connecting n unknowns. For example, the equations being 


ae + by +¢,2 = 0 
a + by + cz = 0 
ase + by + ¢,2 = 0) , 


the theorem gives the general derivative 


aA nm by Si N Oh % 
My fy go |e+ Cloaks as Y. tlle: Sern Je |S 0), 
Gd fs gs bs Ts 9s Cs Je'Gs 


which is true whatever f,, f,, fy Jy Jo Jz may be. By putting 
Sv So Fy Iv Jor J3= Oy by bg, Cy, Cy, Cg, this takes the form 


| tyboeg|@ + | dds] y + |cybocg|2 = 0, 
whence the equation of condition, or resultant of elimination, 


|a,b.c,| = 0. 
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As a corollary to one of the deductions from the leading 
theorem,—the deduction numbered (8) above,—the following 
proposition of a different character is given (p. 42) :— 


“Tf there be any number of bases (abc... 1), and any other, two. 
fewer in number, (fg ... &), 


CED (Gig. k) xeCED(be.. 1) 
+ (PD(bf/g ...k) x (PD(a... It) 
+ (PD(afg ...k) x €PD(bc... 1) 


+ (PD(Ifg...k) x (PD(abe... ) = 9, 
a formula that from its very nature suggests and proves a wide 
extension of itself.” (xxu. 11) 
It belongs evidently to the class of vanishing aggregates of 
products of pairs of determinants, of which so many instances 
have presented themselves. There is a manifest misprint in the 
third product, which should surely be 

COD Genk) CE D(a Uys 
and there is an error in the signs connecting the products, 
which, instead of being all +, should be + and — alternately. 
When the determinants involved are of the third order, the 
theorem in the later notation is 


|sfo9s1-|O1Cods| — [Pi f29s1-12xC2%s] + |eufo9s|-|41P2%3| — |2:fo9s|-|4150¢s| = 9, 
which is readily recognised as an identity given by Bezout. 


With this theorem the paper proper ends, but in a postscript 
an additional theorem of a curious character is given. As 
enunciated by the author—even his double mark of exclamation 
being reprinted—it is (p. 43) :— 

“Let there be (n—1) bases a, 0, ¢, ..., J, and let the arguments 
of each be “recurrents of the n order,” that is to say, let 


Qrt Qari Qart 
a; = (cos. =), b = ¥(cos. =), ¢ = x (cos. =), 


I ( =) 
bn Ipc 0( 608 J— |), 
n 
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Let R, denote that any symmetrical function of the 7 degree 1s 
to be taken of the quantities in a parenthesis which come after 
it, and let S indicate any function whatever. Then the zeta-1c 
product, 

¢(€R,(abe ... 1) x GSPD(Oabe ... 1)) 


is equal to the product of the number 
Qa a Ma 4a — . 4a 
R,( (cos. = + —l.sin =), (cos. +/= 1. sin =) ) 
(cos. + = 1. sin =) ees ate 


C08. (Caos RISE te a0-0")) 


n 
multiplied by the zeta-ic phase 
(-PD(Oabe ... 1) !!” 


Unfortunately the meaning of the proposition is seriously 
obscured by misprints and inaccurate use of symbols. Instead 
of “rt” degree we should have ¢ degree; the € preceding 
R,(abe ... 1) is meaningless, and should be deleted; € preceding 
SPD (Oabe ... 1) in the first member of the identity is unnecessary 
when a ¢ has already been printed at the commencement; and 
the subscript p, although giving an appearance of greater 
generality, serves no purpose whatever. Making the corrections 
thus suggested, and denoting 


2 - 2 4 —- 4, 
aT . a7 wie . Tv 
cos ——-+x/—1sin =, cos —+s/—1 sin, be 


which are the roots of the equation 


grb + grt 4 gn-8 + +a+1=0, 


by a, B, y,..., A, we are enabled to put the theorem in the 
more elegant form 
C{R,(G, bye. se 0). BOO a borat allt 


= ¢{B,(a,8,y,..., ).¥.PD(0,a,b,¢,... , l)}. 


It is readily seen to be a generalisation of the first theorem of 
the paper, into which it degenerates when 9, instead of being any 
function of a,b,c, ... 1, is a constant, and R,, instead of being 
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any symmetric function, is one of the series La, Dab, Labe,.... 
As, however, the constant R,(a,8,y,... 2) on the right-hand side 
will then be one of the series, Ya, La8, LaBy,.... and will 
not therefore be +1 unless when ¢ is even, there must be an 
inattention to sign in one or other theorem. The matter can be 
more appropriately inquired into when we come to the subject 
of alternants, because, as has been pointed out in a recent foot- 
note, it is to this branch of the subject that identities between 
two zeta-ic multiplications of difference-products really belong. 
This early paper, one cannot but observe, has all the charac- 
teristics afterwards so familiar to readers of Sylvester's writings, 
—fervid imagination, vigorous originality, bold exuberance of 
diction, hasty if not contemptuous disregard of historical 
research, the outstripping of demonstration by enunciation, and 
an infective enthusiasm as to the vistas opened up by his work. 


MOLINS (1839). 


[Démonstration de la formule générale qui donne les valeurs 
des inconnues dans les équations du premier degré. Jowrn. 
(de Liouville) de Math., iv. pp. 509-515.) 


The real object of Molins was simply to give a rigorous 
demonstration of Cramer’s rules. His literary progenitors, so 
far as determinants were concerned, were apparently Cramer, 
Bezout, Laplace, and Gergonne, the last of whom, it may be 
remembered, wrote a paper which might well have borne the 
same title as the above. The writer, however, whose work that 
of Molins most closely resembles is Scherk, and very probably 
the two were unknown to each other. Both had the same 
purpose in view, and both used the method of so-called 
“mathematical induction.” The difference between them may 
be most easily explained by using a special example and modern 
notation. 

To make the solution of the set of three equations 


yx + AsY + 3% = Ay 
be + boy + b52 
C10 + CoY + Cee 


l| 
o 
& 


l| 
& 
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dependent upon the already obtained solution of two, Scherk put 
the first pair of equations in the form 


A,0 + Agy = Ay — Agz 
bat by = by - ny ; 
solved for « and y, and substituted the values in the third 
equation. 
Molins, on the other hand, having used the multipliers ™,, 
m,, 1, with the equations of the given set, performed addition, 
solved the pair of equations 


My + Mody + Cy = A 
Md, + Mgbdz + ¢, = 0 


for m, and m,, and substituted the obtained values in the result 


My, H Mads + Cy (x1. 10) 
1 Ma, + Mob, + Cy 


His exposition is laboured and uninviting. 


SYLVESTER (1840). 


[A method of determining by mere inspection the derivatives 
from two equations of any degree. Philosophical Magazine, 
xvi. pp. 1382-135; or Collected Math. Papers, i. pp. 54-57.] 


The two equations taken are 


Ug + Gatien eee Ae + Ay = 2} 
(Pa = Dee ee + o ae 4 b,x aa by — (0) ) 


and rules are given for attaining three different objects, viz. (1) 
a rule for absolutely eliminating #; (2) a rule for finding the 
prime derivative of the first degree, that is to say of the form 
Ax—B=0; (3) a rule for finding the prime derivative of any 
degree. The first of these concerns the process afterwards so 
well known by the name “dialytic.” Only part of it need be 
given (p. 1382) :— 

“Form out of the a progression of coefficients m lines, and in like 


manner out of the progression of coefficients form n lines in the 
following manner: Attach m—1 zeros all to the right of the terms in 
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the a progression ; next attach m— 2 zeros to the right and carry 1 over 
to the left; next attach m-—3 zeros to the right and carry 2 over to 
the left. Proceed in like manner until all the m-—1 zeros are carried 
over to the left, and none remain on the right. The m lines thus 
formed are to be written under one another. 

Proceed in like manner to form n lines out of the ) progression by 
scattering n — 1 zeros between the right and left. 

If we write these n lines under the m lines last obtained, we shall 
have a solid square m+n terms deep and m+n terms broad.” _—(LIV.) 


_ The rest of the rule deals of course with the formation of 
the terms from this square of elements, the old and familiar 
method being followed of taking all possible permutations and 
separating the permutations into positive and negative. As 
applied by Sylvester in the case of the elimination of x between 
the equations 

ax +be +e =0 

lae®+me+n = A 


that is to say, as applied to the development of the determinant 
of the system 


Gabe srcwn0 
(iy 2k 
Laat 0 
OW aanetiir 


the method is lengthy. 

No hint at an explanation of this or either of the two other 
rules is given. The principle at the basis of them all, however, 
is essentially that of the preceding paper. A single example 
will make this plain, and will at the same time serve to give 
a better idea of the two remaining rules than could be got by 
mere quotation.* Let the two given equations be 


Aa lphak tek anal 
azt + Bai + yx? + du +e = 0)> 


and suppose that it is desired to obtain their “prime derivative ” 
of the 2nd (r“) degree, that is to say, the derivative of the form 


Av? + Bx + C = 0. 


* The third rule is incorrectly stated. 
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Taking the first equation followea by m—r—1 equations derived 
from it by repeated multiplication by 2, and thea the second 
equation followed by n—r—1 equations derived from it in like 
manner, we have m+n-— 2r equations, 


ant + bai + ca? + da = 0 


tet at ede =a 
ax* + Bar + ya*+ du te = 0), 


from which we have to deduce an equation involving no power 
of higher than the 2nd. To do so we employ, as just stated, 
exactly the same method as was used in obtaining the “leading 


theorem” of the preceding paper. That is to say, we form 
multipliers 
a b i eco kk, a 
al, a Bch a db], 
effect the multiplications, and add, the result being 
a b ataee wea a 
G2 Db eH t+ be, bd Boe Pal ee ey eae (LIV. 2) 
a B y a ma) pos Set 


This is what Sylvester’s third rule would give. His second rule 
is simply a case of the third, viz. where r=1; and his first 
rule is another case, viz., where r=0. Had he followed the 
order of his former paper, he would have called the third rule 
his “leading theorem,” and given the others as corollaries 
from it. 


RICHELOT (May 1840). 


[Nota ad theoriam eliminationis pertinens. Crelle’s Journal, 
XXi. pp. 226-234; or Nouv. Annales de Math., ix. pp. 228- 
232, 


Just as Jacobi (1835) brought determinants to bear on Bezout’s 
abridged method of eliminating w from two equations of the n“* 
degree, so did his fellow-professor Richelot, in treating of the 
other method of elimination, Euler’s and Bezout’s, discovered in 
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the same year (1764). Euler's method, it will be remembered, 
consists in transforming the problem into the simpler one of 
eliminating a set of unknowns from a sufficient number of 
linear equations; and Richelot in a few lines (p. 227) points 
out that this may, of course, be done by equating to zero the 
determinant of the system of equations. An investigation 
connected therewith occupies the main portion of the paper. 

Sylvester’s method (1840) is described in passing, and the 
principle at the basis of it given. We have just seen that, when 
originally made known by the author, it was merely in the 
form of a rule without any explanation. Although no doubt 
exists as to the mode in which it was obtained, still this first 
published description, of the mode by Richelot deserves to be 
put on record. The whole passage in regard to it is as follows 
(p. 226) :— 


“Quam equationem* inveniendi methodi diverse a geometris 
adhibentur, ex quarum numero eius, que a clarissimo Sylvester in 
diario The London and Edinburgh Philosophical Magazine and Journal 
of Science nuper exposita est, mentionem faciendi hance occasionem 
haud pretermittere velim. Ibi illius eliminationis problema reducitur 
ad problema eliminationis m+n—-1 quantitatum ex systemate m+n 
equationum linearium. Multiplicata enim equatione f,=0 ex ordine 


per "1, y"*, ...., y°, nec non s«quatione fx=0 ex ordine per 
y™, y, ...., y®, adipiscimur systema m+n equationum linearium 
inter quantitates y™*""1, y™*""*, ..., y°, quarum m+n-—1 prioribus 


b) 
eliminatis, equatio inter coefficientes ¢ a’ et a” prodit. Que eliminatio 
facillime ita instituitur, ut determinantem harum m+n equationum 
linearium ponamus =0. Determinans vero, cum quantitates a’ et a” 
in equationibus ipse tantum lineariter involvantur, et quantitates 
a’ in n, nec non quantitates a” in m ceteris equationibus solis reperi- 
antur, respectu illarum dimensiones nt est, respectuque harum mtz. 
Unde concluditur, eam positam =0, esse quesitam illam #quationem 
finalem X=0, que omni factore superflua careat. Notissima enim 
est proprietas ab Eulero inventa xquationis X=0, quod eius dimensio 
respectu quantitatum a’ est =, atque respectu quantitatum a" =m, 
ita ut queque functio integra evanescens, inter quantitates a’ et a’, 
has dimensiones quadrans, pro genuina equatione finali habenda 
sit.” (LIV. 3) 


* T.e., equationem finalem. 
+ The equations are taken in the form 


fr =U ny™ $B mf + os +H = 0, 
fo = ony” +a pay™? +2 $0" = 0. 
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Taking Sylvester’s example, 


aw +beate= 4 
ax’? + Bx+y= 0), 
and doing as Richelot here directs, we should first multiply both 


members of the first equation by a"! and by a, then both 
members of the second by «7 and by a“, thus obtaining 


aa + ba? + ca = 0; 
az?+ be+c=0, 
ax? + Ba? + yx =0, 


ax’? + Bx+y=0, 


and finally eliminate from these four equations 2%, 2%, a, by 
equating to zero the determinant of the system. 

The statement “Ibi illius..... linearium,” which seems to 
contradict what we have above said in regard to the absence 
of explanation in Sylvester's paper, is not literally true. 
Richelot may have meant by it that Sylvester's result implied 
that the problem had been transformed as stated. 


CAUCHY (1840). 


[Mémoire sur ’élimination d'une variable entre deux équations 
algébriques. Haercices d'analyse et de phys. math., i. 
pp. 385-422; or Guvres completes, 2° Sér. xi.] 


After the appearance of the special papers on this subject by 
Jacobi, Sylvester, and Richelot, a review of the whole matter 
could not but be a desideratum. This was supplied by Cauchy 
in the singularly clear and able memoir which we have now 
reached, After an introduction of four pages there is an 
account (1) of Newton’s method as expounded by Euler in 1748; 
(2) of Euler’s and Bezout’s method of 1764; (3) of Bezout’s 
abridged method; and (4) of a method* by means of the 
differences of the roots of the equations. 


* Euler’s, although not called so. 
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Kuler and Bezout’s method is shown to lead to the same 
determinant as Sylvester’s, and the cause is made apparent. 
Cauchy’s says (p. 389) :— 


“Supposons, pour fixer les idées, que les fonctions f(z), F(z) 
“a lune du troisiéme degré, l’autre du second, en sorte qu’on 
% F(a) = aa? + bx? + cx + d, 

F(z) = Av? + Br+C. 
Alors u, v devront étre de la forme 
u= Px +Q, 
0= p+ get; 
_ et, si l’on élimine « entre les deux équations 
f(a) = 0, F(e) =0, 


Véquation résultante sera précisément celle qu’on obtiendra, lorsqu’on 
choisera les coefficients 


P: ? q Tr; PB; Q 
de maniére 4 faire disparaitre x de la formule 
(2) uf (x) + vF (x) = 0, 


par conséquent de la formule 
(Px+Q) f(x) + (px? +qa+r)F (x) = 0, 

que l’on peut encore écrire comme il suit: 

(3) Paf(x) + Qf(x) + parF (x) + gz (z) + rF(a) = 0. 
Les valeurs de 

~p o] q) T; Us Q 

qui remplissent cette condition sont celles qui vérifient les équations 
linéaires, 


aP + Ap = 0; 

bP + aQ + Bp + Ag = 0; 

(4) cP + b1Q + Cp + Bg + Ar = 0, 
dP + cQ + Cq + Br = 0, 

+ aQ + Cr = 0. 


Done, pour obtenir la résultante cherchée, il suffira d’éliminer les 


coefficients 
P; Q, P by q, ie 
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entre les équations (4), ou, ce qui revient au méme, d’égaler 4 zéro 
la fonction alternée formée avec les quantités que présente le tableau 


i nt 
en Dy BAS alls 
(5) Cr FCA Bea, 
a, ej 04 YCAGB; 
0, 9d. OOO 


On arriverait encore aux mémes conclusions en partant de la 
formule (3). En effet, choisir les coefficients P, Q, p, g, 7, de maniére 
a faire disparaitre de cette formule les diverses puissances 


Sa ee eee 
de la variable 2, c’est éliminer ces puissances des cing équations, 


(6) af(z)=0, f(z) =0, 2F(r)=0, aF(z)=0, F(z) =0, 
ou 


at + be + ca? + dx = 0, 

axe + bar®+cx + d = 0, 

(7) Az* + Ba? + Ca? = 0), 
Ax’ + Ba? + Cz = 0), 


Az? + Br + C = 0, 


C’est done égaler & zéro la fonction alternée formée avec les quantités 
que présente le tableau, 


hee Osa; Shwe 
Ot be Cee tie 
(8) Ae Oe Cee Ue 
0," (A BAGS 70; 
0,0) Apes. OC 


Or cette fonction alternée ne différera pas de celle que nous avons 
déja mentionnée, attendu que, pour passer du tableau (5) au tableau 


(8), il suffit de remplacer les lignes horizontales par les lignes verticales 
et réciproquement.” (LIV. 4) 


Bezout’s abridged method for the equations 


age" + ae +....+4,0¢+a, = 0 
bye" + be +... tbe + 8, = st 
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is shown to lead to the final equation 

S.= 0, 
where S is “une fonction alterndée de l’ordre n formée avec les 
quantités que renferme le tableau, 


ert Ase Aon AD yer A 
Aoi Ay fat eer Ain-2 Ain-1 


Aon—2 Ain sn Ae fe me. A,-on-1 
Aon-1 Ain FLe 2 3e Ages A tect ‘ 


in which 
Agi = Ais: — Opti, 
Ay = Obie — O04 + Aarts, 
Ag, = Odin — betas + Aries 


In connection with this, however, no reference is made to 
Jacobi’s paper of 1835. 

The fourth method, which occupies much the largest space 
(pp. 397-442), is not a determinant method. 


SYLVESTER (January 1841). 


[Examples of the dialytic method of elimination as applied to 
ternary systems of equations. Cambridge Math. Jowrn., ii. 
pp. 232-236 ; or Collected Math. Papers, i. pp. 61-65.] 


In returning to extend the method, here and generally after- 
wards called “dialytic,” Sylvester takes occasion to say that 
“the principle of the rule will be found correctly stated by 
Professor Richelot of Kénigsberg in a late number of Crelle's 
Jowrnal.” It may be noted, too, that he now for the first time 
uses the word determinant. 

Only the first and last of the four examples need be given, 
as the subject strictly belongs to the application rather than 
the theory of determinants. Even these, however, will suffice 
to show the masterly grip which Sylvester had of his own 
method. 
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“To eliminate a, y, z between the three homogeneous equations 
Ay? — 2C’zy + Ba? = 0 (1), 
Bz? — 2A’yz + Cy? = 0 (2), 
Ca? — 2B’ + Az? = (3). 


Multiply the equations in order by - 2, 2, y°, add together, and 
divide out by 2ay; we obtain 


Ss 


CO'22 + Cay -— A’zz - Byz = (4). 
By similar processes we obtain 

A’? + Ayz — Byx - Cz = 0 (5), 

By? + Bea - Czy — A’zy = 0 (6). 


Between these six, treated as simple equations, the six functions of 
@, Y, % viz, 2, y*, 2, xy, xz, yz, treated as independent of each other, 
may be eliminated; the result may be seen, by mere inspection, to 
come out 


ABC(ABC - AB? - BC? - CA? +2A'BC) = 0, 
or rejecting the special (N.B. not irrelevant) factor ABC we obtain 


ABC — AB? - BC? — CA? + 2A’BC' = 0.” (Liv. 5) 


The example, however satisfactory as illustrating the dialytie 
method, cannot be passed over without a note in regard to the 
unaccountable blunder made in developing the determinant 
involved. In later notation the determinant is 


C B —2A’ 
Chasis (Aen fine ne 
pe new sunt 
AY cae ee en 

BY) Oe eee 

O wpe Sy ae te 


Now neither of the factors given by Sylvester are really factors 
of this, the truth being that it 


= 2(ABC+ 2A’B’C’— BB?—CC2— AA”) 
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The fourth example concerns the elimination of a, y,z between 
the three equations 


Aa? + By? + C2? + 2A’yz + 2B’zr + 2C’xy = 0 
La? + My? + N2? 4 2U’yz + 2M’za + AN’ ay = | 
Pa? + Qy? + Re? + 2P’yz + 2Q’cx + 2Ray = 0). 
Using each of the three multipliers az, y, 2 with each of the three 
equations, we obtain nine equations linear in the ten quantities, 
a, y?, 2, ay, we, ya, ye, 20, zy, LYz. 

Another such equation is thus necessary for success. Sylvester 
obtains it very ingeniously by writing the given equations in 
the form 
(Ac+B’z +Cy)x + (By +C’a +A’z)\y+ (Cz +A'y +Boa)z = 0 
(La +M’2z+N’y)e + (My+N’o+Lz)y+(Nzez+Ly +Mo@)z= 0 
(Px +Q’z +B’y)a + (Qy +Bat+P’z)y+(Rz +Py +Q’a)z = 0), 
and then eliminating «, y,z. The work is not continued further. 

We may ourselves note, in conclusion, that the fourth example 
includes in a sense the three others, but that it does not follow 
therefrom that by giving the requisite special values to the 
coefficients in the result of the general example, we should 
obtain the results for the particular examples in the forms 
already reached. Indeed, it is on account of this apparent 
non-agreement that the dialytic method is valuable to the theory 
of determinants, some very remarkable identities being arrived 
at by its aid. An explanation is also thus afforded of the 
trouble we have taken to elucidate its history. 


CRAUFURD, A. Q. G.* (February 1841). 
[On a method of algebraic elimination. Cambridge Math. 
Journal, ii. pp. 276-278.] 
In Craufurd we have an independent discoverer of the dialytic 
method. A full account of his paper is quite unnecessary: the 


*Only the initials A. Q. G. C. are appended to the article. There can be 
little doubt, however, that they belong to Craufurd, whose name in full appears 
elsewhere in the Journal. 
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few lines dealing with his introductory example will suffice to 
establish the fact. He says :— 


“Let it be required to eliminate 2 from the equations 
e+ pot+g=0, 
et+paot+g =0. 


Multiply each of the proposed equations by a, and you obtain 


a + pa? + qi = 0, 

eo+part+qc=0, 
These two combined with the two given equations make a system of 
four equations containing three quantities to be eliminated, viz., 2, x, 28; 
and they are of the first degree with respect to each of these quantities. 


We may, therefore, eliminate z, 2”, oe by the rules for equations of the 
first degree. The resultis.... 


He enunciates a general rule, and then takes up the analogous 
subject in Differential Equations, where successive differentiation 
takes the place of successive multiplication by x. In a postscript 
he acknowledges Sylvester’s priority which the editor had 
pointed out to him. He knew nothing of determinants. 


CHAPTER IX. 


DETERMINANTS IN GENERAL IN THE YEAR 1841. 


LIKE the year 1812 the year 1841 merits a chapter to itself; 
and in 184] as in 1812 it is the work of only two authors that 
concerns us. Strange to say, however, the two notable years 
had an author in common, the writers of 1812 being Binet and 
Cauchy, and those of 1841 being Cauchy and Jacobi.* In 1841 
Jacobi’s contributions constituted a comprehensive monograph 
similar to that produced by Cauchy in 1812, and Cauchy's in 
1841, as was to be expected, were more of the nature of an 
aftermath. 


CAUCHY (March 8, 1841). 


[Note sur la formation des fonctions alternées qui servent 
résoudre le probléme de |’élimination. Comptes Rendus ... 
Paris, xii. pp. 414-426; or Guvres completes d Augustin 
Cauchy, 1% Sér., vi. pp. 87-90.] 


Recalling the fact that the final equation, resulting from the 
elimination of several unknowns from a set of linear equations, 
has for its first member “une fonction alternée,” and pointing 
out the further fact that the same holds good in regard to the 
elimination of one unknown from two equations of any degree, 
“ puisque les méthodes de Bezout et d’Euler reduisent ce dernier 
probléme au premier,” Cauchy affirms the importance of being 
able easily to write out the full expansion of such functions. 
There can be little doubt, however, that it was the second fact 
alone,—in other words, the discoveries of Jacobi, Sylvester, and 


* Cauchy was born fifteen years before Jacobi and lived six years after him. 
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Richelot,—which influenced the veteran Cauchy to return to a 
subject practically untouched by him for thirty years. 

The opening part of the paper is, of course, necessarily old 
matter. One thing to be noted is that Cauchy tacitly discards 
the term determinant, which he was the means of introducing, 
using uniformly the more general expression fonction alternée 
instead. Another is that he adopts the rule of signs which 
makes use of the number of interchanges. From this his own 
peculiar rule of signs is deduced, and made the starting point 
for the fresh investigation which forms the main portion of the 
paper. The exposition of his rule, which differs from that of 
1812, is worthy of a little attention, both on its own account 
and because otherwise the matter following would be scarcely 
intelligible. In the case of any term (“terme” or “ produit”) of 
the determinant 

Ze E Mo oly, 1M, 2b, 304, 4MUs,54a,6 » 

say the term 

Ao,1%,0%2,5%3,3%4,6%5,4%,2 » 
there is an underlying separation of the indices 0,1,... , 6 into 
groups (“groupes”), by reason of the system of pairing; that is 
to say, since an index is found paired along with one index and 
not with another, there arises the possibility of looking upon 
those which happen to be paired with one another as belonging 
to the same family group. Thus, attending to the first a of the 
term, we see that 1 and 0 belong to the same group, and as on 
scanning the rest of the term, we find neither of them associated 
with any other index, we conclude that the group is binary 
(“un groupe binaire”). Again, we see that 2 is paired with 5, 
5 with 4, 4 with 6, and 6 with 2; this gives us the quaternary 
group (2, 5, 4, 6). Lastly, 3 is seen to be paired with 3, and 
thus forms a group by itself. Now, if we wish to find how 
many interchanges of the second indices are necessary in order 
to obtain the given term 

9,1 ,0V2,56U3, 34 6s, 4,0 
from the typical term 


011,19, 23,34 45, 56,6 » 


we may do the counting piecemeal, attending at one time to only 
that part of the term which corresponds to one of the groups of 
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indices. In the case of the group (3), the number of interchanges 
is 0; in the case of the binary group (0, 1) it is 1; and in the 
case of the quaternary group it is 3—the number of interchanges 
being “évidemment” one less than the number of indices in the 
group. If, therefore, for a given term there be in all m groups, 
viz. f groups of one index each, g groups of two indices each, h 


of three, k of four, &c., the number of necessary interchanges 
will be 
Oftlgt2h+3k+ ..., 


which 
A he LIS) Ack aay Yt 
—-(f+ gt h+ k+...), 
= nN—M; 


and consequently the sign of the term will be + or —1 according 
as n—™ is even or odd. (111, 29) 

The first step of the new investigation is to define “termes 
semblables ou de méme espéce.” Two terms are said to be alike 
or of the same species when the one may be obtained from the 
other by subjecting both sets of indices in the latter to one and 
the same substitution or permutation. Thus recurring to the 
term above used, 

Ao,1%1,0%2,5%3,3%4,6%5,4%o,2 » 

and substituting in both of its sets of indices 6, 0, 1, 4, 3, 2, 5, 
instead of 0, 1, 2, 3, 4, 5, 6 respectively—in order words, and with 
the notation of the memoir of 1812, performing the substitution 


. 123 4 5 | 
Gow Lith) 62 ee b/6 
we obtain the like term 
Ag, 0%0,6%1,2%4,4%3,5%2,3%5,1 « (LV.) 

The groups in two like terms are evidently similar, the values of 
fg, h, ... for the one being the same as those for the other. 
Indeed, since it is in this matter of groups or cycles that the 
terms have any likeness at all, the expression “cyclically alike” 
would have been a better term for Cauchy to use. 

From the definition there arises the self-evident proposition— 
Terms which have similar indea-cycles or are cyclically alike in 
their indices have the same sign. (111. 80) 
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Also, the full expansion of a determinant may be represented 
by writing a term of each cyclical species, and prefiaing to each 
such typical term the symbol X with its proper sign, + or —. 

(LY. 2) 

To obtain a term of any given cyclical species, that is to say, 
corresponding to given values of f,g,h, ..., all the preparation 
that is necessary is to write the indices 

Os 2,036 Sah u—1), 
enclose each of the first f of them in brackets, enclose in brackets 
each of the next g pairs, then each of the next fA triads, and 
so on. This gives the groups of the term, and the term itself 
readily follows. For example, if we desire in the case of the 
determinant 2 + M1 AgVggyyU55%gg & term corresponding to f= 2, 
g=1, h=1* we take the indices 


Oks teh, ae 
(0), (1), (2, 8), (4, 5, 6): 
and with the help of this, write finally 


Lo,0 U,1 %2,3 M39 M45 U5.6 Up 4+ (IL 7) 


bracket them thus 


The number of different cyclical species of terms in a deter- 
minant of the mn“ order is evidently equal to the number of 
positive integral solutions of the equation 


f+29+3h4+...4+nl=n. (LV. 3) 


Cauchy's illustration of this is clearness itself. He says 
(p. 419) :— 


“Si, pour fixer les idées, on suppose n=5, alors, la valeur de n 
pouvant étre présentée sous l’une quelconque des formes, 


1+14+1+4+1441, 
1+1+1+4+2, 
14+2 +2, 
1+1 + 3, 

2+ 3, 

1 + 4, 

5, 


*It would be convenient to say, a term whose indea-cycle scheme is 
2(1)+1(2)+1(3). 
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les systemes de valeurs de 
fr 9, hy hy |, 
se réduiront a l’un des sept systemes 
hie Or GeO je. 0s1\ eet), oD 220, 
Peis Saye bianOjrlok=0) Lie,0, 


ca ee ies sb nc, telnieey 0s 
Peake milaninttll nahi eh teach, 
f= 9, Ua ae) h=1, k=0, 1=0, 
Pee Gee bh ee 0 Bee baer 8, 


FOr a0 Ohi Oke 0, ot = Ly 


et par suite, une fonction alternée du cinquiéme ordre renfermera 
sept espéces de termes.” 


The next question considered is as to the number of terms of 
a given cyclical species which exist in any determinant of the 
nm order. The species being characterised by f groups of one 
index each, g groups of two indices each, h groups of three 
indices each, &c., the required number of terms is denoted by 

IN; gua de 

Now all the terms of the species will certainly be got if we 
write in succession the various permutations of the 7 indices 
0, 1, 2, 3,....,”—1, and then in the usual way mark off each 
permutation into the specified groups, viz., first f groups of one 
index each, then g groups of two indices each, and so on. As a 
rule, however, each term of the species will, in this way, be 
obtained more than once. For, if we examine in its grouped 
form the particular permutation which was the first to give rise 
to a certain term, we shall find that changes are possible upon it 
without entailing any change in the term. For example, the set 
of groups 

Z (0), (1), (2, 8), (4 5, 6), 
instanced above as corresponding to the term 

Ao,0 1,1 %2,3%3,2 U4,5%5,6%6,4 » 
might be changed into 
(1), (0), (2, 3), (4, 5, 6) 

or (1), (0), (8, 2), (6, 4, 5) 


or 
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which, while still corresponding to the term 

A,0%1,1 %2,3%3,0%4,5U5,6%,4 » 
are derivable from different permutations of the seven indices 
0, 1, 2, 3, 4, 5, 6. In fact, the f groups of one index each may 
be permuted among themselves in every possible way, so may 
the g binary groups, the h ternary groups, Wc. Further, with 
like immunity to the term, each separate group may be written 
in aS many ways as there are indices in it,—the group (4, 5, 6), 
for example, being safely changeable into (5, 6, 4) or (6, 4, 5). 
The number, therefore, of different permutations of 0, 1, 2, 3, 4, 
5, 6, which will give rise to any particular term, is 


(1.2.8... 1.2.3...9X1.2.8...kX...%1.2.3...1) x (1/293"...n’), 


or say, 
Cro ther ery (i203. ay; 


There thus results the equation 
GELGLAL onEl Gli 223he one) Noe ey scare te 
n! 
vie FAG Ui bcd IG 3% aon ha 
Following this interesting result a few deductions and verifi- 
cations are given. First of all it is pointed out that since the 
total number of terms of all species is n! we must conclude that 


whence N,,3....7 (Lv. 4) 


n! 
pes es Se ee 
y LFigiht TNR wy’ 
where F+2%+3h+... +nl=n. 
Cauchy says (p. 423) :— 


“Cette derniére formule parait digne d’étre remarquée. Si, pour 
fixer les idées, on prend n=5 l’équation donnera 


] 5 2 > 3 5 4 d 5 — N50,0,0,0 a N519,0,0 ote N}.2.0,00 oP Nao1,00 


“3 
; + Norioo + Niooao + Noo,0,0,9 
et par suite 


1,2.3.4.5=1+10+ 15 + 20 + 20 + 30 + 24 = 120, 
ce qui est exact.” 


Again, since the number of positive terms in a determinant is 
equal to the number of negative terms, and since the terms, 
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whose number N,,.,,...,,, has just been found, have all the 
sign-factor 
(H1ytotit 4, 


we have on leaving out the common factor (—1)” the identity 


8 a ape dest Plated ak Td peninlsenens 
0 = >)(-1)" (figtht... U)(7293" ... ni)’ 


which like its companion may be illustrated by the case of m=5, 
viz., 

0=1—10+415 + 20 — 20 — 30 + 24.* 
Lastly, attention is directed to the fact that when n is a prime, 
and therefore not exactly divisible by any integer less than 


itself, the number 
n! 


CPi heme ly 23 ) 


must be exactly divisible by n, except in the case 


fen, g=0, RSet =205 
when it has the value 1, and in the case 
f =" 08 gu="03 PUSKOL . Ages =014 


when it has the value (n—1)! It, therefore, follows from either 
of the two preceding identities, that the sum of these two values 
must be divisible by n,—which is Wilson’s theorem. 

The remaining two pages are occupied with the expansion of 
a determinant of special form, viz., that afterwards known by the 
name axisymmetric. 


JACOBI (1841). 


[De formatione et proprietatibus Determinantium.  Crelle’s 
Journal, xxii. pp. 285-818 ; or Werke, ii. pp. 355-392. ] 


The value which Jacobi attached to determinants as an instru- 
ment of research has already become well known to us: we have 


*In connection with this and in illustration of a previous remark regarding a 
mode of expressing the full expansion of a determinant, we have 
DAA MH Aaobs3%44 = — Aor %2%33%44 ZA 99% %y9%34% 43 
+ Lay Aaa %yq%q3 + ZAq9%1%o3%s4% a2 
= Lay p%o3%34%4q — ZA q9%2%o3%s4%a 
+ Ly AyoAo3%34Wa0 « (Lv. 2) 
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found him, indeed, in almost constant employment of the 
functions. In the memoir now reached, however, we have still 
stronger evidence of his interest in the subject, and of his 
opinion as to its importance. Knowing of no succinct and logi- 
cally arranged exposition of their properties readily accessible 
to mathematicians, he deliberately set himself the task of pre- 
paring a memoir to supply the want. In his few words of 
preface he says :— 


“Sunt quidem notissimi Algorithmi, qui aequationum linearium 
litteralium resolutioni inserviunt. Neque tamen video eorum pro- 
prietates praecipuas, ita breviter enarratas atque in conspectum positas 
esse, quantum optare debemus propter earum in gravissimis quaestion- 
ibus Analyticis usum. Scilicet illae proprietates quamvis elementares 
non omnes ita tritae sunt, ut quas indemonstratas relinquere deceat, et 
valde molestum est earum demonstrationibus altioram ratiociniorum 
decursum interrumpere. Cui defectui hic supplere volo quo commodius 
in aliis commentationibus ad hance recurrere possim ; neutiquam vero 
mihi propono totam illam materiam absolvere.” 


While Jacobi was aware, as we have already partly seen, of 
the labours of Cramer, Bezout, Vandermonde, Laplace, Gauss, 
and Binet, his main source of inspiration is Cauchy. Of all the 
writers since Cauchy’s time, indeed, he is the first who gives 
evidence of having read and mastered the famous memoir of 
1812. It scarcely needs be said, however, that his own indi- 
viduality and powerful grasp are manifest throughout the 
whole exposition. 

At the outset there is a reversal of former orders of things; 
Cramer's rule of signs for a permutation and Cauchy’s rule being 
led up to by a series of propositions instead of one of them 
being made an initial convention or definition. This implies, of 
course, that a new definition of a signed permutation is adopted, 
and that conversely this definition must have appeared as a 
deduced theorem in any exposition having either of these rules 
as its starting point. 

The new definition has its source in Cauchy, and rests on the 
well-known agreement as to a definite mode of forming the 
product P of the differences of an ordered series of quantities. 
This being settled to be 
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(Ay = My) (G_— Mp) (Ags — Ap) « « + + (Aqp— Mp) 
(@y—)(Ag—Gy) . . . - (€,— A) 
PIP an 
(4, —@,-1) 
for the quantities a, @,, a,,.... @,, While in the order here 


written, the definition stands as follows (pp. 285-286) :— 


“Vocemus eas indicum 0, 1,...., 7 permutationes, pro quibus P 
valorem eundem servat, posttivas ; eas pro quibus P valorem oppositum 
induit, negativas; sive priores dicamus pertinere ad classem positivam 
permutationum, posteriores ad classem negativam.” 


This implies of course that the original permutation 0,1,2,...., 
m is to be considered positive; and, such being the case, there 
seems to be a certain appropriateness in applying the term 
negative to a permutation whose corresponding difference- 
product is of the opposite sign from the difference-product 
corresponding to 0,1, 2,....,%. 


The propositions which lead from the definition to Cramer’s 
rule may be enunciated as follows :— 


(a) One permutation performed upon another gives rise to a 
third, and the combined effect produced by performing 
the second and first in succession is the same as the 
effect of performing the third. 

(b) Two given permutations belong to the same class or to 
opposite classes according as the permutation by means 
of which the one is obtained from the other belongs to 
the positive or negative class 

(c) If the same permutation be performed on a number of 
permutations which all belong to one class, the resulting 
permutations will still all belong to one class, viz., the 
same or the opposite according as the operating permu- 
tation is positive or negative. 

(d) The order of compounding a set of permutations is, as a 
rule, not immaterial. 
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(e) The permutations which arise by compounding a set of 
permutations in every possible order belong all to the 
same class. (111. 32) 


(f) The interchange of two indices is equivalent to the per- 
formance of a negative permutation. 

(g) The interchange of two indices causes all the positive per- 
mutations to become negative, and all the negative to 
become positive. 

Definition.—Two permutations may be called reciprocal which 
being performed in succession do not alter the order 
existing before the operations. (XXIV. 2) 


(kh) Reciprocal permutations belong to the same class. 


In the original, it must be borne in mind, these are not separated 
and numbered, but appear merely as consecutive sentences in a 
paragraph. The words “classem negativam” of the definition 
above given are followed in the same line by 


‘“‘Binis propositis permutationibus quibuscunque, certa exstabit 
permutatio, qua post alteram adhibita altera prodit. Pertinebunt 
duz permutationes proposite ad classem eundem aut ad_ classes 
oppositas, prout permutatio, qua altera ex altera obtinetur, ad classem 
positivam aut negativam pertinet,” &e. 


—that is to say, by the propositions which have been paraphrased 
into (a), (b), &e. 

The most essential point to be considered in connection with 
them is the probable meaning of the expression “ permutationem 
adhibere,” or the free English translation of it, “to perform a 
permutation.” An example will make it clear. To perform the 
permutation 35412 would seem to be the operation of removing 
the 3rd member of a series of five things to the first place, the 
5th member to the second place, the 4th member to the third 
place, and so on. With this explanation the proposition (a) is 
self-evident, an example of it being (if we may improvise a 
symbolism) 

(35412)(41352) = (32541), 


where 35412 is the operating permutation. Cauchy’s usage, it 
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may be remembered, was to speak of “applying a substitution 
to a permutation.” * 

Of the proposition (b) a proof is given, which may be para- 
phrased as follows:—Let the three permutations referred to 
change P, the original product of differences, into ¢,P, e,P, ¢,P, 
respectively, the e’s of course being either +1 or —1. Then as 
the performance of the first two permutations in succession will 
result in the change of P into ¢,.e,P, we must have 


€,-.€5 = @3, 


so that e, and e, have the same or opposite signs according as 
é, is +1 or —1; and this is virtually the proposition to be 
proved. (111. 31) 

A demonstration of (d) is also given. The two permutations 
being A and B, / the first index of A, and m the first index of B, 
the performance of A on B implies that the J index in B is to 
take the first place, and the performance of B on A that the 
m index of A is to take the first place. The resulting per- 
mutations will consequently not agree in the first index, unless 
the J index of B is the same as the m index of A, which 
manifestly need not be the case. t 

To prove (f) is of course the same as to prove that the inter- 
change of two indices r and s, 7 being the greater, alters the 
sign of the product of differences ; and this is done by separating 
the product into three portions, viz., (1) the portion which con- 
tains neither a, nor @,, (2) the single factor which contains both, 
d,—,, and (3) the product of all the factors having either one 
or the other for a term. It is then asserted that the interchange 
of r and s cannot alter the last of these, because it is symmetrical 
with respect to a, and a,; also, that no alteration is possible in 


* He says, for example (Journ. de VEc. Polyt., x. p. 10), ‘Si en appliquant 
Nene A A, 
successivement & la permutation A, les deux substitutions ( ye et ( “O on 


5 


1 


obtient pour résultat la permutation Ag; la substitution ty sera équivalente 


au produit des deux autres et j’indiquerai cette équivalence comme il suit 


(a) = (3) (as) 


+ This also is a paraphrase of J acobi’s proof. 
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the first, and consequently that the change in the second accounts 
for the validity of the proposition. (111. 33) 

As for the permutations which are called reciprocal they are, 
exactly those whose existence we have seen noted by Rothe, 
and called by him “verwandte Permutationen.” Jacobi’s de- 
finition, however, presents them in a slightly different light, the 
property involved in it being readily deducible from Rothe’s. 
The latter’s illustrative example was, as may be seen on looking 


back, 
SPSS. tOrlOeo 46 ek Fez a 
SRLO MIMO Ss 7 Po P22 bK4 Bye 


Now the performance of either A on B or B on A* gives rise to 
1, 2, 3,.4, 5, 6, 7, 8, 9, 10, 


the original arrangement: consequently A and B satisfy Jacobi’s 
definition. The proposition (h) is also Rothe’s. 

After these propositions, as already intimated, the subject of 
other rules of signs is taken up, the first rule considered being 
Cramer’s. Since in the product of differences corresponding to 
any permutation every factor in which an index is preceded by 
a smaller index would require the sign-factor —1 to be annexed 
to it in order that the said product might be transformed into 
the original product of differences, it is clear that the deter- 
mination of the class to which the permutation belongs is 
reduced to counting the number of such inversions. But the 
pairs of indices in the product of differences corresponding to 
the given permutation are exactly the pairs of indices to be 
examined in applying Cramer’s rule. The identity of the two 
rules is thus apparent. (111. 34) 

To the demonstration Jacobi adds “quam regulam olim cel. 
Cramer dedit ill. Laplace demonstravit.” The last assertion is 
notable for two reasons: first, because the rule like Jacobi’s own 
is incapable of proof being a definition, postulate, or convention 
according to the mode in which it is expressed: secondly, because 
an examination of Laplace’s memoir shows that there is no 
ground for the statement. The fitness of the rule for the deter- 


*In the compounding of reciprocal permutations the order is immaterial. This 
is the exception hinted at in (d), 
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mination of the signs of the numerators and denominators of the 
unknowns in a set of simultaneous linear equations may of 
course be demonstrated, and perhaps this was in Jacobi’s mind, 
but prior to the statement the abstract subject of permutations 
had alone been discussed. 

The other rule of signs dealt with is Cauchy’s, in which per- 
mutation-cycles are counted instead of inversions. The existence 
of such cycles is the first point to be established, that is to say, 
it has to be shown that any permutation of 123...” may be 
obtained from any other by the performance of one or more 
cyclical permutations. Let 3271654 be the permutation sought,* 
and 2647513 the permutation from which it is to be derived. 
Placing the former under the latter, thus 


26475138 
7 on eet lag vc 


we see that 2 has to be changed into 3, then seeking 3 in the 
upper line we see that it has to be changed into 4, similarly 
that 4 has to be changed into 7, 7 into 1, ! into 5, 5 into 6, and 
6 into 2, the element with which we started. Now the proof 
turns upon the simple fact that the elements in the two lines 
being exactly the same, by following a string of changes like 
this we are bound sooner or later to reach in the second line the 
element we started with in the first. It may be that as here one 
cycle 


suffices for the second transformation; but if not, as in the case 


of the two permutations 
2647513 


BP 230; 


where the short cycle 245 is obtained, we turn to the remaining 


*This is a paraphrase of Jacobi’s demonstration, which is not so simple as it 
might have been. The notation of substitutions, which Jacobi did not follow 
Cauchy in using, is here a great help toward clearness. 
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elements, and knowing that those in the first line are of necessity 
the same as those in the second, we see that the application of 
the same process to them must, for the same reason as before, 
lead to a cycle. The possibility of arriving at any permutation 
by means of cyclical permutations alone is thus made manifest. 
The next point to be established is that a cyclical permutation 
of r elements can be accomplished by r—1 interchanges of pairs 
of elements. Little more than the statement of this is necessary. 
For if the elements of the cycle be aj, ay, dg, . . . , dy, it is clear 
that to change a, into a,, a, into a,, &e., has the same effect as to 
interchange a, and a,, then a, and a,, then a, and a, and so on, 
the final interchange being that of a, and a,; and there are in 
all r—1 interchanges. This being proved, the final step is taken 
as in Cauchy’s Note of 8th March. (111. 35) 

This rule of Cauchy’s Jacobi deservedly characterises as 
beautiful. It is important, however, to take note that it 
possesses the other quality of usefulness in as marked a degree ; 
and such being the case one is surprised to find that it has not 
received the attention which was its due. Any reader who will 
make a comparison of it and Cramer’s by actual application of 
them to a number of examples will soon find that Cramer’s is 
more lengthy and requires more care to be given to it to avoid 
errors.* 

The preliminary subject of permutations having been thus 
dealt with, determinants are taken up. In the first section 
regarding them there is little noteworthy. Cauchy’s word 
“terme” is supplanted by the fitter word element, and term 
(“terminus”) is put to a more appropriate use ; that is to say, 
a” is called an element of the determinant > OM ee 
and a,q',a”,.....d;,) a term. Further, the word degree is em- 
ployed in place of Cauchy’s more suitable word order, “ipsum R 
dicam determinans n+1" gradus.” 

A section of two pages is given to considering the effect 


*The best way perhaps of applying Cauchy’s rule is to write the primitive 
permutation, 123456789 say, above the given permutation, 683] 92457 say, draw 
the pen through 1 and the figure below it, seek 6 in the upper line and draw the 
pen through it and the figure below it, and so on, marking down 1 on the com- 
pletion of every cycle. 
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produced upon the aggregate of terms by the vanishing of 
certain of the elements. The propositions enunciated, with the 
exception of one made use of at an earlier date by Scherk, are 
as follows (pp. 291, 292):— 


“T, Quoties pro indicis & valoribus 0, 1, 2, ..., m-—1 evanescant 
elementa ai”, a"*", .... a’, determinans 
7 (n) 
Del Gg” Jeg 


abire in productum a duobus determinantibus 
, —1 =) 1 
De, ee ee EG ON armen (xiv. 6) 
II. Evanescentibus elementis omnibus, 


m (m+1) . (n) 
OPS XE TA 3 oo cs oy US 


in quibus respective index inferior & indicibus superioribus m, m+ 1, 
., % minor est, fieri 


Dean dy eee Oa a eva e) Dath aayh ona yaaa ANT 9) 


m~ m+l m1 


IV. Evanescentibus elementis omnibus, 


(m) (m+1) (n) 
zn» Ox ’ a ppm 2 


in quibus indices inferiores superioribus minores sunt, si insuper habetur, 


(m) __ gim+t) Se = 
an =a ee eae 


fit > + GOy'do" .... ae x > +0y).... ih ae (VI. 9) 


As immediate deductions from the definition these are somewhat 
out of place, the trouble of demonstrating the first of them being 
virtually thrown away. The trouble taken by Jacobi, too, was 
less than required, the question of sign, for example, being 
inadequately discussed. 

In the course of the next section which deals with what we 
have called the recurrent law of formation, and with the 
vanishing aggregate connected with this law, Jacobi gives an 
expression for the complete differential of a determinant, the 
elements being viewed as independent variables. The passage 
io) 

“Determinans R est singularum quantitatum a respectu expressio 
linearis, atque ipsius a") coefficientem, qua in determinante R afficitur, 
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vocavimus A“; unde adhibita differentialium notatione ipsum A’ 
exhibere licet per formulam, 


3 AV = —.. 


(#) 


 incrementa infinite parva tribuimus, 


Hine si quantitatibus a 


da’ 
k? 
simulque R incrementum dR capit, fit 
4, dR= ZAVda". (LVI.) 


siquidem sub signo summatorio utrique indici 7 et & valores 0, 1, 
2, ..., m” conferuntur.” 


The recurrent law of formation and its dependent neighbour 
formula he is enabled, by means of (3), to view as the partial 
differential equations which the determinant must satisfy. His 
words are (p. 295) :— 


“Substituendo formulas (3), inventas formulas sic quoque exhibere 
licet : 


OR nye) ne arolw 

9 R= aaah + % Saat 2. tala 
Lege ohn, neon mn OR 

ty ny eee * OG ee fia * Cain”? 
' oR y OR i! OR 

10. O= a a =“ ay a tie + n Sai? 
1 n 
OR , OR im OR 

= Uy 5 ¥O_qT =P ets, qe 


Quae sunt aequationes differentiales partiales quibus determinans 
R satisfacit.” 


Passing over a section (7) on simultaneous linear equations, 
and a short section (8) in which Laplace’s expansion-theorem is 
enunciated, we come to two sections dealing with what at a 
later time would have been called the secondary minors. No 
name is given to them by Jacobi; they only appear as co-factors 
of the product of a pair of elements, the aggregate of the terms 
containing a) al’ as a factor being denoted by 


UW) olf) At iw! 
Oy! Ade (XL. 9) 
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From observing that the interchange of f and /’ or of g and g’ 
alters R into —R and cannot alter A’’” , it is concluded that 


ee ie Bae > AT 
A i AS y ae g,g'? 
and that the full co-factor of A’'”” is ay al — ald) a” in accord- 


ance with the expansion-theorem of the previous section. The 
remark that AY’ can be expressed in terms of 7 of the quantities 
A/”’ leads up to a curious set of equations the determinant of 
which belongs to the special class of determinants known 


afterwards as zero-axial skew determinants. The passage is 
(pp. 300, 301) :— | 


“Designemus br. causa per (A, k’) expressionem 
10. Avi = (& F), 


ita ut sit (k, kh’) = — (Ky k). 
Fit e (8) ipsi g substituendo numeros 0, 1, 2,.., ”: 
AY = Bee chads Al Ol) chis KOM Ve ks cht (Uy Bt) 


AM eatG, 0) 4 +o alnltahoyla |. mala iy) 


TA a 2, 0) Gy (inl) ae ae) 


AW a(n, 0) +:00 (nm, 1) + oy (mn, 2).. +> * 


Similes formulae e (9) derivari possunt. In aequationibus (11) ipsorum 
a‘, af", ete. coéfficientes in diagonali positi evanescunt, bini quilibet 
coéfficientes diagonalis respectu symmetrice positi valoribus oppositis 
gaudent. Quae est species aequationum linearium memorabilis in 
variis quaestionibus analyticis obveniens.” (LVII.) 


The simple step from the expression of Aj’ as a differential 
coefficient to the similar expression for ihe is next made 
(p. 301) :— 


“Ex ipsa enim aggregati A’, definitione eruimus formulas 


rd Det oR 
: a9! Cato) ~ ~ BqiF qi?’ 
g g g g 
Cl ect roan, 0.Ay! » 


Taga Sa) A Dae caw le = 7 eal” 
g 9 iy g 
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By taking the identities 


at a: I 10 el car a dl 
0 = aAl-tajsA, +e. 7 hea, AS 
R= a4A,+aA,+...:+ aVA®. 
On= oA, oh OAs bcos te gM 
using the multipliers 
Pi tbr Suet wel tbat, 


and adding, there is obtained 
4, RAS = ASA eae 


—a result at once recognisable as a case of the theorem re- 
garding a minor of the adjugate. Next by starting with 
Bezout’s identity connecting any eight quantities, the particular 
eight taken being 

Ao, ad, AY, Ag, 


A) A®) A”) A”) 
k? Kt? k"? 


Ky 


and making six substitutions of the kind 
AV AM — AO AM — R.Apy, 

just seen to be valid, there arises the identity 

Ape Ab Ap AS, PAM Ast 07 (xx1. 12) 
This clearly belongs to the class of vanishing aggregates of 
products of pairs of determinants; but in order that its true 
character may be seen, and comparison made possible between 
it and others of the same class already obtained, a more lengthy 
notation is necessary. Taking for shortness the case where the 
primitive determinant is of the 8th order, but writing it in 
the form 

; | A bocyyes feGzlrg | 

and making 


1,0 =3,6 and kkk’, k” = 5,6, 7,8, 
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we find the identity to be 
| Abad ses 9qhg |.|adodsexGshg| — | AdeAseyGqlrs |.| Ad. seageh | 
+ | aybodsesJehz |.| trDodseagshs| = 0, 
a glance at which suffices to show that it is nothing more than 
the extensional of 
| Grhrs|-lsho] — |Gohs|-9slx| + | Gohr|-\gsts| = 0, 
the very identity of Bezout which was taken as a basis for it. 
As the same extensional has already been found among those of 
Desnanot, any new interest in it is due to the peculiar way in 
which Jacobi obtained it. By the same method, viz., by substi- 
tuting for secondary minors an expression (4) involving primary 
minors and the primitive determinant, he shows that 
AD AS + ADA +APA, = 0. (xxi. 13) 
This being translated in the same manner as the preceding, 
becomes 
| ydadhses faGrhs |-| ArbedseaGalte | — | Aidschses feGrhs|-| ArD2tseaGels | 
=F | aybod ses fsGolrs |.| Ay Do ge4Gy7hs | = 0, 

and is thus seen to be another of Desnanot’s results, viz., the 
extensional of 


|fe9r|-Gs = 597 |-Go is |fs9e|-9r = 0. (xxi. 13) 
The deduction 
é (i) 
5. Ae Uh ee os os We 
AY an AVALY Ay, a A* A, Any 
oa AM AG eat) AY A? 2 


is made from it by substituting appropriate differential co- 
efficients for the primary and secondary minors involved in it. 
(LVIII.) 
The eleventh section is devoted to the establishment of the 
general theorem which includes the theorem 


REA Sa AVA A, AL 
of the preceding section, and which, as we have seen, Jacobi had 


first enunciated in 1833. To start with it is repeated that the 
system of equations 
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at+att+... 
wat+ajt+... 


at + at +... 


at + at, +... 


gives rise to the system 


Au+Aut+.. 
Awt+A\u,+... 


A,w+ Alu, +.. 


A,w+ Alu, +... 


in which 


Res 22040 Go, 
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+ Oy ty + Unsitey Hees + nth =U; 

+ ay bf + Oat + + Oy ty = Uy; 

+ ay't, ¢ Oeritep Hee Fant, = Ups 
$0 + aha bee + aM, = ty 

+ AMu, + AWM, +... - AMu, = R.t 
+ AM, + AM Ma +... AMu, = Bt, 
: or Abt y fi fF AMY, = R.t, 
7 rs ae r awe ae “ wf AMy. = Bit, 

fae Pape ns A toga 


Then taking only the first k+1 equations of the first system 


and eliminating ¢, ¢,, . 
Ci, + Crs ibeas a eo) a te 


where the multipliers D, D,, . 
is effected, are 


and consequently by C,, Cys, 


+ C,t, = Du + Dw, + . 


.. , 4, there is obtained 


- + Dy, (X) 


.., D,, by which the elimination 


(=I Diao," ..0 oe 


ied os 


(nL OS Sick Ge eee oes 


+ 2 +00,/a,”....a%—) 


Dy =k AA; Ay 


J / Mt 
oy Oe Clg toon 


oy ly as es 


k-1) 


+s, O, are denoted 


(1) p(k) 
VO aoe, 


(kK-1) _,(k) 
Wy Wntis 


(k-1 p(t) 
Oe, Oo. 
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Similarly, taking only the last »—k+1. equations of the second 


system and eliminating ,4;, Wei, - - - » U, there is obtained 
Eu+Eu,+... +B, = RFA + BReahat ... + RPat, (Y) 
where the multipliers F,, F..:,..., Fx by which the elimina- 


tion is effected are 


(k--1) A (k-+-2) (”) 
Pew A eA, aks 


(k+1) 4 (k-+2) (n) 
pe AA er B. 


nm? 
a Sea AR AS 


and consequently by E, E,,... , E, are denoted 


(k-+1) (n) 
Dea AN eal 
* 7 A (k-+1) 
Crea e AD Ae, 


(&) 4 (k-+1) (n) 
Dee Ay tone 


These two derived equations (X), (Y), however, must be identi- 
cal, because they may be both viewed as giving f, in terms of 
Cilewe  eo tay 1 Uy, on, Ue, oud, -as" the first system Of 
equations shows, this can only be done in one way. We thus 
have the deduction 


D, 22 E,, 
a ? 
meatier 
Ba. (k—1) (k) 4 (k-+-1) (n) 
i OG Gy ee eA Ay tek, 
ee iae (k) 75 (k+1} 4 (k+2) (n) * 
St aaa,”..a ~ RD + ACMAG Ae 


This is the keystone of the demonstration. The simple con- 
tinuation of it may for sake of historical colour be given in 
Jacobi’s own words (p. 304) :*— 
“In hac formula generali ipsi / tribuendo valores 
=, ti 2, om Byr.ye dey d]is 


prodit : 


* The demonstration in the original is considerably disfigured by misprints. 
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' (n—2) (n=1) 4 (n) 
Pasa Nae aA 


n—2 


ae (n—1) (n) 
2, AGE OS RA”. 


’ 


le (n—3) (n—2) 4 (rn—1) 4 (nm) 
De HOOT se WEEE 2 tA AeA 


/ (n—2) ~ (m—l) A (mn) ? 
2 + aa,'....a” BRB +ACzA™ 


—2 


(n) 
to Ge ee ous So 
> +a0,' = zA,"A, wt A eA 


‘Harum aequationum prima suppeditat, 
(n=1) 4 (n) eT 1, 
oi ALA = Ri Oi ce Gl em Ae 


quae cum formula (4) § pr. convenit. Deinde aequationum (10) duas, 
tres, quatuor etc. primas inter se multiplicando, prodit formularum 
systema hoc : 


1 —-2 
SAM A a toe aes Goes 
=o 1) 4 Ld 
De ATT) A A BRED aa, Bae, 


2 dnl As tay feAumiie Ghited 
Quas formulas amplectitur formula generalis, 
(k+1) (k+2) (n) n—k—-1 Fr 5 
SEAT Ate pe An = R 1 ck Gagan aes eearenGl 


Cauchy's theorem 
De AAT. Aan 


which may be viewed as the ultimate case of this, Jacobi arrives 
at by expressing 2+ AA,’... Af” in terms of A, A,,..., A, and 
their cofactors, substituting for the said cofactors their equiva- 
lents as just obtained, viz. 


ORe- 2) a Ras, patter eerie 
and then using the identity 
Aa+A,a,+... +A,a, =R. 


Passing over the twelfth section, which relates to certain 
special systems of equations, we come to two sections devoted 
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to the multiplication-theorem. Of the five formally enunciated 
propositions which they contain, two, the second and fourth, 
need not be more than referred to, as their substance comes from 
Binet and Cauchy, and as the mode in which they are established 
will be sufficiently understood from the treatment of one of the 
others. The general problem of the two sections is the investi- 
gation of the determinant 
Dask:cOc, ten ig, 
where 
GP = aa + ofa + Load. tala. 


Taking a single term of the determinant, we have of course 


CoC, wee Cn GOTO, dy eos Ft Oy Gy) 
x (a’a’ + aya,’ + et ee Oy Uy ) 
x (aa + Mal + ee and , 


and we see that if the multiplications indicated on the right be 
performed there must arise a series of (p+1)"+1 terms of the 
type 


GG: OO), Cece avons 
or by alteration of the order of the factors 


Apts Ay +> a) . Uy, Oy « + a 


where each of the inferior indices 7,s,¢,..., w may be any 
member of the series 0,1, 2,..., . If we bear in mind the 
meaning which we thereby assign to the summatory symbol S 
we may write this in the form 


dp tle en we an Drink (n) 
CO Cau Sl asd,. + Uyy Oy”... Oy’) 


Ay 


The next point to consider is the transition from the single term 
ce,'c,”...c™ to the full aggregate D -+cc,‘c,”...0%. A glance at 
the sum eee terms denoted by c shows that by permuting the 
superior indices of cc,’c,”...c"’, the superior indices of the a’s 
are subjected to the same permutation, and that, on the other 
hand, when we permute the inferior indices of cc,‘c.”...c") it 


is the a’s that are affected, the like permutation being given to 
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the superior indices. Making the choice of the swperior indices 
of the c’s, let us permute them in every possible way, and to each 
term thus derived from cc,‘c,”...c”) prefix the sign + or — 
according as its superior indices constitute a positive or negative 
permutation. By so doing the left-hand side of our identity 


/ ut 


becomes & + cc¢,’c,”...c”; and, owing to the consequent per- 
mutation of the superior indices of the a’s, each term on the 
right-hand side gives rise to 1.2.3...(7+1) terms whose 
signs are the same as the signs of the terms corresponding 
to them on the left-hand side;—in other words, each term 


AyAy Gy” +. a) . dnd,” ...a™ gives rise to the compound term 


(n) 


Pe ee (n) P ists 
ihe Ups cp Qe a oe, Ge ble oe 


We thus reach the result 
BECO, Cy eG Se S(a,a,a ee hi tet ae ’) : 


Although the number of terms on the right is the same as before, 
viz. (p+1)"*1, arising from giving to each of the n+1 indices 
7, 8,t,..., w any one of the p+1 values 0,1, 2,... ,p, it 
has now to be noticed that a goodly proportion of them must 
vanish because of the fact that D+ a,a,/a,;’...a" = 0 when 
any two of its inferior indices are alike. The right-hand side 
will thus not be altered in substance if the summatory symbol 


be now taken to mean that 7, s,¢t,... , ware to be any n+1 
of the p+1 indices 0, 1,2,... , p. If p be less than 7 it will 
be impossible to have 7, s, t,..., w all different, so that in 


that case the right-hand side must be 0. This is Jacobi’s first 
proposition, and it constitutes his addition to the multiplication- 
theorem. His formal enunciation of it is (p. 309):— 


“Sit 
(i) i) K) (k) (8%) 


(i 
G =aad +a +... +a,m,, 


quoties p < n evanescit determinans 
a) ttt (7) 99 
oy Hi Oly Cg eae ens (XVIII. 6) 


The consideration of the case when p=” leads to his second 
proposition. The natural addendum is then made regarding 
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the multiplication of more than two determinants of the same 
degree (p. 310):— 


“Datis quotcunque eiusdem gradus determinantibus, eorum pro- 
ductum ut eiusdem gradus exhiberi posse determinans, cuius elementa 
expressiones sint rationales integrae elementorum determinantium 
propositorum.” (XVII. 7) 


The equally natural transition to the subject of the multipli- 
cation of two determinants of different degrees results in the 
proposition (p. 311):— 


“Sit pro indicis 7 valoribus 0, 1,2, ...., m, 
gle Katy an 
d= aa” + ala 4... + oat, 


pro indicis 7 valoribus maioribus quam m, 


(é) (k) (@) (kh) () (k) (a) (k) , 
Cy = Oe + in + Opole to... + aay: 
erit 
Oe tO ii, ree OnE i Ca anes «ho  (RVILES) 


Proposition IV. concerns the case where p>”. Proposition V. 
is but a corollary to the combined propositions I., IL, IV., its 
subject being the effect of the specialisation 


| a) = a, 
The enunciation is as follows (p. 312):-— 


“ Posito 


i k) i) (k i) (k) (i) _(k) 
OOS ee Pal? BI9. BUR alan 


sit determinans 
De ce, cl) = PS 


ubi p < n fit 
i 1P = (2 
ubi p = n fit 
P={>+aa,’.... a0}; 
ubi p > n fit 


im) 2 
P= S{= EL Ly Oivan atelers wrn'ny | ’ 


siquidem pro indicibus inferioribus m, m’ &c. sumuntur quilibet 1+ 1 
diversi e numeris 0,1,2.... p.” (xvi. 7) 


272 HISTORY OF THE THEORY OF DETERMINANTS 


The two remaining sections (15 and 16) deal with a special 
system of simultaneous linear equations, interesting application 
being made to the theory of the Method of Least Squares—an 
application probably due to a suggestion of Binet’s in his note 
of November, 1811. 

It is important to note, in conclusion, that from one point of 
view Jacobi’s memoir was but the introduction to two others 
of really greater importance, both treating of a special class of 
determinants. The first concerns determinants of the kind 
afterwards deservedly associated with his name, and bears the 
title “De determinantibus functionalibus.” It occupies the 
forty-one pages (pp. 319-359) immediately following the general 
memoir. The other, with the title “De functionibuse alter- 
nantibus earumque divisione per productum e differentiis 
elementorum conflatwm, treats of those determinants, first 
considered by Cauchy, in which the members of one set of 
indices represent powers, and to which the name alternants 
afterwards came to be assigned. It extends to twelve pages 
(pp. 860-371). The three memoirs together constitute an ex- 
cellent treatise on the subject, and are known to have been 
markedly influential in spreading a knowledge of it among 
mathematicians. 

The second and third memoirs, from the nature of their 
subject-matter, fall to be considered later. On the last page of 
the third memoir, however, where a possible simplification of 
a special determinant has to be effected, the general theorem on 
which the simplifying operation rests is enunciated ; and as this 


theorem does not appear in the first memoir, it calls for attention 
now.. The wording is :— 


“Constat enim non mutari Determinans si singulis seriei horizontali 
terminis addantur earundem serierum verticalium termini multiplicati 


per quantitates quascunque, quae tamen pro omnibus eiusdem seriei 
horizontali terminis eaedem esse debent.” (LIX.) 


One cannot but wonder why the afterwards familiar fact re- 
garding the effect of “increasing a row by a multiple of another 
row” was not formulated long before this date. 
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CAUCHY (1841). 


[Note sur les diverses suites que l’on peut former avec des 
termes donnés. Hxercices d'analyse et de phys. math., ii. 
pp. 145-150; or Huvres completes, 2° Sér. xii.] 

[Mémoire sur les fonctions alternées et sur les sommes alternées. 
Lzercices danalyse et de phys. math., ii. pp. 151-159; or 
(Huvres conupletes, 2° Sér, xii.] 

[Mémoire sur les sommes alternées, connues sous le nom de 
‘résultantes. Haercices danalyse et de phys. math., ii. 
pp. 160-176; or Guvres completes, 2° Sér. xii.] 

[Mémoire sur les fonctions différentielles alternées. Hxercices 
Panalyse et de phys. math., ii. pp. 176-187; or Cures 
completes, 2° Sér. xii.] 

From internal evidence there can be little doubt that this 
series of papers, containing the fundamental conceptions and 
salient propositions of the theory of determinants, was prompted 
by the appearance of Jacobi’s memoirs, and by the consequent 
conviction that the work of 1812 had begun to bear fruit. The 
first paper, called a “note,” is introductory, on the subject of 
signed permutations; the three others, called“ memoirs,” corre- 
spond to Jacobi’s,—the first of them to Jacob’s third, the second 
to Jacobi’s first, and the third to Jacobi’s second. 

The note, although on so trite a subject as the division of 
permutations into positive and negative, is most interesting. 
Cauchy’s original stand-point with regard to the subject is so 
far unaltered that the rule of signs specially known by his name 
is made fundamental, and all others deduced from it. The ex- 
planations preparatory for the rule are, however, on the lines of 
his paper of 1840, that is to say, it is groups and not circular 
substitutions that are spoken of. The preference is a little 
difficult to justify ; for notwithstanding Cauchy’s assertion that 
groups come naturally into evidence, the idea is far-fetched as 
compared with that of circular substitutions. He says (p. 145):— 

“Si l’on compare une quelconque des nouvelles suites* a la premiere, 
on se trouvera naturellement conduit par cette comparaison 4 distribuer 
es divers termes agsts A, 1d) 


* T.e., permutations of a, b,c, d, ...; 
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en plusieurs groupes, en faisant entrer deux termes dans un méme 
groupe, toutes les fois qu’ils occuperont le méme rang dans la premiére 
suite et dans la nouvelle, et en formant un groupe isolé de chaque terme 
qui n’aura pas changé de rang dans le passage d’une suite a l’autre.” 


The question of the natural order of ideas and the best mode 
of presentment is really, however, of small importance, for in 
application a group and a circular substitution are essentially 
the same. The difference is entirely one of stand-point, nomen- 
clature, and notation. The permutation 


Ch Op Os Gx Ont 


being in question, and comparison between it and the primitive 
permutation 


a, b, Cc, d, é, ts Y; 


having been instituted, we are directed to form the members 
(“termes”) of the permutation into groups, commencing to form 
a group with e and a, because they occupy like positions in the 
two permutations, putting b in the same group because it 
occupies the same position in the second permutation as one 
already in the group occupies in the first permutation, putting c 
in for the same reason, making d constitute a group by itself, 
and finally putting f and y together to form a third group. 
We are directed further, to write the members of each group in 
such an order that any member and the one following it may 
be found to occupy like positions in the primitive and derived 
permutations respectively. The result thus is 


(a, ¢ ¢, b) (@), (9), 
or (6,4), (@), @ f), 
or SUT ei he “gs oe we Bs 


» 


it being possible to write the first group in four ways, and the 
last in two. Now all this is nothing more than an unreasoning 
way of arriving at the circular substitutions which are necessary 
for the derivation of the given permutation from the primitive 
one. Cauchy himself, indeed, in pointing out that there would 
only be one way of writing a group if the members were dis- 
posed in a circumference instead of in a straight line, says :— 
“Crest par ce motif que dans le tome x du Journal de U’Ecole 
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Polytechnique jai désigné sous le nom de substitution circulaire 
lopération qui embrasse le systéme entier des remplacements 
indiqués par un méme groupe.” It must be borne in mind, 
however, that not only the operation, but the symbol of the 
operation, was so denoted, and such being the case, we may 
then very pertinently ask, What is a group in Cauchy’s usage 
but the symbol of a circular substitution ? 

The peculiarity of using the number of groups to separate 
the various permutations of a, b, c, d,.... into two classes 
makes its appearance in the following sentence (p. 147):— 


“De plus, ces mémes suites ou arrangements se partageront en 
deux classes bien distinctes, la comparaison de chaque nouvel arrange- 
ment au premier 


EE EL OG 


pouvant donner naissance 4 un nombre pair ou a un nombre impair 
de groupes.” 


Of course, the primitive permutation is looked upon as having 
its groups also, viz., one for every letter in the permutation. 

Then comes the important proposition—The interchange of 
two letters increases or diminishes the nwmber of groups 
(substitution-cycles) by unity. In proving it the two letters 
are first taken in different groups, 


(050;0, me WR) (GM, ee se) 3 
and since any member of a group may occupy the first place, 
the letters a and / are fixed upon. Now what the groups imply 
is that the letters 

giboorwwe etl alist... pats 
in the primitive permutation are changed into 

b, ¢, Re aE A er Oa ee 8, L 
respectively to form the given permutation. If therefore in 
the given permutation the letters a and / be interchanged, the 
new permutation so obtained will be got from the primitive by 


changing 
Came: wel aks lai TDs, Rrsmemtes alr 8 
into 
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that is to say, by the changes indicated by the single group 
CR RE SAE ee a) 
The interchange of two letters belonging to different groups is 
thus seen to reduce the number of groups by one. On the other 
hand, it is clear that had this single group belonged to the given 
permutation, the interchange of two letters, a and l say, would 
have had the effect of breaking up the group into two, 
(ajb,¢, +... , yk and: (nga), 

The theorem is thus established. (111. 36) 

It is next pointed out that the transformation of the primitive 
permutation into any other may be accomplished by inter- 
changes only, because by this means any given letter may be 
made to occupy the first place, then any other given letter to 
occupy the second place, and so on. From this also it follows 
that any system of circular substitutions may be replaced by a 
system of interchanges. Should the transformation of one 
permutation into another be effected by interchanges, the number 
of these will be even or odd according as the two permutations 
belong to the same or different classes; for, by the above 
theorem, every interchange makes only one group more or one 
group less, and consequently the total number of interchanges, 
and the net increase or diminution of the number of groups, 
must be both even or both odd. The counting of interchanges 
may thus be substituted for the counting of cycles. (111. 37) 

Finally, Cramer’s rule is introduced, in which, as we know, 
it is neither cycles nor interchanges that are counted, but 
inverted-pairs, or, aS Cauchy, like Gergonne, calls them, 
inversions. To establish the rule, it is clear that two courses 
were open, viz., to connect inversions directly with cycles or to 
connect them with interchanges. The latter course is taken, 
the requisite connecting theorem being that the interchange of 
two elements of a permutation increases or diminishes the 
number of inversions by an odd number, an odd number of 
interchanges thus corresponding to an odd number of inversions, 
and an even to an even. The proof is not direct, like Rothe’s, 
being effected with the help of a fourth related entity, the 
difference-product. The order of thought in it is as follows: 


DETERMINANTS IN GENERAL (CAUCHY, 1841) Parr 


If we define the difference-product of the primitive permutation 
ay OPC, a; . to be 


(a—b)(a—c)....(b—c).. 

then it is clear that in the difference-product of any derived 
permutation there will be found exactly as many factors with 
changed sign as there are inversions of order in the permutation. 
A change of sign in the difference-product thus becomes a test 
for the existence of an odd number of inversions, and conse- 
quently, instead of the theorem just enunciated, it will suffice 
to show that the interchange of two elements of a permutation 
alters the sign of the difference-product. This Cauchy says must 
be true, for, the elements being A and k, it is manifest that the 
factor which involves them both, 


h—-k or k—h, 


must change sign, but that the factors which involve them and 
any third element s constitute a partial product 


(h—s)(k—s) or (h—s)(s—h), 


the sign of which cannot change. (IIL. 38) 

Of the three memoirs, the first and third, like Jacobi’s third 
and second, do not at present require attention. A _ slight 
reference to the first—on alternating functions—is, however, 
necessary, because Cauchy, unlike Jacobi, makes determinants 
a special class of alternating functions, and it is therefore of 
importance to see the exact position he assigns to them. It will 
be remembered that in 1812 he partitioned symmetric functions 
into permanent and alternating, and made determinants a class 
of the latter; that is to say, his scheme of logical relationship 


was 
(a) Determinants, 
{ (a) Alternating 


Functions | (0) Permanent 


pe Symmetric 


The memoirs we have now come to indicate a departure from 
this, both verbal and substantial. The change is made too 
without any reason being assigned; indeed, there is not even 
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a word to imply that any change had taken place. Alternating 
functions are, as in his Cours d’analyse, put on the same level 
as symmetric functions; the term permanent is dispensed with ; 
a new entity, alternating aggregates, is introduced ; what were 
formerly called determinants are made a class of these alternating 
ageregates; and for the name determinant resultant is sub- 
stituted. The scheme of relationship is thus transformed into 


( (a) Resultants. 
(a) Alternating Aggregates 
| (A) Alternating! ke) 
Functions i Symmetric 


(C) 


Neither scheme, we must at the same time remember, is really 
as simple as here indicated, being complicated by the fact that a 
function may be alternating in more than one way. This is 
brought out much more explicitly and clearly in the present 
memoirs than in that of 1812, as the following quotations will 


show. We have first of all (p. 151), an alternating function of 
several variables. 


“Une fonction alternée de plusieurs variables 2, y, 2, ..., est 
celle qui change de signe, en conservant, au signe prés, la méme valeur 
lorsqu’on échange deux de ces variables entre elles.” 


Next we have an alternating function with respect to several 
indices (p. 155) :— 


“‘Quelquefois on représente ces mémes variables par une seule lettre 
affectée de divers indices 
1 RD PR Ee, Fas i aye 


et Yon peut dire alors que la fonction ou la somme dont il s’agit est 
alternée par rapport ces indices. Ainsi, par.exemple, le produit 


(&p — #1) (9 — &q) (a, — &q) 
est une fonction alternée par rapport aux variables 
Ly X, Loy 
ou, ce qui revient au méme, par rapport aux indices 
6 Ss 
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This example being an alternating function according to the 
first definition, it would seem that here we have a mere abbre- 
viation or variation of language. There are, however, it must 
be borne in mind, functions which are alternating with respect 
to indices, and are not alternating according to the first definition. 
For example, any determinant, like 
A4b9C3 + agb,Cy + Agbgc, — Agb,C, — Ayd,Cz — Ayb5Cy, 

is alternating with respect to all the indices involved, but is not 
alternating with respect to all or any other number of the 
variables @,,d5,43, b,,b,,03, €1,Co,Cz. Strange to say, Cauchy makes 
no mention of this, but goes on to a third definition, by means 
of which alternating functions are made in another way to 
include determinants. He says (p. 156) :— 


“On pourrait obtenir aussi des fonctions qui seraient alternées par 
rapport & diverses suites, c'est & dire, des fonctions qui auraient la pro- 
priété de changer de signe, en conservant, au signe prés, la méme 
valeur quand on échangerait entre eux les termes correspondants 
de ces mémes suites. Considérons, par exemple, m suites différentes 
composées chacune de n termes qui se trouvent représentés, pour la 
premiére suite, par 

aletsier eh tin, 


pour la seconde suite, par 
Yor Ys +++ +9 Yn-is 
pour la troisieme suite, par 


' ode iks Mra e nets 
ete., ....; et soit 
fie ttn don teins Yoel Yot oomaY acs plitplscr: pZacuseeat ee 3) 


une fonction donnée de ces divers termes. Si 4 cette fonction l’on 
ajoute toutes celles que l’on peut en déduire, 4 l’aide d’un ou de 
plusieurs échanges opérés entre les lettres 


2 Uae e com 
prises deux 4 deux, chacune des nouvelles fonctions étant prise avec le 
signe + ou avec le signe —, suivant qu’elle se déduit de la premiére 


par un nombre pair, ou par un nombre impair d’échanges ; le résultat 
de cette addition sera une somme alternée par rapport aux suites dont 
il s’agit.” 

It is a little unfortunate that this definition proceeds on different 
lines from the others, being rather indeed a rule for the forma- 
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tion of an alternating function with respect to several sets of 
variables than a definition of such a function. It would have 
been much more appropriate and instructive to have said that 
a function was called alternating with respect to two or more 
sets of the same number of variables when the interchange of 
each member of a set with the corresponding member of another 
set altered the function in sign merely. Examples like the 
following could then have been given to make the two usages of 
the term perfectly clear, and to show the exact relation between 
them. To illustrate the first usage, the expressions 


ac—bc, 
(a—b)(c—d), 
(a—b)(a—c)(b—c), 


might be taken, where ac—be is an alternating function with 
respect to the variables a, b; (a—b)(c—d) an alternating 
function with respect to a, 6, and also with respect to c,d; and 
(a—b)(a—c)(b—c) an alternating function with respect to a, b, 
with respect to a, c, and with respect to b, ¢, or shortly, an 
alternating function of all its variables. On the other hand, 
the expressions 

ab —c'd , 

ab—ed, 


would illustrate the second usage ; a2b—c*d being an alternating 
function with respect to the sets of variables ab, cd; and ab—cd 
an alternating function with respect to the sets ab, ed, and also 
with respect to the sets ac, bd. In a word, the alteration which 
produces change of sign is, in the case of the first usage, inter- 
change of two individual elements; in the case of the second 
usage it is interchange of two ranks or sets of elements. 

The entity to which the new name somme alternée is given is 
explained as follows (p. 160) :— 


“* Soit 
1 (Si Uiasyiers cae) 
une fonction quelconque de n variables 


wy! fPaenee 
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et ajoutons a cette fonction toutes celles qu’on peut en déduire par la 
transposition des variables, ou, ce qui revient au méme, par un ou 
plusieurs échanges opérés chacun entre deux variables seulement, 
chaque nouvelle fonction étant prise avec le signe + ou le signe -, 
suivant qu’elle se déduit de la premiére & l’aide d’un nombre pair ou 
impair de semblables échanges. La somme s ainsi obtenue sera la 
somme alternée que nous représentons par la notation 


PePLice eye. ae) F 
On trouvera, par exemple, en supposant n= 2, 
aa f(a, y)i- f(y, a) 5 
en supposant = 3, 
8 = f(a,y,2z) — £(a,2,y) + £(y,2,2) — £(y,,2) 
+ £(z,2,y) — f(2,y,0), 
etc.” 

The only matter now remaining for explanation is the mode 
of transition from sommes alternées to résultantes, the difficult 
point being, as in the memoir of 1812, to include all kinds of 
the latter as special cases of the former. The two pages which 
Cauchy devotes to the subject are curious to read, and deserve 
a little attention. He says (p. 161) :— 


“‘Concevons maintenant que la fonction 


T(DY iho oe) 
se reduise au produit de divers facteurs dont chacun renferme une 
suite des variables 

a, Y, &, 0 


en sorte que l’on ait, par exemple, 
£(x,y,2, ...) = d(a)x(y)¥(2).... 


alors, pour obtenir la somme alternée 


s = S[+$@)x¥@)---] 


” 


il suffira ... 
and having shown the mode of formation, and given the examples 


s = $(&)x(y) — $(y)x(@); 
s = o(z)x(y)W(z) — o(@)x()W(y) +--+. 
he adds 


‘Les sommes de cette espéce sont celles que M. Laplace a désignées 
sous le nom de résultantes.” 
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In regard to this the first comment clearly must be that it is not 
a little misleading. The sums referred to are only a very special 
class of those functions which Laplace called resultants; they 
belong, in fact, to that peculiar type for which in later times the 
name alternant was coined. In the second place, Cauchy’s 
virtual renunciation of his own word “determinant” must be 
noted,—a renunciation all the more curious when we consider 
that the word had now been adopted by Jacobi, and had thereby 
become the recognised term in Germany. It may be that 
Laplace's word “resultant” had proved more acceptable in 
France, and that Cauchy merely bowed to the fact; but there is 
little or no evidence to support this.* 

In the paragraph following the above Cauchy proceeds, as it 
were, to rectify matters. He says (p. 162) :— 


“Les formes des fonctions désignées par 
$(2), x(a), $(a), ete. 
étant arbitraires, aussi bien que les variables 
alae ile id aan 


permettent aux divers termes qui composent le tableau (2) d’acquérir 
des valeurs quelconques, et représentons ces variables a l’aide de lettres 
diverses 


Cy ees ee eee LE 
affectés d’indices différents 
Oc aprke fe. = Le 


dans les diverses lignes verticales. Alors, au lieu du tableau (2), 
on obtiendra le suivant 


Loy Vy, Vay wT OSia.5 Un-1 
Yoy Yiy Yos ae ee ee Yn—1 
(5) cr) ay Avy Doo a) ey Oy 
to hy te, cm See he baat 


* Liouville, in a paper published in the same year as Cauchy’s memoirs, uses 
resultant, but adds in a footnote, ‘Au lieu du mot résultante, les géométres 
emploient souvent le mot déterminant” (Liouville’s Journ., vi. p. 348), 
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et la résultante s des termes dans ce dernier tableau sera 
Ss = S[+ azo... tya).” 


The general determinant is doubtless. here reached, but the 
transition requisite for the attainment of it, viz., from ¢(2), x(a), 
W(x), .... to the perfectly independent a, x, a, ... . is not 
made without considerable strain. This is all the more sur- 
prising, too, when we consider, that a much less troublesome and 
less objectionable mode of bringing determinants under alter- 
nating aggregates lay ready to Cauchy’s hand. Bearing in 
mind the definition given above, of fonctions alternées par 
rapport d& diverses suites, we see that a determinant of the n 
order could have been made to appear as an alternating function 
with respect to n ranks of n variables each. For example, the 
determinant 


AyDolg + UgbsCy + Mqdsl — Mgdyey — UpbC3 — A509, 


could have been introduced as a function alternating with 
respect to any two of the three ranks, 


GM A 3, 
Ore 0, MDs; 
Cy Cy Cs; 


and indeed, as we know, it is alternating also with respect to 
any two of the ranks 


eee 
A, 9% 9; 
Ue, oon, 


that is to say, according to another phrase of Cauchy’s, used 
above, it is alternating with respect to the indices, 1, 2, 3. 

The fourteen pages (pp. 163-176) which follow, are taken up 
with the properties of determinants as thus defined and with 
the application of them to the solution of simultaneous linear 
equations. Most of the matter is already familiar to us, and 
may be altogether passed over. One of the theorems it is 
necessary to give verbatim, not because of its importance, but 
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because it serves to make evident the untenable position Cauchy 
had taken up in so peculiarly bringing determinants under the 
head of alternating aggregates. The theorem is (p. 164):— 


“Si, avec les variables comprises dans le tableau (5), on forme une 
fonction entiére, du degré n, qui offre, dans chaque terme, n facteurs 
dont un seul appartienne a chacune des suites horizontales de ce tableau, 
et qui soit alternée par rapport 4 ces mémes suites, la fonction entiére 
dont il s’agit devra se réduire, au signe pres, a la résultante s.” 


This not only justifies the definition proposed above to be sub- 
stituted for Cauchy’s, but it also entitles us to say that Cauchy 
having started by including determinants among alternating 
functions of one kind, viz., functions alternating with respect to 
every pair of 7 variables, soon succeeds in showing that they are 
alternating functions of an entirely different kind, viz., functions 
alternating with respect to every pair of x ranks of variables. 
The only other noteworthy matter is a theorem in regard to 

the solution of a set of simultaneous equations. Viewing the 
equations 

ae + by + oz = € 

aoe + bey + C2 = n 

age + byy + cs2 = ¢ 


as giving each of the three variables €, , & in terms of the other 
three x, y, z, we see that on solving for a, y, z, we obtain a con- 
verse system, that is to say, a system giving each of the three 
w, y, 2, in terms of £,,€ The latter system is, as we know, 


Ay 
A 7] 
B, 
A” 


A A 
is oar nae 


— 1 B, 
A A A ‘ 


where A is the determinant of the original system and 
: Ai Bi OC), As ae 


are the cofactors in A of 5; DFC, CRS Ay respectively. Multi- 
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plying the determinants of the two systems, we obtain 
determinant of the quantities 


te DO. 4.0 
O jl oO 
OincO tes I 
Hence (p. 176) :— 
“Si, n variables 
Ly Yr By reas t, 


étant liées 4 n autres variables 


LS why Cato Sor we 


285 
the 


par n équations linéaires, on suppose les unes exprimées en fonctions 
linégaires des autres, et réciproquement; les deux résultantes formées 
avec les coefficients que renfermeront ces fonctions linéaires dans les 
deux hypothéses, offriront un produit équivalent a Vunité.” (KX. 4) 


CHAPTER X. 


DETERMINANTS IN GENERAL, FROM 1813 TO 1841: 
A RETROSPECT. 


THE characteristics of this period are best brought out by 
comparison with those of the preceding period, it being carefully 
borne in mind, in making the comparison, that the two are 
markedly unequal in length, the period of pioneering, as we may 
term it, extending to 120 years, and the next to only about 30. 

In the first place, then, the evidence shows that as time went 
on there was considerable increase of interest in the subject, and 
a more widely spread knowledge of it; for, whereas to the longer 
period there belong 21 papers by 16 writers, for the shorter 
period the corresponding numbers are 38 and 19, Among the 
19 writers, too, are represented nationalities which had previously 
not put in an appearance, viz., English, Italian, and Polish. 
In both periods the French language ‘greatly predominates in 
the writings, even although in the second period the number of 
German contributors is about equal to the number of French. 
The details on this point are :— 


(1693-1812) (1813-1841) 


French, - “ 3 : 16 17 
Latin, - - . - 3 9 
German, - - - - 2 6 
English, - = : é Tae 5 
Italian, = - . - - — i 


The Latin papers are mainly those of Germans, Jacobi alone 
being responsible for 8 in the later period. 
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In the second place, we have proof that the early period was 
by far the more fruitful in original results. The pioneers had 
mapped out most of the prominent features of the new country ; 
their successors had consequently to concern themselves in a 
considerable degree with filling in the details. During the 
second period one finds the fundamental propositions of the first 
period reproduced in new varieties of form; also, there are not 
awanting new proofs, extensions, and specialisations of old 
theorems; but of absolutely fresh departures there are com- 
paratively few. An examination of the results numbered XLIv.— 
LIx. will show the character of these departures. It will be 
seen that they are due to Desnanot, Scherk, Schweins, Jacobi, 
Sylvester, and Cauchy. The most notable name of the period is 
Jacobi’s, and next to it perhaps that of Schweins. There is no 
one name, however, which stands out in this period so con- 
spicuously as Cauchy’s does in the first period. Sylvester, unlike 
the others, it must be remembered, was only beginning his 
career, and we have yet to see him in the fulness of his power. 
It is worthy of note, too, that the striking figure of the first 
period is not by any means dwarfed in the second, his name 
occurring five times in the chronological list, and his papers at 
the close of the period showing much of his old insight and 
vigour. 

In the next place, the second period contrasts with the first in 
that during it important work was done on the subject of special 
forms of determinants. This will become more apparent after 
consideration of the chapters which follow. It will then be seen 
that of the five most important forms there dealt with, viz., 
those subsequently known as Axisymmetrie Determinants, Alter- 
nants, Jacobians, Skew Determinants, Orthogonants, three had 
their origin during the second period ; and, further, that although 
the two others originated during the first period the greater 
bulk of the work done on them belongs to the second. Here, 
again, the noteworthy names are those of Jacobi, Cauchy, and 
Schweins. 

Lastly, it having been noted in the retrospect of the first 
period that the subject of determinants was almost entirely 
a creation of the French intellect, we must not fail to take 
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cognisance now of the fact that in the second period the pre- 
eminence belongs to Germany, France however taking still a 
fairly good second place. 

To aid in bringing all these facts more clearly home to the 
reader a table similar to that supplied for the elucidation of the 
first period (see page 132) is annexed. The cautions formerly 
given as regards the’ imperfections of such a table and the care 
consequently necessary in using it are expected to be again 
borne in mind. 


TABLE—SHOWING THE ADVANCE OF THE 


4 |z/2 s-lal # e| @ 
 /2/8 s a) & 2} § 
os = 7 
ae $ - 3 a % = 
é a4 § B| # F qi 4 Pere 
Via 2 a “ sg 
Set a el 3 e| a lets 
IL. 
Ill. | 134-5 156, 158 179 
Vi 145 159 162 H 
a“ie 160 179 
VIL, 
Tx 162 1822) 
XI. 161 
XI. | 135 143 165 
XIII. 148 151 
XIV. 164 
XV. 136 160 
XVII. 
XVIII, 
XX, 188 
XXI 
XXIII. 140, 142, 145 171 1 185 
XXIV, She 
XXIX. 
XXXVI. 162 
XL. 
1813. Gergonne, 
1814. Garnier, 
1815. Wronski, 
1819, Desnanot, 
XLIV. 139, 140, 142, 145 185 
XLV. 145 171 
1821. Cauchy, 
1825. Scherk, 
XLVI. 154 
XLVII. 154 
XLVIIL 158 
Schweins, 
XLIX. 167, 169, 170), 171 
; L. 174 
1827. Jacobi, 
3 7 LI = 178 
1829. Reiss, = 
Cauchy, ‘ 
Tacobi, Pe = ‘ 
LIL. 189, 192, 193 
Minding, 
1831. Drinkwater, ae a 
1832. Mainardi, 
1833. Jacobi, ea 
1834. Jacobi, : 
LIL. 
1835. Jacobi, — 
1836. Grunert, 
1837. Lebesgue, 
1838. Reiss, a 
1839. Catalan, : 
Sylvester, 
Molins, 
1840. Sylvester, ‘me 
LIV. 
Richelot, 
Cauchy, 
1841. Sylvester, 
Craufurd, 
Cauchy, 
1 We 
Jacobi, 
LVI. 
LVI. 
LVIII, 
LIX, 


Oauahy, i 
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injales | los 5 r jale $ e 
Big ;8/2/2/ 8 | 8 18/8 E; z 
§ boas be bel coal haa ine honk ae ne 
Fee ot ei ¢ Har SOAS LENSE! ys 
elelgigigig] 2 | F\glaifld| E la|Zieg) 7 Z 3 
a) il EI _ Pn J 2 B/a/lea S 3 
jelklgiel2l2| & | 3 lalalsis|) & lalalelél a E g 
250 
199 218, 219 249(2) 256, 257, 258), 260 | 276), 277 
| 212 261 
\ 214 228 
220 
221 
fe 222 
197 
212 | 213 216 225 | 231 | 236 
261 
228 
204 271(2) 
270, 271 
197 208 214 268 
| 211 285 
233 264, 265 
256 
201 
220(2) 262 
199 
199 223 
209 
pate 
213 
237, 238 | 239| 242 | 244 
249, 250), 252 
262 
263 
265 


CHAPTER XI. 


AXISYMMETRIC DETERMINANTS, FROM 1773 TO 1841. 


ATTENTION has already been drawn to certain identities of 
Lagrange’s which might possibly be viewed as contributions to 
the theory of determinants. Among these were the following 
published in 1773 :— 


Foe, Cath 


(aye + yZ a" + 20 y” —ad'y” — ya'e” —2y'a"P 
= PLAC HY (Cr+y2+2”) 
+ 2a! + yy +22 )(ae" + yy" +22" \(a'a’ + yy +22) 
— tpt Ayan" tyy’ +22) 
— (a ty+22\(0e" +yy" +22") 
(a2 + y!?+2'") (ma! + yy +22) 5 
(y2'—y"Z + al =z) + (yay? 
= (w+ y? +22) (a2 +y?+2%) — (wal ty y +e2); 
and 
(pr—q?)(Mn—Nm) = (pM?+2qMm-+ rm?) pN?+ 2qNn+rn’*) 
— (pMN+qMn+qNm+rmny/. 
Four of the expressions here occurring would doubtless at a 


later date have been viewed as axisymmetric determinants, and 
in Cayley’s notation of 1841 would have been written 


a +y? +22 we +yy +22 we + yy” + 22" 
gene" + yy + ae ae a a2 a 7? a + y’y + a/e"" 
ae” + yy + oe! woe” + yy + ae! gp'/2 a6 y? aE “(2 ; ete.; 


but a reference to the original papers, already described, will 
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make it almost perfectly certain that Lagrange did not view 
them in this light. 

The like is true of Gauss (1801) who discovered the next case 
of the third of the preceding identities. 


ROTHE (1800). 


[Ueber Permutationen, in Beziehung auf die Stellen ihrer 
Elemente. Anwendung der daraus abgeleiteten Sétzen 
auf das Eliminations-problem. Sammlung combinatorisch- 
analytischer Abhandlungen, herausg. v. C. F. Hindenburg, 
il. pp. 263-305. } 


The position of Rothe was quite different from that of 
Lagrange and Gauss, as his paper dealt explicitly with 
determinants (or, rather, with the functions afterwards known 
as determinants), and the case of axisymmetry is definitely 
referred to, although not by name. 

His one theorem may be illustrated by the case where the 
number of given equations is 4, and is then to the effect that if 
we have 

ax, + be, + ca, + dx, = 8, 

ba, + et, + fits + 9X, = 8, 
ca, + fx, +ha,+ in, = 8, 
Ax, + gt, + ia, + ju, =8 


4J > 
where the array of coefficients on the left is axisymmetric, then 
the same peculiarity of axisymmetry must make its appearance 


in the derived set which gives each of the a’s in terms of the 
four s’s. 


Starting with the more general set of n equations 


L1.a, + 12.a,+ ... + 10.0, = 8, 
21.0, + 22.0,+... +2n.4, = 8, 
n1l.a, + N2.%y +... NN. = 8p : 


and denoting the determinant formed from the coefficients on 
the left by N, and the cofactor in N of any coefficient pq by fpq, 
he proves in Laplace’s method that 
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fd. ee T21.sptene ~ bul nlisye= Nia 
112.8, + f22.8,4 .... + fn2.s, = N.a, 
f1n.s, +f2n.8,+ .... + finn.s, = Nia, 


where, be it observed, the coefficients of s, are not the cofactors 
of the coefficients «, in the original set of equations but the 
cofactors of the coefficients of «,, v,..., ®» in the first equation 
of that set: in other words, the first column of coefficients in 
the derived set of equations corresponds to the first row of 
coefficients in the original set. Then taking another set of n 
equations having the same coefficients 11, 12,.... differently 
disposed, viz., 


11l.y, + 21.y,+ 2.6.4 21.4, = U4, 
120y) ee Ug ee Pe = US 
1n.y, + 2N.Yg + 2 1s FERNY = ik 


but where of course the determinant of the coefficients is in 
substance the same as before, and therefore denotable by N, and 
where consequently the cofactors of the elements of which the 
determinant is composed are also the same as before, he proves, 
rather unnecessarily, that 


fll.v, + f12.4,+ .... + fln.u, = N.y, 
f21.v, + [22.u,+ .... + f2n.v, = N.y, 
fnl.v, + {n2.0,+ 2... +fav, = N-Yn 


In this way it is made to appear that the coefficients of the one 
set of derived equations are the same as the coefficients of the 
other set of derived equations, the difference in the arrangement 
of them being exactly the difference observable in regard to 
the primitive sets. 

From this he passes to the case where the array of coefficients 
of the primitive set of equations possesses the property of 
axisymmetry, his words being (p. 301)— 
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“Tst endlich fiir jedes p und g, pg=qp, oder ist bey den gegebenen 
Gleichungen, fiir jedes m, die mte Horizontalreihe der Coefficienten 
mit der mten Verticalreihe derselben einerley ; die Horizontalreihen 
nehmlich von oben herab, und die Verticalreihen, von der Linken nach 
der Rechten zu gerechnet, so ist auch allgemein fpg=fqp, oder die mte 
Horizontalreihe der Coefficienten, mit der mten Verticalreihe derselben, 
auch bey den Auflésungsgleichungen einerley.” 


It may be noticed in passing that as the determinant of 
the coefficients in the derived set of equations is the conjugate 
of the adjugate of the determinant of the original set, there 
is involved in Rothe’s proposition the well-known proposition 
of later times, viz, that the adjugate of an axisymmetric 
determinant is also axisymmetric. 


BINET (1811). 


[Mémoire sur la théorie des axes conjugués .... Journ. de 
Ecole Polytechnique, ix. (pp. 41-67), pp. 45, 46.] 


[Sur quelques formules d’algébre, et sur leur application & des 
expressions qui ont rapport aux axes conjugués des corps. 
Nouv. Bull. des Sciences par la Société Philomatique, ii. 
pp. 889-392. ] 


With Binet we have a recurrence to those axisymmetric 
determinants which appear as equivalents to second powers of 
determinants or to sums of second powers. His theorems 


MP + ML? + Melly? +. MEY EM DY, + Mylo t .. Mxz+ M22, + Molotg + . . 
May + MY + MoLoYy +. MY? +MY; + MoYo? +... MYZAMYy2 + MgYo%o+ . . 
MZ +My zy + Myklyzy + 6. MYZ+MY;2 + MYo%o + .. Me +m, 2? +my22 +.. 


D2 Wy 0y(* © Wy Wy |? 


STEMS YOY Yay OPO Mg YOY ys, |e tee, Aes 
Be ig oR 2) ene, 
g h a 
g ma +m oe" +.. meytmny,t.. meet+ma,z,+ . 


h may+may,+.. my+my2 +.. MYZ+MY2Z,4+ .. 
G Maz+mMwA+.. myztmyyA+t.. m2 +m,2,27 +.. 


AXISYMMETRIC DETERMINANTS (BINET, 1811) 293 


2 2 
yey Jee Le J % Wy |? 
=mm|h y yy) +mm lh y Yoel + mmlh yy Yo) + 033 
% Were, 4° 2, TM Zo 


wtuey +... webuet.. wytuyyt.. Ustuyyt.. 
Ut Ue +... e407 +... ey tayyt.. C2+0,2%,+.. 
UYEWMYt.. wytmyt.. YryP +... ysrymat-. 
USAW, +.. we +uz,+.. yotye%+.. @+22 +-. 


2b. SUE A, a tA Le eka lags le 
Se eka lah Vo ant muiy ee Pasltoml 

ORO EOE E G Yi Yo Ys 

bie ae eS Re ey LN 2. Ho shit 


These all indicate most important advances, and, be it noted, 
the last of them is given by its author as the third of a series 
the law of which he considered “facile & saisir.” In view of 
this, and the fact that in the following year he published his 
great memoir containing the multiplication-theorem in all its 
generality, we are bound to conclude that whatever credit in the 
latter he must share with Cauchy, the axisymmetric case of it is 
entirely his own. 

Further details need not be given, as this has already been 
done when dealing with determinants in general. 


JACOBI (1827). 


[Ueber die Hauptaxen der Flichen der zweiten Ordnung. 
Crelle’s Journal, ii. pp. 227-233 ; or Werke, iii. pp. 45-53. ] 


[De singulari quadam duplicis integralis transformatione, 
Crelle’s Journal, ii. pp. 234-242; or Werke, iii. pp. 55-66.] 


In these two papers, which owe their inspiration to the famous 
memoir* of Gauss on the “Determinatio Attractionis ...,” 
Jacobi concerns himself with two problems of transformation, 


* Commentationes societatis regie scientiarum Gottingensis recentiores, iv. (1818) : 
or Gauss, Werke, iii. pp. 331-355. For abstract see Gdttingische gelehrte Anzeige 
(1818, Feb.), pp. 233-237: or Werke, iii. pp. 357-360. 
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the first of which explicitly deals with the transformation of the 
ternary quadric : 

Ag? + By? + C2? + 2ayz + 2bew + cay 
into the form 

Lé? + My? + N&, 

and the other implicitly with the corresponding change in the 
case of a quaternary quadric. The papers will be fully discussed 
when we come to deal with “determinants of an orthogonal 
substitution.” It suffices for the present to note that in the 
first Jacobi virtually gives as an equivalent for the axisymmetric 
determinant which we should now write in the form 


e—A xCOSy —C x COS u— b 
x COS y—C «—B x cos A—a 
x cos u—b xcosA—a x—C 


the expansion 
(t- A)(%-B)(x-C) -(x-A)(xcos A —«)? 
— (a — B)(x cos p — b)? 
—(z-C)(acosyv — c)? + 2(«cos A — a) (a cos p - b)(a cos v —c¢) ; 


and in the second paper for the axisymmetric determinant 


a—x b’ b” De 
b’ a +e o a 
b” g a’ +a c 
be c” c w” +9 


the expansion 


(a—2)(a' +2)(a" +2)(a"" +2) ~ (a—a)(a’ +2)e2 — (a" 42)(a” +2)b 
— (a-a)(a" +2)c"2 — (a +2)(a’ +2)b2 
~ (@-a)(a" +2)c"2 — (a +a) (a" +2)" 

+ 2c'o"e" (a — a) + 2c'b"b'" (a +2) + 2c" (a +a) + Qcl"b'O" (a’” +2) 
+ 5'2c'2 4 B22 4 H"2e'"2 _ O4'b"c'e” — QBBelel” — 20''B'e'"'c’, 


—that is to say, the expansion arranged according to products of 
elements of the principal diagonal. 


A clause of the paper refers to the writings of Laplace, 
Vandermonde, Gauss, and Binet, 
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CAUCHY (1829). 


[Sur léquation 4 l’aide de laquelle on détermine les inégalités 
séculaires des mouvements des planétes, Hxercices de Math., 
iv. pp. 140-160; or Huvres completes, 2° sér. ix. pp. 172-195.] 


The equation which Cauchy refers to in his title is exactly 
the equation with which we have just seen Jacobi occupied. 
Cauchy, however, comes upon it from a different direction, and 
it is no longer with him a cubic or quartic, but an 1" 

The problem he sets out to solve is the finding of the 
maxima and minima of what we should nowadays call an n-ary 
quadric, viz., 


Aegt? + Aywy? + Ane? + ... + 2Aryry + 2Agr2 + 
subject to the condition that the sum of the squares of the n 
variables x, y, z,... equals 1. In a few lines it is ascertained 


that the equation in s, S=0 say, whose roots are the extreme 
values in question, is obtainable on eliminating a, y, z,... from 
the set of n equations 


(Agz—s)e + Any + Veal ay Cece a 
Aygt + (Ay—s)y + Aa oe 4 ee 
Awe + Any + (Az—8)2 +7. -.. = 90 

where A,z=Azy..+-+ Remembering Cauchy’s great paper of 


1812, we are quite prepared to find him at this stage proceeding 
to say :— 


“S gera une fonction alterndée des quantités comprises dans le Tableau 


ag panel je 
ee As a 
A. Ay, A,- 8 


savoir celle dont les différents termes sont représentées, aux signes prés, 
par les produits qu’on obtient, lorsqu’on multiplie ces quantités, n a n, 
de toutes les maniéres possibles, en ayant soin de faire entrer dans 
chaque produit un facteur pris dans chacune des lignes horizontales du 
Tableau et un facteur pris dans chacune des lignes verticales.” 
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The lengthy discussion of the character of the roots of S=0 
which thereupon follows, and in which the properties of 
“fonctions alternées” are freely used, belongs almost entirely 
to a different portion of our subject: for the present there 
concerns us only one theorem subsidiary to the said discussion. 
In modern phraseology this lemma is—S being any axisymmetric 
deternvinant, R the determinunt got by deleting the first row and 
Jirst column of 8, Y the determinant got by deleting the first row 
and second column of S, and Q the determinant got from R 
as R from 8S, then if R=0, SQ=—Y?. The mode adopted for 
testing the truth of this is applicable to any determinant S, 
whether axisymmetric or not; and when the second condition, 
viz., the vanishing of R, is also removed, there emerges the 
simplest case of Jacobi’s theorem of 1833 regarding a minor 
of the adjugate. 


JACOBI (1831 Dec.). 
[De transformatione integralis duplicis indefiniti 


Opoy 
A + Beos¢+Csin 6 +(A’+ B’ cos 6 + CO sin )cosy + (A’ + B’ cosp + C’ sing) sin 


nod 
G — G' cos 7 cos 6 — G" sin 7 sin 0 


in formam simpliciorem | 


Crelles Jowrnal, viii. pp. 253-279, 321-357; or Werke, iii. 
pp. 91-158. ] 


As the algebraical transformation effected in this paper is an 
extension of that dealt with in Jacobi’s second paper of 1827, it 
is only what might have been expected to find expressions 
contained in it which may be viewed as axisymmetric deter- 
minants. Such expressions are two forms of the square of 


A(B’C" — B’C’) + B(C’A” — 0A’) + C(A’B”—A’B’), or A 


and the non-zero side of the eubiec equation therewith connected, 
upon which the whole investigation depends, viz., 


> 


ae — oP{ A? + B+ OF + AF + B24 O24 A474 BP 4 C2} 
+2 {(BO"-B'CP+ .... } 
oa {A(B’C’ =e B’C’) + B(C’A” tay C’A’) + C(A’B’ Faas Fd 65) fis 
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No hint, however, is given of these expressions being deter- 
minants,—a fact which is all the more noteworthy in view of 
~ the reference made in the second paper of 1827 to the writings 
of Laplace, Vandermonde, ... , and in view of the reference 
made on p. 350 of his present paper to Cauchy’s of 1829, where, 
as we have just seen, “fonctions alternées” are explicitly used 
throughout. As a mere aid to the memory it would appear 
to have been worth while to note that if one of the said squares 
_of A be the determinant formed from 


Hd «the. 40 
the non-zero side of the fundamental cubic is the determinant. 
formed from 


/ / 


ex —l n m 
Te ae 1 d: 
m ys “— nN, 
and that the coefficient of —° in the cubic is the square of A, 
the coefficient of «! the sum of the squares of what came 
afterwards to be called the “primary minors” of A, and the 
coefficient of «2 the sum of the squares of the secondary minors. 


JACOBI (1832). 


[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Journal, x. pp. 101-128; or 
Werke, iii. pp. 159-189.] 

This last paper of the three dealing with the transformation 
of integrals contains less regarding our present subject than 
either of the others. The only thing worth noting is the curious 
cubic equation 

a? { abe — ad? — be? — cf? + 2def } 
, a(be—d?) + Ob (ca—e) + ¢ (ab—f?) } 
r ‘ce 2d'(ef—ad) + 2¢(fd—be) + 2f'(de—cf) 
a(b’e’—d?) + b(ca’—e?) + e(ab'-f? } 
br te 2d(ef’—a/d’) + 2e( fd’ —Ve’) + 2f(de'—cf’) 
— {ave —awd? — We? — cf? + 2Wef'} =O, 
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where the first and last coefficients are in modern notation 


fr uta dla nae ye. 
f bd pennies 
AT Se, : | 6. ai Le Ee 
the second coefficient from the beginning is 
On Eiken o% fe al Mags: 
yea ages he iad hen gpd d'| + |f 0° @ 
Ce, Ga & 0 6 fe iat 


or 


Aa’ + Bb’ + Ce’ + 2Dd’ + 2Ee’ + 2F7’; 


and the second from the end 


Ty Fak gle i? | T oe 
f.U dt Seely bh dae Vie 
éd ¢ clases eit! le de 
or 
A’‘a + Bb + Cc + 2D‘d + 2E’e + 2F Ff, 
or 


A‘a+F7 + He 
+Ff + Bb + Dd 
+ Ee + D’'d+ Cc 


JACOBI (1833), 


(De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant; una cum..... 
Crelle’s Jowrnal, xii. pp. 1-69; or Werke, iii. pp. 191-268.] 


As in this great memoir Jacobi sums up and generalises the 
results of his papers of 1827, 1831, 1832, in which, as we have 
seen, axisymmetric determinants were implicitly made use of, it 
is at first somewhat surprising to find very little reference to 
properties of determinants of this special form. The reason, 
however, doubtless is that when he came to extend his theorems 
from the third or fourth order to the nth, he also withdrew the 
restriction as to axisymmetry and gave the results in quite 
general form. In support of this the fifth and sixth sections 
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(pp. 8-11) may be referred to,—sections which on account of 
being concerned with determinants in general have already been 
dealt with in the proper place. Even when he comes, as before 
in the particular cases, to his equation for determining the coefi- 
cients of the squares of the new variables, that is, the equation 


T=0 
where Tis described as the expression got from > +44; dog .+ + Unn 
by changing a,,, Go, ... into a,,—@, da—a, ... he gives an 


expansion of I according to ascending powers of x, which holds 
whether a,,=a, or not. The passage is— 


“Quod attinet ipsam ipsius I formationem, observo, si signo 
summatorio S amplectamur expressiones inter se diversas, que permutatis 


indicibus 1, 2, 3, ..., m proveniunt, fieri: 
Rs Ses Conta Cue 
= BOLE Oss legis on Unet naa 
+ SZ LG,, fog vin Onna nna 


+ £9 SZ + 4) Boo 
Pe Nat, 
ee ie 
Qua in formula, expressio 
Fy eae Oy log 5 5 Oh Siam 


m(n—1)...(n—m+1) 


designat summam expressionum, 
12h. 0 
que e 
; bs. 2+ Ay; Ugg + ++ Ben 
proveniunt, si in 
Dsithen Be ten 

loco indicum priorum simul ac posteriorum 1, 2,... , m scribimus 

' ; ; : . ; - 
omnibus modis, quibus fieri potest, m alios e numeris 1, 2, 3,..., 


There are, however, two minor instances in which it is the 
special determinant that is alone concerned. The first occurs 
after proving (p. 18, footnote) the theorem (see Rothe’s paper of 
1800) that if the solution of 


AynLy  Agy®y +... + AnyLn = Uy (A=, 2,5... 9) 
be 
Bg DE yy Ging «+ Onn = Dept HO tat --. +Oxntin (K=1, 2,..., 2) 
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then the solution of . 

AnyY1 + UWeYo +... + ArnYn = Va (A=, 2,96, 7) 
must be 
Yr 2 Ey hag 6. Onn = Dye + Dae... FOntn (= 1, 2,..., 7) 


when he adds the corollary that if a, = a, then also by, = Dyx. 
The second occurs quite similarly when, having pointed out 
(p. 20) that the coefficients b,, in either solution are expressible 
as differential-quotients of D+... nn, he adds the 
sentence, “Quoties a,, = a, differentialis semisse tantum sumi 
debet si « et A diversi sunt.” 


JACOBI (1834). 


[Dato systemate n squationum linearium inter n incognitas, 
valores incognitarum per integralia definita (n—1)tuplicia 
exhibentur. Crelle’s Journal, xiv. pp. 51-55; or Werke, vi. 
pp. 79-85.] 


Jacobi having already pointed out in his long memoir of the 
preceding year that the cofactor of a,, in 


Pants Rs Re 


‘mn? 


; or N say, 
is 

ON |, 

Oder” 


and having now to deal with the case where Onn = A,, ATaws 
attention again to the fact that in solving the equations 


Ay ny a Ao Ys ap ifr SS ce Din Yn = My, , 
Gey Y1 + M2 Yo +--+» + en Yn = Mp, 
Any Yi ar AneYo a Lh i aoc a GnYn 3 My; 
we no longer obtain 
ON ON “ON 
Zn + Cm ere 
Wn oO u S ays s% ea Mn» 
but 
oN ON ON 
N= Sm Hae 1) 
fs Cray icine Ary hve tet one) Tiss 
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—his explanation being that the differential-quotient of N with 
respect to @,,, where x and X are unequal, is obtained by first 
viewing @,, and a, as being different, adding together the 
differential-quotient with respect to a,, and the differential- 
quotient with respect to a,, and then putting a,, = d,. His 
own words are—- 

“Si Vero Axa = Ox differentiale partiale secundum a,, sumtum, quoties 
non k=, obtinetur, si primum a,, et a, diverse statuuntur, atque 
differentialia partialia secundum a,, et secundum a, sumta iunguntur, 
ac deinde a, =, statuitur: quo facto cum utraque differentialia 


eequalia fiant, casu quo @, = 4, valor duplus emergit eius qui in 
formulis (3) locum habere debet.” 


LEBESGUE (1837). 


[Théses de Mécanique et d’Astronomie. Premiere Partie: 
Formules pour la transformation des fonctions homogénes 


du second degré a plusieurs inconnues. Journ. (de Liou- 
ville) de Math., ii. pp. 337-355. ] 


Lebesgue’s subject is exactly that dealt with in the first part 
of Jacobi’s memoir of 1833, viz., the transformation of a general 
homogeneous function of the second degree into one containing 
only squares of the variables. Indebtedness to Jacobi, Cauchy, 
and Sturm is indirectly intimated at the outset, and the paper is 
modestly offered as being new in manner rather than in matter. 

Like Cauchy and Jacobi, the author of course is led to the set 
of equations from which by elimination there is deduced the 
equation for the determination of the coefficients of the new 
variables; and recognising that “le premier membre de cette 
équation n’est qu'une de ces fonctions nommées déterminants,” 
he devotes his second section of five pages to the properties of 
these functions. Throughout this section prominence is notably 
given to determinants having the elements A.g, Aga equal; and 
such determinants are spoken of as “symétriques,’—a noteworthy 
fact, since up to this time no separate name had been applied to 
any specific form. “On peut dire alors,” Lebesgue says, 

“que le systéme est symétrique, puisque les nombres qui le forment 


sont placés symétriquement par rapport aux nombres a indices égaux 
. . \ ”? 
Ikon ers) ety Bacal A,, qui forme la diagonale du systeme. 
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The first proposition is that in a symmetric determinant 
[g, 2] = [%, g], where [g, 7] is used to denote the determinant got 
from the original determinant D by suppressing the g* row 
and 2” column. 

The second is that— 


“Pour tout déterminant nul on a 


(9, 9]- [2 4] = [2, 9] -[9, 2] 
et par conséquent pour un déterminant a la fois nul et symétrique 

[9 9]-[%, 4] = [t oP = [g, @P.” 
This is proved independently, but, of course, it is nowadays 
best viewed as a special case of Jacobi’s theorem (1833) regarding 
a minor of the adjugate. The third and fourth propositions 


combined are to the effect that in every perfectly general 


determinant 


dD om 
das = DLE 9, 


while in a symmetric determinant 

adDve aby ¢ iy ATOR 

aaa a [9,9], Gag pat (-1)7 2[2, g]. 
A proof of the last of these is given,* the starting-point being 
the identity 

D=A,, [7,2] — Anna[rn—1] + Anas [nnm—-2]—.... 

where D is expressed in terms of the elements of the last row 
and their cofactors. By differentiating both sides of this with 


respect to the particular non-diagonal element A,,,_; there is 
obtained 


aoe i * d[n,n— =I} d[njn—2] 
GAnn-1 0 {nn 1] =: Aida Be pty + Ann» aR = 


nyn—-1 

The differentiands on the right of this, viz. [n,v—1] , [n,n — 2 eae 
although not involving A,,,_; do involve A,-in Which is the 
same as A,,,_,: consequently their differential coefficients are 
other than zero and have to be found,—that is, we have to find 


* There are several misprints in the original, and the paging of the volume is 
hereabouts all wrong. 


AXISYMMETRIC DETERMINANTS (LEBESGUE, 1837) 303 


d[n, 7] 

dA 
Expanding [n, i] after the manner of D above, but now in 
terms of the elements of the last colwmn, we obtain 


| — n,% N,v 4 
Bi? | =) pl as -shiceAsainlial sea phate |amatath | ce 6 6 IO 


and therefore, since the second factors on the right do not 
contain A,_,, or A,,,-; (both the n™ row and n™ column being 
gone in all of them), there results 


where 1< 7. 


d[n, 2] =| n,% ] 
dA, +1, in—-1,nt 
Substituting this above we see that 
a =i— | ok ey eae 4 =f bndealeite fal ae a 
= —[n,n—1] - [n,n—-1], 
= — 2[n,n—1]. 


The theorem having thus been proved for the case of the suffixes 
(n—1,7), the passage to the case of any unequal suffixes is made 
by saying “Par un déplacement de séries horizontales et de 
séries verticales, on trouvera 

The = (Dab 9 
comme il est dit dans |’énoncé.” 

Save for a page in which the development of a symmetric 
determinant for the cases n=2, 3, 4 is given, the rest of the 
paper is taken up with the concluding portion of the solution of 
the problem of transformation. It may be well to note, however, 
that on the page referred to (p. 347) the determinant of the 


system 
A,—-u Ary Piles Aun 
Bos Dion Os Bes Asa 
As, Aon Tate 9 Ann — U 


is denoted by 
dét. [A,,—-U, Ag—U,+-++> Ann — U]. 


304 HISTORY OF THE THEORY OF DETERMINANTS 


JACOBI (1841). 


[De formatione et proprietatibus Determinantium.  Crelle’s 
Journal, xxii. pp. 285-318; or Werke, ii. pp. 355-892; or 
Stackel’s translation ‘Die Bildung und die Eigenschaften 
der Determinanten, 73 pp., Leipzig, 1896.] 


As already noted (see above p. 271) Jacobi formally enunciated 
in this his great memoir Binet’s case of the multiplication- 
theorem when the product-determinant is axisymmetric. 


CAUCHY (1841). 


{Note sur la formation des fonctions alternées qui servent A 
résoudre le probléme de |’élimination. Comptes Rendus... 
Paris, xii. pp. 414-426; or Guvres completes, 1% sér. vi. 
pp. 87-99.] 


The early part of this paper, in which the finding of the terms 
of a general determinant (“fonction alternée”) is made dependent 
on a study of the properties of “ groups,” or index-cycles as they 
would more appropriately be called, has already been described. 
The nature of it will be readily recalled from the mode of writing 
the expansion of the determinant of the 4* order, viz., 


Ay Mypl ggg —  LMy Ugo yy + Dry MgCl gy yo 


a 
+ Day oMty,Agylyg — D AyoMgglbg yyy > 


where under the last = are included all terms (6 in number) 
whose indices form one quaternary cycle, under the preceding 
> all terms (3 in number) whose indices form two binary cycles, 
and so on. 

On coming to consider a determinant in which hy = Ay, 
Cauchy points out that because of this peculiarity every term 
will be found repeated unless those whose index-cycles are all 
lower than ternary: for example, in the ease of the determinant 
of the 4" order, the six terms having a quaternary index-cycle 
are condensed into three with the coefficient 2 prefixed, and the 
eight terms having a ternary index-cycle into four with the 
same coefficient, the whole result being— 
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(yy AggAggllyy — AyD gph3g 2D Ay AggMgyltng 
2 42 ; 
+ pa Ay 34 = 2 >) Ay9A3A 3444 . 


The detinite theorem reached by him on this point may be 
formulated in later phraseology as follows :— 


If vg, v4,.-. be the nuinber of ternary, quaternary, and higher 
index-cycles in any term of an axisymmetric determinant, 
the coefficient of the term when condensation takes place 1s 
Qrstrst... 

By way of proof it is stated that when we have got a term with 
index-cycles higher than binary, we may, by reversing the order 
of the indices in one of the said cycles, obtain another term of 
the development, and that this will be equal to the former. For 
example, if a term have the quaternary cycle (1, 2, 3, 4), another 
texm is obtainable by simply changing this into (4, 3, 2, 1), the 
effect on the original term being to change it from 
Pe gn oi ae 
into 

WgAggly Gy, - 
which, in the circumstances, is equivalent to no substantial 
change at all. 

“Pour fixer les idées” he takes the case of the 6" order, 
giving the following as the development of what we should 
nowadays denote by ]yy2ob3%14lssUee |rs= sr viz., 


Ay Age g3agbs5og — D Ay MggbggbasUgg + Day Arggheg — D Aj2M5 155 
DD Ay Aga 3 Ayp see, — QD Aya Mspbog + 42 AyyAygl grasses 
— LD aga HagUgelgg + 2D Aja asso%es 2D yy Log bg4 Vas Veg Xoo 
= 2D AyeMly:A gas User » 

where it will be seen that the first four types of terms correspond 

to the following partitions of 6, viz., 

1 Wo Ey an | gh Ve: i at et eles Ai 
and the remaining types to the remaining partitions, 
aI en ete Lae 3;3 
1,1,4 2,4 Nee 
6. 


CHAPTER XII. 


ALTERNANTS FROM THE YEAR 1771 TO 1841. 


THE first traces of the special functions now known as alter- 
nating functions are said by Cauchy to be discernible in certain 
work of Vandermonde’s; and if we view the functions as 
originating in the study of the number of values which a 
function can assume through permutation of its variables,* such 
an early date may in a certain sense be justifiable. To all 
intents and purposes, however, the theory is a creation of 
Cauchy’s, and it is almost absolutely certain that its connection 
with determinants was never thought of until his time. 


PRONY (1795). 


[Legons d’analyse. Considérations sur les principes de la 
méthode inverse des différences. Journ. de V'Ec. Polyt., i. 
(pp. 211-2783) pp. 264, 265.] 


In the course of his investigations Prony comes upon a set of 
equations 


My + HgTe oe ae Mn = % 
Piky + Pity Pe. ee + Prbn = % 
2 2 
Pit, Paty + + Pay = % 
Pray + py ey toe + pe, = 2%, 


*The history of this subject is referred to in Serret, M. J.-A. : “Sur le nombre 
de valeurs qui peut prendre une fonction quand on y permute les lettres qu’elle 
renferme,” Journ. (de Liouville) de Math., xv. pp. 1-70 (1849) 


ALTERNANTS (PRONY, 1795) 307 


where the coefficients of each unknown are the 0", 1%, 2", &e., 
powers of one and the same quantity, and where, therefore, the 
determinant of the set is that special form long afterwards 
known as the simplest form of alternant. The full solution is 
given for the first four cases, but without any indication of the 


method employed. Thus for four variables the results appear in 
the form 


— PopsPs% + (Pop3+ PoPs+ psPs)%1 — (pot pst ps)%e + 2s 


a (Pi — P2)(P1 — Ps)(1— Ps) 

Dear PrPsPs20 + (pipstPiPst Psps)21 — (pit pst ps)% + 2s 
(P2— P1)(P2— Ps)(P2— Pa) 

bg FR Ba 

Me cue eee s 


and the writer then adds :— 


“En général, quelque soit le nombre x, pour avoir le numérateur 
de la fraction qui donne la constante »,, il faut prendre toutes les 
racines, excepté la racine p,, et des n—1 racines restantes, en trouver 
le produit total, la somme des produits n—2 a n—2, n—3 a n—-38, 
m-44n—-4,...., 2 4 2, 1 & 1, multiplier, respectivement, le 
produit total et chacune des sommes par %, %4, % - A ee ees 
ajouter z,_,, et donner & tous les termes des signes alternatifs, en 
commengant par — ou +, selon que 7 est pair ou impair. 

“Pour avoir le dénominateur, on soustraira, successivement, de 
p, chacune des autres racines, et on fera un produit de toutes les 
différences données par ces soustractions.” 


It is, of course, quite possible that Prony was not acquainted 
with Vandermonde’s memoir of 1771, or Laplace’s of 1772, or 
Bezout’s of 1779; and, further, that in seeking for the solution 
of his equations he was lucky enough to hit upon the set of 
multipliers which, being used, would, on the performance of 
addition, eliminate all the unknowns except one; e.g., in the case 
of four variables the multipliers 


— P2PsP4 > 
+ (pop3+ post PsP)» 
se + P3 ar Ps) ) 

ne 


If, however, he was familiar with the method of any one of 
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these memoirs, and applied it to the set of equations under 
discussion, it would scarcely be possible for him not to anticipate 
Cauchy and Schweins in the discovery of the elementary pro- 
perties of alternants. Thus, to take again the case of four 
variables, say the equations 


Wap Wise ae aye 
ax+ by+ cze+ dw=q 
weo+by+ec+Pw=r 
ae + By + bz + dw=s ), 
Laplace’s process would have given the value of « in the form 
| be*d? |» — | b°c?d3| q + | b°cld? |r — | b°cld?|s 
| bte*d3 | a — | b®°e?d?| a + | ®eld? | a? — | b%cld? | a8’ 


and Prony obtaining it in the form 


bed. p ~ (be+bd+ed)q + (b+e+d)r —s8 
bed. a® — (be+bd+cd)a + (b+e+d)a?— a3 


could not have failed to know in their general forms the theorems 


| ble’d3| + | b°cld?| = bed, 


| b°c2d?| + | b°cld?| = be +bd+ed, 
| cls | + | bcld?| = b+e+4+d, 
and 
| ab'e"d8| + | b°cld?| = (d—a)(ec—aj(b—a), 
and .°. | aber | = (d—u)(e—a)(b—a)(e—b)(e—a)(b—a). 


CAUCHY (1812). 


[Mémoire sur les fonctions qui ne peuvent obtenir que deux 
valeurs €gales et de signes contraires par suite des trans- 
positions opérées entre les variables qu’elles renferment. 
Jowrn. de VEc. Polyt., x. pp. 29-51, 51-112; or Cuvres 
completes, 2° sér. i.] 


By reason of the fact that Cauchy viewed determinants as a 
class of alternating functions, it has already been necessary to 
give an account of a considerable portion of the first part 
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(pp. 29-51) of this memoir: in fact, only five pages (pp. 45-51) 
remain to be dealt with if the portion referred to be borne in 
mind. 

From observing the substitutions which result in the vanishing 
of the function, he derives the following theorem :— 


_“Soit S(+K) une fonction symétrique alternée quelconque. Dé- 
signons par a, 9, y, W&e., les indices qu’elle renferme, et par 


Way ap, Ay, 
Oa bg, Ds, 


les quantités qui dans cette fonction se trouvent affectées des indices 
a, B, y,.... Silon remplace 


Diy Cay xe ae baepye: SL. CPSC ITSO 


par des fonctions semblables des quantités a,, ag, 4, .... 3 la fonction 
symétrique alternée deviendra divisible par chacune des quantités 


Ca ae, 
a — Ay, 
gp — Ay, 


From this he passes to alternating functions “which contain 
only one kind of quantities,” and deduces the result that 
S(+atat....a4) is divisible by 


(Gy — Ay) (Mg — Ay) + es (Gn — Ay) (Ag — Ay) «+ «+ (Ay = Ag) + + + + (iy — Uy 1) 


The question as to the remaining factor is then dealt with in 
the three simplest cases :— 


(1) In the case of S(+ala,.... a") it is found as follows 
to be 1. 

“Ta somme des exposans des lettres a, dy ..-, % dans chaque 
terme de la fonction symétrique alternée 

SGEG 0,0 ena 40) 
sera 
n(n —1 
O+142+ .... +(n-2)4+(n-1) = Aaa) 
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Mais les facteurs du produit A [i.¢., (W,—4,)(d3—) -. ~~ (An —4n-1)] 
étant aussi en nombre égal & dn(n—1), la somme des exposans des 
lettres a,, a, ...., a, dans chaque terme du développement de ce 
produit sera encore égale & ce nombre ;, par suite, le quotient qu’on 
obtiendra, en divisant la fonction symétrique alternée par le produit, 
sera une quantité constante. Soit c la quantité dont il s'agit, on aura 
S"(+ajala,.... ae") = cA. 
Pour déterminer ¢ on observera que le terme 


On 2 n—-1 
A,4,0, cee a, 


a pour coefficient l'unité dans la fonction donnée et dans le produit A ; 
on doit done avoir c= 1.” 


Before proceeding to the next case he calls to mind the fact that 
the product or quotient of two alternating functions of order n 
is a symmetric function of the same order, 

and is thus enabled to amplify one of the preceding propositions 
by affirming that 

the result of dividing S(+atai... a‘) by S(taval... ar") 48 
a symmetric function of ay, dz, ..., Up. 


(2) In the case of S(+aja,...a"a") the quotient is found 
to be a, +a,+... +d. 
For the quotient “sera nécessairement du premier degré par 
rapport aux quantités a,, d,..., a,: et comme elle doit étre 
symétrique et permanente par rapport a ces quantités, on sera 
obligé de supposer égale & 


CC, +ag+...+a,) = es"(a,), 
c étant une constante qui ne peut différer ici de lunité.” 


(3) In the case of S(+ala?... ax) the quotient is, of course, 
found to be ayy... dy. 

The memoir closes with the conditions for the identity of two 
alternating functions, these being stated to be (1) that all the 
terms of the first functions be contained in the second ; (2) that 
the terms have the same numerical coefficients in both; (3) that 
one of the terms of the first has the same sign as the correspond- 
ing term of the second. 
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SCHWEINS (1825). 


{Theorie der Differenzen und Differentiale, u.s,w. Von Ferd. 
Schweins. vi+666 pp. Heidelberg, 1825. (Pp. 317-431: 
Theorie der Producte mit Versetzungen.)| 


It may be remembered that Schweins’ large volume contains 
seven separate treatises, that the third treatise deals with deter- 
minants (Producte mit Versetzwngen), and is divided into four 
sections (Abtheilungen). The first of the four almost entirely 
concerns general determinants, and consequently an account of 
it has already been given. The second section (pp. 369-398) 
now falls to be undertaken, its heading being “ Determinants in 
which the upper index denotes a power” (Producte mit Versetz- 
ungen, wenn die oberen Elemente das Potentwren angeben). 


His first theorem is 


h+a h+dg h+ag ei 
ASR INT AN Beas ceei ig ag 


hhh fe Wi Msn ety ay 

TING pow. FMS a) Chri Weal ay 
which is seen to be an extension of one of Cauchy’s; but, 
besides this, in the first chapter there is practically nothing 
worth noting. The remaining four chapters, however, are full 
of interest, and deserve every attention, as until the present day 
they have been utterly lost sight of and contain a theorem or 
two which are still quite new. 


The second chapter concerns the multiplication of an alternant 
of the n order by the sum of the p-ary combinations of the 
variables in their kh power. In Schweins’ notation this product 
is represented by 


(eee i aes rity Ke rena 


in later notation, the case where n=3, p=2, h=5 would be 
written 


(aPb> + aPc + b°c*).| a” at a’ |, or Op aive 
| or be BF 
ie ¢ ¢ 


‘The case where p=1 is first dealt with, and the proof is 
written out at length without specialising 1; but as this does 
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not add to clearness or conviction, 7 may here, for convenience 
in writing, be taken =4. Let, then, the alternant be 
|a”b*c'd"| 

so that the multiplier is 

a+ b+ch4+d", 
Expanding the multiplicand first according to powers of a, we 
perform the multiplication by a’; expanding next according to 
powers of b, we perform the multiplication by b*; and so on, 


the sum of the products being naturally arrangeable as a square 
array of sixteen terms, viz., 


at! Bec'd"| — att*| brc'd"| + a't*| bred"| — att*| bretd'| 
— oO a%ctd"| + b*\ aretd"| — b\a7ed"| + bt lard! 
+o latbid"| — e*larbid"| + ct arbid"| — cttlarbed'| 
—d"*"| asb'c"| + d**|a"bie"| — dit "| arb’c"| + dt" arbsc'|. 
Recombination of these, however, is possible by taking them in 
vertical sets of four, and the result of doing this is 
|a"**brctd"| — jat**bretd"| + |att*bre'd"| — laxt*Orc'd ‘| 
so that we have 
|avbte'd4). Za" = |abe'd"| + wb eld" + larbect+ *d"| + |a"bectd"+"), 
and generally 
la’bictde’....|. 2a” = lat*bictdver.... | + jab holds? «| 
+ |abtc die ed ralantaraee ¢ 
The special case where 1,8, t, u,.... proceed by a common differ- 


ence, h, is drawn attention to, as then all the alternants on the 
right vanish except the last: that is to say, we have 


r r+h r-+2h +(n—-1)h h y eth peg, : ay 5 
is Opa etet Sas Rp oe ite ieee ie eee Dt os 


java 3 n—-1 a, ) 


a result which may be looked upon as an immediate generalisa- 
tion of one of Cauchy’s. 

When p>1, the mode of proof is totally different, being an 
attempt at so-called “mathematical induction.” It is not by any 
means readily convincing, and is much less so than it might have 
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been, as, although there are two general integers involved, viz., p 
and n, Schweins attends only to the second of them. He begins 
with the case of n=4, p=2,—that is to say, the multiplication of 


|wbeetd"| by Dard’, 


the result being 


(Ay,ds AeA, Lap arar as) = La, 


h+ay 


ht+dg a 
2 34 


ay Ay, ee My 
+ | 


1 


A 


1 


1 


ay 


AL Aca & 


) 
ay) 
+ | hay WG ne ~ 
) 
a 


wed PBL 


ait la" h+dg h+tag ag 


2 3 4 
h+dq as iat 
A, A 
dg h+dg hey 
4 


To indicate the mode of formation of the alternants on the 
right from the given alternant on the left, he says :— 


“Hier entstehen alle Vertheilungen von h, h zu zweien in vier 


Abtheilungen namlich 


h+a | h+a, As a, 
aie a, | h+as ; ay 
h+a, Ay ‘ a, | h+a, 
ad, | h+a, | h+a, Oy 
a, | h+a, dz | h+a, 
ay Md | ht+a, | h+a, 


He next takes the case where n=5 and p=3: that is to say, 


the case of 


|a”b'c'd"e”| \ De, ooo 
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and gives as his result 


““c a2 a3 wy a 


(Ay, Aas Ags Ag As) [LAPS AS ALAS 


h+a, h+tag h+tag ag 3) 


=a Ila; A, A, A,A, 
ht+a, ht+ag ag h+tag s) 

a Gy h+ag htag re} 
’ 


AS Aaa he 


wo h, h, h in funf Abtheilungen zu dreien vertheilt werden, namlich 


h+a, | h+a, | h+a, Wy a, 
h nef h+dy, a, | h+a, ds 
h+a, | h+a, wai Uy | h + a, 
h+ A. Ay a: +d, | h+a, ; a; 
h+a, A ays a, | h+a,; 
h+a, Ay as h+a, | h+a, 

a | h+ ng h+a, | h+a, a, 
: a, | h+a, vt a, h+a, 

a, ie Qe a; | h+a, | h+a, 

on a, | h+a, | h+a, | ht+a, | ,, 


a ween ese Mid arene MS 8 bs ha dey 
the table being intended to make clear the fact that the five 
indices of each of the ten alternants on the right of the identity 
are got from the five 
Ay, Uy, Ay, A, Oe 

of the given alternant on the left by adding h to three of them. 
The mode of formation, seen to hold in these two cases, being 
then supposed to hold for 


PETE tegen’ Lac heat Ayan s 


n-1 n-1 
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is attempted to be shown to hold for 


( h h h h ee | a tty Qn-1 i 

Mia ore eee eee ae weet AG Ac AAs 

that is to say, the case for ” variables, A,,..., A,, is sought to 
be made dependent on the case for n—1 variables, Ane Ries Atti, 


p remaining the same in both. The process followed is to 
change the first factor into 
h 


( h h h a? 
Le hee See Oe 
h h ae h 


h h 
abe AS) ape: 9: Age; Ly: IE | A 


express the second factor—the alternant—in terms of n alter- 
nants of the (n—1) order, and then perform the required 
multiplication and condense the result. This being satisfactorily 
accomplished, it would not of course follow from the two special 
cases previously dealt with that the theorem had been established 
in all its generality, but merely that it held for any number of 
variables A,, A,,... so long as p was not greater than 8. The 
passage from one value of p to the next higher—which is left 
unattempted by Schweins—is not free from difficulty, as will be 
seen on trying a particular instance,—say the passage from 


|a”bc'd"| : (a"b" + ale" + ard? + bc! + bd" + chd") 


oT xu 


to 
|a"bsc'd| . (abhch + abd" + arerd" + brchd), 
Several special cases of the general theorem are noted, where 
a number of the alternants on the right vanish and where con- 
sequently a comparatively simple result is attained. The first 
of these is where the indices of the alternant to be multiplied 
proceed by a common difference h: the identity then is 


h h h\(p) ath a+2h a+nh 
Alek WAKO LA BSA, AAA OM | 
ath a+2h at(n-p)h at+(rn-p+2)hr at+(n+l1)h 
HN IE bs ad ep 0 SR a gre WD 
The second is where h=—h, and the indices proceed by a 
common difference h, the result then being 
-h -h -h\(p) ath a+2h atnh 
(page OAR ee, (a6 Cay CO A) 
a ath at(p-lh a+(p+l)h atnh 
=a; 2 s1+ Ap p+1 erry , 
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The third is where the series of indices consists of two pro- 
gressions proceeding by the common difference h, and where, of 
course, there are fewer vanishing terms in the product. 


In the next chapter the subject matter is quite similar: in fact, 
the only difference is in the constitution of the multiplier, which 
is more extensive than before by reason of the fact that in 
forming the p-ary combinations there is now no restriction as to 
non-repetition of an element. Thus, instead of the example 


|a"bec'| . (a"b" + ac" + bXc") 
we should now have 
|a"bset| . (ab + alch + b'ch + a + b™ + c*), 
The method followed is exactly the same as before. Three simple 
cases are carefully worked out, viz., 
|a"b*| . (a+ b+ a"b"), 
larb*c| . (a+ 6" + c+ ab” + arc’ + bic") , 
|arbsc!| . (a + b+ c+ ab" + ac" + Da" + bc" + a" + cb" + arbre"), 
the results in Schweins’ notation—where the change to rect- 
angular brackets should be noted—being 


Coat Lata) = Laas) + Laat) a) 


1 


fal al aD Datatad) = Dabtatac) + Latadag) 


3 

dy Wh+as h+a, h+ag ag 

hagas pea anctg| 

oe. eo i 2 3 

h+a, ag h+ay a h+ag h+a, 

+| ) + anata) 
1 A, As tg 1A, 3 2 

h h h(8) | Mm ae "i | Bh+a, dg ae a 8h+d_q ag 
Bel “PA, APA a Ae ABA. +[a"a, Ne 


% a, 3h+d 2h+a, h+tag a, 
+| iF } 
1 2 A; ¥ 1 2 3 
2h+a, ay h+ag a, 2h+a_g h+ag 
+| ) +| ) 
A, Ay A; Ay 2 3 
h+a 2h+aq ag h+a, ad) 2h+a 
+| ‘as) + Lay "aya, ) 
Ay Ay A; au A, 2eeo 
a Rh+a_g 2h+ag hta, A+ hta 
+| A AeA, 
a ae 8 1 2 3 
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Each result is seen, as in the preceding case, to be a sum of 
alternants differing only in the indices from the alternant which 
is the subject of multiplication. Further, it is observed that this 
difference is a difference in excess, the indices of the multiplicand 
appearing in all the terms of the product, so that the only 
difficulty is to ascertain what addendum is to be made to each. 
The next observation is that the addendum is a multiple of h, 
and that in the three cases the multiples are the following :— 


2h, Oh 2h, Oh, Oh 3h, Oh, Oh 
dein Oh, 2h, Oh Oh Ssh, On 
Oh, 2h Oh, Oh, 2h Oh, Oh, 3h 
LAR Oh QhT Uh, POR 

lh, Oh, 1h 2h, Oh, 1h 

Oh, 1h, 1h Onc wn 

Teak, On 

lh, Oh, 2h 

Orel 2) 

Wass bok Win 


The law of formation seen by Schweins in these coefficients of h 
is to be gathered from the sentence, “Hier werden alle mogliche 
Zerfallungen einer Zah] in mehrere Abtheilungen gebracht,” and 
is nothing more nor less than the solution of the problem of 
putting p things in every possible way into n compartments. 
Thus, to take another example, if p were 2 and n were 4, the 
coefficients would be 


De oe Trent 
0, 2, 0, 0 
D0. 2, 0 
Oy We) eae 
[ips Hell Osan 
i Opal. 0 
foe6 Onl 
Opty ee) 
Cone =| 
Onn Oeel = n 


. 
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Assuming this law to hold in the case of n—1 variables A,,...., 
A,,-» his mode of writing it being 
h h h (p) a Un-1\ phta, Ms An-1 
La, eA pet al AaiAiee kA cee y Drage AN ‘Acumen dt 


1 


he tries to show that it will hold in the case of one additional 
variable A,, the possible variation of p being ignored as before. 
To do this he changes the first factor 


h h h(p) 
eek naid 


into 


[ h h h cri h h h pes h 
Net \ 56 cael Oe Aeah cae: 004 “as deeed 


and the second factor exactly as it was changed in the preceding 
chapter, performs the required multiplication, and condenses 
the result. 

The rest of the chapter is occupied with the consideration 
of special cases, the lines of specialisation being exactly those 
followed in the case of the previous general theorem. Only the 
first need be noted : it is 

h oh hp) | ath at2h at+nh 
Bede ee ja A, A ) 


9 Beare) hg 
a+2h a+(n-1)h a) 
2 ee as n-1 n 


ta ath 
=|ara 


The fourth chapter does not impress one favourably, although 
the author speaks of its importance in connection with later 
investigations. It is almost entirely dependent on a very special 
ease of the theorem of the second chapter, viz., the case where 
all the indices, except the last, of the multiplicand proceed by a 
common difference h, and where consequently all the alternants 
in the result vanish except two. In the original notation it is 


h h h\(n=-p) uth a+2h a+(n-l)h 8 
(Al, Ayu sscy hea |e ec Ae eS 
= | ath a+ph at+(p+2)h atnh sth 
= A, p P+1 lag Toe | nu ) 
bu | en at(p-Yh at(p+l)h atnh a) 
1 er tame oT | Pp re ee n-1 ns > 


but for convenience in what follows it may be shortly written 


Nga A, ce? Mey ex + ee 
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Using it n—p+1 times in succession, we have 


Neo Aw estes Mink 
4: Nie Assn aes My42042n Fr My tie+n> 

Nie . Aston = Ma +36+3n Tt M,42,0+2n9 
= N,-p-s Asian caceny: My peetan = My 43,0430» 


(-)" Ny. Aviom = O+(-? Ma stin—pi 
and therefore by addition 


M,,. = \eah A, -o a fe Aes iN n—p—2* Assen SSP por (= )aeNG g Astin=vyns 
or 
| ath a+2h at+(p-Ihk at(p+Ih a+nh “4 
Peace Avs. Ay fa eA AS 
( h h eck | ath at+(n-1)h ‘4 
SA AL AS ae A eae 
( h h detins | ath a+(n-1)h so 
EPMO AT E5 AY Lane A Me 
h h h\(n-p-2) ath a+(n—-1)h s+2h 
He ESE eae Ware agcthvee teal 
A | h h h\(0) | ath a+(n-1)h Raimi) 
oF G 1) A,, Ay, °F A,) * A, n—1 a y 


a theorem which may be described as giving an expression for 
an alternant having two breaks in its series of indices in 
terms of alternants which have only one such break and that 
at the very last index. On account of the fact, however, that 
alternants of the latter kind are multiples of the alternant 
which has no break at all—that is to say on account of the 


theorem 


[ h h ais | ath a+2h ee 
PYG) ey St Pa ed Pag! al pec 
| ath a+t2h at(n-1)h eo) 
aie a 2 sees Lh ig “a 


above given as an important special case of the general theorem 
of the third chapter—substitutions may be made which will 
result in the appearance of the last mentioned simple alternant. 
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in every term. Consequently, if we divide by this alternant 
and put s=a+(n+m)h, we have the theorem 


ath a+2h a+(p-lh at(pt+ lh atnh at(n+m)h 
ath a+2h atnh 
La, en eeeees 2 ee A.) 
h h h\(n-p) h h h(n) 
OPA EA Smee Ata) lla, CA eee 
h h h\(n—p-1) h h h(m+1) 
ri bel Ln es i Nid 
h h h\(n-p-2) h h h(m+2) 
re Vig way | hat he ART 


n—p h h h\O h h alsneys 
Sy Erase a ion a, 


Again starting from the same initial identity we obtain the 
analogous series 
Me cia ag ae = Nee eet . ia 
a M,-1, See My -2, s—2n ee ar . Asem; 
qF Moe 2,3-2h + M, -38,8s-38h = “ae Nueoat : Assn, 


(—)P-7My s-(p-1yn + 0 


and therefore by addition have 


(-)?-IN,, : Ast pas 


Me = i el tian bay ian Nae As—on a5 seee (-)?-1N,,. Aioans 


or 


| ath a+2h a+(p-lh at(ptlyh a+nh a) 
sh Asuras Ae, we Ab aban ria 
= (a\, h vii pt+)) | ath a+2h a+(n-l)h s-h 
IN OR 8D : in eee wae 
fe ( h Ay pt+2) | ath a+2h a+(n-1)h at) 
ve IT em Ag ee a a. 
h h\(n - p+8) ath a+2h a+(n-1)h s-8h 
| PE ae i 1 Ag vee A ) 
n-1 n 
p-l h h h\(n) ath a+2h a+(n-1)h s-ph 
(-) Ls AS; ’ nyo. r A ); 


1 2 eee n-1 n 
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so that by substituting as above for each of the alternants on the 


ath fare atnh 
right and dividing both sides by | a° Ay ) there 
results the alternative theorem 
| ath a+2h a+(p-l)hk at(pt+l)h a+nh at A 
2 ters py P vere An-1 An 
| ath a+2h atnh 
Mik, Ue delerminan, © >, a) 
a2 h (n- tim & h7(m-1) 
Saulcloyt yout it) Jindal 
h (n-p+2) h7(m-2) 
Cn ETE ele rey 
h h Bate ly h h7\(m-8) 
Aaya {ita Rewaaruens 4 


jpayf ip h\(n) h h(m—p) 

(ay. leg ai edlaa le beet WE 
Lastly, attention is drawn to the case where a=0, h=1, s=1, 
and to a case where the order of the alternants is infinite, viz., 
to the fraction 


a@ ath a+2h at+(n-2)h a+tnh o 
FAsbN hited MANION ig 08 aiipaiion) 

oa: a+2h ae 
frabeng iid ature rondo cl, ortho. ds A‘) 


The fifth and last chapter (pp. 395-398) concerns the simplest 
form of alternant above met with, viz., that in which the indices 
proceed throughout by a common difference, the main proposition 
being in regard to the resolvability of the alternant into binomial 
factors. The property with which Cauchy and almost all later 
writers start is thus that, with which Schweins ends. The mode 
of proof is interesting from its farfetchedness and ingenuity, but 
need not be given in full generality or in the original notation ; 
the case of |a°b'c?d*| will suffice. 

The first step, then, is to select a row, say the last, and express 
the alternant in terms of the elements of this row and their 
complementary minors. In this way we obtain 


|wb'e2d3| = d?|a%'c2| — d?|a%'c3| + dja°b?c?| — |a*b?c?}. 
Now each of the alternants on the right is expressible as a 
multiple of |a°b'c?| by means of the theorem above given regarding 
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alternants with one break in the continuity of the equidifferent 
progression of their indices. Using this we obtain 


Ja°b'e2d§| = {d*—d? (a,b,c)! +d (a,b,c)? —(a,b,c)>} .|a%D'e, 
= {de —d(a+b+c)+d(ab+ac+be)— abe} .|a°b1c?|, 
= (d—a)(d—b)(d—c). |a°ble*|, 
when it only remains to continue the selfsame process upon 


the alternant of lower order now reached. 
It may be remarked in passing that the identity 


|ab'ed?| = d3|a%'c2| — d2|a%te3| + dla°%b°c3, — |alb?c3}, 
which expresses the alternant in descending powers of d, when 
taken along with the identity known to Cauchy 


|a°b'e*d?| = (d—c)(d—b)(d—a)(e—b)(c—a)(b—a), 


the right side of which may likewise be arranged in descending 
powers of d, viz., 


{d3—d(a+b+c)+d(ab+ac+ be) — abe} (c—b)(ec—a)(b—a), 


may have been the means of suggesting to Schweins his theorem 
regarding alternants like |a°b?c3|, |a°b'c3| which have one break 
in their series of indices. In other words, the order in which 
he gives his theorems was very probably not the order of 
discovery. 

The remaining portion of the chapter is an investigation of 
the quotient of two alternants of infinite order, viz., 


| a @+h a+2hr at(n-1hk atnh 4 
BAe dpa davial ted ee eee 
a@ ath a+2h oon 
[ Abas wisi Peiot) dhaldtae alba ude vary) 
ao 


SYLVESTER (1839). 


[On Derivation of Coexistence: Part I. Being the theory of 
simultaneous simple homogeneous equations. Philos, 
Magazine, xvi. pp. 37-43; or Collected Math. Papers, i. 
pp. 47-53.) 

As has been already shown, Sylvester's first approach to the 
subject of determinants was similar to Cauchy’s, the basis of 
both being the outward resemblance of the two expressions 
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be? + ae + ab? — ab — ac? — b%, 

bly + MgC, + ab, — ayb, — a,c, — b,¢,. 
As the former is equal to 

(c—b)(e—a)(b—a) or PD(abe), 
v.€., product of the differences of a, b, c, Sylvester denoted the 
other, viz., the determinant 


TP ¥Ga 
ue 0% 
LD P6Picras 


by ¢PD(abec), € being the sign for multiplication according to 
the law a,.a,=a,,, Using this notation he rediscovered, as 
has also already been seen, Schweins’ theorem regarding the 
multiplication of the alternant 
te aS 2 | 

by such symmetric functions as 

(a+b+c+...), (ab+ac+... +be+...), 0... ; 
his form of statement being 


E{8,(abe ... 1). €PD(Oabe ...1)} = &,PD(Oabe ... 2), 


where ¢_, implies that after ‘zeta-ic’ multiplication the sub- 
scripts are all to be diminished by *. 

His attempted generalisation of this theorem has likewise 
been spoken of, its validity, however, being left undecided upon. 
Instead of the multiplier S,(abe...l) he proposed to take any 
symmetric function whatever of a, b, c,..., l—or, rather, 
any function whatever followed by any symmetric function. 
This would have been a most noteworthy extension which 
Schweins had not foreseen, but unfortunately there are grave 
doubts as to the truth of it,—indeed, one may go so far as to 
say that there would be no doubt whatever about the author's 
inaccuracy, were it not that there are doubts also as to his 
meaning. By way of test let us take the case where the 
multiplier of |ab%c8d*| is the symmetric function 2a’bc. From 
later work * it is known that 

| ab2ckd*|. Du?bicld® = | atb%ctd®| — 3| a*bicta? |, 


* See Muir, ‘Theory of Determinants,” p. 176 (1882). 
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whereas, according to Sylvester, there ought to be on the left 
only one alternant. Now although we know that Sylvester was 
in the habit of making guesses, and that these guesses though 
often brilliant were not always so,* it would be next to 
impossible to find a generalisation of his which had no individual 
instances in support of it. There thus remains the curious 
and interesting question as to what amount of truth there 
is in the theorem as enunciated, and whether an amendment 
of the enunciation would not give something not merely 
unexceptionable but of important value. 

In trying to pass from symmetric functions like La, Lab, 
abe, . . . which are linear in regard to each of the variables, 
and to extend the theorem to any symmetric function, 
Sylvester probably thought—at least it would be quite natural 
for him to do so—of expressing the latter in terms of the former 
and then applying the theorem already obtained. It is desirable, 
therefore, to see what such a process may lead to. Taking 
the case of the multiplier Ya*be we have 


| ab%e%d*|. Da*be = | alb*c*d*|. { Za. LYabe — 4>ubed\ ; 

{| abcd | . za}. Zabe — | ab?e8d*| .4>D abed, 
= |a'b’cFd?|. Dabe — 4| a*b etd? |. 

At this point we encounter a difficulty, for the previous theorem, 

although it teaches us to multiply |ab%d‘| by Sab, does 

not help us in the case where the multiplicand is |ab2c%d5|, 


Proceeding, however, with other assistance we find the desired 
product 


= | a*b8ctd?| + | alb§ctd®| — 4| a2b%ctd |, 

= |ab%ctd®| — 3| a®b§ctd5|, 
agreeing of course with what has already been found. Now the 
difficulty referred to would present itself to Sylvester also, but 


in a slightly different form by reason of the periodicity which he 
assumed in the elements. Thus, instead of writing 


{| ated |. Za} abe = | albc8d®|. Dabe, 
= |a*b%ctd | + | ab%ctd8 |, 
* See Crelle’s Journal, 1xxxix. pp. 82-85. 
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he would write 
c{ €PD(Oabcd). S,(abed)\ 2, (ocd) == C {é _,PD(Oabed).8, (abed)\ 


and there pause for a little, not having specifically provided for the 
‘zeta-ic’ multiplication of such an expression as ¢_,PD(Oabcd) 
by S,(abed). The result forced upon him, however, would be the 
single term 
¢_,PD(Oabed), 
which in modern notation is 
| a*bctd? |. 
In the course of the work, therefore, the term | a1b?ctd*®| would be 
dropped altogether out of sight. The cause of this is undoubtedly 
the imposition of the condition just mentioned ;—indeed, if we 
take the result of the work as above performed in the modern 
notation, viz. :— 
| atb%ctd® | — 3| a*b%ctd®|, 
and make the elements periodic, 2.e., make 
Ge) ORCS Ole =O CULO, 


the first alternant will vanish by reason of having two indices 
alike, and we shall be left with a result agreeing with Sylvester's. 

The conclusion, therefore, which we are tempted to draw is 
that if Sylvester’s general theorem be correct it is only when the 
elements are subjected to periodicity. 


JACOBI (1841). 


[De functionibus alternantibus earumque divisione per product- 
um e differentiis elementorum conflatum. Crelle’s Journal, 
xxii. pp. 360-371; or Werke, iii. pp. 489-452; or Stickel’s 
translation in ‘Ueber die Bildung und die EHigenschaften 
der Determinanten,’ 73 pp., Leipzig (1896).] 


After having treated of determinants in general (pp. 285-318), 
and of the special form which afterwards came to bear his own 
name (pp. 319-359), Jacobi turned to another special form which 
he had learned about from his great predecessor Cauchy. As. 
however, he differed from Cauchy in his mode of defining a 
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determinant, Cauchy’s definition, which, it will be remembered, 
made use of the difference-product, now appears as a theorem, 
and with it Jacobi makes his start ; that is to say, he proves that 


If wn the determinant 
Dick BD Cl genenla—s 


the suffices be changed into exponents of powers, the result 
obtained is equal to the product of the 4n(n—1) differences of 
a,b,c,...,1, viz., the product 
(b—a)(ec—a)(d—a) .... (l—a) 
(c—b)(d—b) ... . (—b) 
(d—c).... (le) 
With the help of Sylvester’s notation, which symbolizes the 


opposite change, viz., from exponents of powers to suffixes, this 
may be expressed in the compact form 


CPD (abe. y=. 2 6,00... 0. hy. 


In proving it he takes for granted (1) that the product in 
question merely changes sign on the interchange of any two of 
the elements, and (2) that in the development of any function 
of this character there can be no term in which two or more 
exponents are equal, for the reason that, if there were one such, 
there must be another exactly like it but of the opposite sign. 
Combining with this latter—which includes of course the case 
where the index 0 is repeated—the fact that, for the particular 
function under consideration, the indices must all be + and 


the sum of them equal to 4n(n—1), he concludes that no term 
can have any other indices than 


0, ik. at any m—l1. 


Next, as there is only one way of getting an element, k Say, in 
the (n—1)" power, viz., by multiplying all the n—1 binomial 
factors k—a, k—b, ... in which k occurs, and after that only 
one way of getting an element, h say, in the (n—2)t power, viz., 
by taking from out the remaining binomial factors all the n—2 
factors in which h occurs, and so on, it is inferred that no term 
can have any other coefficient than +1 or —1. Summing up 
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rather hurriedly, he consequently finds that the development of 
the product may be got by permuting in every possible way the 
indices of the term 
Ue a. Lod 

and determining the signs in accordance with the law that the 
interchange of any pair causes the aggregate of all the terms to 
pass into the opposite value. This being exactly the mode of 
formation of the determinant D+a,b,c, ...l,-, with the differ- 
ence that suffixes take the place of exponents of powers, the 
theorem is held to be established (. . . . “signis insuper ea lege 
definitis ut binorum indicum commutatione Aggregatum omnium 
terminorum in valorem oppositum abeat. Que ipsa est Determin- 
antis formatio, siquidem exponentes pro indicibus habentur ”), 

In passing, he remarks on the large number of vanishing 
terms in the development of the product, viz., 2#*-)—m!, and 
the consequent desirability of obtaining this development from 
that of the determinant and not vice versa. 

The fundamental relation between the determinant 

UCase 24 

and the product of the differences of a, b, ¢,...,/ having been 
established, it is then sought to find properties of the latter from 
the known properties of the former. What properties of the 
determinant are used Jacobi does not mention, all that is given 
being a bare enunciation of the results. It may be as well, how- 
ever, to point out at once that all of them flow from one general 
theorem, viz., that of Laplace regarding the expansion of a 
determinant in terms of products of its minors. 

The first is indicated by using as examples the case of three 
elements, d,, 42, 43, and the case of four elements, @,, dy, A, Ay, V1Z., 


(4, — )(Ag— M (Ag— My) = — Ag3 (43 — Ay) 
+ aa, (a, — as) 
+ Gyo (4.— A); 
(Gg — Ay) (Gg — Ay) «+ (Ay — Ag) = Ap lgg (Ag — Aq) (Ay — Ay) (4 — As) 
= Ugh Ay (Ay — Ag) (A, — Ag)( Ay — 4) 
+ AA, Ay (A, — M4)(A, — A) (Aq — Ay) 
— Ay bg (Aq — Ay) (As — 4) (Ug — Gy) 
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it being pointed out that any term of the expression is got from 
the preceding by cyclical permutation of the suffixes, and that 
the signs are all + when the number of elements is odd, and 
alternately + and — when the number of elements is even. 
The case of Laplace’s expansion-theorem, which is here used, 
is easily seen to be that where the orders of the minors are 
n—land1. Thus using later notation, we have 


Lesa a 
; Leb? 5G? 
¢ (abed) eel ec 8 8 
ad’ ees. 
= | ble*d3| — |ate*d3| + |a*b?d?| — | atb?c3|, 


= bed|b°cld2| — acd|a°e!d?| + abd|a%'d?| — abela°d'e2|, 


which is the desired result. 
In connection with this, it is perhaps worth noting that the 
result being, by the same case of Laplace’s theorem, also equal to 


lay @nieA sbed 
1 ebacl* ecooa 
irae: mess slob 
1 dad @ abe 


, 


we may view Jacobi’s first theorem as being equivalent to one of 
later date, viz.i— 


4 , eit 2 n-2 
¢ (A403 ore a) = (- Ns 1 Oy a, Bpene a, A,gAzW, see An 
; 42 n—2 
Deo md ra, Og a Oy, 
2 n-2 
TY Oa? One ae AyUeMg . +. An-4 |, 


When the determinant is of even order, it is possible to use 


that case of Laplace’s expansion-theorem in which all the minors 
are of the 2" order. Thus 
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€(abed) = SE TO a 
LiitdDintbtie E88 
Ler ee C2 ice 
oO EE WRT BM 
nies 3 Cle siiglena, b2 BP) {ia b2 B38 
1 bl | da @B | c| |d2 a l1dilée @é 
eee a ary | heb Gamera | | il, ¢|"la*a* 
1 cl ld @& 1s dahnlacts,, Va dibs Bi), 


= (b—a)(d—c)c?d? — (c—a)(d—b)b*d? + (d—a)(e—b)b%? 

+ (c—b)(d—a)a*d? — (d—b)(c —a)a2e? + (d—c)(b—a)a%d?, 
= (b—a)(d—c){a*b? +c*d?} 

+ (c—a)(b —d) {a*c? + d*b?} 

+ (d—a)(c —b){a?d? + 6c?} . 
By Jacobi, however, the result here established is given merely 


as an example of an improved general theorem, which is 
enunciated in the form of a ‘rule, as follows :— 


“ Fingatur expressio 


(4, — @y) (4 — dq) «)« + (Gn — On) Daddy, .... aa" 
quam quo clarius lex appareat sic scribam 
(41 — 4p) (Ag — Uy) « + + (Gy — Gyr) Zi (My)? (Ao)? (Ag45)4 «  . (pin) 
sub signo 2 omnimodis permutatis exponentibus 
OMe ie ot BE 


In expressione illa cyclum percurrant primo elementa tria 
G2) G-11 Ay 
secundo elementa quinque 
Gy—49 U3, U—21 Gpr—1y Ens 
et sic deinceps ita ut postremo cyclum percurrant elementa 
ih aioe Ce ssveen celllat 


Omnium expressionum provenientium aggregatum squabitur ipsi P.” 
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The meaning will be made quite apparent by taking a case 
other than Jacobi’s above referred to, say the case where there 
are six elements, a), @,, dy, ...., @;. According to the rule, 
what we have got to do at the outset is to form the term 


(Gy — Ay) (hg — My) (As — Ag) D (My )°( hgh )(4 45) 5; 
then derive from it two others by the cyclical substitution 
( dg | 
vain ag 40,4; 
and finally, from each of these three derive four others by 
the cyclical substitution 
(es yp Ag WN =) 
igs ys Opie Oe G2, 
This being done, the sum of the fifteen terms so obtained 
can be taken as an expansion of the difference-product of 
Cpe Thy owns tage 
Although, as has been said, the theorem is given without 
proof, it has to be noted that Jacobi draws attention to the 
fact that the number of ultimate terms in the expansion of 
the compound term 


(A —Gy)(dg— Ag) ... (Ay — Uq—1) 2 (Ay) "(AgHg)?(A45)* «.. (Gq On)-? 
. net n+1\, 
is 2°. (128... ): 


that the number of ultimate terms obtainable from all the 
compound terms of this form is 


2, (1.281... “e) (8.5)... 
and finally that this is equal to 
1.2.3 ....(n+1), 


a result which agrees with what we know of the difference- 
product from its determinant form. 


From this general theorem regarding the difference-product 
of an even number of elements, an advance is made to a theorem 
of still greater generality, the means employed in obtaining it 
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being in all probability the same as before, viz., Laplace's 
expansion-theorem. The most general form of the latter 
theorem, it will be remembered, gives an expansion in terms 
of products of more than two minors. Jacobi was familiar 
with this, for in his famous fundamental memoir regarding 
general determinants a whole page (pp. 298, 299) is devoted 
to an illustration of it. Now, if we take the case where the 
number of minors is three, and apply it to the determinant 
which is the equivalent of the difference-product, we obtain a 
result which is transformable without difficulty into 
Laas Aga) 

= Ss + (WigrAige + U) MA grbepe oe + Oy) } ; 

had XAT(Gy, Gy, ++, Ue) IL (Ga yGyrg.. Oy) TD (Gey iOpcy --- Un)? 

and this is the theorem “of still greater generality” above 
referred to. 


Jacobi then proceeds to the consideration of alternating 
functions in general. 

The definition which he gives, and to which he attaches 
Cauchy’s name, is somewhat different from Cauchy’s, being to 
the effect that an alternating function is one which, by 
permutation of its variables, is either not changed at all, or ws 
changed only in sign. 

In the matter of notation he also introduces a variation, but 
this time with more success. It will be remembered that, when 
Cauchy denoted a determinant by prefixing S+ to the typical 
term, he was simply following his practice in regard to alter- 
nating functions in general, which he denoted by 


S+4(a,0,c)..., b), 


the rule for determining the sign of any term of the aggregate 
being left unexpressed. Instead of this, Jacobi uses 


Bo la we ama 


where P stands for the product of the differences of a,b,c,..., 1; 
and as the P which is inside the brackets is subject to permuta- 
tion of its variables, and therefore automatically, as it were, 
changes sign with every interchange of a pair of variables, 
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while the P which is outside the brackets remains unaltered, 
it is clear that the rule of signs is here fully expressed. Thus 


if g(a,b,c,..., 1) were ab’ct, we should have 
Ss ab*ct atb?ct " ae?b4 
> ( ie ) ~  (b—a)(e—a)(e—b) * (e—a)(b—a)(b—c) 


blatct v beat 
T (a—b)(c—bye—a) + (c—b\a—b\(a-—c) 
cla>bt ebat 
ami RENT 7 SEY) Sa , 
(a-cyb—=e)b—a) + G=ea—eya—y 
aib?ct — atc*h* — blatct + bic2at + cla2bt — clb2at 


(b—a)(e—a)(e—b) 2 


and therefore 


ab°ct ad LA2n4 1p2h4 — Alp2p4 172,,4 1y2h4 — pnlfh2,4 
ypil p-) = albtet — alr blatct + ble2Rat+ cla2b clb2at, 


which is an alternating function written by Cauchy in the form 
S(+a'b’c*), and which, being a determinant, was written by 
Jacobi himself also in the form ¥ +a1b?ct, 

It is pointed out that any term of ¢ which remains unchanged 
by the interchange of two of the variables may be left out of 
account ; but the question raised by Cauchy regarding possible 


and impossible forms of ¢ is not touched upon. As a corollary, 
it is stated that if 


p(a, Cy, eee, Ly) = aya," Se TEne ok 


the indices ay, a,,..., a, must be all different if the alternating 
function is not to vanish. 


He then recalls the known fact that, when the indices 


o, @,+++, a, are integral, the alternating function 
avarice 
PE a MIE cde aN PY se 
n Pp 
is divisible by P, the difference-product of Mo, M4, ...,%,, and 


puts to himself the problem of finding the generating function 
of the quotient 


an 


Ay) 
‘yo sees Ay 
Sead) a 


In the course of this quest: his first proposition is— 
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ws ig ¢ be any rational integral function of m+1 variables, II their 
difference-product, and £ be a function of the (n+1)" degree 


wm one variable and be of the form (x—a,)(x—a,).... (X—ay), 
then when m>n no single term of the expansion of 
ERGs tagepveel sos, \eveh Chex tae. an! iby) 
E(t, )£Ct,) ne ewk (ta) 
according to descending powers of to, ty, ..., tm can contain 


negative powers of all these variables. 


To prove it he of course uses the identity 


1 
(@ —y)(H#— A) .... (W—Am) 


1 , 
Fla) v.€., 
ia 1 kis il 1 
ie Goh —a) f(y) @=a)- 9 a a J (Gm) (a= Gm)’ 


and thus changes the expression into the form 


1 1 il 
‘ , ? Pte te — My) a F(4) Y (Gj —%) $ on = F (Om) (ty — mi 


x {| sf 1 \ 
f(a). e — Hy) setaon) (t, = iia NTE )» (ty = Om) 


| 1 
kif fed (tm — Lo) HONE raya én, agile 


He then says that the result of performing the multiplication 
of these bracketed factors is to produce terms of the form 


Il.¢ 
f (af (6)... fF (py (by — 2) (6, — 8)... (tm — py 
where each of the m+1 quantities a, b,..., p is necessarily one 
of the n+1 quantities a, G, ..., G and yalteret therefore, on 
account of m being greater than n, the quantities a, 6, ..., p 
cannot be all different. But terms of this form can be changed 


iil, 


II to 1 seb i 1 
EyO o) tay eal, 0) GS ana ea—a) 
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which shows that in the case of two of the quantities a, b,..., p 
being alike, say a and b, the second factor would become 


II 
and therefore could be simplified by having t,—t¢, struck out of 
both numerator and denominator. This means that when m > 7 
the second factor, like the first, can have only positive integral 
powers of the variables. As for the third and fourth factors, 
their product is the difference of the two fractions 


1 1 
@=a)(4=o(4—4) 1. ee Ses eeom—al ene 
the former of which yields no negative powers of ¢,, and the 
latter no negative powers of ¢,. The proposition is thus 

established. 
To prove the next proposition he utilizes the theorem that 
If F be any rational integral function of a number of 


variables, the coefficient of x-1y-1z71.... in the expansion of 
PGs eee) 
(x—a)(y—b)(z—c).... 
according to descending powers of x, y, Z,.... 48 
F(a; bye aa): 


This is spoken of as being well-known, and no proof of it is 
given. It is readily seen, however, that as the expansion 
referred to is got by performing the multiplications indicated in 


F(a@,y,2, 01). {e-1+an-?+4a%e-84 2. /.} 
{y+ by-?+ by-34 ....} 
{ 2-1-+ cz-2-+ c’g-34 ..,.} 


any term in F, say the term Aw*y®zy...., would require to be 
multiplied by w-*-!, y-®-1, z-y-1,..,. in order to produce a 
term in w-'y~12-1...., and that these multipliers being only 
found associated with the coefficients a, b%, cY,.... the term so 
produced would have for its coefficient Aatbfcy.... The full 
coefficient of w-!y-1z-1.... would thus be FUG0;07 
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He also uses an identity regarding difference-products which 
it may be as well to state separately#viz., that 


(30, BERL Si Fice Gn) . TINO i, Oa as See 8 3 On) 


= (= LP OTT (a Pate Oe VET (Gn ce) Tle tn) on fda) 


where /(a,) stands for the product of the n factors got by sub- 
tracting from a, each of the quantities a), a,,...., G, except a,. 
This he holds to be true,* because the product 


TA Oeee.)E \Bgegey) OC One TAGs) 


* The factors of a difference-product may always be, and usually are, arranged 
in the form of a right-angled isosceles triangle ; for example, 


SYabedefg) = (b-a)(c- Nee: ane a)(f -a)(g - 
é 


g-b 
g-c¢ 
ge 


a) 

(c- b)(d =0)(F>0 ) 
) 
d) 
) 

) 


b)(e )( 
(d—c)(e- c)(f— c)( 
(e- d)(f-d)( 

(f- e)( 


g -—€ 


Consequently there must be an algebraic identity corresponding to the geometrical 
proposition—IJf from a point in the hypotenuse of an isosceles right-angled triangle 
straight lines be drawn purallel to the other sides, the triangle is thereby divided 
into two triangles of the same kind and a rectangle. This identity it is which is at 
the basis of Jacobi’s, for drawing the lines thus— 


(b-a)(c—a)(d—a) :(e ee 
(c- b)(a— b)  (e- b)(f-b)(g - b) 
(d— c):(e— ¢)(f- ¢)(g— ¢) 
:(e—d)( f—a\(g —d) 
(f-e)(g- é) 
(9 my Me 
we obtain 
sHabedefg) = $(abed) . ¢*efy) .(e- a) (f- a) (g -@) (w) 
i b)(f- b)(g - >) 
(e-)(f-¢)(g- ¢) 
(e-d)(f-d)(g-d) 
But the expression here which corresponds to the rectangle in the geometrical 
proposition 
= (e-a)(f-a)(g- a) 
(e—b)(f- 6)(g - 5) 
(e-c)(f- ¢)(g-¢) 
(e- a)(f-ayig—d) poh efg). Hare) 
- (f- e)(g-@) 
(Gey) oh Mg-S) 
(ec g)(f-g) - 


= f'(e) FS) Sy) + (-Pe9)- Hlefg). 


336 HISTORY OF THE THEORY OF DETERMINANTS 


contains as factors the differences of all the elements @, @,, .-.; Un 
except those which go to make II (ap, a, .--; @a—m—1) and contains 
a second time but with opposite signs the 4m(m+1) factors 
which go to make II (G__m, Gn—m+p +++» On): 

These preliminaries having been given, the second proposition 
may now be proceeded with. It is— 


If $ be any rational integral function of m+1 variables, II their 
difference-product, and £ be a function of the (n+1)™ degree in 


Consequently 
abedefy) (efy) _ 
¢3(abed) 
which is Jacobi’s identity. 
It is easily seen that there is a corresponding theorem to (w) obtained when 
the point through which the parallels are drawn is taken inside the triangle: 
thus, corresponding to the diagram 


(-)PF"(e)- F(F) P(g). (Q) 


we have the identity 
Abeta Hadede). Medefy) 
iHede) 
Here, however, it is no longer possible to treat the final group of factors as was 
done in the case of (w). 

To Jacobi’s identity (@) the absolutely perfect geometrical analogue is got by 
taking a rectilineal figure of the form ABCDE, where AB=BC, CD=DE, 
B=C=D=90", and then equating the sum of the two parts got by drawing CE 
to the sum of the two parts got by producing DE to meet AB in F. Further, 
the exact analogue to his proof would be to say that the rectangle BCDF contains 
all of the triangle ABC except the triangle AEF, and contains the triangle CDE 
in addition. 


f-a)(g—4)(f—-b)(g -b). (w’) 


A B 
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one variable and be of the form (x—a))(x—a,).... (x—a,), then 
when mn the coefficient of ty *t,?.... tm? in the expansion of 


IT (t,, th, Ce) tm) : p(t, ti, eeey tm) 
£(E)ECE,) «2 F(a) 


according to descending powers of to, t,,...., tm 48 
OR _n-m-!1 
(—)im Gat) Aa ay See be ape Goaeens An m4) ge jae a) 
? 
> IU(Gip arses a) 


effect being given to the sign of summation by permuting in 
every possible way the quantities ay, a,,...-, An. 


As has already been seen the expression to be expanded is equal 
to an aggregate of terms of the form 


DCA Ce ne LE CEOOU Lees) 
FOF) «6 F(P) Oy - OE — 8) «lm = py 


where each of the m+1 quantities a, b,...., p is one of the 
nm+1 quantities a), a,,....,4,. Since, however, we are now in 
search of the coefficient of ¢,'¢;*....¢,' we may leave out of 
account all terms of this aggregate which have two or more of 
the m+1 quantities a, b,...., p alike, for it has been shown 
that the expansion of such a term cannot contain f)'t7.... f,'. 
We are thus left with an aggregate which may be represented 


by 


g. (tor thy vss AUC ae NCS) 
ST (@n-m)f (An-m-41) ene F (Gn) - (ty— On —m)(ty a. On —m-41) ones (tn — An) 
it being understood that for Gym, Gn—mtir -+++> Un is to be taken 
any permutation of m+1 quantities of the group dp, @,...-, Gn. 
But, if the coefficient of ¢)'¢;’....6,' in this be denoted by H, 
we have by the first of our auxiliary theorems 


Te Q PUGn me Fnemey ee) ay) : WG histanaay teeny Gn) 


- F (nm) f’ (Gn—m+1) ++ ++ F(An) 
and using the second to substitute 
(—1)OFDIT (a), Gy, «+++, On-m-1)LL (49,44, ---- 5 (tn) 


for LGigens An—-m+i» +29") On) [fF (Quem) F (n-m+1) tees (Gr), 
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we have 
H=(-1rorng Hort, osfe) iB oRy Ont ee) 2 PCat an Preseusiy Cn) 
where, be it remembered, the n+1 elements a), d,,...., Uy are 


to be separated in every possible way into two classes containing 
n—m and m+1 elements respectively, and all permutations of 
the elements of the second class are to be taken. In this 
expression, however, another substitution can be made by reason 
of the identity 


001 n—m—1 
Il (a,;4,, © usec 9 2 aay | aw Ay; oP Fn—m—-1 
> P 


where under the sign ~ all possible permutations of the indices 
0, 1,...., ~—m—1 are to be taken. When this substitution has 
been made, we shall consequently have to take every possible 
permutation of both classes of elements. But to take every 
possible separation into two classes and permute the elements 
of each of the classes in every possible way is the same as to 
take every possible permutation of all the elements. Our result 
will therefore be 


n—m—1 


001 . 
H = (—1)imm+)) At, aor Gn —m—1 Z PAG: egiiiaes Meeps ep sigs et Cn) 
» Ve 


if it be understood that under the sign of summation all possible 
permutations of a), a,,...., a, are to be taken: and this is what 
we set out to prove. 

The case where m=‘ is then considered, because of its special 
interest. The first expression obtained above for H becomes in 
this case 


ic P(A, or) 

F(A) F (My) «20 F(a) 
where under & all permutations of a), a,,....,a@, are to be 
taken. Making in this the substitution which is possible by 
reason of the identity . 


FG) F (Ay) 0 F(Gq) = (Tet P2, 
we have 


= (Lint nQ PGorGr, «+++, By) 
H = (-1) S 7 ; 


ALTERNANTS (JACOBI, 1841) 339 


The formal enunciation of the result thus obtained is :-— 

If be any rational integral function of n+1 variables, IL 
their difference-product, and f be a function of the (n+1)" degree 
in one variable and be of the form (x—a,)(x—a,)....(K—a,); 
then the coefficient of t)'t;'.... t,' im the expansion of 


(-—1)iP@+) II (ty, t, woo e9 Un) is (ty, ty, ite tea) 
£(t,)£(t,) »... £(ba) 


Ss. (ap, &, *yeileieh9 an) 
seal! 


ANS), 5:3 hts On) 


18 


effect beng given to the sign of swmmation by permuting in 
every possible way the elements ay, a,,...., An. 
As we have seen above that 


SP Plt ty ses) 

toned LL (G55 syns 5) Oy) 

is the quotient of any rational integral alternating function by 

the difference-product of its elements, and that this quotient is 

often in request, it is important for practical purposes to note 

that what this last theorem of Jacobi’s gives is the generating 
function of the said quotient. 

After giving a line or two to the case where m=n—1, Jacobi 


returns to the general theorem and specializes in another 
direction, viz., by putting 


PEGS ys LES pti ds 


Division of both sides by ¢ is in this case possible, and the 
resulting theorem is one of considerable importance :— 


The expression 


0.1 aia} = 
Bi Seasons Poteet od toilet ee: Bn 
’ 
(@—Ay)(Ag— a) -.-+ (@n—An-1) 


which is the quotient of an alternating function by the 
difference-product of its elements, is equal to the coefficient of 


- (y+ -(1 +1) -(Ya+1) 
toemuc by ee Meas 
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in the expansion of 


(to= ty )(to = ty) «+++ (tn-1— tn) 
£(ta)ECh)) 99 (ta) 
according to descending powers of ty, t,,..-., tm, where 


{(x) = (x—a,)(k—a,).... (K—an). 


This is followed up by actually working out the expansion in 
question, the numerator being of course changed into 


Set 


and its cofactor 
il il 1 


TV) (ta) aden dea) 


into 


a CC C, 
(Gat pat pest eee t aritet | 


0 0 0 
Laas, C, 

x (eart act tt aia tripe + | 
1 gh 1 1 
ietitey ac 6, 

x (gat petit tees T etitet o}, 


where C, is the sum of all the products of s elements, different or 
equal, taken from dp, @,, ...+, G- Multiplication of these m+1 
partial factors has next to be performed, the general term of the 
result being seen to be 


Co ce 


petit ayntlta — yntitsn : 
0 1 ABS ola (8 


All that remains, then, is the multiplication of this result by the 
corresponding expression for the original numerator, i.e. by 
Se ....t,,_,, which, be it noted, consists of (m+1)? terms, 
the > referring to permutation of the indices, m,m-—1,.... 1, 0. 
Without further delay, Jacobi merely adds that the general term 
will therefore become 
> + GALS Fe a Dae 
ta aa ad Las a i tt-mtltim ; 


bi | 
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and that consequently the proposition last formulated will 
“suggest” the identity 


12 a-m-lioy y. ¥, 
AA, ELAS. u, -m-- 1 —m he ipeei ge ee 
(A, — dy) (dg — Ay)». +. (An — An -1) 


i »2 + Cy4m=nCy,+m-n=1 seee C 


Yn 


where the > in the first case refers to permutation of 


Gy, Gy, ..--, Mp, and in the second case to permutation of 
VY, Yp++++> Ym Ina couple of lines it is next pointed out that 
the putting of m=0,m=1,.... in this suggested identity gives 

eso) n-1liy 

Ayla +++» Gaim _ OC 
Q Pp Y=?) 
Nee n-2 ¥ y 
Uy 2-2 Uy ot Uy C C 0 C 
P ae ytl-n y 7% mad Yl =w y-n> 


fut Sees 


then, rather unexpectedly, there is given a mere restatement of 
the identity itself, viz. :— 


“ Generaliter wquatur quotiens propositus 


1,2 n—m—1 yy % Ym 
OD eae Calne Veen eat sai oo 
Pp 


determinanti quod pertinet ad systema quantitatum 


1 
Cy4in-n Cy +m—n s ‘oMme, 0 Cy tm-n 
Cy4m—n-1 Cy, +m-n-1 $e, 6 9 Cy m-n-1 
” 
rata ores cymes ONt- ip 


This is the last result of the memoir, the few additional lines 
used being merely for the purpose of showing how the deter- 
minant just mentioned may be simplified. The simplification 
consists in leaving out the element a, in forming the C’s of the 
second row from the end, the elements a,, d,-, in forming the 
C’s of the third row from the end, and so on. The reason in 
the first case is that this will have the same effect as subtracting 
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from each element of the row a, times the corresponding element 
of the last row, and the reason in other cases is similar. If C’ 
be used to stand for the same as C, but to concern one element 
less, viz., a, and C” be used in similar manner, the identities 
at the bottom of the simplification are— 


Coy = 2 °C. a Ou: 
Cran — — (An + Ay) Cy44 Te a nln 1 C, = Bah 


the truth of which is apparent when we remember that C,, 
C,,.... are practically defined by the equation 


1 jersey ae aL 


(%—,)(@—G,) .... (©— An) ~ gntl yy gts a — Bia 


It is noted also that in the determinant a C with the suffix 0 
is to be taken as 1, and a C with a negative suffix as 0. 


CAUCHY (1841). 


[Mémoire sur les fonctions alternées et sur les sommes alternées. 
Exercices Manalyse et de phys. math., ii. pp. 151-159; or 
(Huvres completes, 2° sér. xii.] 


As has before been pointed out, the preceding paper of 
Jacobi's was the last of a triad which was followed up by a 
similar triad from the pen of Cauchy. Cauchy’s first paper, 
which corresponds in subject to Jacobi’s third, comes up there- 
fore quite appropriately for discussion now. 

What is really new in the first part of it concerns the finding 
of the symmetric function which is the quotient of an alternating 
function by the difference-product of the elements; that is to 
say, in Cauchy’s notation, the finding of 


Sl f(a, y,2,....)] 
(t—y)(@—2).... (y—2)....” 


or, in Jacobi’s notation, the finding of 


Dikevae 
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It therefore opens with the reminder :— 


“Une fraction rationnelle qui a pour dénominateur une fonction 
symétrique et pour numérateur une fonction alternée des variables 
z, Y, 2, .... est évidemment elle méme une fonction alternée de ces 
variables. Réciproquement, si une fonction alternée de z, ei 
trouve représentée par une fraction rationnelle dont le dénominateur 
se réduise & une fonction symétrique, le numérateur de la méme 
fraction rationnelle sera nécessairement une autre fonction alternée 
Fe Ori ae a a 


This prepares us for the consideration of the alternating 
aggregate S[+ f(a, 4,2) ie.) 


where f is fractional and rational, and where, although Cauchy 
does not explicitly say so, the numerator and denominator are 
integral. In regard to this he asserts that the various fractions 
which compose the aggregate may be combined into one fraction 
U/V, where V is an integral symmetric function divisible by all 
the denominators, and where, therefore, U will necessarily be an 
integral alternating function and, as such, be divisible by the 
difference-product of its variables. We are thus led to the pro- 
position that the given alternating function of a, y, z,.... can be 
resolved into two factors, one of which is the difference-product 
(P) of a, y, z,...., and the other of the form W/V, where W 
and V are integral symmetric functions of the same variables. 

As an illustration of this, full consideration is given to the 
case where 1 


Y (e-Uxeaeaa) (a—a)(y—b)(z—c)....’ 


the number of variables being n. The appropriate symmetric 
function V, which is divisible by all the denominators of the 
aggregate X[+ f(a, y, z,....)] is evidently in this case 


(x—a)(x—b)(a—c)...(y—avy—b\y—c)...(¢—a)(z—blz—c)... 


ey? F(a). Fly). F(2) 005 
and the corresponding numerater U, always divisible by the 
difference-product of 2, y, Z,....18 in this case, because of the 


peculiar form* of the denominator of the function f, also 


* The form is such that the result of any interchange among 2, y, z,.... is 
attainable by a corresponding interchange among a, b,c, .. 
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divisible by the difference-product of a, b, ¢,.... It is thus seen 
that the given alternating aggregate 


1 PE 
ya Eocene —| iW pened 


where P, P’, V are known, and k has still to be found. An easy 
step further is made by inquiring as to the degree of h, it being 
noted in this connection that the degree on the one side is —n, 
and that on the other side the degree of P=4n(n—1), the 
degree of P’ likewise =}n(n—1), and the degree of V=n?. 
The resultant degree of PP’/V on the right is therefore inferred 
to be 


= 4n(n—1) + $n(n—1) — vn’, 


and as a consequence the degree of k must be zero. In other 
words, k must be constant in regard to a, y,2,...., @,b,¢,..... 
so that for its full determination the best thing to do is to select 
as easy a special case as possible. Cauchy’s choice falls on the 
case where «=a, y=b, z=c,....; and preparatory for this 
substitution he transforms the above result, 


' PE 
> |+ecnqcnes5 —| = kim, 
: 1 
mesiber x reece —|: 


Lt ecaQ=neaaTe 


As for the right side of this, it has to be noted that, since V 
contains each of the binomials e—a, y—b, z—c,.... once and 
once only, any one of the 1.2.3 .... terms under > will vanish 
when the substitution 


into 


WASP oe. ne 2b DO 


is made, unless the denominator of the term also contains all 
the said binomials. But by reason of the interchanges which 
produce the other denominators, the first term is the only one 
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of this kind: and the value of it after the substitution has 
been made is 


(a—b)(a—c).... (b—a)(b—c) .... (c—a)(e—b).... 


an expression which, as we have already seen in the preceding 
paper of Jacobi’s,* is equal to 


(Aye) pz 
As the left-hand side, PP’, becomes under the same circumstances 
Kisbe 
we have as our last desideratum 
kaa Lyines), 


and are thus enabled to formulate the proposition 


Dy Ea NED ¥ | 


= (-1)r@- P(e tune aE (ODIG, 6.64) 
(a-a)(a—b)(a—c) ... (y—a)(y—b)(y-c) ... (z-a)(z-b)(z-c) ...” 


a noteworthy result which in later notation takes the form 
ee Neb) eo) aie o (-1)hO-» Ch Ue) 210,00... 0.) 
a) 2 (y—b)-\-(y—6)- ... E@) =F (y). F(z)... 
(2—G)ami(eab) nie (2> e) shirt 


where 7 is the number of variables, and 


F(x) = (a—a)(x—b)(a@—c).... 


*Since V=F (a). F(y). F(z)...., the first term of the alternating aggregate 
may be written 
F(x) Fly) F(z) 


Fey iret Pr ania 
which, on the substitution being made, becomes 

AG) Hy (Die BC) rrenes 
and it is this form which in Jacobi is replaced by (-1)}"("- Dp?, 


CHAPTER XIII. 


JACOBIANS FROM THE YEAR 1815 To 1841. 


Ir is not improbable that determinants in which the number of 
a row is distinguished by differentiation with respect to a 
definite variable, and in which the number of a column is 
distinguished by a particular function set for differentiation, 
may have appeared long before the time of Cauchy and Jacobi, 
the likelihood probably being the greater the fewer the number 
of functions and variables involved. There can be little doubt, 
for example, that expressions like 


Ou Ov Ow Ov 

on Oy = dy Oe 
may be found repeatedly in the writings of mathematicians 
belonging to the eighteenth century. It would appear, however, 
that the first who got beyond the second order, and clearly 
associated the expressions with determinants, was Cauchy. 


CAUCHY (1815). 


[Théorie de la propagation des ondes & la surface d’un fluide 
pesant d’une profondeur indéfinie. Mém. présentés par 
divers savants a& VAcad. roy. des Sci. de UInst. de 
France .... i. pp. 1-312 (1827); or Guvres completes, 
1° sér. 1. pp. 5-318.] 

Cauchy was a competitor for the prize for mathematical 
analysis in the ‘concours’ of 1815, and gained the prize. His 
work, however, like others belonging to that interesting political 
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period, was not printed until long afterwards. In the form 
which it takes in the collected works the essay proper extends 
to only 108 pages, the remaining 210 being occupied with notes : 
this was probably due to the circumstances under which the 
paper was first written. In the same way is explained the 
writer’s action in referring in it to himself by name, the object 
being to preserve his anonymity. 

There is only one passage in it which directly concerns the 
student of determinants, but it is interesting from more than 
one point of view. The exact wording of the passage (pp. 11, 12) 
is as follows :-— 


“Cela posé, concevons que le sommet de la molécule m, auquel 
appartenaient, dans le premier instant, les trois coordonnées a, ), ¢, 
se trouve, au bout de temps #, transporté en un point dont les 
coordonnées soient 2, y, % Les trois arétes de la molécule qui 
aboutissaient au sommet dont il s’agit, et qui, dans Vorigine, se 
trouvaient paralléles aux trois axes des coordonnées, auront alors 
cessé de )étre, et les projections de ces mémes arétes sur les axes 
dont il s’agit, projections qui dans lorigine étaient respectivement 
égales, 
pour la premiere aréte& da, 0, 0, 


pour la. seconde,a~.™.... 0, db, 0, 
pour la troisitme,&4 ... 0, 0, de, 


seront alors devenues 


es ‘4 dx dy dz 

pour la premiere aréte oF da, 7 1% on da, 
dx dy dz 
Eaton Pas Ghee 

pour la seconde apes a b, i db, 
oe da dy dz 

pour la troisieme ei =2.d0, ays dee 
de de de 


Il est aisé d’en conclure (voir la Note I.) que le volume de la molécule, 
qui était primitivement égal a 
da db de, 


sera devenu, aut bout du temps ¢, 


ea ia iio ae Ga 


dz dy dz dx dy dz 
-biet ieee 


(Z dy dz dxdydz dudy dz. dx dy dz 
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et, comme ces deux volumes doivent étre équivalents, on aura, par 
suite, 
dx dy da _dady dz _duady dz , dudy dz 
dadb de dade db db dade ° db de da 
da dydz | dxdy dz _ 1 
~ de db da * de da db ~~ 
Si, pour plus de simplicité, on fait usage de la notation adoptée par 


M. Cauchy dans son Mémoire sur les fonctions symétriques,* l’équation 
prendra la forme suivante : 


da dy dz\ _ 


le signe S étant relatif a la permutation des trois lettres a, }, c.” 


Here we have clearly the Jacobian of a, y, z with respect to 
a, 6, c: and we have it expressed also in the determinant 
notation then in use. 


The second point of interest is centred in the note to which 
the author directs his reader. This note, which consists merely 
of the formal statement of a theorem, and extends to only ten 
lines, is as follows :— 

“Si lon rapporte Ja position des sommets d’un parallélépipéde a 
trois plans rectangulaires des 2, y, et z; que l’on désigne par A, B, C, 


les longueurs des trois arétes de ce parallélépipéde qui aboutissent & 
un méme sommet, et par 


Aj, B, C,, 
Ay, B,, C,, 
Ag, B,, C,, 


les projections respectives des mémes arétes sur les axes des 2, y, et 2, 
le volume du parallélépipéde aura pour mesure 


A,B,C, — A,B,C, + A,B,C, — A,B,C, + A,B,C, — A,B,C, 
= S(+ A,B,C,).” 


* There is a curious oversight here. In a footnote, Cauchy says ‘‘ Le Mémoire 
dont il est ici question a été imprimé en partie dans le xvii®. Cahier du Journal 
del’ Hole Polytechnique.” Now, as a matter of fact, there is no memoir bearing 
this title. The well-known memoirs contained in Cahier xvii. are headed 
‘‘Mémoire sur le nombre des valeurs . . . .” and ‘‘ Mémoire sur les fonctions 
qui... .” The second part of the latter bears the approximate designation, 
‘‘Des fonctions symétriques alternées ....”; but the notation in question 
occurs in both parts. It is also not clear what was intended by the words 
‘imprimé en partie’ in Cauchy’s footnote. Both in the original and in the 
reprint four signs are twice printed incorrectly, and in the reprint 0’s have been 
substituted for @’s of the original. 


JACOBIANS (CAUCHY, 1822) 349 


Here we have one of those so-called “ applications of deter- 
minants to geometry” which are often supposed to belong to 
a much later date. 


CAUCHY (1822). 


[Mémoire sur l’intégration des équations linéaires aux différences 
partielles et & coefficiens constans. Journ. de [Ec. Polyt., 
xu. 19° Cahier pp. 511-592; or Guvres completes, 2° sér. i.] 

_ Here again but under quite different circumstances the same 
form of determinant presents itself to Cauchy. Having found 
the value of a certain multiple integral to be 

(277)" 
/D*” 


where D=>+ab’c’... , he adds 


‘Tl est essentiel d’observer que si l’on désigne par L le dénominateur 
commun des fractions qui représente les valeurs de w, v, w,.... tirées 


des équations 
dM dM dM 


"dpe + en is + Ts + = ile 
dN dN dN 

“—— —=— + ue eel 
i dv dir 

jes icy ji + le + an ile 
dp. dv dir 


et par L, ce qui devient L quand on y pose 
B= Py V=H%M T=TM%) 


D => ly 2 
0° 


JACOBI (1829). 
[Exercitatio algebraica circa discerptionem singularem frac- 
tionum, quae plures variabiles involvunt. Crelle’s Journal, 
v. pp. 344-364; or Werke, iii. pp. 67-90: also abstract in 
Nouv. Annales de Math., iv. pp. 533-535. ] 


To the great mathematician whose name was ultimately 
associated with determinants of this special form, they first 
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appeared in a totally different connection. He was considering 
a problem of the partition of a fraction with composite de- 
nominator into others whose denominators are factors of the 
original, and the paper to which we have come concerns given 
fractions of the form 


(ax+by—t)(by+aa—-t)"}, 
(ax+by+ez—t)'U(b'y+ez2+ae—-t)Me'z+a'a+b’y—t')", 


The expansions of these clearly contain a variety of terms, the 
reciprocal of each linear expression contributing negative powers 
of its first term and positive powers of the others; and the 
‘discerptio singularis’ consists in obtaining fractions which 
produce, each of them, the aggregate of the terms of a par- 
ticular type found in the expansion. Thus, to take the simplest 


example, viz., (ax+by)-1(b’y+a’a)-}, 


it is seen that the expansion of (ax+by)-1 will contain one term 
with negative power of a and others with a negative power of 
x and a positive power of y, that the reverse will be the case 
in the expansion of (b’y+a’x)-1!, and that the product of the 
two expansions will therefore contain a term in 2-!y-!, a series 
of terms with negative powers of w and positive powers of y, 
and a series of terms with positive powers of x and negative 
powers of y. Now Jacobi establishes the identity 


(ax+by)-1(b’'y+a‘x)-} = |ab’|-} {= — = ath ts 7 view} 
where on the right there are three parts; and as the first is a 
term in w~'y-1, the second equivalent to a series of terms con- 
sisting of negative powers of # and positive powers of y, and the 
third equivalent to a series of terms consisting of negative 
powers of y and positive powers of z, it is clear that the three 
portions of the expansion of (ax+by)-(b’y+a’a)-! have been 
isolated and summed. 

Now it will be noticed that a common factor of the three parts 
is the reciprocal of the determinant |ab’|, or as Jacobi, following 
Cauchy, writes it (ab’), The corresponding factor in the next 
case, where there are three linear expressions and three variables, 
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is found to be (ab’e”)-!; and Jacobi then makes a generalisation 
regarding the first of the partial fractions in each case, viz., to 
the effect that the coefficient of 


=JIe <i = -1 
x aw, x, Diele a 0, 


in the expansion of 


=I se) el 
Un. thei Wen as HD ys 


i.e. of 
— (aet ba, et, + ....)- (bate at...) (CMe t oe, 
is 


(Gee ee 


—the result being, so to speak, the discovery of the generating 
function of the reciprocal of a determinant. 

Shortly after this follows the passage which is interesting in 
the history of Jacobians. It stands as follows: 


“At theorematis, de quibus in hac commentatione agimus et quorum 
modo mentionem injecimus, latissimam conciliare licet extensionem. 
Ponamus enim, u—?, u,—?¢,.... iam series esse quaslibet, sive finitas 
sive infinitas, ad dignitates integras positivas elementorum 2, 2,,.... 
procedentes, quarum serierum /, ¢’,.... sint termini constantes, Sint 
porro in seriebus illis u, u,, u,,.... termini, qui primus ipsorum 2, 2,, 
%,.... dignitates continent, respective az, b’x,, c’”,,...., ac ponamus, 
uti in casu lineari, fractiones (u—#)7}, (u,-t)7, (u,-t’)7}, .... evolvi 
respective ad dignitates descendentes terminorum aa, 0'x,, ¢'%, . 

Vocemus porro A determinantem differentialium partialium sequentium : 


a 2u 
Ont trot ea Orseld Malte abi aankt 
Ou, = Oty Ou, Ou, 
On’ eer piatiods? pia ise iti od Cegugy 
OU, = Oy Ou, Uy 
OvissOr ee. (er) eee e koa, 5) 
CUM Ol. 4» Ol. 4 Cie 
OL AM MN hn tay Ulah ie Clu 


Erit ¢.g. pro tribus functionibus u, %,, wu), tribusque variabilibus 2, y, 2: 


Ou OU, Olly Ou OU, Ol, Oy OU, Ow 


A= 


Ox Oy Oz Ox Oz dy Oy On dz 


Ou, Ou Ou, Ou Ou, Ou, “4 Ou Ou, Oy 
Oz Oy Ox mr Oy Oz Ox Ctl woz Oy” 
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quam patet expressionem casu, quo u, u,, WU, Sunt expressiones lineares, 
in expressionem ipsius A supra exhibitam redire. Quibus positis dico, 
siquidem %=p, %=P,, %=Po) +++) Cn1=Pn1 Satisfaciant aequa- 
tionibus u=t, u,=t', Ug=t', .. 2.5 Ua, =e”, producti 
A 
(u —t)(u, — 1) (ug — 0") «26. (Uy — Eh”) ; 


dictum in modum evoluti, partem eam, quae omnium simul elementorum 
, %,,... dignitates negativas neque ullius positivas continet, ut supra 
in casu multo simpliciore, fieri 


1 » 
(a = p) (%, — Py) (@_— Po) «+++ (Gn - Pn) 
It will be observed that Jacobi looks temporarily upon the 
ordinary determinant (ab’c’...) as the particular case of the 
Jacobian in which the involved functions are linear in all 
the variables concerned. 


JACOBI (1830). 


{De resolutione aequationum per series infinitas. Crelle’s 
Journal, vi. pp. 257-286; or Werke, vi. pp. 26-61.] 
Although the general subject here is new, there is a certain 
link of connection with the preceding paper, in that one of 
the results of that paper is employed, and also that Jacobi is 
using once more the method of ‘generating functions.’ 
Passing over the first two cases, let us note how he proceeds 
with a set of three equations and three variables. As a pre- 
liminary he introduces after the manner of the preceding cases 
the determinant of the partial differential coefficients, the 
sentence in regard to it being [page 263]— 

“Ut similia eruamus de tribus functionibus, tres variabiles 2, y, z 
involventibus f(a, y, 2), (2, ¥, 2), ¥(a, y, 2) adnotetur aequatio identica : 
eH (2)-POYY))] , AP @Y@)-$'@Y)] 

Ou Oy 
4 AP OY MY) =F (M)¥@)) _ 9 

) 4 te! 


Z 


quam differentiationibus exactis facile probas. E qua, posito brevitatis 
causa 


V= FOL MYA-POY(Y)] 
+ P(E) () - 6 @) YE) 
+PFEMPOVY)-POY¥ OO), 
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fluit sequens : 
AP WY (2)- PAW) , Ad @Y@)-¢' @yY)] 
On Oy 
6 fl?’ (2) y’ we ¢' (y) Yy (z)] = V2 


Here the concluding identity has to be noted. He then 
establishes certain results concerning the coefficient of w-!y-!z2-! 
in the expansion of V, or, as he writes this coefficient, 


halen 


Thus prepared he attacks the given equations (p. 284)— 
o=ax +by +cz +da +ery+..., 
we+by+ez+de+eay+..., 
ve=a@at+byt+ec%+aq'x?+eayt...; 
obtains first the derived set 
s=Ar+ ax? + Pay +yy? +... 
t= Ayt+aa?+Paytyy’t... 
w= Aec+av+t Pay+ryyt+ ... 


T 


wiheremthe Values) O18, Nga, nae xij cDhy Boch pnt Ay @ sso « OTe 
sufficiently suggested* by giving one of them, viz, 
=i ab' es 


and then seeks to find any function of the roots, F(a, y, z) say, 
in the form of a series proceeding according to powers of the 
constants s, t, u, the result being that the coefficient of s?t7u7 in 
the said series is shown to be in general 
ee Y; ed 
XPV IHL 1 | yp -dy-1g-1, 

where X, Y, Z are the variable members of the derived set of 
equations, and V is the determinant of their partral differential 
coefficients with respect to x, y, Z. 


* In later notation the derived equations would of course be written-— 


Ee OK = Scie Gy Hohe Wek Ra GSE ees 
T b’ c a’ b/ ce d’ b/ c 
v ign cl! a’ b” cl dq’ b” cl 
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No other case is dealt with, but the paper closes with the 
sentence— 


“Quae autem hactenus de duabus, tribus aequationibus inter duas, 
tres variabiles propositis protulimus, eadem facilitate ad nwmerum 
quemlibet aequationum et variahilium extenduntur.” 


JACOBI (1832, 1833). 


[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Journal, x. pp. 101-128; or 
Werke, iii. pp. 159-189.] 

[De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabilium constant; una cum variis 
theorematis de transformatione et determinatione integral- 
ium multiplicium. Crelle’s Jowrnal, xii. pp. 1-69; or 
Werke, iii. pp. 191-268.] 


The latter of these memoirs is by far the more important; in 
fact, it may be fully described as the summation and develop- 
ment of a series of memoirs of which the former is the last. As 
is natural, therefore, six pages of it at the outset are occupied 
with an introduction, in which the main points of the said series 
of papers are recapitulated. Seven-and-twenty pages are then 
devoted to “ Problema I,” which may be roughly characterised in 
later phraseology as the problem of the linear transformation 
of an n-ary quadric. Then follows “Problema II,” the solution 
of which occupies pages 34-50. Its subject is the transformation 
of a very general multiple integral, and is closely connected with 
the subject of the preceding problem by reason of the fact 
that the integrand involves a power of an n-ary quadric, It is 
in this portion of the memoir that the special form of deter- 
minant which we are now considering makes its appearance. 

From two particular results in the previous papers referred to, 
Jacobi infers the existence of a general theorem which he states, 
adding that the demonstration is, however, not so easy, and that 
as a contribution towards it he will enunciate certain general 
theorems, the proofs of which for the sake of brevity are 
suppressed. His starting-point is the following — 
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If &, &) «++, Ena be any given functions of vy vy ...; Up_» then 


= OE, C2 | OEn- 
26, 86 --- aa = (Dt of See. use) Te Pe 


From this he proceeds to cases where there are additional 
functions not independent of the others, enunciating and proving 
the result where there is one connecting equation, contenting 
himself with the mere enunciation for the case where there are 
two connecting equations, and leaving these to suggest the 
general theorem. The two enunciations are— 


‘ : A ane 
THEOREMA 1 Datis by, CH th 9 ut Sunctionibus ipsarwm v1, Vo, +++ 5 
Vp_1, St inter variabiles illas datur aequatio 


F(é,, fo; w sacs €.¥1) = 0, 


erut 
Ok O&. ‘euehe Ofn_2 = (> mt Og, Ob, se) Ov, Ov, wale: Cums. 
OF Ov, Ov, ”  SOUlag) 4 OF : 
Cb n-1 OvV__1 
THEOREMA 2. Datis €,, & ..., & ut functionibus ipsarum v1, vg, «+5 Uns 


st inter variabiles illas proponuntur duae aequationes : 


F(é1, £5. --++» &u) = 9, (E15 Fo2)- oer Ea) = 9; 
08, 08, Ri HOG as oF (S258 > sie) Ov, Ov, Mas nuOU, fe 


OF ob oF oP du, du," "' Gu,/ OF Ob OF OP’ 
Obes fn 7 On Ofn-1 OVy_1 Ov, OU, Ov, _1 


His third theorem is a special case of his first, and may therefore 
be passed over. Then we have 


THEOREMA 4. Supponamus &, &,..-+5 &s-1 datas esse sub forma 
fractionum 
u u es 
SNS ake bith >: aa = oa 
jit 


0€, Of, Of np oBLA Ou, Ou, Ongzy 
2u*3u, Bo, eneriene Oe oe ian dtu Ou, Ou, ee ee eu al 


ubi in altera summa inter indices permutandos etiam referri debet index 0 
seu index deficiens. 


From this is deduced 
THEOREMA 5. Sé loco functionum u, U,, Us, -.-. Un ponitur 


Uy TU AL Upc 
oon —= ae one Serge | 
cubiay t yy 
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designante t aliam functionem SEO expresso 

>: foe a 

suse as ee 

abit in 
1 Ou, Ou, Ou,_1 
2+ hou Gus! TX Keay 
sive in differentiationibus instituendis denominatorem communem t ut con- 
stantem considerare licet. 


The last of the series is 
THEOREMA 6. Sint u, U,, U,,..., Us, expressiones lindares aliarium 


functionum w, Wy, Wo, ---, Wai, datae per aequationes huius modi 


@—1) 
U, = &W + o,W, + We +... $a Wad 


Ou, Ou, Ou,_; fi oz =A) ow, Own_1 
Det Bett Bee > (Deas. ')(>+ = oun ; pe), 
to which is added the remark that if there were one additional 
independent variable » we should similarly have 


Ou Ou, iene ina) (Sr 4, OH OW, Wy 
+ Ov Oh oe. b= (Daan... sa (03 Ov Ov, ae aca 


Ov, 


CATALAN (1839). 


[Sur la transformation des variables dans les intégrales multiples. 
Mémoires cowronnés par lVAcadémie ... de Brucelles, 
xiv. 2° partie, 47 pp.] 


Having devoted the first part (pp. 7-18) of his memoir to 
the properties of determinants (see above pp. 224-226) Catalan 
is ready to use them in the second part in dealing with his 
main problem, viz., that specified in the title. 

The integral as given being 

fF, Wa; ants Oe) Cele oe Oe 


n 


and the equations connecting «,, @,,..., x, with the new vari- 
ables u,, Us, ..., U, being 
¢, = 9, g, = 9, eee) do, = 9, 


he first seeks to remove the variable z,. In doing this 
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Ly, €z,+..,L_, are constants, and the connecting equations in- 
volve the n+1 variables «,, u,, U,,..., Wy, 80 that he obtain 


Feld, + Ged, + SH dug + Rewer ts Bovey uA): 
1 


dx, du, 
dp, Ade Ade dd, 
de, OT dy 9 > disg 8 Fda du, = 0, 
din dy dn, dbs ayy 
ane ha du: tht rae dus + ay du, = 0, 
and thence 3 ‘Nee 
L, = — a dy. 
1 i Whapdae 
By dealing similarly with 2, #, .... in succession the result 
reached is 
N,N N 
Dar, Alig bys evr pee (Lie eo ce a, Bly é Whig inns «: DU, 
1 2 ( ) die De D, 1 2 
ands ag Noa D., No), vice Na hake the ultimate form is 
Oi, Oks a. = (- ya Roe du, .... AUn, 


where “N, est le dénominateur de i valeur des inconnues dans 
les équations 


du ; dun 

d 
dn don dgn, _ 
‘ipetcmaiin cai eng Gear 


tandis que D, est celui qui correspond aux équations 


sal seg: s oesoecnete 1 


dae, Y di, Y2 da, 7” = 
dg dds _ 
Sey, + ae Yast hit + de, 2” itack 
me ve ddn 


da, y+ dat, Ya + vse 5 de, oat a 
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—a lengthy and (because of its y’s and z’s and 1’s) an awkward 
way of saying that 
N, = D (541. ts 5 =a 


du, du, dun, 


“ Udy Ibs, Un 
ae Dn = Dea dx, ae 
Catalan refers to Lagrange and ‘others’ for the cases n=2, 
n=8, but does not mention Jacobi’s paper of 1833.* 


JACOBI (1841). 


[De determinantibus functionalibus. Crelle’s Journal, xxii. pp. 
319-359 ; or Werke, iii. pp. 393-438 ; or Stackel’s translation 
‘Ueber die Functionaldeterminanten, 72 pp. Leipzig (1896).] 

Up to this point, as will have been evident, the special 
determinants which we are considering have turned up merely 
incidentally in the course of other work. Now, however, we 
come upon a separate and direct investigation of their properties, 
the memoir under consideration being the second of the three 
portions into which Jacobi divided his formal exposition of the 
theory of determinants. From the mere fact that separate 
treatment is bestowed by him on only one other special form, it 
is clear that the subject of the memoir had come to be considered 
of particular importance. The same is rendered still more 
strikingly apparent when it is recalled that of the 87 pages 
occupied by the whole exposition, as many as 41 are devoted to 
this second portion concerning a subordinate form, while only 34 
are assigned to what we are bound to consider the main portion, 
viz., that dealing with determinants in general. 

At the outset the preceding memoir ‘De formatione et pro- 
prietatibus determinantium’ is referred to, and intimation made 
that there is now about to be considered the special case where 
the elements are partial differential-quotients of a set of 
functions each of the same n independent variables, and that in 
this case the special name Junctional determinants may with 


*On the question of the authorship of the theorem of transformation see 
Mansion, P.: Discours sur les travaux mathématiques de M. Eugéne-Charles 
Catalan. Mém. dela Soc. R. des Sci. (Liége), 2° sér. xii. pp. (1-38) 10-12. 
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convenience be used. Jacobi takes pains, however, to explain 
that this relation of general to particular may appropriately be 
taken in reverse order, going, in fact, so far as to say that from 
the properties of functional determinants the properties of what 
he calls algebraic determinants may be deduced. He is careful 
to note also another relationship of the same kind, his statement 
being that in various questions relating to a system of functions 
the functional determinant is the analogue of the single differ- 
ential-quotient in the case of a function of one variable. 

The subject of the notation of partial differential-quotients is 
then entered on at some length (pp. 320-323), and the decision 
made to use 6 in the manner which soon afterwards came to be 
familiar. The insufficiency of this notation is not forgotten, 
however, although its advantages over the different devices of 
Kuler and Lagrange are recognised, his illustrative example 
Oz 
Ox 
a function of # and y. He puts the whole matter in a nutshell 
when he says that it is not enough to specify the function to be 
operated on and the particular independent variable with respect 
to which the differentiation is to be performed, but that it is 
equally necessary to indicate the involved quantities which are 
to be viewed as constants during the operation.* 


being the case of where z is a function of a and wu, and wu is 


*T may state in passing that in 1869 when lecturing on the subject I found 


it very useful to write 
Px, 2, J3,t, Uy, 


P(x,y,z), f(s, 44%), 
and then indicate the number of times the function had to be differentiated with 
respect to any one of the variables by writing that number on the opposite side 
of the vinculum from the said variable ; thus 
CDR PN) 
vy Y; z 
meant the result of differentiating once with respect to x, thrice with respect to y, 
and twice with respect to z. 
Using this notation to illustrate Jacobi’s example, we see that if it were given 


that 


in place of 


z= pau 
we should have 
Oz 1 
sy = Px, 5 


but that if it were given that S| ie 
z=?a,u and u= Va,y 
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The dependence or independence of equations is the next pre- 
liminary subject (pp. 323-325), the starting-point being the 
definition of an identical equation as one in which every term is 
destructive of another, and from which, therefore, it is impossible 
to express one of the involved quantities in terms of the rest. 
On this the definition of mutually independent equations is 
made to hang, such equations being defined as those of which no 
one at the outset is an identical equation nor can be transformed 
into an identical equation by aid of the others. Then taking 
m-+1 equations, 


mem QO, thy 0, Py SU 
involving n+1 quantities x, «,, ..., «, he contemplates the 
possibility of solving u=0 for w in terms of a, a, ..., ®,, and 


the substitution of the expression in place of x in the remaining 
equations. The latter equations as altered he supposes to be 
dealt with in the same way, and the process continued until 
k+1 quantities have been eliminated and m—k equations left 
InVOlving &j41, V4, +--+, Z, Reasoning from this, he concludes 
that a number of given equations are mutually independent 
or not according as by their help the same number of involved 
quantities can or can not be expressed in terms of the remaining 
quantities. In this connection he does not omit to draw 
attention to the existence of exceptional cases, such as that in 
which two of the quantities, x,, x,, say, occur indeed in all 
the equations, but always in the form a@,+a,; and this leads 
him, for the sake of greater definiteness, to introduce the 
qualifying phrase, ‘with respect to certain quantities’ in using 
the expression ‘mutually independent.’ His words are— 


“Aequationes w=0, u,=0, ..., u,,=0 quibus totidem quantitates 
%,%, +++, &,, quas involvunt, determinantur, harwm quantitatum respectu 
dico a se independentes.” 


From the independence of equations he naturally passes (§ 4) 
to the independence of functions, with the remark that exactly 


then we should not be certain as to the meaning of Se, as it would stand for 


ie Lv ieee 
pu,u or x,ut pau. Pe,y 
according as u or y was to be considered constant. 
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similar propositions are found to hold in regard to the latter,—a 
statement which it is not hard to believe when we recall that 
any function, a?+y?—4ay say, may be denoted by a functional 
symbol, f say, the equation f=a?+y?—4ey thus resulting; 
and that any non-identical equation connecting two or more 
quantities implies that any one of the latter is a function of 
the others. Functions of several variables are said to be 
mutually independent when no one of them is constant or can be 
expressed in terms of the rest. This is extended and made more 
definite by saying that if functions of #, a, ...., «, involve 
also the quantities a, a,, a), ..., the functions are said 
to be mutually independent with respect to the quantities 
@, ,,..., #, if no equation subsists between the functions 
and the quantities a, a,, a@,,... These definitions will suffice to 
indicate: the analogy above referred to, and the deduced 
propositions (pp. 325-327) need not be entered on. 

All this introductory matter having been disposed of, Jacobi 
proceeds (§ 5, p. 327) to deal with the subject proper, his 
starting-point being the fact that if there be n+1 functions 
Ts ie Jas ti f,cot the samejmumber ofrvariables 7, w,, ..., x, 
there arise in connection with these the (n+1)? quantities 

fi 
oe 
The determinant formed therefrom, viz., 


he calls the “determinant pertaining to the functions f, f,,..., fh 
of the variables x, 2, ..., %,,’ or the “determinant of the 
functions f, f,,..-, fn, With respect to the variables x, w,, ..., X,.” 
The case where n=0 is then referred to in a line, after 
which cases are taken up where it is the functions that are 


specialised. The first of these is that in which 


Sms = Bm+1) Fmt2 = Umta, +++) if = XM; 
it being pointed out of course that the order of the determinant 
is then lowered, being equal to 


Of; Ohivs 
Sat Oh, Oe 


On On, rai] hore 
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Another is that in which the functions fnii, fmi2> -+-» fn do not 
involve the variables a, 2,,... , m, the peculiarity then being 
that the determinant breaks up into two factors similar to itself, 
being equal to 
e) fe) ) m Ofin 1 Ofm 2 Ofn 

The important proposition regarding a vanishing functional 
determinant is then dealt with (§ 6), viz, the proposition 
“functionum a se non independentium evanescere Determinans, 
functiones quarum Determinans evanescat non esse a se inde- 
pendentes.” The proof of the first part of it opens with the 
assertion that since the functions are not mutually independent, 
there must exist an equation 


Wes hla 0 


such that on substituting for f, f,,....jfn their expressions in 
terms of @, @,,....,%n we shall obtain an identity. From this 
by differentiating separately with respect to x, x,,.... , @, there 
is obtained the set of equations 

_x¥ WM, yo fn aT 

re Gr ee a a 

of oll , of, oll Of, OIL 

0 = ——» — al Pe oe et aes 

bas’ dope ona es hk Saactag 

o- SM, RM, | a ae 


“Se, Spe eek a Oty Ofn 
Then it is recalled that in a set of linear equations 


Ont Og “bh ornen-F aye, = 0 


CnC Dygttg OY age, = 0 
the determinant of the coefficients must vanish unless all the 
unknowns vanish, And as the vanishing of 
oll oll oll 
Fc See 
would imply that the expression II(f, f,,...., fn) was free of 
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Sify +++-; fn, the conclusion is reached that the determinant 
of the eo tients of these differential-quotients must vanish, 
ae. that the functional determinant 
Soe sees Ofn = 0, 
On Ox, OL, 

The proof of the converse proposition, Jacobi owns, is ‘paullo 
prolixior.’ It is of the kind improperly known as ‘inductive,’ 
and the first part (§ 7) of it goes to show that if the proposition 


: Ofmeoy: Ola ee : : 
hol SS, SU, SSUES <5 Sls 
olds in the case of Som ae a it will also hold in the 


Of Ohh... On mad , 
ease of >)+ Son me As a preliminary, there is estab- 


lished the lemma that— 
If f,f,,£,,...,4, are mutually independent, then 


att fF ib athe stor peor oF ot 
Dt Se aie a dx, Ox,’ 


where the brackets enclosing a differential-quotient are meant 
to wndircate that £ there is to be taken as a function of 
eh nels ey ae 


Denoting the cofactors of 


Oe eS, ce 

OP ROL, oA. TOL, 

in the determinant pee ga Lite a “by 
nr 

AA TAT ete gee A 


we have of course 


ee ee ne 


OL, ime eke 
Ay 4 Oh CAS 
Se epee fas Pen Bt 
fs Ofn isan’ ies 
Fa poe acai des GR OUA Rh 
But since f,, f.,---, fn are mutually independent it is possible 


by solution to obtain 2, %,..., &, each in terms of the 
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remaining variable w and f,, f,..., fn; and as a consequence 
it is possible by substituting for w,, w,,..., &, to obtain f in 
terms also of 2, f,, f.,.-., fn. Differentiating f with respect 
to @, &,..., ®, and using brackets to indicate that the f 
within them is to be viewed as a function not of a, a,..., 
but of a, fi, — we have 

Ce oe ). if Of, oF) Fn 

on &) eee aS pay aad a as 

oe of Of. of) oe of \ Ofn 
Ca (i) 02, us (Gr) ee Ansa * (Ga) 00,” 
fn _ / oh, af ate / fn 
Cn Ga ec, (37): ER eee 


From these, on multiplying both sides of the first by A, both 
sides of the second by A,, and so on, and then adding in columns, 
there is obtained, with the help of the n+1 equations immedi- 
ately preceding, 


6) QO 
DeF hh .... Ye = Z)asor+o4 a. .+ 0, 
1 n 


which is what was to be proved.* 


Now suppose that in any way it has been established that if 
SE 


= 0, the functions involved are not mutually 
Oat, On, 


* Using this theorem upon itself we have 


py ae ae (¥)(B)d%....¥ 
Ox" Ox, On, Ox] \ Cm, )] Md “Ox, ~"” Om, 
provided that on the right / is attvoles as a function of x, f{, fo,...., fy, and 


J, a8 a function of x, a, fo,...., 7,3 and ultimately 
SEG... Be = Y)(M).... WH) 
Ox’ 02, fo Ox] \Ox, OX, )’ 
provided that in every instance on the right /, is expressed as a function of 
a Wy Layee eey Bey Spray recor Sys 
A theorem like this ultimate case Jacobi enunciates and proves quite indepen- 


dently at the end of his memoir (v. §18). The one, however, is seen to include 
the other if we note the simple fact that 


Sle Ca : oe am, Un Ofn- 1 of 
Ox Onis malar aa +Sz," Our ne Oa 
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independent, and that the next higher case is to be investigated, 
viz., where Yew a vas on = 0. Of the n+1 functions 
involved in the latter determinant the last n of them must 
either be independent or not. If they are not independent, 
there is nothing more to be proved. And if they be mutually 
independent, then the lemma gives 


(A = 0. 


@)-0 


for it is impossible that the functional determinant A could be 0, 
as the functions involved in it are by hypothesis mutually inde- 


and therefore 


pendent. The vanishing of = or however implies that x is not 


involved in f; and this, if we bear in mind the meaning of te 
brackets, further implies that f is a function of only f,, f,, .. 
—that is to say, that f, fy Joo +++5 fn are not mutually ee 
There now only remains establish the proposition for the 
case where the determinant is of the second order,—that is to 


say, where 

AONE ec ae 

ON Oi, OX, Ox ; 
Here the function /, must involve both variables, or only one of 
them, x say, or be a constant, If it be not a constant, x, 1s 
expressible in terms of f, or at most in terms of f, and a, and 


thus, by substitution, f is expressible in terms of the same. In 
this way we have : 

Ca ac no) 

tr ie o Cae Ou 
Ope (e of ). of, 
Ox, Of,/ On, 
and therefore, by elimination of (@ es ), 

1 

(Dh FAR #A 


OL) LO Ae VOL Cr sOr) Ox 


= 0), 
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Now it cannot be that the second factor on the left vanishes, 
because f, is known to involve x,; consequently 


@)-o 


From this it follows that of the two variables f, and a2, 
supposed to be involved in f, the second is awanting, and that 
therefore f is expressible in terms of 7, alone. Our result thus 
is that either f, is a constant or that f and f, are dependent. 

The general theorem being thus established, Jacobi refers in 
a line or two to the corresponding contrapositive proposition, 
viz., that of the functional determinant do not vanish, the 
functions are mutually independent, and to the contrapositive 
of the converse, viz., that if the functions be mutually im- 
dependent, the functional determinant cannot vanish. Finally, 
in recalling the ultimate case where the determinant is of 
order 1, he notes that, as in that case, so generally the four 
propositions may be combined in a single enunciation, viz., 
According as the functions f, f,,..., f£, of x, x,,..., X, are 
not or are mutually independent, the functional determinant 
does or does not vanish, 


The next subject taken up (§ 8) is the solution of a set of 
linear equations 


o) te) 

Ln Ey Hed elena Ne 
GC) 

Tay 4 zs, i+ + in, = 5, 
Ofn Ofn Ofn 

one tng ipa aig TRL. = Sn, 


in which the determinant of the coefficients of the unknowns 
is the functional determinant 


Sa fn 


COON Opa 


Of course a condition of solution is that this determinant does 
not vanish, and therefore that the functions f, f,,..., fy are 
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mutually independent. But this being the case it follows that 


©, %,...,%, are expressible in terms of f, fj,..., fn, and, as 
a consequence of substitution, that any other function ¢ of 
@, &,,..+, €, 18 expressible in terms of the same, thus giving us 
2p _ 26 dm | ap ex, Og ae 
fe on CP Gn, Of Sn SF (a). 


Now if we turn to our set of equations, and multiply by 


Qty 2, 
ATeckaiey eal KI OF 
respectively, with the result 
Of On, Of cay of Om — mH 
ed eee eh daleaa bin Bila Ohatvad Ofee 
Of, Oa, C) es Of, OX, C0l, 
a1, : we bese rn = aS SD 
Soop en ap Pens of 7 of 
a] eS Ge) ees Olne Ole On, 
s ey a 6c. a eS lS ae 8 ) 
On of og of et T Sn, of," ~ af, 


it is evident from (a) that on adding column-wise we shall 
find the coefficients of all the unknowns equal to zero, except 
the coefficient of x, which is unity, and therefore that 


Oxy, Cnn Oat, 
= —, — eerie mon 
een a Sia saber iy 


Jacobi is thus led to formulate the proposition :— 


“Sint variabilium a, 2,,..., %, functiones f, fj, ..-., f, a se invicem 
independentes, si proponetur hoc aequationum linearium systema, 
er 
Br+ Bins... + Bna sy 
“ we aioe SLUR _ a 


a poe aac =—1, = 8, 
SPS cosas es + 3,7 
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earum resolutio semper est possibilis et determinata eruntque in- 
cognitarum valores : 


r= ie pies Os 17 ae ae, 
of of, * ab Sn “4 

t= oy ae Cay + week ce 

a of of 1 5% fn n> 

prey Oh a A Be 9? 

n — “Of Of; yf . . . fn n* 


Put into the form of a ‘rule’ this amounts to saying that any 
one of the 7’s is got by taking its ‘reversed’ coefficients and 
multiplying each of them by the corresponding s, and then 
adding. 
Of course, having obtained a solution by using the peculiar 

eliminating multipliers 

Ol OL OX, 

Of MGets iar Bla 
and being aware of the existence of a general set of such 
multipliers, Jacobi had already to hand the means, which he 
did not fail to use, of finding an important identity. For, if 
the functional determinant be denoted by R, it had long been 
known that 


1 ¢ OR oR oR 
m= py |loost—ost+...+—s, 
Roa ah Tar 

On, Ox, Ox, 


and a comparison of this with the value of 1, above obtained 
gives at once 


a particular case being 


1 Of, Of, oP 
Re a 00 ake Ts 


This result may be viewed as giving any one of the differential- 


quotients 


F in terms of the differential-quotients a *; or, if we 
i k 
multiply both sides by R, it may be viewed as giving an 
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expression for the cofactor of any element of the functional 
determinant. 

Before leaving this part of the subject it may be noted that 
Jacobi discusses with equal fulness a set of linear equations 
in which the determinant of the coefficients is the conjugate 
{as it afterwards came to be called) of the functional deter- 
minant, with the result that the practical ‘rule’ above given 
is shown to hold here also. 


The expression obtained for the cofactor of any element of the 
functional determinant is utilised (§ 9) to find an equally 
interesting expression for the differential-quotient of the func- 
tional determinant with respect to a quantity a which may 
be a, w,, ... or any other involved in the functions. As R 


oft 


can be considered a function of its (n+1)? elements aa it is 
k 


clear that = is expressible as the sum of (n+1)? terms of the 
form 


5 of 
OR Oa 
59 noe Oa 


Can 


This, however, by substitution of the expression just referred to, 
becomes 


5 fi 
OU, Con 
A Ca. 
or 
ach 
ON. nok 
Of; Onl,’ 
so that we have 
i=n k=n 
aa aft 
Sits an 53 oe 
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or, as Jacobi puts it, 


af aah ots 
alogR _ “a, "2a, 4, a. 
C0, eal eee Ts 


With this theorem is associated another having no connection 
with it save the fact that the proof of it is dependent on the use 
of the same expression for the cofactor of an element of the 
functional determinant. Recalling the general theorem proved 
in his memoir De formatione ... viz., 


aA ee Ae! ae (Ore aae es Oe) oe eee eee 


he applies it to the functional determinant, viz., to the case where 


i Of: 
ae" = ek ; 
and where the cofactor 
“ OX, 
get Le 
A; R af, 


The immediate result, on dividing both sides by R”, is 
Dfiore Maca On Ox, «2am 
Si IE BS coro Rk. it ae ee tt AL iret BC 
2 Ox Oat, On > of Of; Om OXm+1 OL» 
The theorem 
eS eet oe 
ie af = SS 32, TG 


n 


already obtained, is the special case of this where m=0. Another 
special case is at the other extreme, viz., where m=n, when we 
have 


pyc On, On, 1 
FA Ah SRR Te 
108 Gai & Oo, 


the generalisation—or the analogue, as Jacobi would seem to 
prefer to view it—of the theorem 


dy _ 1 
dx da 
dy 


The next part (§10) of the subject relates to the case where 
the functions, whose functional determinant is sought, are not 
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given explicitly in terms of the variables—where, in fact, we 


have n+1 functions of 2, te nd BN a Br ga 
P= 0, VPP =.0, Ss eel ae 0. 


and where we are asked to find 


SE: of. of TReUh 


mage Ox, (ore 


Differentiating any one of the F’s with respect to any one of the 
x's we have 


ieinelenoP nate: obyen, 


oF, of, 
on, ' of oer a ne a Ofy Oa,’ 


which may be viewed as giving an expression for — ae Using 
k 


this expression (n+1)? times we obtain for 


cepa. oF, vee OF 


“On On, O%y, 


an equivalent determinant each of whose elements is the sum of 
a+1 products, and which from the multiplication-theorem we 
know to be equal to 


oF oF, oF, OPXh Of 
LaF oF aR, or oe ei 


It thus follows that the result sought is 


Syiem ae usiok;, 
ee He = (yy een, 
Ox On, Oy ral OF, oF, 


yet oa 


a theorem which Jacobi again takes pains to have noted as the 
analogue of the theorem which holds when F( f, ©)=09, viz, 


Gh ace 


52% fs On 
By way of corollary it is remarked that as the equations 
Fiasco ee es tee a, ee 


cannot be more appropriately viewed as giving the /’s in terms 
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of the w’s than as giving the a’s in terms of the f’s, we therefore 
have the twin result 


OF OF, OF n 

Sy en (-1" of fn 
a OF pop aan OF Se oF, 
On Oa,” Bate 


and consequently from the two a theorem already obtained by a 
different method, viz., 


Soh: Oe Ct, On 1 
“FH Oe ~ STH, te 
"Ox Cn, On 


Steadily pursuing his analogy, Jacobi next takes up (§11) the 
case where the /’s are not given immediately in terms of the a’s, 
but are given in terms of functions ¢, ¢,,..., dp of the a’s. 
Here, of course, we have 


of Oh 2b , He Or 4. 4 He Ody 
da, Op Om | Op, Cay ap, Ox, 


and therefore by (n+1) substitutions there is obtained for 


See CH EE 
"On Oa, O2n, 


an equivalent determinant, each of whose elements is the sum of 
p+l1 products. This latter determinant, however, we know from 
Binet’s multiplication-theorem is equal to 0 when p<7; is equal 
to the product of two determinants 


of <A Le On ; og Ody fn 
a 2+ ge oh oe 
when p=n,; and when p>, is equal to a sum of such produets, 
vi1z., 
Of on ae fn of Of: Ofn 
${>+ 3p 36, | Odn “Dee ae ol 
where the different terms included under the S are got by taking 
all the different sets of n+1 ¢’s from the p+1 available. This 
tripartite result Jacobi carefully enunciates at length in the form 
of three propositions. He notes, too, that the first is practically 
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a result already obtained, because the functions in that case are 
not independent ; that the second has for its analogue or ultimate 
case the theorem 

CigeGieds 


da dy da’ 
and similarly that the third is the extension of a result actually 


used in the proof, viz., 


of _ of 6 , a r% af 2¢ 
On «Od Ox ars oa aie a 


He even enunciates formally a variant of the second proposition, 


calling the variant “Proposition iv,” viz, Jf f,f,,...,£, be 
functions of Y, yy, +++, Yu, and it be possible to express both the 
fs and the y’s in terms of n+1 other quantities x, x,,..., Xp, 
then 


of of 3000 of, 
of "el, — ol, Dy 5x Ox, Ox, 


dy oy ey oy oy Cy, 
AVA 1 ais tet Oo 


The analogue also is again referred to in the form 


af _ de 
dy dy 
da 


and the special case, already twice obtained, where f=a, f,=«,, 
ae Op. 

Still further importance is given to the second proposition 
by assigning the next section (§ 12, pp. 341-343) to the 
consideration of certain deductions therefrom. First there is 
taken the special case where 


p = &, , = 2%, O, Oe os) om = Lm, 


and where therefore 


CO eo eee ing Opm+1, Opmte ..., Opn 
ya On On, Con a Ee OL gre oe 
the result clearly being that Jf f, f,,..., f£, be functions of 


Spee EH Da eee Ou) aDuriiy ns 1e Oy. OC) ULCLLONES 
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of X,X,,..., Xn, then the functional determinant of £, f,, ..., tn 
with respect to X, X,,.-+ 5 Xn 


= Of Of | Ohm fmt, Ofn  Srg Omir, OFn, 
=e Box on, Xin OGmat Odn Oxees ox. 


if it were possible to put 


Pm+1 = ees dm+2 — B PELY wit ety dn = yer 


hence there follows the further proposition, which Jacobi 
speaks of as “prae ceteris memorabilis,” that the functional 


determinant of f, {,,..., f, with respect to x, X,,..., Xp 
is equal to 
of (2h) (2%) Of pp XC af, 
Det) eee Soe oe ee oe 
if the brackets in the first factor be taken to mean that the 
functions therein occurring, viz. f, f,,...,f,, are considered 
to be expressed “in termanioy, XA se, Xa, fey foe 


An extreme case of this, viz., where the first determinant factor 
is of the order 1, has already been given. 


In order that we may be able to substitute 


i) Omi OP Og 
f Sb SE ES ee 
+ O®m41 F OLmz2 Ave On “a py OW m4 Ome Oly 
~ Obm41 OPm-+e Opn 


in the former of these two propositions it is necessary that from 
the equations which give ¢n41, dmi2, +--+) dn in terms of 2, 
Wy, +++, %q WE Obtain Wasi, Lmyg) +++, , in terms of the other 
ws and niis mt +++» Gn» Consequently, we have the 
proposition, Jf f,f,,...,f, and Xl mies ae Ol beta 
pressed wn terms of x, X,,°.., Xm, Pmt» Gm4a ++» bn the 
functional determinant of f, f,,..., £, with respect to 
X,X,...,X, 7 equal to 
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wa 25 of of, s eli Ore, . Gite of, 


GmDXPMAMOR Opt eo 88 og, 


py) ae OXma41 ; OXm+e OXy 


~ Obm-+1 Odm+e Odbn 
Similarly, in order to be able to substitute 


eo 1 for 4 Fm , nts ere Ge 
2: =e Olm+1 s Olm+e Oy is O%m41 Ome My 


ara ofa seis Ff, 


in the other proposition it is necessary that from the equations 
WIMGILE PIVOM eid }s195)04- hig i Jers OL Gah, «sey Cy WO 
Obtain mii, Vio, +++, ® in terms of the other «’s and 
Finis Ima. +++, fn» We therefore have the result—/f 


f, ay sa eae | ie Xn+1> Xm-+2> averely Xp 


be expressed in terms of 


SEN BEN SON Paes tha? vin 
the functional determinant of f,{,,...,£, with respect to 
K, X,-.-)Xq) 18 equal to 


Se ee” 
dx Ox OXm, 
sy OXm+1 , OXm+2 i OXn 
nr nee Ofm+e ot, 
Leaving this, Jacobi harks back (§ 18) to an earlier pro- 
position with a view to a generalisation now possible, viz., the 
proposition where the functions are given implicitly in terms of 
the independent variables by means of n+1 equations 


=O, hs Ostet ip Baayen 10: 


The extension arises from the number of equations now given 
being n+, viz., 

F = 0, F, =0, aoe) 3) a 
and each of the F’s being a function not only of w, %,..., Xn 


wee Sousa but also of 
eee pater oeey E poaee 
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If the last m of the equations were solved for the last m of the 
fs, and these 7's thus eliminated from the other n+1 equations, 
the functional determinant desired would, by the proposition 
sought to be generalised, be equal to 


OS) CS, 
ee 
Sa) ey 
where the brackets are used to indicate that the enclosed F’s are 


in the altered forms resulting from the substitution referred to. 
Multiplying numerator and denominator by 


(-1)"" 


»E- oF petal We OF 42 Ol nim 


eeee 


co pre, n+1 of n+2 of whe 


we obtain a new numerator which by a later proposition is equal 
to 


DS, =, oF oF, OF n OF a OF 42 fo) nn 
ae Ox On, 3 tee ol pare Of +a 2) ee ‘ 


and a new denominator which for a similar reason is equal to 


The functional determinant desired is thus found to be equal to 


ye OF, OF, OF OF OF am 

(-1)"" Oar On, — ~ n+1 = n+2 OTe . 
n+m 

as A F = 2) oe 


where, it will be observed, all the F’s are in their original form, 
As usual, the extreme case is noted, viz. the case where a 

single function f of one variable x is given ie means of m+1 

equations connecting a, f, f,,...,f, the result then being 
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and also, as usual, the occasion is utilised to draw attention to 
the analogy between the differential-quotient and the functional- 
determinant. “Quam formulam si cum generali comparas, et 
hic vides perfectam locum habere analogiam inter differentiale 
primum functionis unius variabilis atque Determinans systematis 
functionum plurium variabilium.” 


The theorem next brought forward (§14) is said to be useful 
in connection with the preceding general theorem for finding the 
functional determinant when the functions ‘quocumque modo 
implicito dantur, and is also spoken of as being in itself ‘prae 
ceteris memorabilis’ It is—Jf f,f,,...,f, be functions of 
X, X,,..., X, and there be given the equations 

SR CRS a yy eet ee 


in which a, a, ..-, an are constants, then the functional 
determinant 


will not be altered by any transformation made wpon the fs by 
the use of the given equations, it being understood, of course, 
that the equation f,=a; 1s not used in the transformation of f,. 
Taking first the case where only one of the functions, say /,, is 
transformed, this becoming ¢ by the use of the equations 


fi= a, fo= a, ++ In = On 


we see that ¢ in addition to a, @,...,@» may involve ay, ay,..., an, 
and that therefore we have 

of _ oO , 9 Hr , 9 A. Op On 

Cu Pais SES Ox sens Big vey oe tesa Cie 

Of _ OP , 2 A, OP, Hs Op Fn 

On, Decry, + Oa, On, Tt Od, OX, i ee Can On, ‘ 

af _ 2 , 4 A, , a, 2b an 

Cin On 5 Oa, ln a Ody On PES Can OX, 


By substituting in the functional determinant 


ya On 


On) On, Cin” 
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the equivalents here given for 

lan > aera eam 

Ox Oa,” Oy, ‘ 
there is obtained a determinant which is expressible as the sum 
of n+1 determinants, all of which vanish except the first. We 
thus arrive at 


Se oe os si Oh; Cals 


0a Oat, On, Or ot. On’ 


as was to be proved. 
Passing to the case where two of the functions are changed, he 
says, first, that if, by the use of the equations 
od = 4, Jo = A; ts = 4%, Sage In = On 

the function f, is changed into ¢,, then exactly as before it can 
be shown that 

320 i ola! S528 Oe. 2h Sele 

Ox OX, Od, On 


More questionable is the ae of his second step, which is to the © 
effect that from this and the previous result it follows that 


LT Bed 8 Oh ah ae 
aac Ox, Ot OL; Or. Cn” 


His third step is simply the assertion that by proceeding in this 
way we may prove generally that if by use of the equations 


j= a, Si Oya eae Sex = Q-1) Sus SHE eee is = An 
f, becomes changed into ¢,, then 


A en SS ee 


On ON, mM Onn, Ox On, Mtn,” 


and the matter is concluded with the further assertion that if in 
the elements of the second determinant there be substituted for 
a, @,,..., a, the functions which they represent, that determinant 
will be identically equal to the other. 


Considerable space is next given ($15) to the discussion of 
the case where the number of variables a, 2, ..., ®4m_ Which 


JACOBIANS (JACOBI, 1841) 379 


the functions involve is m greater than the number of 
functions. First it is noted that if the functions be not 
mutually independent, they are not independent with respect 
to any n+1 of the variables, and therefore each functional 
determinant formed with respect to n+1 of the n+m-+1 
variables must vanish. Then the converse proposition is taken 
up, viz., that if all these determinants vanish, the functions 
are not independent. The method of proof is that known as 
mathematical induction, that is to say, the assumption being 
made that the proposition holds for n functions f, Teen 
it is shown to hold for n+1. Clearly we may start by view- 
ing f, fi,.--,fn+ a8 being independent, for if they be not, 
there is nothing to prove; and this being the case, the various 
determinants of these functions with respect to n of the 
variables cannot vanish. Denoting the first of the said 
determinants, viz., ve f 
Of as uO 
2a Bar, ee Cie, Byes, 


and choosing from the given vanishing determinants of the 
(27+1)'" order those having n of their variables the same as 
those of B, viz., the m+1 determinants, 


MGA Ue Olea Ore 
Gch 100, OTe piel 


Ofte, WUC, a, epi 


Oe Og eee 


Tee Oe, Cy Ons 


of of; A Gee on 


noms, Ot wurultotega, <li, 4 


we see that from a previous proposition these are respectively 
equal to 


a), w(Z). we)... xe) 


On, On t4 Otn+9 Ons a 


where the operation indicated within brackets is meant to be 
performed on /,, as expressed in terms of 


ie ats oe ess) (fue Bn, Anti, + ++ 4 Cntins 
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As B does not vanish, it follows from this that 


f)-0 @)-0 ~. @)- 
Ge _ %, OLn+1 * 0, poe Ona san: ies o, 


and consequently that f, involves only f, fi, ..., fni that 
is to say, that f, f,,...,fn are not independent. This result 
being obtained, it only needs to be noted that the proposition 
being manifestly true in the case where the number of functions 
is one, must be true generally. 
As an addendum, it is pointed out that since the vanishing 

of the m+1 determinants 

oe ..,, aor 

Ts OM, OG nt ikea 

hpi Pe 

“Oa at, Ca aeke a 


Si Biko Ofn-1 , On 


“Ox Cay Cee y god ee 
when the determinant, B, and the n? elements common to all 
these do not vanish, implies that f, is a function of f, f,, ..., fri: 
and since this mutual dependence of f, fi, .-., fn-1, fn implies 


the vanishing of all the functional determinants formed with 

respect to any n+1 of the n+m-+1 independent variables, we 

are led to the conclusion that, provided B does not vanish, the 

vanishing of all these functional determinants of which the 

number is 

(nt+-m+1)(n+m)...(m+)) ha (n+m+1)(n+m) ... (+1) 
12:34. (el) 1.2.3...(m+]) 


is a consequence of the vanishing of a certain m+1 of them. 


In order that the connection between the members of this 
group of functional determinants formed from the differential- 
quotients of f, fi,...,f, with respect to any n+1 of the 
variables @, %,..., @r4m may be better looked into, several 
identities regarding square arrays of functional determinants 
are next given (§ 16). 

Taking in addition to f, f,,..., fn, the m arbitrary functions 


Five Fits: a 07 olay Snes 
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of the same n+m-+1 variables, and denoting the determinant 


Sy LE po Ofn—1 Ofn+i b 5 
On Cat, Gl ee ae eek 


where 7, k may each have the values 0, 1, 2,..., m, we see 
that from a previous result we have 


: Of, : 
bp gl : ( st) 
; P OLn13; ‘ 


if fi4; within the brackets involves f, f,..., f,-1 in place of 


@, ©, ..., ,-1. From this it immediately follows that 
am bb. nectar b™ = Bae ‘ gis) ; Ofn+1 usm) 
ys 1 m a SE i Cae a Ge : 


But the theorem already obtained regarding the factorisation 
of any functional determinant gives 


On On, Ont 


a Vie llod yy Sees geo Bly EL seo (Gee) 


~ On O00, On-1 TNO NOV pay OLn-+-m 
Ofn\ , (Oh; of, 
ae (cin). (Glatt) (lee 
Dat OLy/ \OUnt1 ae) 
Consequently, by substitution we have finally 


bd, BM = Be A... Soam, 


On On, Onan 


a result which Jacobi says is of frequent use in dealing with 
questions regarding determinants.* 


* A curious interest attaches to this result. On the right-hand side are two 
determinants whose elements are differential-quotients; but the first, B, being 
a minor of the second, the total number of different elements is simply the 
number in the second determinant, viz., (x+m-+1)*. On the left-hand side is 
a compound determinant of the (m+1)™ order, each of whose elements is a 
determinant of the (n+1)* order ; nevertheless the number of different elements 
is again (n+m+1)? and not (m+1)?(n+1), because all the (m+1)? elements of 
the compound determinant have the n? elements of B in common, and of the 
2n+1 which border these n? elements, only one, viz., the cofactor of B, is 
different throughout, each of the 2n others being repeated m+1 times, so 
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Next, —6 being used to stand for 
Of Of... hr, Aeon. ar, 


IES: OX, OXj-1 Ons, Obits On 1 


it is sought to find an equivalent for 2 +8\?.... BW”. Clearly 
— is the determinant formed from B by using #4, aS an 
independent variable instead of #,; but for our purpose it is of 


more importance to note that it is the cofactor of see in BM 
< 
for then the determinant under consideration, viz., 


pie) clever, 0 Se 
being thus the cofactor of 


fn, nts, Pntm 
Ba” Oat, 2a, 


in the left-hand member of the identity just found, it only 
remains to seek the cofactor of the same expression in the 


that the total number of different elements is n?+(m+1)?+2n(m+1*)(m+1). 
Further, on both sides the degree in these (n+m-+1)? differential-quotients is 
the same, being clearly (n+1)(m+1) on the left, and mn+(n+m+1) on the 
right. It is thus at once suggested to us that the identity is not necessarily 
an identity connecting differential-quotients only, but is true of any (n+m+1)? 
elements whatever; and the suggestion is readily verified when the ubiquitous 
presence of B as a coaxial minor raises the suspicion that the identity must 
be an ‘extensional.’ The case where n=2 and m=3 is given on p. 215 of my 
text-book (Treatise on the Theory of Determinants) in the form— 


| 5 Sol loz es So] las es So] la es Sol 
|b, es Fel [2 es Fol 1 Os es Fe] 104 es Sel 
le, 5 S5| |¢2 &s Sel [es es Sel |e es Sol 
Id; ¢s fel |do es Sol lds es Sol les es Sol t 


where it is viewed as an extensional of the manifest identity 


= | aybocsdyes fg |. | este | 


Q@, Gg Ag My 


ise ee ta oe 
YB LENNY Til eg Gee al 
Cian Cr Caen Ce 
d; dy dy dy 


The theorem in its general form may be enunciated as follows :—J/ from the 
determinant | ain4m+1| there be formed all minors of the (n+1) order which 
have | a,| for the cofactor of their final element, and these be orderly arranged 
im square array, the determinant of this square array of the (m+1)* order is 


equal to 
4 | Qin ao QA1n+m41 |. 
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right-hand member. Now, in the first factor, B,,, of this right- 
hand member the expression does not occur at all, and in the 
other factor, which is transformable into 


(Ir 5 ofcsstef Me) Of ar Of,siuh aim 


Lanta Fame nc Oni, Oa Orn 


it occurs multiplied by 
af, ps 
mf Ot te nt ng ee DY 
G ) D5 ent m+-2 msn 

The desired result thus is 

m " Ff A hr 

= Sy Gy oy aa (m) — (- Ler id lee ea - 

DD ; Bx Lat Ge Olm+r heres Olmtn 
which Jacobi formally enunciates as follows: 


“Ei Determinante 
Of . a 6) BR 
Bs > +a Vested oe 


deducantur (m+1)? alia fant uni cuilibet differentialium 
ipsarum Z, 2, ..., 4%, Tespectu sumtorum substituendo successive 
differentialia ipsarum @,, G41, .+-+) tm Tespectu sumta: illarum 
(m+ 1)? quantitatum Determinans aequatur expressioni 


(- 1) every Br. Dy A of Of : Sn-1 » 


Om+1 Oras a Cts, 
From equating cofactors of 
fn Ont a Ae Oitn 
oa” Ox, Ol,” 
Jacobi proceeds to equate cofactors of 
Ofn+1 29, saad OF mtn 
Che (CNP 


in the same fundamental identity, the resulting theorem now 
being 
S+08,8) BOY = (yng, Heh | ae, 


Sere ON ga ON aa 


and then he adds, 


“‘Kodem modo obtinetur generaliter 


Se ED) een eae a 


i-l 


= +425”, Ss patlse Of ie Smt 


m—i+1 Wore Peornts 
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qua in formula signo + substituendum est aut (—1)""*” aut (-1)™"*” 
prout 7 par aut impar est.”* 


The second derived identity,—that is to say, the case of the 
final general identity where i=1,—Jacobi proceeds to utilise for 
the purpose of proving his proposition regarding the effect of the 
vanishing of certain m+1 functional determinants. The path 
which he follows to reach his result is not a little surprising. 
Instead of saying that the vanishing of 8, },, 6,, . . ~ , 0»,—for 
these are the m-+1 determinants in question,—entails the 
vanishing of the left-hand side of the identity, viz., 


£0 8,80".... Be”, 


* The fact that these identities can be derived in the way here indicated from 
another which the preceding footnote has shown to be true, not merely of 
functional determinants but of determinants in general, is convincing proof that 
they also (t.e., the derived identities) are not restricted to any special form of 
determinant. Using the fundamental identity as enunciated in the footnote, and 
taking the special case of it where n=4 and m=2, and where therefore the given 
determinant may be written | a,b.csd4e, f497 |, we have 


| by cydses| | ay bgcsdyeg| | ay ba cg dy €7 | 

[a baegdyfs| |, bocsdyfe| |, dacgdgtz| | = | docgdg|?. | ay bo cs dyes feGr|- 

| 4 byczdqg5| |, dgcydyqe| | ay by cz 497 | 
Now in each of the determinants forming the first row on the left here, e, 
occurs as an element, in the second row fp similarly occurs, and in the third 
row g3, while on the right these only occur in | a,b cs@ye, f497 |. Consequently, 
equating cofactors of e, f,g3 we have 


| da bgcyds| |dgbgcydg| |agb3 cgay 
— |, b3¢4d5| —| a, by eye —| abs ce, d, = — |My dgcgdg|?. | ag bs Cg dy | 
| a, bycyds| | a, bocqgdg| | a bg cy dy 


which when put in the form 


|asbycgdy| |agbgcsdy| | ay dycg aly 
[abs c3s| | a, dgcgdy| | a, by ced, = —|bgcgdy|?. lag bs cg dy | 
Ja bycsdy| [a bgcgdy| | a, by cy dy 


is a case of the first derived theorem. 

The original theorem, it should be noted, is true for all values of n and m; 
the derived holds only when m<n,—in fact, if we do not, in seeking to obtain 
the latter, take m<n in the former, we shall fail in our aim. Thus, taking 
n=2=m in the former, the given determinant being | a,b c,d,e,|, we have quite 
correctly 

[ay by cs| Jay by cy| [ay by cs | 
|, bd3| |aybody| |a,body| | = |a,b,|?. | ay ho cz dyes | 5 
|@y by €3| | by ey] | ay by es | 


JACOBIANS (JACOBI, 1841) 385 


and that therefore, if the factor B on the right-hand side do not 
vanish, the other factor 


Sat th, a 
BeOCne OL Ais ony 


m+n 


must vanish, he takes some pains to obtain a new identity and 
then applies this very reasoning to it. Denoting the cofactors 
OSU aoe pene 1) E08 8. BOO byl A; Ag «rns Anh De 
points out that as none of the (’s involves f, the same is true 
of the d’s. On the other hand, the b’s do involve f,, but only 
one of them, viz., b,, involves the differential-quotients of f, with 
respect to #,4,, this differential-quotient being in fact the last 
element of all and having B for its cofactor. In this way it 
appears that on the left-hand side of the identity 


the cofactor of On is A,B. 
On 4% 
, Of Or Of, 
If th eg A 
in the same manner we take 5)+ ae oe and 
denote* the cofactor of a in it by «,, it must follow that on 
n-+k 


but while c, occurs in each element of the first row on the left, and d, similarly 
in the second row, ¢, does not so occur in the third, and consequently the cofactor 
of c,d,e, on the left takes a different form from that given by Jacobi. 

The first derived theorem in its general form may be enunciated as follows :— 
If there be two determinants D and A of the nth order such that the last n—m 
columns of D are the same as the first n—m columns of A, and if there be formed a 
square array of new determinants by supplanting each of the first m columns of D 
by each of the last m columns of A, the determinant of this square array of the 
mith order is equal to 

( = ])min+) D7-1A, 

To illustrate the second derived theorem we may equate cofactors of f\y. where 

we formerly equated cofactors of é,f.g3, the result clearly being 


| ay by C3 dye5| |, ba cs yee | | a by eg dy er | 
| ay bg yds | | dz bz egg | | Go 03 ey dz |] = — | @y byez dy |”. | As dy C5 Ue er |- 
| a bs C4 ds | | a; bs cy dg | | a 3 C4 ay | 

The next of the series would be got by equating cofactors of g;. 

* This is not the same as putting, with Jacobi, 


Of Of; 1 Of, nr Of, Of, Ofn 


3 eles =u, + bu SPaoo am (i 
Che, Olm+1 OX mn OXy, T OX 7 


for the determinant on the left being of the (n+1)t® order there should be +1 
terms on the right instead of m+1. 
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the right-hand side 
the cofactor of Fn is “(-1)*" "By, . 
Ont. 


k 
The connection between the )’s and the y's is thus 
Me = (1) Brg, 
so that 
rb mr AD, mF es te Nees aa (-1)"YB" (ub + by + ee + mbm): 
The left-hand member here, however, being equal to the left- 
hand member of the identity with which we started, it follows 
that the two right-hand members must also be equal, and 
therefore that 
Bel ayy nana on 


ub + pad, SR ooo Se MnOm =e +55 wi Ota es) 


Of course this shows, exactly as the original identity did, that if 


b.=by = r= Oe andes 
then . 
Se a ee ae 


m Ob n41 Olin 


—that is to say, the functional determinant of f, f,,...,f, with 
respect to another set of n+1 variables vanishes also. Jacobi, 
however, does not at once say this, but drawing his reader's 
attention to the fact that the new set of variables contains n —m 
taken from @, @,...,@-, and m-+1 others, viz., @,, %11,..-, 
®nim, he affirms that the identity reached shows how the 
functional determinant of f, f,,...,f, with respect to any set of 
n-+1 variables is expressible in terms of the m+1 functional 
determinants whose variables are 


Oy, Or, Aesthetics 
WS, OR OR ae dps een ee 
Ot Se Paes Fie ee oe 
His words are— 
“Unde formula docet quomodo e functionum /, fis. pt, Deter 


minantibus , per idoneos factores multiplicatis et additis proveniat 
earundem functionum Determinans quarumewngue variabilium respectu 
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a atque per ipsum B multiplicatum. Hine bene patet, quod 
§ pr. demonstravi, quomodo omnibus 0, evanescentibus neque ipso B 
evanescente, simul cuncta illa Determinantia evanescant.” * 


Continuing the work of deduction, Jacobi lastly equates the 


Ofigrs 
cofactors of ue in the two members of the identity 


Pe erabat ie ye Mabe yi 0. Scie Oh 


OL, Obiars Orin ys 
noting that this differential-quotient does not occur at all on the 
right-hand side, nor in the w’s on the left-hand side, but in 
b, occurs with the cofactor 


pe a ee 
SOF Cn mony Oi, a 


nm-1 


The result is the proposition 7 


“Sit w, functionum f, f,, ..., f,-1 Determinans quod in Determinante 


Se ee 


On Bin 1 a mtn 
per bn multiplicatur, ubi m=n, erit 
On 4% 
ees 
et OP Ory, Ole Ox 


Of Ole ae at 
o My U* 3, Ot, Ot, Os, 


of Of, fs (eh ae al ” 
+ Pn Da By Ofer tee or s 


The case where m= is specially noted. 


* Of course this theorem also is not limited to determinants having différential- 
quotients for their elements. The general enunciation may be put as follows :— 
If m determinants of the n% order all have the same n—1 columns in common, and 
vanish independently, then every determinant of the n‘* order whose n columns are 
chosen from the m+n-1 different columns must vanish likewise. (See Proc. Roy. 
Soc. Edin., xviii. pp. 73-82.) 

+ This proposition, and that from which it is derived, are again propositions 
which hold regarding determinants in general, the class to which they belong 
being that which concerns aggregates of products of pairs of determinants,—a 
class, the first instances of which have been seen to occur in Bezout (1779). In 
connection with Jacobi’s remark regarding the case where m=n, it is worth 
while to note Sylvester’s enunciation in Philos. Magazine (1839), xvi. p. 42, 
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Leaving now these general theorems which involve two suffixes 
m and n, and which concern growps of functional determinants, 
Jacobi returns (§ 17) to the consideration of the properties of a 
single functional determinant, the specialisation being made, not 
by giving a particular value to m the second suffix introduced, 
but by leaving it unrestricted, and putting the original n=1. In 
the theorem 


ye Loy. Pk a) we See wees Ohms 
; CL Of, lms 


B then stands for 2/ and bW for SF OSes Making in this 
On 


OL Opry 
the further specialisation, f=0, so that x has to be considered 
as a function of x, %,...., Lm-1 we have 
C of A 
of if Oa aah 0, 


Ope: Cl Opry 
and consequently 


Wo ie 2% A Sas 
i ON Cys, Opry 8% 


af {afi Of, Om 


Ox Ox k+1 On Ob pay 
hoy (Zies); 
0% NOX p44 
if the brackets in the last line be taken to indicate that the f,,, 
enclosed by them does not involve w but its equivalent in terms 
of @, ®y,..+., %m. By use of this substitute for " there results 
of (25) (2h) @ i) of. of, . of, 
mt Le S| CERCA | (GER cicney (SC Seca CEB at Bak 8 weak a | 
Ow Qu Ont, / NO, vo fe Qu =o Ox, Oa 


and if we denote the cofactor of — in the determinant on the 
Ur, 
right by A, we have of course the said determinant 


eM Ah of es 
swt) neil eran a 
and asih ed OIG PY Ki Of cm 


On 1200 Onn, "Tea Onenat 
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by reason of the deduction from f=0. Division by “ thus gives 


us the ‘formula memorabilis’ 


Do (22)38)... Gee) = ana, Baa ke 


OL» Obm-t1 “#4 U O 2 Gis gis: On ay: 
where UN 5 oh . oe Fn 
"Ox, On, OX +4 


and A, is derivable from A by putting differentiation with 
respect to # in place of differentiation with respect to a, and 
prefixing the proper sign. 

Jacobi adds “Formula inter egregia inventa illustrissimi 
Lagrange censetur,” and asserts that for the purposes of proof 
it is not necessary to put f=0.* 


This is immediately followed by the theorem—/f u, u,, uy, ..., 
it DER WHCLLONS Of “Ky soXo purr. oa Kn, LON 


eerie ies ee ClUr eye Seay Ou, OU, Un 
Pix, OX, OX, Bleed — tox (Oxy | Ox, 


the connection being somewhat distant, and probably lying in 
the fact that in both the 0’s are of the 2nd order. The mode of 
proof is curious. In the first place, by putting 


Of; sell (i) 
arate 


*No indication is given of where Lagrange published the theorem attributed 
to him. As for the particular way in which wz is given as a function of 
Hy, Ly, +++ » Lm4i, Whether by the equation f=0 or not, it is clear that this 
cannot affect the truth of the result, because the latter contains no /f at all, the 
requisites for validity being (1) that f,, f,, .--, jmp are functions of x, x, 
Xp» - ++ 5 Lm413 (2) that w is a function of x, x, ... , %m413 (3) that on the left 
the f’s have by substitution been freed of x before differentiation ; (4) that on the 
right this has not been done, but they are there differentiated as if # were a 
constant. The subsidiary result 


Of Of o (gin) 
Deer Ctr Ox \OxE 


is certainly true whether f=0 or not, all that is requisite (see p. 374 above) being 
that fi41 on the right shall be what fi41 becomes by substituting for x its value in 
terms of f, %,, %, -..-, Ym41, and that in the differentiation of it f shall be 


viewed as constant. 
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and therefore 


(1) (eH) 
ue Ae tn ares 


there is obtained the identity 


1 (m-+1) 
00 Oe la na ee 


Then since the a’s here may denote any quantities whatever 
(“qua in formula cum ipsa a‘ quantitates quascunque designare 
possint ”) a further substitution * bringing us back to differential- 


quotients is made, viz., 


ait) = y git) — Mins 
ae LEIS k-+1 OX p+1 ? 
Whee U, U1, Uo, » ++, Unis are functions Of @,, Wa, .».- 5 @nsit 
In this way this 
zi) ae Oss me : ou =, . 
=u. i195 = 
ety Ce1 ety 


and the aforesaid identity gives us 


U; UW U 
ean Ns Ou, Ou Ou 
ARE ete =u". >)tu. =: 2 Oe, 
02, Chi Oma On, OX, es m-+1 


as was to be proved. 
As a corollary to this it follows that if in the determinant 


Su OU, OU, Ou, 
on Os Online pipes 


1 
n 


tu, tu, ..., be put instead of w,u,,..., t being any function 
whatever, the effect is the same as if the determinant were 
simply multiplied by ¢+. “Quod iam olim alia occasione 


adnotavi,” the reference being to the 5th theorem of his paper of 
the year 1833, already dealt with. 


* A combination of the successive substitutions is impossible, by reason of the 
fact that in the second case the equation 


(+1) _ OWit1 

k+1 OUK41 
is not meant, as in the first case, to include the definition of Q@i+1), Which has thus 
to be defined by a supplementary equation, 


The result of the first substitution is very noteworthy, 


in view of previous 
footnotes, 
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The next section, the 18th and penultimate, shows how by 
modifications made upon the functions, the functional deter- 
minant may reduce to one term. The first function f being 
expressed in terms of 2, @,, %,..., @,, it follows that theoreti- 
cally w is expressible in terms of Litas lo ap ns, BOG CnaL 
therefore by substitution so also are f,,...., f,. Similarly /,, 
being now a function of f, a, %,..., %,, we conclude that 
theoretically x, is expressible in terms of f,f,, @%,..., 2, and 
that therefore by substitution so also are f,, fy, ...,f,. Suppos- 
ing this process to be completed, Jacobi denotes the new forms 


OER eet itm. BY 
SA Gag RS oe 
IS, ty Rey Waityn)> 


AGS a eee S 8: Jed Ln), 


and the difference between any one of the old forms and the 
corresponding new by F with the appropriate suffix. He thus 
has n+1 equations 


=f —f (&, Se PEACE SM 
O=F, =f, —fiCh GH, 2, +++, Un); 
Ose Ee 2 peas ACS, iy He, » Py oa) 


0= = — ff fe tee oe 1» fn)y 
connecting 2n+2 variables 
Tae eT Ro Rae ere 


now viewed as independent. By a previous theorem there is 
thus obtained 


> ne oy oft aly fn _ =(- —])41 ‘ce Ou On, Nee ; 
Die Bik Cai, (OF oF, oFn 


HOF Of; sem Ole 
Now the numerator here reduces to one term, viz., 


Ole OF, OF n 
io "Oa, ” OX 
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and the denominator in similar fashion to 

hina wide he 

Se Orn 
as Jacobi might briefly have justified by a reference to Prop. III. 
of § 5 of his “De formatione et proprietatibus Determinantium ” 
—this proposition being that which concerns a determinant 
whose elements on one side of the ‘diagonal,’ as it afterwards 


came to be called, all vanish. Further, the factors of the 
reduced numerator are equal to 


-(@). -@) -@) 


and those of the reduced denominator to 
el ae Ls 
Our final result thus is 
a2 Bh. A)... CH) 
“Ox Oa, Cy, ox] \Oa, On,,/” 
where the brackets on the right are meant as a reminder that 
f; is there expressed in terms of f, firey beats Mi ee 


The last section (§ 19) is occupied with a theorem of the 
Integral Calculus, already twice enunciated (see pp. 357-358), 


namely, 


foar. af... a = fu. (Ss ed 


it being noted that the cases where the number of variables 
to be changed are 2 and 3 had been already dealt with 
by Euler and Lagrange.* Catalan’s memoir of 1839 is not 
referred to. Then come the final words, “Et haee formula 
egregie analogiam differentialis et Determinantis functionalis 
declarat,’—a not inappropriate ending in view of the author's 
attitude throughout the memoir. 


*The memoirs referred to here and by Catalan seem to be— 

Kuter, L.—De formulis integralibus duplicatis, . . . Nov. Comm. Acad. 
Petrop. (1769), xiv. i. pp. 72-103. 

Lacrance, J. L.—Sur Vattraction des sphéroides elliptiques. Nouv. Mém. 
Acad. . . . Berlin (1773), pp. 121-148; or Guvres, iii. pp. 619-658. 
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CAUCHY (1841). 


[Mémoire sur les fonctions différentielles alternées. Ezercices 
Vanalyse et de phys. math., ii. pp. 177-187; or Guvres 
completes, 2° sér. xii.] 

This was evidently suggested by Jacobi’s memoir just dealt 
with, but it belongs to a quite different class, being merely a 
simply-written exposition containing two of the fundamental 
properties of the functions and a few illustrations. 

In the first part (‘ Considérations générales’) he explains the 
meaning of 


Silene Dye Diz 6, ant) 
on the understanding that the n variables 
Vs Zula cre G 
are connected with the n others 
EY aise tc eat 
by 7 equations: and then establishes the theorems 


Sie Deady, oy. 2s) oS Dw Diye. 2 De) =11, (a) 


= ee DO Dyn eee ee | 

Cee AD vane ADA] = Gol} ab pee Dey 8) 
making reference in both cases to Jacobi’s memoir, and pointing 
out in connection with the latter theorem that it leads to “la 
formule donnée par M. Catalan pour la transformation d’une 
intégrale multiple.” 

In the second part (‘Exemples’) he instances first the case 
where x, y, z,....t are lwnear functions of a, y, z,.... t, 
and shows how a result obtained in a previous memoir (see 
above, p. 285) affords a verification of the theorem (a). The 
next example is of greater interest, being the case where 


= A(a—a)(y—a)(z—a) .... (t—«a), 
B(a— b)(y—b)(z—b).... (t—)), 
= C(a—c)(y—¢)(@—c).... (t—e), 


N 
| 


I 


Sis INO OL Ceo 


394 HISTORY OF THE THEORY OF DETERMINANTS 


As is readily seen we have here 


S[+D,x.D,y.Dz.... ee 


1 a 1 
ee gf x— Se —b 2—6 res A 


which, according to a previously obtained result (see above, p. 345), 
zs (aL eo Dexyz so: b 
Oita At"). Sf eatytet. a4] 
‘(w—a)(a—b)... (y—a)(y—b)... (2—a)(z—b)... (t—a)(t—)... 


so that if we substitute the given expressions for XfiVuasassue 
there is obtained finally 


S[+D,x.D,y.Dz civiane D,t] 
= (-1)}"@-DABC... HS[+a%ble?...h™-1]. 6 [2 a°yiz?... 4), 


The third example is equally worth attention, the connecting 
equations being 
ie A 2= OY —4)(2=4) wore (t—«) 
(a—k)(y—k)(z—k).... (f-k)’ 
he pe—by—b)(z—6) 1. ((—b) 
(e—k)(y—k)(e—-k).... (t-ky’ 
(w—c)(y—ce)(z—c¢).... (f-€) 
(w—k)(y—k)(z—k).... ((-k)’ 


b= Hey -We=h) (CHA), 
(we—k)(y—k)(e—k) .... (€-k)? 
so that at the outset it is found that 


S[+D.,x.D,y.Dz.... Dit] 


“y Pie Teeth E 1 1 1 1 
SC eS a ae laoee ties) <i ane =a} 
and ultimately after substituting as before 

S[+D,x. Dyy.Dz.... Dit] 


— n(rn-1 (a— k). (h- k) 
ie a emininens (Ct PER CY 


Q[z ae? ... h™-1]. Sf a%yle? ... 0-2]. 


CHAPTER XIV. 


SKEW DETERMINANTS FROM 1827 TO 1845. 


SETs of equations of the form 


yeh + Aygl3 + Ay, + 1... FAL, = & 
— Ayo, HF agg + Aggy +... Aly = & 
— y3%, — Aggy + Ogi, + 2. 1. + Aaln = Es 
— UygX, — AgyHy — Aggy a a £, 
= Ayn®y — UgnLe — Agnlz3 — Asn%y — «+ ss sme? En > 


where the coefficient of ~, in the s equation differs only in sign 
from the coefficient of «, in the rv equation, had often made 
their appearance in analytical investigations before the deter- 
minant of such a set came to be considered. An instance is to 
be found in a memoir of Poisson's, read before the Institute in 
October 1809, and printed in the Jowrnal del’ Ecole Polytechnique, 
viii. pp. 266-344 ;* and similar instances of an earlier date in 
writings of Lagrange and Laplace are therein referred to. A 
curious example occurs in one of Monge’s papers already dealt 
with (see above, pp. 67, 68), there being additional interest 
attaching to it by reason of the fact that in it the a’s and a’s are 
themselves determinants. It is to be found in an earlier portion 
(pp. 107-109) of the same volume as Poisson’s. Denoting by 


an Gey,0 MAaNYPP ORL: S, 
the six-termed expressions which at a later date would have 
been written 
| byes |, | ayCod5|, | dyb_As|, | @15¢5 | 5 
| ayb.€s |, | b,c. |, | dee, — | aydne5|, | AyCoe3|, | Oydoes |; 


* See especially p. 288, 
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Monge established the set of equations 


Vaan prs Ly 0 
Ra — NB + Pé6=0 
Ma — Ny +86 =0 

ee ea 


from which he eliminated a, 8, y, 6, and obtained 
RS+QN — PM = 0. 
On altering the signs of the last two equations the result of 


the elimination would a generation afterwards have been put at 
once in the form 


Q DSO lt Pl re 


REA een ea 
— Uo bet N= Shoe 
M -—Rie—0 


and the left-hand side would have been recognised as a ‘skew’ 
determinant and altered into 


(RS+QN—PMY = 0. 


No prophetic glimpse of this, however, occurred to Monge. The 
mathematician who first referred definitely to the determinant 
appears to have been Jacobi. 


PFAFF (1815). 


[Methodus generalis, aequationes differentiarum partialium, 
nec non aequationes differentiales vulgares, utrasque 
primi ordinis, inter quotcunque variabiles, completi in- 
tegrandi. Abhandl..... Akad. der Wiss. (math. Klasse), 
Berlin, 1814-1815, pp. 76-1386; or Kowalewski’s German 
Translation, 84 pp., Leipzig, 1902.] 


After seven pages of historical introduction and preliminary 
explanation Pfaff arranges the subject of his memoir in the 
form of a series of fourteen problems with their solutions. 
Problem i. is to integrate completely a partial differential 
equation in three variables; problem ii. is to transform any 
differential equation of the first order in four variables into 
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an equation in three variables, and to integrate the latter by 
means of a system of two equations; and problem iii. is to 
integrate an ordinary differential equation of the first order 
in five variables by means of a system of three equations. 
Problems iv., v., vi. correspond respectively to i, ii, iii, the 
number of variables being one more in any problem of the 
second triad than in the corresponding problem of the first 
triad. A similar step onward is taken in problems Vii., viii, ix. 
which form a third triad, and again in problems x., xi, which 
are the first two members of a fourth triad. At this stage 
the ‘methodus generalis’ is supposed to be sufficiently fore- 
shadowed, and in the remaining three problems the restriction 
to a definite number of variables is withdrawn. 

Of these three it is the thirteenth (xiii.) which concerns us 
here, namely, the reduction of an ordinary equation of the 
first order between 2m variables to a similar equation between 
2m—1 variables, and the performance of the integration by 
means of a system of m equations. It (xiii.) is the generalization 
of problems ii, v., vili., xi., these being the cases of it where 
m=2, 3, 4, 5. 

The solution consists in expressing 2m—1 of the given 
variables as functions of the 2m and 2m—1 new quantities, 
and introducing the latter in place of the former. By con- 
sidering the new quantities as constants 2m—1 auxiliary 
differential-equations arise, the integration of which supplies 
the desired functions; and for the formation of the auxiliary 
equations 2m—1 quantities are needed whose values are 
determinable from the same number of conditional equations. 
It is in the solution of this set of conditional equations that 
our interest centres. As Cramer and Bezout had dealt with 
a more general set, Pfaff naturally made trial of their methods ; 
but they were found, he says, of little service. He therefore 
sought for and discovered two laws of formation which sufficed 
for his wants. His words are (p. 119)— 


‘“‘Haec determinatio, si consueta eliminandi methodo tractetur, 
calculos nimium complicatos et operosos postulat: ipsaque precepta 
generalia, quae Bezout et Cramer de eliminatione tradiderunt, in 
casu substrato parum commodi afferre videntur. Accuratius vero 
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considerando praedictas aequationes conditionales et formulas ex 
earum solutione actu evolutas, ad duas leges satis simplices easque 
generales perveni, quas hic breviter exponere sufficiat.” 

In exposition of the first law he begins by repeating the 
results for the cases m=2, 3, 4, using for brevity’s sake the 
symbol * (ACE) 
to stand for 

AdC—CdA , CdE—EdC | EdA—AdE 
de v da a? de 
That is to say, he recalls (1) that when the given equation is 
Ada + Bdb + Cde + Ede = 0 
the auxiliary equations are 
da db 
= (BOR) 5 (ACE). 1? 
(2) that when the given equation is 
Ada + Bdb + Cde + Ede + Fdf + Gdg = 0, 


the auxiliary equations are 


0= 


0 


da 
(CBE)(CFG) — (OBF)(CEG) + (OBG)(CEF) 
db 
+ (GAE)(CFG) — (CAF)(CEG) + (GAG)(GEF)’ 


and (3) that when the given equation is 
Ada + Bdb + Cde + Ede + Fdf + Gdg + Hdh + Idi = 0, 


the auxiliary equations are 


da . de 


* This may be nothing more than a coincidence ; but if so, it is a curious one, 
the expression replaced by (ACE) being the determinant 


1 


‘A aA ee 
da. 
l 
aia tik 7k 
‘ie 
E Ae) eee 
¢ de |, 


and Pfaff even drawing attention to the fact that 
(AEC) = -(ACE). 


= 
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where 

= (BCE)(BFG)(BHI) — (BCE)(BFH)(BGI) + (BCE)(BFI)(BGH) 
— (BCF)(BEG)(BHI) + (BCF)(BEH)(BGI) — (BCF)(BEI)(BGH) 
+ (BCG)(BEF)(BH1) — (BCG)(BEH)(BFT) + (BCG)(BEI)(BFH) 
— (BCH)(BEF)(BGI) + (BCH)(BEG)(BFI) — (BCH)(BEI)(BFG) 
+ (BCI)(BEF)(BGH) — (BCI)(BEG)(BFH) + (BCI)(BEH)(BFG). 


Now the denominators here are functions of the kind afterwards 
known as Pfaffians, and such as would now be written 


(BCE), | (CBE) (CBF) (CBG) 
(CEF) (CEG) 
(CFG) |, 


| (BCE) (BCF) (BCG) (BCH) (BCI) 
(BEF) (BEG) (BEH) (BEI) 

(BFG) (BFH) (BFI) 

(BGH) (BGI) 

(BHI) 


Their law of formation as given by Pfaff is therefore of the 
greatest interest. His words as regards % are (p. 124): 


“‘Separando litteram B, termini hujus expressionis complectuntur 
permutationes litterarum reliquarum C, KH, F, G, H, I (exclusa prima 
A), quae sub hac restrictione fieri possunt, ut litterae in quavis 
complexione (ex. gr. C, G, E, H, F, I in termino octavo rov 9) prima, 
tertia, quinta (ex. gr. C, E, F) in genere imparem locum obtinentes 
inter se rite sint ordinatae, et litterarum quaevis pari loco constituta 
(G, H, 1) sit ordine alphabetico posterior littera in loco impari proxime 
praecedente (C, E, F). His formis rite inter se ordinatis i.e. secundum 
ordinem lexicographicum (e.g. C, G, E, H, F, I ante C, G, E, I, F, H) 
terminorum signa alternant. Haec lex restrictiva permutationum 
etiam sic enuntiari potest, ut singulas complexiones dispertiendo in 
dyades, sive classes binorum elementorum, ipsae dyades tam quoad sua 
elementa, quam inter se invicem rite debeant esse ordinatae.” 


This practically means that the terms of % are got (1) by 
taking every permutation of OC, E, F, G, H, I which is such 
that each odd-placed letter in it and the letter immediately 
following are not an inverted-pair, and that the full group of odd- 
placed letters is also free of inversions; (2) by placing a B before 
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each odd-placed letter and marking off with brackets the triads 
so formed; and (3) by making the signs alternately + and — 
when the terms have been arranged in dictionary order. 

Not content, however, with this rule Pfaff immediately gives 
another of equal interest, the passage being (p. 125): 

“Processus autem combinatorius, quo permutationes praedictae 
exhibentur, satis commodus hic est: Sint litterae, quarum permu- 
tationes sub restrictione supra commemorata quaeruntur 4, J, ¢, @ ..., 
k, l, m,n: supponamus inventas esse permutationes litterarum ¢, ¢,..., 
m, n, exclusas duabus a, b: tum 1) singulis his permutationibus vel 
complexionibus praeponatur binio ab; 2) ex hac prima serie com- 
plexiones totidem aliae formentur, permutando } et c; 3) ex his porro 
aliae, permutando ¢ et d, sicque progrediendo ex quavis serie com- 
plexionum nova formetur, litteram aliquam cum proxime sequente 
permutando, donee postremo m et m invicem permutentur. Qua 
ratione obtinentur omnes permutationes litterarum a, ), ¢,..., m, ” 
quas restrictio praedicta admittit.” 

Here the case for 2m letters is made dependent on the case for 
2m—2 letters, so that if six letters a, b, c, d, e, f were given, we 
should begin by forming the permutation for the last two letters, 
namel 

ef; 


to this we should prefix cd, and by performing the interchanges 
d2~e, e24f obtain the permutations for the four letters ¢, d, e, f, 


cena cd .ef — ce.df + ef.de; 
and lastly we should prefix ab to each of these and perform the 
interchanges b27c, c2,d, d*;e, e-+;f, the result reached being 
ab.cd.ef — ac.bd.ef + ad.be.ef — ae.be.df + af.be.de 
— ab.ce.df +ac.be.df —ad.be.cf + ae.bd.cf — af .bd. ce 
+ ab.cf.de — ac.bf.de + ad.bf.ce — ae.bf.cd + af.be.cd. 


As a manifest deduction from this rule* Pfaff states that for 
2m letters the number of such restricted permutations is 


1.3.5... (2m—1). 


*The other rule, however, would have been equally useful towards this end. 
For if we remove the restriction each one of the N restricted permutations would 
give rise to 2”. (1.2.3... m) unrestricted permutations ; so that we should have 
VALUE oc ln a eNk SNPS Ce 


and therefore 


Uae t (PATO 
Be (neice: ee 1.3.5... (2m=-1), 
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Later he points out that since each factor of each of the fifteen 
terms of 2% is itself six-termed, the total number of terms in the 
final expansion of % ought to be 


63.15, i.e. 3240; 


but that 2400 of them cancel each other. To obtain the 840 
really needed is the reason for his propounding a second law, 
which he does in $18 (pp. 126-129). 


JACOBI (1827). 


[Ueber die Pfaffsche Methode, eine gewéhnliche lineare Differen- 
tial-gleichung zwischen 2n Variabeln durch ein System 
von ” Gleichungen zu integriren. Orelle’s Jowrnal, ii. 
pp. 347-357; or Werke, iv. pp. 17-29.] 


An essential part of Pfaff’s method is the solution of a set 
of equations which Jacobi writes in the form 


NXav = * +(0,1)0a,4+(0,2)0r,+ .... +(0,p) oa, 
Nx or = (1,0)om + (1, 2)0m, +... Lp) oa, 
NX,0x = (2,0)0u+(2;1)0x,+ * + .... +(2,p)0a, 
NX, ox = (p,0)ox + (p,1)om, + (p,2)Om, +... . + 8 ; 


where (0,0)= —(1,0) and generally (a,8)+(8,a4)=0. This form 
of his own he frankly characterises as “elegant and completely 
symmetrical”; but the same description would apply equally 
appropriately to the solution which he gives. Unfortunately, 
the method by which the latter was obtained is not indicated, 
and we can only hazard a guess in regard to it. The balance 
of probability would seem to be in favour of the method of 
devising a set of multipliers which, when apphed to the given 
equations, would after the performance of addition bring about 
the elimination of all the unknowns except one. In the case 
of four equations this would not be at all difficult. For 
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example, if we wish to eliminate 2, 2, x, from the equations 


ax, + ba; + ca, = & 


— aa, . +da,+em= & 
— bx, — da, . +fa= & 
a CXL, ae CX, ee jas , os & > 


the multipliers are readily seen to be 
OF —e d: 
so that after multiplication and addition there results 
(—af+be—cd)x,= f&—e&+d&. 
Similarly by using the multipliers —f, 0, c, —b, we find 
(—af+be—cd)x, = —fé,+c&,—bé,; 
and the other two are 


(—af+be—cd)a, e&, —c&+a&,, 
(—af+be—cd)x, = —dé,+bé,—a§,. 


Il 


Jacobi’s corresponding result is to the effect that 
numerators of the values of the four unknowns are 


Noo{ * + (2,38)X, + (3,1)X, + (1,2)X,} 
Naw{(3,2)X+ * +(0,3)X,+ (2,0)X,}, 
Now{(1,8)X + (3,0)X,+ * + (0,1)X;}, 
Now{(2,1)X + (0,2)X,+(1,0)X,+ * }, 
and the common denominator 
(0,1)(3,2) + (0,3)(2,1) + (0,2)(1,3), 
or, as he thereafter writes it 


(0,1,8,2). 


the 


When the similar set of six equations had to be dealt with, 
the devising of the multipliers requisite for elimination would 
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necessarily be harder; but keeping in view the analogous 
mode of arriving at the solution of 


ML, + Agh, = a 
bt, + byt, = £ 

and then proceeding to the solution of 

Ay + Ag, + Ags = & 

bya, + det, + byez = £2 

Cy, + Col, + C3 = £3 ) 
where, it will be remembered, the multipliers requisite for 
elimination are of the same form as the common denominator 
of the values of the unknowns in the preceding case, Jacobi 
would have little real difficulty in finding that corresponding 


to the four multipliers requisite for eliminating Ox,, Ox,, Ow, in 
his first case, viz..— 


Or (2.5) ol (12) 
he would now require to have the six multipliers 
0, (2845), (8451), (4512), (5128), (1234). 


As a matter of fact, he gives for the numerator of the first 
unknown 


Now{ = + (2845)X, + (3451) X,+(4512)X, +(5123)X, + (1234)X, }, 
the others being 
Now{ (3245) X + a + (4350)X,-+(5402)X,-+ (0523) X, + (2034)X, | 


The common denominator is not mentioned; we should have 
expected him to say that it was 


(10)(2345) + (20)(3451) + (30)(4512) + (40)(5123) + (50)(1234) 
or — (012345). 


It is then pointed out that when the first coefficient has been 
got in one of the numerators, the others are arrived at by 
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circular permutation, the elements permuted being 12345 in the 
case of the first numerator, 02345 in the case of the second, 
01345 in the case of the third, and so on; also that the first 
coefficient in one line is got from the last in the preceding line 
by changing 012345 into 123450 and then transposing the first 
two elements; and that these laws hold generally. 

A general mode of finding the ordinary expression for the 
new functions here introduced and symbolized by 


(1234), (123456),.... 


is next explained. It is first stated that the number of terms 


represented by 
(2, By 4 cane) 


where p is necessarily an odd integer is 


WS wibay ages 


and that one of them is 
(23).(45).(67) .... (o—], p). 


We are then told to permute cyclically the last p—2 elements 
3,4,5..., p, and we shall obtain from this p—2 terms in all; 
thereafter to permute cyclically the last p—4 elements 5,6, 
7,...p in each of the p—2 terms just obtained, and so on. 
For example, 


(234567) = — (23)(45)(67) + (23)(46)(75) + (23)(47)(56) 
+ (24)(56)(73) + (24)(57)(36) + (24)(53)(67) 
+ (25)(67)(84) + (25)(63)(47) + (25)(64)(73) 
+ (26)(73)(45) + (26)(74)(53) + (26)(75)(34) 
+ (27)(34)(56) + (27)(35)(64) + (27)(36)(45). 


It is important to note in conclusion, that the case of an odd 
number of equations is not neglected by Jacobi, a proof being 
given by him that in that case the determinant of the system 
vanishes. In his own words—which are interesting in view of 
what has been said elsewhere regarding the evidence which the 
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paper affords of the progress made by him in the study of 
determinants— 

“Nun bleibt nach dem bekannten Algorithmus, nach welchem die 
Determinante gebildet wird, diese unverindert, wenn man die 
Horizontalreihen und Verticalreihen der Coefficienten mit einander 
vertauscht. Fiir unsern besondern Fall nun wird, wenn wir die 
Determinante mit A bezeichnen, hieraus folgen: A=(-1)*1A, da 
jedes Glied der Determinante ein Product aus p+1 Coefficienten 
ist, von denen jeder durch Vertauschung der Horizontal- und 
Verticalreihen sich in sein Negatives verwandelt. Diese Gleichung 
A=(-1)**A aber kann nur bestehen, wenn p+1 eine gerade Zahl 
ist, wofern nicht A=0 sein soll.” 


Thus, though only Pfaff’s expositor as regards the functions 
which came long afterwards to be known and are still known as 
‘Pfaffians, Jacobi was the first to discover and prove the now 
familiar-worded theorem “A zero-awial skew determinant of 
odd order vanishes.” 


JACOBI (1845). 


[Theoria novi multiplicatoris systemati equationum differen- 
tialium vulgarium applicandi. Crelle’s Journal, xxvii. 
pp. 199-268, xxix. pp. 213-279, 333-376; or Math. 
Werke (1846), i. pp. 47-226; or Gesammelte Werke,* iv. 
pp. 317-509.] 


As is well known, this long and exhaustive memoir of Jacobi’s 
is broken up into three chapters,—the first giving the definition 
and various properties of the new muitiplier, the second ex- 
plaining the application of it to the integration of differential 
equations, and the third illustrating this application by means 
of particular differential equations of historical interest. One of 
the latter is the equation associated then, and still more since, 
with the name of Pfaff, the discussion of it occupying §§ 20, 21 
on pp. 236-253 of vol. xxix. We are thus prepared to find 
the function, defined by Jacobi eighteen years before, again 
referred to. 

The old definition of the function, which he here denotes by 
R, is practically repeated, the initial and originating term being 


* In all preceding references of this kind Werke has been used for Gesammelte 
Werke: here the longer but more correct name is necessary for distinction’s sake. 
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now of the form Gj, +--+ Gom-1,2: and then he makes the 
pregnant general remark that the properties of R are analogous 
to those of determinants. Prominence is given to the theorem 
regarding the effect of interchanging two indices. This is 
followed by the twin pair of identities 


oR oR OR 
dictated _——— oN, Kanne a mM, & ? 
R hs Oy, g T Aas OM,» a9 7 Sam, Oem, « 
ok Bac, ils BORMAN, lu guides Paget 
in the latter of which s differs from 7, and the term Orta is 


awanting; and finally, it is pointed out that the differential- 
quotients of R with respect to one or more elements are functions 
of the same kind as the original, and, probably as a consequence, 
that certain second differential-quotients are identical. No 
proofs are given; indeed, the statements themselves are in the 
most concise form possible, the whole passage being as follows:— 


“Designantibus i, 7’, 7’, etc., indices inter se diversos, si sumuntur 
differentialia partialia 
OR OR 
Oty? 1 Og y Cyn gar’ 
ea erunt aggregata ad instar aggregati R formata, respective reiectis 
Coéfficientium binis, quatuor, ... seriebus cum horizontalibus tum 
verticalibus, eritque 
OR Oi a ee re “4 
Ctiyyr OOiyryn — Oy, yr Cyn, yy Og, gon Oy. gr 


t/,i!" 


It should be carefully noted that both in this paper and in the 
preceding, Jacobi views the new functions as separate from and 
independent of determinants, and not at all in the light in which, 
at a later time, they came to be looked upon—viz., as a subsidiary 
function arising out of the study of a particular kind of deter- 
minant with which it had a definite quantitative relation. 


CHAPTER XV. 


ORTHOGONANTS FROM THE YEAR 1827 TO 1841. 


THE special form of determinant to which we have now come 
is connected with a problem in coordinate geometry—the problem 
of transformation from one set of rectangular axes to another set 
having the same origin. The actual appearance of determinants 
in any of the attempts to solve the geometrical problem did 
not take place until comparatively late in its history, probably 
because the connection between the two subjects was less patent 
than in other cases, the problem when transformed into alge- 
braical language being not a mere matter of elimination of 
unknowns from a set of linear equations. The earlier portion of 
the history of orthogonal substitution, although of considerable 
interest, is thus not sufficiently germane to our subject to warrant 
detailed treatment of it. For those interested in this earlier 
portion it will suffice to give the following chronologically 
arranged list of papers from 1770 to 1840 :— 


1748. EuLtEeR. Introductio in Analysin Infinitorum. Tomi duo. 
Lausannae et Genevae (v. ii. Appendix de Superficiebus *). 


1770. EuLErR. Problema algebraicum ob affectiones prorsus singulares 
memorabile. Novi Commentarti Acad. Petrop., xv. pp. 75-106 ; 
or Commentationes Arith. Collectae, 1. pp. 427-443. 


1772. LAPLACE. Recherches sur le calcul intégral et sur le systeme du 
monde. Hist. de Vacad. roy. des sciences (Paris), 2° partie, 
pp. 267-376. 


* Or in Labey’s French Translation, ii. pp. 370-378. 
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1773. 


1775. 


1784. 


1802. 


1806. 


1810. 


1811. 
1818. 


1827. 


1828. 
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LaGRANGE. Nouvelle solution du probléme du mouvement de 
rotation d’un corps de figure quelconque qui n’est animé par 
aucune force accélératrice. Nowy. mém. de Vacad. roy... . 
(Berlin), pp. 85-120. 

EuLer. Formulae generales pro translatione quacunque cor- 
porum rigidorum. Novi Commentarii Acad. Petrop., Xx. 
pp. 189-207. 


. EuLER. Nova methodus motum corporum rigidorum deter- 


minandi. Novi Commentarii Acad. Petrop., xx. pp. 208-238. 


. LEXELL. Theoremata nonnulla generalia de translatione cor- 


porum rigidorum. Novi Commentarii Acad. Petrop., xx. 
pp. 239-270. 

Monce. Sur lexpression analytique de la génération des 
surfaces courbes. Mém. de Vacad. roy. des sciences (Paris) 
[pp. 85-117], p. 114. 

HACHETTE et Poisson. Addition au mémoire précédent. 
Journ. de Véc. polyt., cahier xi. pp. 170-172. 

Carnot, L. N. M. Sur la relation qui existe entre les distances 
respectives de cinq points quelconques pris dans lespace, 
suivi d'un... Paris, 1806. 

Lacrorx, 8. F. Traité du calcul différentiel et du calcul 
intégral. 2° édition, i. p. 533 .... 

LAGRANGE. Mécanique analytique. 2° édit., i. p. 267. 

Gauss. Determinatio attractionis. ... Commentationes Soc. . 
Gottingensis, (Classis math.) iv. pp. 21-48; or Werke, iii. 
pp. 331-355. 

Jacost. Luleri formulae de transformatione coordinatarum. 
Crelle’s Journal, ii. pp. 188-189; or Gesammelte Werke, vii. 
pp. 3-5. 


. JAcopt. Ueber die Hauptaxen der Flichen der zweiten Ord- 


nung. Crelle’s Journal, ii. pp. 227-233 ; or Gesammelte Werke, 
ili, pp. 45-53. 


. JAcosl. De singulari quadam duplicis integralis transforma- 


tione. Crelle’s Journal, ii. pp. 234-242 ; or Gesammelte Werke, 
ili. pp. 55-66. 

Cavouy. Sur les centres, les plans principaux et les axes 
principaux des surfaces du second degré. Ezercices de Math., 
iil. pp. 1-22; or Giwvres completes, 2° sér. viii. pp. 8-35. 


1829. 


1831. 


1832. 


1832. 


1832. 


1833 


1833 


1835. 


1839. 


1839. 
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. Caucuy. Discussion des lignes et des surfaces du second degré. 


Exercices de Math., iii. pp. 65-120; or Huvres completes, 2° sér. 
vii. pp. 83-149. 


. CHASLES. Sur les propriétés des diamétres conjugués des hyper- 


boloides. Corresp. math. et phys., v. pp. [187-157] 139-141. 


. CLAUSEN. Ueber die Bestimmung der Lage des Haupt-Umdre- 


hungs-Axen eines Kérpers  Crelle’s Journal, v. pp. 383-385 ; 
or Nouv. Annales de Math., v. pp. 81-83. 


ik 


Caucuy. Sur l’équation A laide de laquelle on détermine les 
inégalités séculaires des mouvements des planétes. Hzercices 
de Math., iv. pp. 140-160; or Cuvres completes, 2° sér. ix. 
pp. 172-195. 

Jacozi. De transformatione integralis duplicis indefiniti ... . 
in formam simpliciorem ...... Crelle’s Jowrnal, vii. pp. 
253-279, 321-357 ; or Gesammelte Werke, iii. pp. 91-158. 

GRUNERT. Ueber die Verwandlung der Coordinaten im Raume. 
Crelle’s Journal, viii. pp. 153-159; or Nouv. Annales de Math., 
v. pp. 414-419. 

Encke. Ableitung der Formeln von Monge fiir die Trans- 
formation der Coordinaten in Raume. Berliner Astron. Jahr- 
buch (1832), pp. 305-310; or Corresp. math. et phys., vii. 
pp. 273-277. 

Jacopi. De transformatione et determinatione integralium 
duplicium commentatio tertia. Crelle’s Journal, x. pp. 101- 
128; or Gesammelte Werke, i. pp. 159-189. 

Jacogpl. De finis quibuslibet functionibus homogeneis secundi 
ordinis....  Crelle’s Journal, xii. pp. 1-69; or Gesammelte 
Werke, iii. pp. 191-268, 

GRUNERT. Supplemente zu Kliigel’s Worterbuch: Art. ‘“Co- 
ordinaten.” 

JACOBI. Observationes geometricae. Crelle’s Journal, xv. pp. 
309-312; or Gesammelte Werke, vii. pp. 20-23. 

CATALAN. Sur la transformation des variables dans les intégrales 
multiples. Mdém. cowronnés par Acad. de Brumelles, xiv. ii. 
pp. 1-47. 

Reiss. Sur les neuf angles que forment réciproquement deux 
systémes d’axes rectangulaires. Correspond. math. et phys., xi. 
pp. 119-173. 
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1840. Ropricuzs. Des lois géometriques qui régissent les déplace- 
ments d’un systéme solide dans V’espace,... Journ. (de 
Liowville) de Math., v. pp. [880-440] 404-405. 


Of these only seven need be taken account of because of their 
connection with determinants, viz., two by Jacobi in 1827, one 
by Cauchy in 1829, three by Jacobi in 1831-3, and one by 
Catalan in 1839. 

JACOBI (1827). 

{Ueber die Hauptaxen der Flachen der zweiten Ordnung. 
Orelles Journal, ii. pp. 227-233; or Gesammelte Werke, iii. 
pp. 45-53. ] 

Without unnecessary preliminaries Jacobi enunciates the 
problem which he wishes to solve, viz., the transformation of 
an expression of the form 

Aa? + By? + C2? + 2ayz + 2bew + 2caxy, 
where @, y, 2 are the coordinates of a point referred to an 
oblique coordinate-system, into an expression of the form 
Lé? + My? + N&, 

where €, n, € are the coordinates of the same point referred to a 

rectangular system having the same origin. This implies that 

the things directly sowght are the nine coefficients which give 
each of the original coordinates in terms of the new. 

Jacobi, however, prefers to begin with a related set of 
unknowns, taking the equations which give the new coordinates 
in terms of the old. These being assumed to be 


E=ax + By + 2 | 
n=ae + By + yz / 
f= a+ fy +72), 
the equivalent set giving the old in terms of the new is of course 
A. = (Bry” — BYE + (B"y — By”)n + (By — B’y)§ 
Avy — (ya Sa ya’ yé + (ya “Ea ya’ )n + (ya’ es y'a)€ 
A.2 a (a’B” Bees a’ BYE + (a’B eel, a3”) + (a" — a’ B)€ ; 
where 
A — ay” + By‘a” + ya B" ake a'r’ — By"a’ a, ya" B’. 
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Denoting the known angles between the original axes by X, p, », 
there is obtained at once the set of six equations 


Gg +e os I, 
3? =P fot + i Mi = 1 ? 
Ne eRe itor ete ee 
By + By’ + By” = cosa, 
ya + ya +y'a" = cosy, 
a8 + a8’ + a’B" = cosp; 


and, since the expression 
L(ax+ By+yz)? + M(d’e+B'y+yz? + N(a’at+By+y"2)P 
has to be identical with 
Au® + By? + C2? + 2ayz + 2bzw + 2cay, 
we have thus by implication another set of six equations, viz. : 


Lat: Ma* ~-- No’ S=sA., 
LG. --+ M84 + NG@ <= B, 
In My 4) Na? = CG, 
LBy + MB'y' + NB’y” =a, ° 
Lya + My’a’ + Nya" =, 
La8 + Ma’®’ + Na’" =e. 


What, therefore, remains to be done is the solution of these 
twelve equations in the twelve unknowns 
a, B, y: a’, B, y: a’, G", y": Le M, N. 

Jacobi’s mode of accomplishing this is very interesting. He 
notes first that A may be looked upon as known, by reason of 
the fact that it is expressible in terms of ), u, v, the connection 
in modern notation being 


Miho id 


a +a? +a’? aS t+a’B +a”B" aytay +a’y 
A? =|aB+aB'+a's” B+ B2 +8 yB+y/B'+y'B" 
Meta Yack ny PY I ay Ys ees ile 
1 cosy Cos“ 

= | cosy i cos A 

cos COsAr I 
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In the next place he draws attention to the resemblance between 
the two sets of six equations, and points out that as a 
consequence any equation legitimately obtainable from the 
second set is matched by an equation which might in like 
manner be obtained from the first set, but which is much more 
readily got by using the substitution 


ee eh ead 
a, b, © = COSX, COSp, COSY 
He then from the second set of six equations forms three 


groups— 
La.a + Moa’.a’ + Na”’.a” =A 


Le.8-t Ma’. 8 -. Noten? ote 
La.y + Ma’. y + Na’. y’ = b 
L8.a + M@’.a' + NG’.0” = 
L8.8 + Mé’.8’ +.NB".B" = B 
L8.y + M@’.y +N". y’ = a 
Ly.a + My’. a’ + Ny’. a” = 6b 
Ly. 8 + My’.6’ + Ny’.8” =a 
Ly.y +My. y+ Ny”. y” 


I 
Q 
Sa el 


and solves the first group for La, Ma’, Na’; the second for L@, 
M@’, NG’; and the third for Ly, My’, Ny’; the results being 


A.La = (B’'y'—f’y)A + (y'a"—y"a')e + (a’B"— a" B’)b 
A.Ma’ = (B’y—By")A + (y"a —ya')e + (a"B —af")b 
A.Na” = (By —B’y)A + (ya yale + (a8’ —a’B)b 
A.LB = (B'y"—B"y)¢ + (y'a"—y"a’)B + (a’B" —a"B’)a 
A.M’ = (B"y —By")e + (y"a—ya”)B + (a"B —a8")a 
A.NB"= (By —By)e + (ya —ya)B + (a8’ —a’B)a 
A.ly =(6'y’—B’y)b + (y/a"—-y"a’)a + (a’B"— a B’)C 
A.My = (B"y —By'lb + Ga —ya\a + (a”B —a8’)C 
A.Ny" = (By —B’y)b + (ya —+a)a + (a8 —a’B)C J. 


Making the substitution above referred to he derives the 
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corresponding results which are obtainable from the first set 
of six, viz.: 


= (B'y"— By’) + (y'a”—y"a')cosy + (a’B"— enn 
= (B"y Gee + (y"a —ya")cosy +(a”B BAN PN cbea j 
= (By —B’y) +(ya’ —y'a)cosy +(a8’ —a’B)cosu 

= (By”— B’y)cosy + (y'a"—y"a’) + (a’B"—a"B’)cos X 
= (B"y —By)eosy + (y"a — ya") + (a’B —aB")cosr 

= (By —B’y)cosy + (ya —y a) + (a8’ —a’B)cosr 

= ("y= B"y Joos w+ (aya )o0sd + (w/B"—a"B’) 

= (B’y —By")oos pw + (ya —ya")cosrh + (a"B — a8") | 
.y” = (By —B’y)cosm + (ya —ya)cosrA + (aB" —aB) 


S 
x 


bbb bDD DED 
Sk ae aa 


He then takes each of these nine equations along with the one 
of which it is a special case, and by subtraction obtains nine new 
equations, which he groups as follows :— 


0= = (L — A): (B’y" - B’'y’) ie ae the oie (ya — ya’) gb (L cos M— b): (a’B” — a8") 
O0= = (Leos v— Ong (B’y” - B’'y') ae (L B): (y/a"" — ya’) aie (poe a): (a/B” = G4 (453) 
0 = (Lcos w—b):(B'y” — By’) + (Licosd—a)*(y/a"” — ya’) + (L—C):(a’B” —a’B’) 
0= (M-A):(B’y — By”) + (Mcosy-e)*(y"a — ya’) + (Lcosp—6)*(a"B — as’’) 
= (Meosy—¢)(B'y— Py’) + (M-B):(ya - ya”) + (Mcosr—- opek (a8 — af’) 
0 = (Mcospu—b):(B''y — By”) + (Mcos— ae (ya — ya") + (M-—C)*(a’”B — a8”) 
0= (N-A):(By' - B’y) + (Neosv—e)*(ya’ - ya) + (Neosu—d)*(ap' — a’) 
O'=1(N cosy—c)-(Sy' — py) + (N-B)*(ya’ — ya) + Hee a)*(ap’ — a’B) 
0 = (Ncosp—b)' (By — By) + (Ncosd- way (a= ye) (N-C)*(a8’ — a’B) 


Now from the first of HAPS ey urs of three it is possible to 
eliminate ge -" . ya" —y'a’, a8” —a"B’; from the second, 


ae By", y'a—ya", a’B—aG"; and from the third, By'— —p'y, 
ya —ya, a8’—a'B; and this being done there is obtained the 


set of three equations 

= (L—A)(L—B)(L—C) + 2(Lcos\ —a@)(L cos u—b)(Leos y—e) 
—(L—A)(Lcos\ —a)?—(L—B)(Leos w—b)?—(L—C)(Leos y—c)?, 

= (M—A)(M—B)(M—C) + 2(M cos’ —a)(M cos u.—b)(M cos y—c) 
—(M—A)(M cos \—a)’—(M—B)(M cos » —b) —(M— C)(M cos vy—c)’, 
= (N—A)(N—B)(N-—C) + 2(N cosa — a)(N cos 4 —b)(N cos y—¢) 
—(N—A)(N cosA—a)?—(N —B)(N 08 w— b)2—(N—C)(N cosy—e)?; 
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% from which it is clear that the unknowns L, M, N are the three 
roots of the equation in x, 

0 = (x—A)(x—B)(x—C) + 2(xcos\ —a)(x cos uw —b)(x cos y—C) 
—(x—A)(x cos \ —a)?—(x—B)(x cos u—b)?—(x —C)(x cos y—e)?, 
and therefore may be considered as expressible in terms of the 
nine knowns, A, B, C, a, b,c, X, pm, v- 

To obtain the remaining unknowns—which, be it noted, are not 


but By’ —B'y, B’y— By’, By -B’y, 
ya" — ya : ya new ya", ya’ jhe ya P 
a B" a a’ ; a’ lle af" ? af’ ae a B, 
—recourse is had to the two original sets of six equations. In 
the first equation of each set a? occurs, in the second 8, and 
in the sixth a8. Eliminating these in succession we have 
(L—M)a? +(L—N)a”® =L-A, 
(L—M)6? +(L—N)@? =L-B, 
(L—M)a’6’ + (L—N)a’B” = Leosy—e; 
and thence 
(L—M)Gi—N)(a’B”—a’B’? = (L—A)(L—B) — (Leos y— cy; 
so that one of the nine unknowns 
aM fee) — (Leosy—c? 
Bh Ps: (L—M)(L—N) 
the others being like it, and indeed derivable from it, although 
Jacobi does not say so, by cyclical permutation of triads of 
letters. 
The solution thus reached we may formulate as follows :— 


The Cartesian equation 
Ax? + By? + C2? + Qayz + Qhea + Zen =O, 


where the axes are inclined to one another at angles d, pw, v, 
may be transformed into 


Lé? + Mi? + N@ = 0, 
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where the axes are rectangular, by means of the substitution 
cc B)(U-0)< pale ate oy a ey, x Ossie 
A?(L— M)(b— A?(M— N)(M a 4 


wae B)(N-C) - (N es 
A?(N - St a 


a C)(L- See Bae oe 


A?(L—M)(u— 
(L—A)(L—B) — (L oes Me. 
A?(L—M)(u— 
where L, M, N are the roots of the equation 
e— A x COSy — C x cos — b 
xcosS v—C a—B aecosA—a |= 0, 
acos uw — b x COSA — a a—C! 
and 
iL COS COS 
A? = | cosy 1 cos A 
| CcOSu = COSA tl 


The paper closes with a reference to the case where 
cosA = cos = cosy = 0, and to the case where a = b=c=0,; 
the equation for the determination of L, M, N being in the 
former case 

— (A+B+4+C)x? + (AB+ BC+CA —a?—0b?—c?)x 
-— ABC + Aa? + Bb? + Cc? — 2abe = 0, 
and in the latter case 


A?x? — (A sin? + Bsin®« + Csin*y)2? 
+ (AB+BC+CA)a — ABC = 0, 


“welche beide Gleichungen schon sonst gegeben sind.” 


JACOBI (1827). 
[De singulari quadam duplicis integralis transformatione. 
Orelle’s Jowrnal, ii. pp. 234-242; or Gesammelte Werke, 
ili. pp. 55-66.] 
Although the title of this paper is quite unlike that of the 
preceding, it will be seen that the two are in essence most closely 


related. 
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The double integral referred to is 


We Wr. or. dg 


p 
where 


p = a+’ cos" +a" sin’ cos’? +a’ sin?v sin?¢ 

+ 2b’cos + 2b’ sin cos @+2b’sin yy sin 

+ 2c’sin*yVy cos # sin ¢ + 2c"cos w sin yy sin f + 2c’”’cos yy sin vy cos ¢, 
—that is to say, where p is a quadratic function of cosy, 
sin yy cos ¢, sin yy sin ¢; and the purpose of the paper is to show 
that the integral can be transformed into 

| | sin P.oP.0@ 
G+G’cos*P + G’sin?P cos?6+G”’ sin? P sin?’ 

where the denominator is a quadratic function of cos P, 
sin Pcos@, sinPsin@, but contains only the squares of these 
quantities. The transformation is avowedly suggested by Gauss’ 


solution of a simpler problem of the same kind, viz., the 
transformation of 


eo) 0) 
ares cos E)? + (B—b sin E)? + C?} 
into the form 


oP 
Rcexeeeteseersot 
As in the preceding paper, Jacobi does not begin with the 
substitution which is really sought, but with the reverse sub- 


stitution,—that is to say, the substitution necessary for the 
transformation of 


sin P.oP.o@ ite \\= Yr. or.op 
p 


\\e + G’cos? P+ G” sin? P cos?0+ G’sin2P sin20 
—knowing that from the latter substitution, when found, the 
former will be obtainable. This substitution he takes in the form 
a + a cosy + a’ sinyy cos g + a” sin sin d 
6 + J cosy + 6” sinyycos @ + 6” sin sin d’ 
sin Pcos@ = Za ees Nees chaste vee er os Me on ? , 
6 + J cosy + 0” sin yrcos @ + 6” sin sin } 


sinPsing = Yt Yoosy + y’sin yy cos $ + ysiny-sin 6 
6 + d cosy + 6” siny cos ¢ + 6” sinysin ¢ 


eos P = 
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the three new facients, cos P, sin Peos@, sin Psin@ being ex- 
pressible as fractions whose numerators and common denomi- 
nator are linear functions of the original facients. It rests with 
him therefore to prove that the sixteen quantities 


Ops Oli cl a 

B, B, 8", B” 

y; y’; Vs dt 

é, 5, CH Ae 
and the four 

O. Ga G”, G’’ 


are so determinable that the performance of the substitution 
may bring back the original integral. 
By reason of the fact that 
cos?P + sin?P cos?@ + sin?P sin?@ = 1 
for all values of P and @, it follows that the expression 
(ata cosyy+a” siny cos ¢+a” sin ysin ¢)? 

+ (8+ cosw + 8’ sin yy cos $+ 8'’sin y sin p)? 

+ (y+y coswt+y’"sin y cos ¢+y’’sin yy sin ¢)? 

— (6+6' cosy+6" sin yy cos +6” sin yy sin #)? 
must vanish for all values of y and ¢, and that therefore a 
number of relations must exist between products of pairs of 
the coefficients. These relations Jacobi might have obtained by 
giving special values to y- and ¢: for example, by putting y=0 
and yy=7 he might have obtained 
(a2 + B?-+-y2— 6) + aa’ + BB + yy’ — 65) + (a? +B? +y?-8") = 0 
and 
(a2+ 82+ -y?— 62) —2(aa’ + BB’ + yy — 65) + (a? +B? + y?-67) = 0 
and thence 


I 


aa + BB’ +yy'—6c = 90 
and a+ B+ y2— & = —(a2+6?+y?—9"), 
As a matter of fact, however, taking a hint from Gauss, he con- 
cludes that since 
cos’ +sin*y cos’p +sin*y sin’d = 1, 
the expression must be of the form 
k(cos’-+ sin’, cos*p +sin’y sin’*p — 1) 
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and that therefore by equalisation of coefficients 


vis + @ +7 Eee = —k, 
a? +67 +y? —62 = &, 
at 492 452 —§9 = E, 
a"? + B'2 4% ge = f, 


aa +68 +yy — 6s 
aa’ + felon + yy" == 60” 
aad” + BB” + yy” ae 60” 


0 
0 
0 
aa” + B'BY + yy” — 88" =O," 
0 
0 


aa’ + BB’ + yy’ ih OO a 

aa’ + BB" + Vy" a7 66" — 
where & is arbitrary.* Again, since by making the substitution 
in the denominator 


G+G’ cos?P + G” sin?P cos?@+ G” sin?P sin20 


a multiple of the original denominator p must be obtained, it 
follows that the expression 


G’ (a +a’ costa” sin cos +a” sin sin ¢)? 
+ G” (B+ 6' cos + 8” sin vy cos $+ 8” sin vy sin ¢) 
+ Gy +y cosy +y" sin yy cos $+ y” sin yy sin ~) 
+G (6 +6 cosyy+6” sin cos +6” sin Wsin g)? 


must also be a multiple of p. Putting it equal to kp, and 
equalising the coefficients, we obtain another set of ten equations 


Gat + OB? + G5? 4 Gat Sak, 
Gia? +G’82 4+@”y? 4462 =a’, 
Ga’? + G’8% +G2 +468? = ak, 
Go’? +Q0"8"2 +G%/"? 4682 = ak, 
Gad + G’BB’ + G"yy + Gés = Uh, 
Gian” +G”’BB” +G’yy” + Gd” = b’b, 
G'aa” + GBR + GQ” yy” + Gods” = bk, 
G'a"a” + G"B"R” + Gla" + OS'S” = o/h, 
‘aa! + GBB + Gaff + G8") =. 0", 
Gia’a” + GBR” + Gy” + Gee” = e'"k, 


*The fact that these equations imply | ap’y"'’” | = +k? is not alluded to. 
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We have thus a score of equations from which ‘to determine the 
score of unknowns, a, 8, y, 0, a’ ,..., G, G’, G”, G@”. 

From this point onward the procedure closely follows that of 
the preceding paper. 

Noting that the specialising substitution 


— ie = G SG = GS = 1 
eee hy es 
bt rel b= 1b Gis 
Crease <= cae 0 


changes the second set of ten equations into the first, he confines 
himself at the outset to the second set. From this four sets of 
four equations are selected, e.g., the set 


aG’a +B.G’B +yQ’y +6G8 =ak2 
Ga +B.G'B +7Q’y +0Gs = vk 
a” Ga + B’°G'B + Gy + 6".G6 = d’k 
a” Ga + GB + yy Gy + 6”.G8 = bh) » 


and solved as sets of linear equations, the results being put in 

the form 
k(Aa + AD’ + A%bD” + A”) Ga, 
kBa +B + BY” + B’O”) = GB, 
WCa + Cb + 0%" + 0%") = Gy, 
kDa + Db’ + D’b” + Db”) = Go; 
WA + Ava’ + AX” + ANC") = Ga’, 
kB) + Ba’ + Be” + BY’e’”) = GB, 
k(Cb! 42 Cat C'e 0%") v= Gy, 
KD + Da + De” + De’) = Ge; 
KAD” + A’c” + AXa” + ANC’) Gas 
k(Bb” + Bre” + Ba” + Bc’) CRS 
Cb” + Ce” 4+ C’a” + C%C') = Gy", 
k(Db” + Die” + D’a” + Dc’) = Go"; 
WAb” + A’ce’? + A” + A” a’) = Gia”, 
k(Bb” + Be” + Be’ + B’a’”) = GB", 
k(Cb’” + Cc” + 0%’ + 0%a") = Gy”, 
k(Db” + D'e’ + D’e + Da”) = Gd”; 
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where it is readily seen what is denoted by A, B, C, D, A’, B’, 
..* The corresponding results from the other set of ten 
equations are 


a =-kA 6B =-kB y = —kO 8) = ED; 
ad = kA’ B = kB yy = KO & = -kD, 
a” = kA” Bf’ = kB” y” = KO” 98” = —kD", 
a” = kA” BY = kB” y= kO” 6” = —kD”, 


these being most quickly obtainable by means of the specialising 
substitution just referred to. By taking each result of the 
former collection along with the corresponding one of the latter, 
four new sets of four are deduced, which on rearrangement 
stand thus :— 


A(a+Q@’) + A’b’ + Ab” + Ab” = 0, 
Ab’ + A’(a’—G’) + A’”e” + Ac” = (¢) 
Ab’ + A’c” + A”(a”—G’) + A’ = (I) 
Ab” + Ac” + A”c’ + A”’(a’”—Q’) = 0; 
B(a+G”) + BY’ + B’b” + B”b” = 0, 
BU’ + Ba —G”) + B’e” + Bc” = 0, 
Bb” + Be” + B’(a”—G”) + B’e’ = 0, 
Bb” + B’c”’ + B”e’ + B’(a’”—G”) = 0; 
C(a+G@’”’) + Cb’ + C”b” + 0”b” = 0, 
Cb’ + C(a’—G@”) + Ce” + Cc” = 0), 
Cb” + Cc” + C’(a”—G”") + Ce’ = 0), 
Cb” + C’c” + Ce’ + C"(a”—G’”") = 0; 
D(a—G) + D0’ + Db” + Db” = 0), 
Db’ ae D(a’ +G) + D"c” + Dc” = bh 
Db’ + D'c’” + D’(a’+G) + De = 0, 
Db” + D’c” + De’ + D’(a’+G) =0. 


The elimination of A, A’, A”, A” from the first set of four ; 
B, B’, B’, B” from the second set of four; and so on; gives 


“Observe A is not the cofactor of a, viz., | B’y’8"”"| , but 
[B'y"3""| + |ap’y"8""|, 

Attention has been drawn elsewhere to the fact that at this point a passage 
occurs which contains Jacobi’s first printed reference to determinants. The words 
are ‘* Valores sedecim quantitatum A, B, ... supprimimus eorum prolixitatis 
causa ; in libris algebraicis passim traduntur, et algorithmus, cuius ope formantur, 
hodie abunde notus est.” 
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rise to four equations, the first of which is a quartic in G’, 
and the second, third, and fourth differ from the first merely 
in having G’, G’”’, —G in place of G’. This, of course, is the 
same as saying that G’, G”’, G’”, —G are the roots of a certain 
quartic in x, which would nowadays be written 


a ps x b’ ba igy 


b’ Oe aL we ge Ga 0 
| lis? Gua a” uF a ri -F 2 
| bes Cu ‘oe ee af qe 


but which Jacobi writes in the form 


(a—a)(a’+a)(a"+a)(a” +a) 

—(a—a)(a’ +@)c?—(a—a)(a”"+ax)e%—(a—ax)a”’+a)c"? 
—(a”+a)(a” +2)b*—(a” +a)(a' +a)b'?—(a’+@)(a" +0)b"? } 

+ 20'e"e'"(a — 2) + 26b"b'"(a + 2) + 266 b'(a” +) + 20°56" a" + &) 
+b 262 +4202 4 B20"? — 2b" — 20°00" — 2 WE", 
just as if he had expanded the determinant according to products 
of the elements of the principal diagonal. 

Interrupting the process of solution for a moment Jacobi 
draws attention to the fact that elegant relations between the 
sixteen quantities a, a’, a”,a™,... and the sixteen A, A’, A”, 
A’’,... have been handed down by Laplace, Vandermonde, 
Gauss, and Binet,—an interesting remark as showing what 
writings on determinants were then known to him. Upon the 
subject of these relations, however, he does not enter, contenting 
himself with giving two sets of equations derivable from them 
with the help of the sixteen results 


a=—kA, 6 =—K&B, 
The first set resembles the half-score of equations obtained near 
the outset, being 
at az i Be a ae E a = k, 


— a3 a0 a 8 + Gp ak C0. = 0, 


as v6 ete yd + yO = yo — 0) : 
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The other set consists of sixteen of the type 

a3" = a B ae (y"0" — yO" Je, 
where e= +1, and is in effect a prolix way of stating the fact, 
nowadays familiar, that any two-line minor of |a{’y6’"| differs 
from its complementary minor only in sign, if it differ at all. 


Further he inserts at this stage the reverse substitution of 
that with which he started, viz., 


_—6 + adcosP+ P'sinPeos#+4+ y’sinPsin@ 
BENG Tigers Pe (6 sin Pcos@— y sin Psin@’ 


_ —6” + a’ cosP+ 6’ sinPcos@+ y’sin Psin@ 
SR eh 6 — acosP— 6 sinPcos@— ysin Psin@’ 


0” + a” cos P + 8” sin Peos @ + >” sin Psin @ 
6 — acosP— £6 sinPcos@— y sin Psin @’ 


sin yy sin ¢ = ws 


to which is added the fact that the common denominator here is 
the quotient of & by the common denominator in the original 
substitution. These results, he states, are easily proved,-—— 
doubtless by solving the three equations of the original sub- 
stitution for cosy, sin ycos ¢, sinyysin g, or by taking the 
results as already found, and verifying them by substituting the 
values of cos P, sin P cos @, sin P sin 0, 


On returning to the main line of investigation, viz., the 
solution of the set of twenty equations, Jacobi unfortunately 
does not proceed with the same fulness of explanation as before 
the interruption. In fact, the values of the remaining sixteen 
unknowns are merely put on record without any indication of 
the mode in which they have been obtained, “brevitati ut con- 
sulatur,” the first four of the sixteen being 

a _ (v-G')(a'-G)(a"- @) - c2(a’-@’) - c'2(a"—- G’) — e”2(a"-@) + Qe" 
k (G'+G)(G’- G”) (@’- @”) : 


a2 2 (a"-G’)(a’"- G@’)(a+ G’) — b'2(a"— G') — b'2(a’"-G’) - ¢? (a+ G’) + 2b''"e 
(@’ r G) (@ =o G’) (@’ = @”) ’ 

a’? _ (a"-@)(a + G) (a=) ~ ¥2(a"-@) ~ o'2(a 4) — B'2(a'-G) + 28"Y'e" 
i (G’ ny G) (@ it G") (@’ ex G”) ’ 


a’? = (4+ G)(a'- @)(@"- G+) = ¢'2(a + @) — B'2(a'— GC’) — 82(a"~@) +. 298" 
k (G+ G)(@’- G)(@—@”) ‘ 
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and the others obtainable therefrom by the change of 


; a’, Te ac, Th, be G, GC’, Ge Ge 
into 

ioe (oes Be es Teteee G, Ge Ge Cae 

vy", y” se oy G, GC, GQ”, G, 

eae 62, = co = oe sib, Om = (8 4a = G, G", Ge 

The difficulty of the double sign which appears in every case is 
got over by merely fixing at will the sign of a, 8, y, 6,—the 
reason being that there are rational expressions for 


/ uy dh / 
CH PAUDAd OD ee VV a. wee OO} wees 


and indeed also for 


ia FSAI Vie sHAg 


VA 
GEO 5 GEORG, CRGS 5 20.0 6 


similar to those just given for a’,.... For example 
ua ia b’ (ak == 5 (a” pet G’) pet Cou (a” — (eu )- Ce OMG wt id eu )- b’¢/2 ae bcc a +0" cc t_ EPL: 
k ai (G’ ae G) (G’— (ew )(G' = CF Me 


There is nothing to suggest that the numerators of all these 
expressions are determinants, and still less that in the case of 


a aad aa ad 
k’ ie ke ie 
2 Y hae ff aed 
a ad ad 
ig? I k 
12, Ca” 
lig” k 
q’”2 
k 


the numerators are* the ten principal minors of 


* For the modern reader the following substitute for the missing demonstration 


will suthce :— 
If the cofactors of the elements in the four-line determinant given at the top of 


next page be denoted by [11], [12], .. , then from the equations 
= (a+G’)a ae b’a’! SL bo” al” site ba we = 0 

aaDe a ae, (a’ —G')a’ ue Co a”’ ih cl! a “o: (0) 

—b”’ at ca’ + (a”-G’)a” + Ci == 0 


a ae Cu a’ at, ce a” ae (a’” —G’)a’” = 0 
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at+G Db’ b” b” 
b’ a mee Ge hte (ol 
iy Ge a” = @& ro 
Be Cc” c a” —_ GQ’ 


The next and concluding paragraph of the paper is of course 
occupied in showing that by making the substitution whose 
coefficients have just been obtained, the given integral can be 
transformed as desired. 

It is worth noting here that although this paper and the 
previous one are contiguous in the original volume of publication, 
and the problem solved in the second is in essence quite similar 
to that solved in the first, there is not a word to indicate that 
the author viewed them in this common light. 


we have ; r= e 
fy = 0) = (13) = Ay 
€ Bq ™ (22) _ ; 
~ B= 3 
= aj = 


Multiplying in these lines by a, a’, a’, a’” respectively we see that 
a2 "2 al’? qa’? 


(11) ~ [22] ~ (83) ~ 44] 


and therefore that each of them is equal to 
2 iD) w” 
Ce =e “=e -a 


[11] — [22] — [83] - [44]’ 
—k 
[11] — [22] -[33]- [44] 
But by the rule for differentiating a determinant the denominator here is the 


differential-quotient of the determinant with respect to G’; and this because 
of the theorem 


d 
| elle re ryle~ry Ben | = (r1-19)(ry-73).. . 


dx 
2=r; 


2 


Wap) 


and thus equal to 


is equal to —(G’- G")(G’- G”’)(G'+G): consequently 


k SA as 
(G’- G”)(@’- G)(G'+G) y(t, mate ys. a 
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CAUCHY (1829). 


[Sur léquation & Vaide de laquelle on détermine les inégalités 
séculaires des mouvements des planétes. Hxercices de Math., 
iv. pp. 140-160; or Guvres completes, 2° sér. ix. pp. 172-195. ] 
The equation as it arises with Cauchy would be more fitly 
described as the equation whose roots are the maxima and 
minima of a homogeneous function of the second degree with real 
coefficients, and with variables subject to the condition that the 
sum of the squares equals unity. 
Denoting the function by 
Age + AyytAwt+ ... +2A,cy + 2Apwe+ ...., 
or for shortness’ sake by s, he of course begins with the 
known equations for determining the extreme values in question, 
viz., the equations 


= — — m— — .... 


ax y Zw 

An elementary algebraical theorem gives each of these ratios 
Os Os Os 

Te el ee Soe 

gt ot yt eet, 
and, therefore, by the fundamental theorem regarding the 
differentiation of homogeneous functions and by the above- 
mentioned condition, 


? 


= is) 
He thus obtains the set of equations 
Os Os 8 
——— a ieee = OH gn gp po Oo 
ba, = 8, t 3, SY, $5, = 8%, 
or 
(Age — 8)” + (owl ae AD Gir L ee | 
Ayot + (Ay —s)y + Aye + 0. = O01 
Ajwe + Any +(Az—8)@+ 5. = »| 
and therefore concludes that, on eliminating a, y, z,... from the 


set, the resulting equations in s, 


ie), aah) 
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say, has for its roots the maxima and minima values of s. The 
third chapter of the Cours d’ Analyse is then referred to and 
taken as warrant that 


“S sera une fonction alternée des quantités comprises dans le Tableau 


A! oh. A 
hs Ay aah A, 
fs We Ay. Habe =o) 


and the developments of the function are given for the cases 
n=2, n=3, n=4 exactly in the form adopted by Jacobi. 


The question of the particular values of the variables a, y,z, . 
which correspond and give rise to each of the n extreme values of 
s is next taken up, the equations for the determination of them 
being clearly the set from which the equation S=0 was obtained 
(a set, be it remarked, which of itself can only give the ratio of 
any two) and the additional equation 


e+yt+e+ ll ll 
A series of identities connecting these n? values is however first 
obtained. Denoting by 2,, Yr, Zr, -.. the values of «a, y, z, ... 


which corresponds to the extreme value s, of s, he has, by a 
double use of each equation of the set, the 7 pairs of equations 


(Aw 8)@, + Agyy, + Diet “ede a at 
(Age — 83)%_ + AnyYs + Anz, +... =0 
Agy®, + (Ay —s8,)y, + Ayt +... = ‘| 
Agy® + (Ayy — 82) Yq + Apt +... =0 
Age, + Ayy, + (Az—8,)2,+...= of 


Ags + Ayys + (Az—8&)2,+... =0 


From the first pair A,, can be eliminated, from the second 
pair A,,, and so on. Consequently there is in this way obtained 
the 2 equations 
(8-81) @@2 + Aay(2,Y,—2,Y2) + Ane (W_%— 2%) +... = 0 
Nay(Yo® — YX) + (82-81) Y%Yq + Ay(Yo%—Y1%) +... = 0 
Arz(29% — 24g) + Azy(ZoY, —2,Yo) + (%—8)%4% +... =0 
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and from these by addition 
(LyLo+YYotAZet -- + MS—8,) = 9, 
the conclusion being 


“Donec, toutes les fois que les racines s,, s,, seront inégales entre 
elles, on aura 
Glo + iy, + 22 +... = 05 


et, si l’équation S=0 woffre pas de racines égales, les valeurs de 
2, Y, % ... correspondantes a ces racines vérifieront toutes les 
formules comprises dans le Tableau suivant : 


Betyg +... = 1, e+ Hot --. = 0, 05. » Oot Wn +. = 0 
a i ke ta=N0) te gtk os ely ss , ttn + i,t. = 0 
Bly + Unt, ni OF Blot Ug too = Opies. péieeea City 2 ae ).” 


This interlude over, the fundamental set of equations is returned 
to, and, the first of them being deleted, there is got from the 
remainder 

a y z 


P. P. = Ps SS Ne scalar yo" ce athe 


where the denominators are seen to be what we now call certain 
‘principal minors’ of S; or, as Cauchy says, where P,, is 


“ce que devient S, lorsqu’on supprime dans le Tableau les termes qui 
appartiennent ala méme colonne horizontale que le bindme A,,,—s, 
avec ceux qui appartiennent a la méme colonne verticale que A,,—s, 
ou bien encore les termes compris dans la méme colonne verticale 
que A,,,—s, et ceux qui sont renfermés dans la méme colonne hori- 
zontale que A,, — 8.” 


The ratios a:y:z:.... having thus been got, there only 
remains, for the determination of w, y, z,...., to use the 
equation 

e+y+e+.... = 1. 


But before doing so it is temporarily convenient to introduce an 
alternative notation, viz., denoting the signed minors 

Pons = Pi —P,, 
by 

Xx > vv ? Z > 


so that the values of these corresponding to @,, y,, %,...., and 
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therefore to s,, may be denoted by X,, Y,, Z-,... We thus 
have from the additional equation 
EDT NE GY a) <2 ay ree 


and therefore 


Eee geet ete Ve 
Xx YY, 4 JSJXP+ VE +Ze i. 
a) = Yo = a) — OF Cp bechie ae 1 
xX, Y, 4 DAp. Cea Eke AE 5 
Bn Yn _ 2n _ aye 1 
a) Ce ee oe Wh ey Ay. 


Of course this supposes that the special values of X,, Y,, Z,,... 
occurring in the denominators do not vanish ; and Cauchy’s con- 
clusion therefore is 


“les expressions 


CML Se ee 
Toy Yos Boy sre 
seront, aux signes prés, complétement déterminées ...., 4 moins que 
des racines de l’équation S=0 ne vérifient en méme temps la formule 
Poe 


The next step is to prove that the roots of the equation S=0 are 
all real so long as the coefficients of the quadratic s are real. If | 
the contrary be supposed, viz., that one of the roots s, is of the 
form A+p/—1, this will of course entail the existence of 
another s, of the form X—p/—1. Also, X, being the same 
function of s,, that X, is of sy, it will follow that X, and X, will 
be of the form 
M+N/-1 , M-NJ-1 

and therefore that 


XpX_ = M?+N?, 
This means that X,X, will be positive or zero, and similar 
reasoning would prove the same regarding Vp¥ Gg, ZpZq,2.. sNone 


of them, however, can be positive ; for since 


LyX + YpYg t+... = 0, 
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4 


it follows from the values obtained for x,, x, ..., that 
Nee ip Vig ut een oe O 


And since they are all zero, and each the sum of two squares, 
we are forced to the conclusion that 


Xe =r x, S90) 
Y, = ¥, = 0, 
=e 


Ly Cin 0, 
which is the same as to say that the roots ap, x, satisfy the 
equations 
Vie? Ce ee 
4.€., 

Opel =i bas 2. 
The supposition therefore that the equation of the n™ degree 
S=0 can have a pair of imaginary roots leads us to assert that a 
perfectly similar equation, P,.=0, of the (n—1)® degree, will 
have the same pair of roots. It is thus seen that the supposition 
and reasoning, if persevered in, will ultimately land us in an 
absurdity, when we reach, as we are bound to do, one of the 
equations of the first degree 

Lg Ui 
“ Done l’équation S=0 n’a pas de racines imaginaires.” 

The next object being to fix the limits between which the 
roots of the equation S=0 are comprised, a theorem necessary 
for the accomplishment of this is first attended to. Formally 
enunciated in modern phraseology it is :— 

S being any axisymmetric determinant, R the determonant 
got by deleting the first row and first column of 8, Y the deter- 
minant got by deleting the first row and second column of 8, 
and Q the determinant got from Ras R from §, then if R=0, 

SQ s—"Y2, 
As the mode of proof employed by Cauchy applies equally well 
when § is not axisymmetric, let us take | a,b,c,d,| for the given 
determinant, and write the proof as it would nowadays be given. 
To begin with, if A,, Ay... be the complementary minors of 
the elements a, d,, ... in |a,b.c,d,| we have 
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aA, — d,A, + a,A, — aA, = | a,b,c, | 
b,A, — b,A, + b,A, — b,A, = 0 
6,A, — 6A, + ¢,A, — ¢,A, = 0 
d,A, — d,A, + d,A, — d,A, = 0 


Putting A,=0, and leaving out one of the last three equations, 
we obtain 

— gt, + dgA, — aA, = | a,bo05d, | 

— GAs + 0,A,— € A= 0 

—d,A, + d,A, —d,A, = 0 : 


from which by solving for A, there results 


— |@,b,¢,d, | . | cs, | 
| Ugegd, | 


ae 


that is, 
| ocgdl, | . | byegd, | = SS | ab scy, | . | Cyl, | ,* 


and this, when the original determinant is axisymmetric, becomes 
| byes, P= — | aybac5d, | - |¢sd, |, 


or, as Cauchy writes it, 


=~ es Ge 
The first four cases of S=0 are then considered, viz., the series 
of equations 8, =0, S,=0, S,=0, 8,=0, .... or, as at a later 
date they would have been written, 
Ayu = 0, 
Ag 8 rae 
AXS Aw—8 “ef iS 
Ay, —8 Ay An, 
A, A= 8 se = 0, 
ws, n Was Aw—8 
fits 5 Ayy Put Ass 
Agy Ay—8 Ay. An Mois 
Ave AS Aga=6 (AS aye. 
AS As 7h Aywy—8 


*We know from a later theorem (Jacobi, 1833) that when A, is not 0 the 
identity is 
| A,B, | = | aybecgdy| . | cgdiy |. 
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where each determinant is the complementary minor of the 
element in the place (1, 1) of the next determinant. The root in 
the first case is evidently A,,. In the second case the solution is 


where the reality of the roots s,, s, is manifest; and as their sum 
is A,,+A,,,, it follows that s,—A,,, may be substituted for A,,—s, 
in 

Jen on 8, ni 


A Nee 


ZU Age ala 8} 
with the result that we have 
(Ale 139) (AGIs =a Weg 


and are able to conclude that the roots s,, 8, of the equation S,=0 
lie on opposite sides of the root A,,, of the equation 5,=0. 


Coming now to the case of S,=0 we proceed differently, 
the three roots being localised by observing the changes of 
sign in S, as we pass from one value of the variable s to 
another. Four values of s which suffice for the purpose are 
—©, 8, &, +o. No reasoning is necessary to show that, 
when s is =—o, S, is positive, and when s=+o, S, 1s 
negative. When s=s, we have S,=0, and therefore know from 
our auxiliary theorem that S, and 8, must have different 
signs,—a fact from which we deduce that 5S; is then negative. 
Similarly, when s=s,, it is seen that S, is positive. We thus 
have the set of values 

Gis 2005 1 845 28 ps Or 
and She Se yamaha 
which shows that one value of s which makes S,=0 lies between 
“—o and s,, another between s, and s, and the third between 
s, and +o. In other words, the roots s’, 8”, 8” of S;=0 are 
such that between each consecutive two of them there lies a 
root of S,=0. 

The case of S,=0 is treated similarly, the five values given to 
s in S, being 

SE Maco 
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As before, there is no difficulty about the first and last of these, 
the value of S, being seen to be positive for both. When s 
is put = s’ we know that S, vanishes, and that therefore S, 
and S, must have different signs. The sign of S, is settled 
from recalling that s’ lies between —o and s,, and that for these 
values of the variable S, is equal + and 0 respectively: 
consequently the putting of s=s’ makes S, negative. Similar 
reasoning enables us to complete the set 


/ u da 


§ seem Lie Ae ee ie 
= ots Sy Ee, 
from which we learn that one value of s which makes S,=0 lies 
between —oo and s’,a second between s’ and 8”, a third between 
s” and s”, and the fourth between s” and —o. 
Having reached this point Cauchy adds— 


“Les mémes raisonnements, successivement étendus au cas ov la 
fonction s renfermerait cing, six,..., variables, fourniront évidem- 
ment la proposition suivante : 


THEOREME I.—Quel que soit le nombre n de variables X, y, Z,... Péquation 


S=0 
et les équations de méme forme 
R=0, Q=0, 
awront toutes leurs racines réelles. De plus, si l'on nomme 
8’, 8”, 3", di paride g@-)) 
les racines de Véquation 
R= 0 
rangées par ordre de grandeur, les racines réelles de Véquation S=0 seront 


respectivement comprises entre les limites 


/ ” tt 


-1 
pee ee oe We AW emer en eo Brest 


” 


Considerable space (pp. 188-192) is next given to extending 
this theorem to the case where several values of s satisfy at 
the same time two consecutive equations of the series S=0; 
R=0 Pa) aoe 

Then follows a series of noteworthy deductions, which bring 
us round to the solution of a general problem of a quite 
different character, viz., the problem of transformation which 
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we have seen Jacobi attacking in detail. Denoting, as before, 
the extreme values, all different, of the quadratic function 


Age? + Ayy? +... + 2A,¢y +... 
Dy eee ei Sy GaDOL bY, i, Jy, 2,,.-.., vue. values of the in- 
dependent variables which give rise to s,, we know that we have 
(Age — 81), + Agyy, + Age +... =0 
Ay, + (Ayy—8))¥1 + Aye, ee = 0 
Ag, + Ayy, + (Az—8)% +... =9 
4” ++ Oa A 
(Age — 89) €_ + AgyYo + Age +t... =0 
A gy, + (Ayy— 82) Yo + Aa en 
Agee + Mea Aes %)% ale 0 
M57 + Uoara ia = 
(Aue S8n)€n =F Aa Yn az Ann =fP Benen se 0 
Romy ln + CAyy — 82) Yn + Ay2n +t... =9 
Anxtn 4° Ayn ae (Aze— Sn) 2n So ee 0 
Ln? + Yn + P pee RL sey tad 
and that, further, when 7 and s are unequal 
Lyk, + UexYs teres T+ + > = 0. 


Recalling this, Cauchy says that if a new set of n variables be 
taken 
€ » > G 


related to the old by the equations 
w= GE ey + e+. - | 


Yy = YE + Yon + Y3h + sone 
2 = 2% + 29 + 236 + : 


I 


it is at once verifiable that 
e+ytet... =f 4P4+ 04+ pe Oe 
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In the second place, if we take any one, say the first, of the set 


of equations connecting 8,, %,, ¥,, %, ... , the corresponding 
equation of the set connecting s,, %, Y, %, ... , and so forth, 
writing them in the form 

Argh, a5 Any; i? Are, +... = 8X, 


Azke <P Am Yo t- Age, eT 85H, 
multiplication by € », €, ... respectively, followed by addition, 
gives 

Argt + Agyy + Agt+ ... = 80,E + 8,099 + 86+ .. | 


Ant + Aywy+Ayet... = SLYiE + 8yYon + SyygE +... 
Age + Ayy +Az,2+ . 82,€ + 89% oy + 82,6 +... 


ll 


In the third place, if the equations giving x, y, z, ... in terms 
of €, 7, €,... be taken, multiplication by: wa eee respec- 
tively, followed by addition, gives 

f= aetyytazt . 

n= amet yy tagt.... 

C= Ue+ yoy tazt.... 


In the fourth place, if we take the second of these derived sets of 


equations, multiplication by a, y, z, ... respectively, followed 
by addition, gives 
Agi? + Ayyr+... +2Ancy + .. 


= 86? + ay? +ae+ .... 
With these results before him Cauchy is led to formulate the 


following proposition previously given “dans le dernier volume 
des Mémoires de lV’ Academie des Sciences” :— 


“'THEOREME II. Etant donnée une fonction homogéne et du second 
degré de plusieurs variables 2, y, z, ..., on peut toujours leur 
substituer d’autres variables £:'7, Cras CORA, ate MORE par des 
équations linéaires tellement choisies que la somme des carrés de 
@,Y, 2, ... soit équivalente & la somme des carrés de £5, Ceoeek 
que la fonction donnée de 2, Yy, 2, ... se transforme en une fonction 
£,, ¢, ... homogeéne et du second degré, mais qui renferme seulement 
” 


les carrés de &, n, ¢, .. 
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The validity of this rests on the supposition that the equation 
R=0 has all its roots unequal; but Cauchy is careful to point out 
that even if this were not the case, the requisite inequality could 
be brought about by giving an infinitely small increment ¢ to 
one of the coefficients Ay,, Avy, ... 3; and as e could be made to 
approach indefinitely near to zero without the theorem ceasing 
to be valid, the validity would remain even at the limit. 

After a reference to the special case of three variables, the 
paper closes with the announcement that Sturm had arrived 
independently at the theorems marked I. and II., and had offered 
his paper on the subject to the Academy on the same day as 
Cauchy’s.* . 


JACOBI (Decr. 1831). 


[De transformatione integralis duplicis indefiniti 
| Op Op 
A+Bcos¢+Csin¢+(A’ +B’ cos$+C' sin $)cosy + (A” + B’ cos¢ + C’ sin¢)siny 


On 00 
cos 7 cos 0 — G’ siny sin 0 


in formam simpliciorem 
P Cu G 


Orelle’s Jowrnal, viii. pp. 253-279, 321-357 ; or Gesammelte 
Werke, iii. pp. 91-158.] 


In his previous paper with a similar title to this Jacobi 
confined himself strictly to the consideration of his double 
integral, without saying a word as to the purely algebraical 
problem of transformation which lay at the root of it. Had he 
acted otherwise he would have been forced to note that this 


*A short account of Cauchy’s memoir is given in the Bulletin des Sciences 
Math., xii. (1829), pp. 301-303, by C. S(turm), who says, ‘‘M. Cauchy a bien 
voulu observer, en terminant son article, que j’étais parvenu, de mon cété, a 
des théorémes semblables aux siens, sans avoir connaissance de ses recherches. 
Le Mémoire de M. Cauchy, et le mien, dont je donne plus loin un extrait, ont 
été offerts le méme jour 4 l’Académie des Sciences.” A few pages further on 
in the same volume we come to an article entitled ‘Extrait dun Mémoire 
sur Vintégration d’un systéme d’équations différentielles linéaires, présenté a 
Académie des Sciences le 27 Juillet 1829, par M. Sturm.” The abstract occupies 
nine pages (pp. 313-322), and though it does not contain explicit statement of the 
two theorems referred to by Cauchy, the theorems themselves are evidently 
implied. There can be little doubt, therefore, that the memoir here condensed is 
that which was presented on the same day as Cauchy’s. 
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algebraical problem differed from that dealt with in the earlier 
paper of the same year merely in having four independent 
variables instead of three. Using modern phraseology, we may 
say that the one paper dealt explicitly with the transformation 
of a ternary quadric into the form Lé?+M7?+N€?, and the 
other implicitly with the transformation of a quaternary quadric 
into the form Gé,?+ G’é?+G"E"+G'’é,?; and such being the 
case, it is a matter for some surprise that the consideration 
of the corresponding problem for an n-ary quadric was left to 
Cauchy. 

In the lengthy paper we have now come to, the algebraical 
problem is no longer kept in the background, but forms one 
of the three parts into which the subject-matter naturally 
divides itself. The first is the “Introductio,” occupying §§ 1-9, 
pp. 253-264, and containing a brief account of previous related 
work, followed by an indication of the new results reached. 
The second is headed “Problema I.” and occupies §§ 10-15, 
pp. 264-279, its subject being an algebraical transformation pure 
and simple. The third and longest is headed “Problema II.” 
and concerns the closely related, not to say dependent, problem 
of the transformation of a double integral. With this clear-cut 
subdivision there is no need for any process of sifting: we turn 
at once to Problema I. 

It is stated by Jacobi as follows :—Proponitur, per substi- 
tutiones lineawres 


X=as +a's' + a's’ w =at +bu +ev 
y = Bs + B's’ + 8's" w=at+bu+ev 


hes ys ats y's’ -f. y's" = a’t = b’u 2 ev 


I 


~ 


4 


quae identice efficiant 


x2 of. y? + z2 g2 +- 92 ate 32, 
w2 + w + w”2 — t2 + u2 + vo. 


ll 


transformare expressionem 
(Ax+ By +Cz)w + (A’x+B’y+Cz)w’ + (A’x4+ B’y+C"z)w” 
in hane simpliciorem 
Gst + G’s'u + G’s’v. 
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Among the problems of the previous papers its closest relative is 
the first of all, the relation being that of general to particular. 
In modern symbolism the expression now given for trans- 
formation is 


ime 2 

Ae Geen 
A’ Bp’ (Oy w 
AG BR’ (4 w", 


whereas in the first paper of 1827 it is 


Cauchy’s extension was from one set of three or four variables 
to one set of 7 variables; Jacobi’s from one set of three variables 
to two sets of three variables. 
The preparation for solution begins with the reminder that 
the condition 
a+ y+ 2 = srt? + 32 
associated with the substitution 
= as a AG ate ee 
y = Bs ae Bs ae (SEE 
Z — ys ab Vs ae y's" 


entails the six relations 


a+e+y =1, da’ + BB" + yy = 9, 
EB yt a1, ala + P'B + yy =O 
ad? + B+ 7% = 1, Ga ABee yy 405 


that from these and the given substitution we obtain the reverse 


substitution 
axe + By + y2 


Sa ep y+ Y% 
A aa + Cay + Ae : 


H 
I 


iv’) 
I 


DH 
I 
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and that this latter substitution when taken along with the 
original condition gives the second set of six relations 
a =p a2 ae as = 1 By Se By a & By" 2 0, 
3? ae fot + jet: — ik yu + ya’ + ya" — 0, 
y’ -- y? ae y"? L af + a 3’ ae a’ 3” — 0. 
Further, it is pointed out that if we put 
€ for a(B’y” — B’y’) + Biya" — ya’) + y(a’B’ —a’B’) 
the ordinary solution of the given substitution results in 
€8 a(B'y” — By’) + Yy(y'a’ i ya’) + z(a'B” _— a’ B’) 
es = 0(B"y — By”) + y(y"a — ya") + 2(a"B — af”) 
es” — a( By’ — By) a8 y(ya’ ae y'a) + z(a’ — a’ B’) . 


and that a comparison of this with the reverse substitution 
as already obtained produces 


cal Bry” a By’, ea’ = B’y = By”, ca = By e B’y, 
«8 hes ya” aie yd, oe Pos ya sn” ya", 68" ya’ = ya, 
ey = a’ 8" el a . ey = a’B ~~ a”, ey” — af’ = a’B. 


In the next place it is noted that with the help of these the 
left side of the identity 


(y"a—ya")(aB’ —a’B) — (ya—y'a)(a"B—a8’) = ac 


becomes first 


lI 


lI 


e(B’y” = ope * 
and then : 
e.€a; 
and that consequently 
=], 


Lastly, attention is very pointedly drawn to the fact that if the 
nine quantities a, a’, a”, Bias sy, y, y” be such as the fore- 
going results imply, and any three quantities X, Y, Z be 
connected with other three P, Q, R by the equations 

ae = aP a aQ =i otk 

Mg BP + BQ + B’R 

Z yP + YQ + y'R 


I 


II 


ORTHOGONANTS (JACOBI, 1831) 439 


then it follows that 
P = aX + BY + yZ 


Q=aX + BY + yZ 
R= aX + PY +:7Z 
and 
xX? 4 Y? + 7? = P? 4+ @? - R2* (0) 
The next preliminary step is to formulate the equations 
which result from the identity of (Aw+By+Cz)w+ .... with 


Gst+ G’s'w+QG’s’v. These aret 
A =Gaa +G/a'b +G%a"c B =GBa +G’p’b +G"B"c OC =Gya +G'y/b +G'y"c 
A’ = Gaa’ +G'a'b' +G"a"c’ B’ =Gfa' +G'p’b'+G"p"c = C’ = Gya' + G’y'd! + Gy" 
A” = Gaa’+G’a'b"+G"a"c" BY” = GBa” + G’p'b" + G"p"c” 0" = Gya” + G'7'b" + G'y""e"" 

Along with the twelve relations previously obtained, they give 

in all twenty-one equations for the determination of the three 

G’s and the eighteen coefficients of the substitutions. 

The actual process of solution consists in a long series of 
deductions from the last-obtained set of nine equations, the 
repeated use of the twelve other equations being disguised by 
employing the theorem above called (0). Thus from the first 
column of equations this theorem gives 


Ga aA +a’/A’ + a’A” 

Gia’ bA + DA’ + D’A” 

Qa’ =cA + CA +°A” J; 
the second column gives similar expressions for G8, G’B’, GP"; 
and the third column for Gy, G’y’, Gy”. The whole set is in 
later notation 


i] 


ee Cag BD 


aa, "ow a C ¢ c” 
Ga G a G a A A’ Ne i ING I A AY Ie 
eels tps a a q”’ b b’ b” C c rei 
GB G 8 G B = B B’ B’ B Pp’ B’” B B’ RY 
} es igre a a’ a” b b’ lay” Cc ron roid 
Gy G Y G Y G CO ou C CO ov 6 ou eu 


*Jn leaving these preliminary deductions, it may be worth remarking that the 
like results which flow from the second given substitution and its associated 
condition are not taken entirely for granted by Jacobi, but are given with equal 
fulness, the two series indeed appearing in parallel columns. tv. next page. 
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Ohad U8 
rae wpa 
the same set of nine equations in rows there is obtained 


where 


is used to denote gya+ha+kr. Similarly by taking 


/ v4 / My A 4; ) 
G Gb q” ) ( a B ya a B ys a B Ys 
y A BaG eAg be Cae AGcD ac 
; _ ye i B y a 8 y at B” y" 
Ga Gb G Cc = Ate Be A’ PR’ (Y A’ B’ ey 
yy ea ot a B ‘ya a’ es y a” p" y’ 
Ga” G’b” Ge XB’ CO Av BC AT BO 


From these two sets of equations it is clear how the coefficients 
of one of the substitutions may be obtained when the G’s and 
the coetlicients of the other substitution have become known. 

Separating the latter of these new sets of nine in a similar 
fashion into column-sets of three, but solving this time in the 
ordinary way, Jacobi obtains a further set, which, if only to save 
Space, we may write in the form 


Cs rn aad ( 
Gn |aB’C”| |bB’/C”| |cBC 
Ap A’ ABs as / ZA b AS Ora 
G @ @ | = | laca’] [eca’] [cca 
Ay Ay’ Ay” / 4; / 4; / 47 
oC a & JaA’B"| |DA’B"| |oAB"| | 


where A = | AB’C” |, or, as Jacobi of course writes it, 

A — A(B’C’ —B’C’) xe B(C’A”—C’A’) = C(A’B” — A”B’). 
From a set giving the Italic coefficients in terms of the Greek 
coefficients we have thus got a reverse set. The other reverse 
set obtainable in the same way need not be given; but it is 


easily seen that the two have the same practical value as the 
two from which they are derived. 


tJacobi writes the nine equations in one column: they are better arranged 


in three, however. Cayley at a later date would have preferred to write more 
luminously 


CAcBTCy 
AT BSC 
IN B’ (O. 


‘a, G’, Ga, a’, ala, b,c) (G, G’, G8, 6’, B’%a, b, ©) 
- | (G, G’; Ga, a’, a’’\a’, (ih c’) (G, Ge ays, Bs Ba’, (shi c’) 
~s te 


. . . 
——— 
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To make another advance, either of our latest sets of nine is 
taken and separated into row-sets of three, and theorem (0) 


applied. The result which Jacobi gives in nine separate 
equations of the type 


B/C’ —B’C’ Gate ‘b i 
A =i G @ 
may be written more compactly and more instructively in the 
form 
( | B/C’ | | (CNY J NAR | ) ( aa a’b a’¢ Be B’c ya yb "0 
A A @P We wmieg ate te iG. Gt @ 
B" vy w = , laa nd Ul tal / Ue WA PP 
[SBiCo) | Crag) «| ACB | = ae Wale aie ee a3 Wee ya ee ee 
A A A Coy Cae GG: CY GE er 
| BC CA’ | A’B’ | ene ¢ Ba” ali volt a pe nl 
A A A Ci Gee G mG CG." GG) 


Any one of the nine here, however, may be matched by one 
deduced directly from the set of nine which we obtained at the 
very outset. Thus* 


BO’ —-BC= (G6a +G BU +G'"B'e)(Gya" + G'y/b" +G"y'c’) 
~ (Ga +G'B'8' +G"B"e")(Gya’ +00 +.6"y'¢), 
ae GH Ba Gly) G ce-bc') 
+ G'G(B"y — By! ea’ —ea') 
+ GG’ (By —B’y ab’-0') 
= G@Gaat+ G’Go'b + GG'a'e. 
With this we have to compare 


A at + ad + Gra’e, 


the result being that we obtain 
GQ’G’” — A, 


and thus reach the first resting-stage on our journey. 


* Nowadays we should rather put 
BO" = — GBa’ +G’p" b’ + G"B"c’ GBa" + G’p' ome coal 
Gya’ ats Gy gy ae G"y ip , Gya" te G’y'b" 4 Gy "0 “ 

ry GB G! B G"s" a’ b’ Cc 

=a Gy G’ oa (eu 4’ a! b” cl ; 


= |GG’.|6y'|.|a’b"| + GG". |By’|.|a’e lal + GG". |B’y HN |b’c” |. 


/ 


Mu 


p'p 
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At the outset of the next stage it is found desirable, for 
brevity’s sake, to introduce six additional letters to denote 
certain functions of the known quantities A, A’, A”, .... viz. 

p for A? + B® + (C2, q for A’A” + B’B” + CC’, 
yp’ for A? + B? 4+ C2, q for A”A + B’B + C’C, 
p” for A’? + BY”? + C”?, q’ for AA’ + BB’ + CC. 


These are said to entail the six identities 


ions qg? = (B/C’— Cre + (CA’— ay + (A’B” —A’B’), 


pp = qe (BO — BO + (C's GAF a (AB — ABS 
pp —q? =(BC’ —BC )?+(CA’ —C’A )? + (AB —A’B )?, 
ay —pqg = (B’C —BC’)(BC —BC )+(C’A —CA”)(CA’ —C/A ) 


+ (A”B —AB’)(AB’ —A’B ), 


Yq — py = (BC —BC )(BC’—B’C) + (CA’ -C’A )(C’'A”—C'A) 


(ABQ A Bote eo AtBe 


—1y —_ Oe = (B’C’ — B’C’)(B’C —4 BCE ) - (C’A” _ C’A’)(C’A => WAY ) 


a8 (A’B’— A”B’)(A”B Alba ), 
and 


wt My 
2 


A’ = ppp” — pq? — pq? — p"¢? + 299". 

The original set of nine equations, giving A, A’, A”,... in terms 
of the three G’s and the coefficients of the substitutions, is then 
returned to, and the following equations derived,— 

p =G@a +G4°%? + G2, 

p = Ga’? + G2 + G2, 

p” ae G2q/2 =e G’25”2 fe GQ’2¢"2 

q a GC2q’q” 1 G’2b’b” 2s G’e'e”, 

q = Ga’a + Gb") + Ge", 

gy = Gaa + Gbb’ + Gc’; 
the first three being got by use of the second part of theorem (0), 
but all of them readily verifiable by merely substituting the said 


values of A, A’, A”... In exactly the same way from another 
set of nine equations, viz., those beginning 
Aa 


res a (B’C” aie? B’C’))a ae (B’C =>. BO”) a’ as (BC’— BC)a’, 
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there is obtained 
pp’ — ¢ £ on b2 2 


A? G2 + G2 + Caz? 
47 ss 12, q/2 b’2 2 
Rie  @tmta 
/ =, 119, a? b” ce? 
“es e@tatae 


edd aie g aa’ b/b” cc” 
q cos = G2 + G’2 ae Qy/2? 
ae en pte aa b’b eC 

q = q G2 + G2 ta qQ’2 ? 
qq —p" wv aa’ bb’ cc’ 
2 tet or 


Then, by mere addition, half of the first derived set gives 
@+G24+G2=pt+p +p"; 
and the corresponding half of the second set 


pith, esha a PDatD Pappa Gad Hoe 
(EL ER ay 6s A? 


which on putting GG’G” for A becomes 
G2qQ”2 a G’2G2 ae G2q"2 e pp" + pp + pp’ a2 ¥ = gf? = q"?. 


Lastly, by taking all of the first derived set and using the first 
part of theorem (0), there is obtained a reverse set of nine,— 


AeA LAL 


Ga =pa+qa+¢a, 
Ga =q’atpa +qa’, 
Ga” =da+qa +p'a’, 
G2> =pb +q7V+ qd", 
G2) =q’b +p + qb’, 
G20" =db tab + pv", 
Ge =pe +q°'¢+ qe, 
GC? =q’ct+p'e +4", 
Ge" =de +qe +p’, 
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and by the second part of the same theorem 

p* - qa a8 gq? = Gta2 + G’4h2 + G4¢?, 

p? +q +4 = Gta® + Gb? + G%c?, 

3 = ge Jt gy — Gia’ + G4b’2 + G40, 
The existence of similar results obtainable from the second 
derived set is pointed out, but separate investigation of the 
two sets is shown to be clearly unnecessary in view of 
the following theorem :— 


“EF qualibet formularum propositarum derivari posse alteram, si in 
locum quantitatum 


BeeG 
IE B’ (C G, G’, (Gee 
AS B’ ( (BY 4 


substituantur respective sequentes : 


BCA BC. CA CAL ADs AD 


A : JAN : A : 
B’C —- BC’ C’A-CA” A’B-— AB’ 1 1 Loe 
n\n A ’ A ’ ree (ew GQ’ 5 
BC’-— BC CA’-C’A AB’ — A'B 

A j A i A : 


; 1 é ; 
unde, e.g., etiam pro A ponendum x Quod patet reciprocum esse, id est, 
ubi illa in haec abeant, simul etiam haec in illa mutari.” 


The reason for this dualism is at once perceived on noting that 
the original set of nine equations is matched by a derived set, 
perfectly similar in form, but having (B'C’— BCI AS oan 
place of A,.... Of course, as Jacobi notes, the dualism extends 
to the transformation which is the object of the whole memoir ; 
that is to say, the equation 


(Av+By+Cz)w + (A’e+ By+C’z)w' + (A’@ + B’y +C’z)w” 
= Gst + G’s’u +G’s”v 
is necessarily accompanied by 
[(B’C’—B’C)a a (C‘A”—C"A’)y + (A’B”— A’B’)z] w 
+ [(B"C — BC”)a + (C’A — CA”)y + (A”B — AB’ )z]w’ 
+ [(BO’ — B’C)x + (CA’ — C’A)y + (AB’ — A’B)z]w” 
= G'Q’st + G’Gs'u + GG's’v. 
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This’ means, in modern phraseology and nomenclature, that the 
linear orthogonal substitutions which change 


x eye ee 
AT BS. IC aw 
1 etl 6 OSE ag 
BRB OC ew 


anto Gst+G’s'u+G’s’v 


will at the same time change 


m8 y Z 
BGs CAC ACB | ow. 
LBeG.(e] @A | ACB ly) av" 
BOS eA |e A Boil Ww 


In parallel columns with these results regarding the ps and 
q's Jacobi places a series of others perfectly similar to them, the 
twin series originating in the fact that in squaring | AB’C”|, as 
we should nowadays put it, the multiplication may be performed 
either row-wise or column-wise. The chief points in the second 
series we may state rapidly in modern compact form as follows 
By way of defining the new letters introduced we start with 


into G’G’st+G’Gsu+GG’s’v. 


1 nv m ) ( A? ae A”? as A’? INE UR INA ey NG Bi ACLA'C + A’C” ) 
n’ m if zs BA+BA’+ BA” RB if B2 ails B22 BC+ BO +B’C" 
m n GAC AEC AY CB CB LO Ba C2 ae C2 aL Q”2 ; 


whence it follows that the determinant of either matrix is equal 
to | ABC” |2, and the secondary minors equal to 


|C’A” [2+ |C”A |? ae |CA’|? [CGT AVBAIEE a0 6 


|B’O" |24.|B’C|2+|BC’|2 | B'C”||C’A”] +|B’C||O"A|+| BC’ |CA’| |B/O"||A‘B’| +...) 
ace 


Then from the original set of nine equations we have 
Un ) 


{ tl nm ) ( G2a2+ G/2a/24+ Ga"  GaBt G’2a'p’ + G’?a"B" G2ay + Ga’y' + G” ay 
vn ml = G2g2 By G28” fh G82 By + G’28'y/ ete GiB"" 
m Lan Gy? aE Gy #e Gi”? 


and from this, in passing, by the addition of diagonal elements, 


l+m+n=@4G?4G". 


4.46 HISTORY OF THE THEORY OF DETERMINANTS 


Next, as the matrix on the right 


( Ga Gq’ Ga”) Va Cay ) 
— G8 G28 G’28” a’ B y | 
Gy G 2y/ Gy” ae 8" y \ 


there follows 
( Gq Gq’ Gq” ) ( l n etd ( a ad a’ 
| G28 GG: G36” 

Gy G?,/ G2," 


( la + n'B + my la’ + nv + my la” + nv’ B” + my" ) 
na ae mB a8 l'y n'a’ - m3 4 l’5/ n'a” a me" a Uy’ 

Ma + UB | ny ma’ + Ve’ + ny’ mM a’ a Up’ + ny” 

whence, by summing the squares of the elements of each row 
separately, we have 


Gc + G4q’2 + G4’ = [2 a5 n’2 + “| 


GB + G84 + GB = m4? $n’ 
G’y? + G’t4/2 + Gi"4ay"2 = n2 + m2 + 12, 
Among the results obtained up to this point, there are sufficient 
to determine the twenty-one unknowns, and to this Jacobi now 


definitely devotes a section (§ 14). First the G’s are dealt with. 
There having been obtained 


G+ G?4+ GQ=lim4+n =pt+p +p’, 
GPG"? + GG? + GG? = (mn—I2)+....= (p’p"—q) +... 
GAA? = 27, 
it is perceived at once that G®, G2, G’”? are the roots of the 
equation 
wv —a(l+m+n) + a(mn +ul+ln—l?—m?—n?) 
= (linn + 2U’'m'n’ — Ul? — mm — nn’) = 0, 
or 
a — ap +p +p") + 2(p'p" +p"p + pp’ ~q—q? 9) 


e (ppp + 2qq'q” —pq —pq? —p’q’”) — (9) 5 
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which respectively are the same as 
(a—l)\(a—m)(a@—n)—1?(a@—l)—m?2(a@—m)—n?(«#—n)—2 mn’ = 0, 
(2—p)(a@—p’)(a—p")— G(a—p)— g(a p')— 9g" (@—p")— 247g" = 9; 

and either of which is 
af (A? BC AS Be O24 AS+ Be +O) 
(B’C’ —B’C’2+(C’A” — 0" A’ + (A'B” — A”B’? 
+ | +(B’C —BC’” ?+(C”A —CA”)?+(A"B — AB” | 
+(BC’ —BC )?+(CA’ —C’A )?+(AB’ —A'B PP 
_ { A(B’C” —B’C)+B(C’A”— CA’) + C(A’B” — A’B)}? =3.0. 


As an alternative to this, however, it is pointed out that we 
might, by putting the equations 


Gq =la +n B+m'y 0 = (-G?)at 10 teeny 
G28 = n'a +mB+l'y | in the form 40 = vat (m—G?)B+ 'y 
Caplaatig iy lo= mat = UB +(n— Cy, 


eliminate a, 8, y and obtain a cubic in G?; then by similar 
action obtain the same cubic in G? and the same cubic in G”. 
In this way the left-hand side of the equation, whose roots are 
G2, G2, G”, would naturally recall determinants, although 
Jacobi does not say so; and after Cayley (1841) it might have 
been written 


Mt / 


p-r gq q 
G ete 
q Ip =a 


nw m—“« . or 


nv U n—-—2 


2 2 


i : : F 
In the next place, four equations having been found in a’, a*, 
a’, viz.; 


Gee ae) ee at le 
G2a2 a8 G’2q/2 + GQ/2q/2 — Ls 


it Lo 1 ,,  mn—-l? 
get qe’ t+ gat = A? ’ 


6 72, 
Gta? + O’ta’? + Gta”? = P4+m?-+n, 
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if the first three be taken there is obtained for a? the value 


(G?—m)(G?—n)—1? | 
(G?—G’*)(G2—G@"2) ’ 


and, if the Ist, 2nd and 4th, the alternative form 


(1—G?)\(l—G”2) +-m2+n? 
(G?—G")(G?—G”?) : 


where the identity of the two numerators is readily verifiable. 
In the same way the expressions for the squares of the six other 
coefficients of the first substitution may be obtained. The 
difficulty of the double sign resulting from the extraction of the 
square root is readily got over, because rational expressions 
similar to those for a’, qa’2,... are given for the nine binary 
products a8, a’®’, a8”, ay, ..., from which, when the sign of 
one of the coefficients is fixed, the signs of the others at once 
follow. It is not noticed, however, that the numerators of these 
eighteen values are the principal minors of the three eliminants, 


L—G?_  n’ mM tl—-G2 w a lL—-G”’2— sn’ ie | 
v m—G n m—-G? I nv m—G’? IP | 
mv C n—G|, | m Co n—-G?), | m’ Lf n—QG’? | 


above referred to, the corresponding unknowns being 


2 12 / / / Fd 79 4/7 Aa 4; 4/ 
a 0B ay lM patere Ba “ay aarare ay 
lee By oo By’ ope B’y” 
eile Mes yal 


and the corresponding denominators, 
(G?—G")(@—@"), (GGG), (G”—G)(G"2—G2), 


As an alternative to this process for finding a2, @2,... there is 
given another, which in some respects is the more interesting of 
the two. Beginning with a different set of equations, viz., the set 


(L—G?)a + VB+ My () 


na + (m—G*)B + ly 
mMa+ UB + (n—G*)y = 0 


I 
oS 
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Jacobi drops out the first and finds a:8:y, drops out the second 
and finds 8: y:a, drops out the third and finds y:a:8. Then 
since these three sets of ratios are the same as the three sets 
a@:aB:ay, B?:By:Ba, y?:ya:yG8; and as the expressions 
found proportional to a8, ay in the first set are respectively 
equal to the expressions found proportional to the same un- 
knowns in the other sets; it follows that 


a’, aS, ay 
isa By 
we 


are proportional to 

(m—G?)(n—G?)—L”, lm’ —n'(n— G?), nl’ —m'(m—G?), 
(n—G?)(l—G?)—m”, mn —V(l—G?), 
(L—G?)(m—G?)— 7”; 

and therefore that 

= sroiepemeaeiet cs 

(m— G?)(n — G?)—1”?’ Um’ —n (n—G?)’ 
= a ae ee Ae y ee 
= (im — G?)(n— G?) + (n— G?)(L— G?) + U— G*)(m — G?)—l?—m?—n?" 


Here, however, the numerator is equal to 1: and the denominator, 
being obtainable by differentiating 


(a—l)\(a—m)(a@— n)—l2(a—l)—m?(a—m)—n?(a—n)— mn’ 


with respect to #, and substituting G? for # in the result, must 
be what is obtainable in the same way from 


(w—C2)(w— G?)(w—G’) 
and therefore must be equal to 
(G2—G”)(G?—G’”). 
There thus result the same values for a’, a8,.., as before. 
The values of a2, aa’,... are throughout given side by side 


with those for a’, a8, ...; thus— 


, Gamy@-n)—l2 og _ (Pa=p\(CO-p)—¢ 
a = “(@-G6%)(@—G@”) ’ > (@—G2(@?—G?) ’ 
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At this point “ Problema I.” stands fully solved: one or two 
interesting addenda, however, are given in a concluding section 
(§ 15). From the equations 


Ga = Aa + BB + Cy, s =ax + By + yz, 
Gb = Ad’ + BB’ +Cy, and ¥ =ax+PBy + yz, 
Gre= Aa’ + BB+ Oy, a male + By + y's 
Ga’ =. 


by multiplication and addition* there are obtained 


Az + By +Cz =Gas +(@’bs’ + Ges’, | 
Ax + By + Cz = Ga’s + G's’ + G’c's”, \ 
A’se + B’y + C’2 = Ga’s + Gb’s’ + G’c’s” | 
and then from these by the second part of theorem (0) 
(Av+By+Cz)? + (A’v+ Bry+C'z) + (A’e@+B’y +022 
= G's? + G29’? 4 G’25”2, 
which may also be written in the form 
lx? + my? + n2*+ Ql’yz + 2m'2a + Qn'ey = Gs? + Gs’? + G29", 
To this of course may be appended the derivative from it by 
B/C’ — B’C’ 


the substitution of Fay era TOY GAs sonst WIE, 


{(B'C”—B’C’)a + (C’A"”—O" Ay + (AB’— A”B)z\ 

+ {(B’C — BO” )a + (C’A —CA”)y + (A’B— AB”)z}* 

+ {(BC’ —BC )w + (CA’ —C’A )y + (AB —A’B yale 
= GG’? + G”?2G2s’2 4 G2G’29”2, 


*We may formulate for use here the following theorem in modern dress :— 


Tf | aB'y’| be an orthogonant, then 


A, B,C a, B, emg ENLE 1A aoe CH ee fi — A, BC 
a, B, = / xX, y> Z i B’, y’ x, y, Z ue jor y" ; xX, y; Z x, y; Z ‘ 
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Further, it will be observed that only one substitution is 
here involved, and that consequently in connection with the 
other substitution there must be analogous results, beginning 
with 


pwr+ pw? + pw? + 2qw'w" + 2qw"'w-+ 29’ ww" = GP + GP? + Gey", 


All of them, manifestly, may be described as transformations 
simultaneous with the main transformation, and, like one 
which appeared earlier in the paper, may be usefully enunciated 
in modern form as follows :— 


The linear orthogonal substitutions which change 


a 

AVR BEG 

oa ve 7 into Gst + G’s’w + G’s’v 
INS B’ (Ge w’ 


will at the same time change 


Bisa a oad Wie 

by nm |e : 12 92 12/2 19,12 
; poli into Gs? + Gs? + Gs", 

vm 


x Yy z 


a G4 , tn, , nl —mm x : 
re Ni an Ll’ into G’?G’2s? + G”2G2s'2 + G?G’2s”?, 
Um’ — nn nl—-m? mn — 
nl —mm mn’ —l Vit leg, 

w ww aw’ 
ZA / 
ue , 119. 8 
oe 3 , into Ge + Gv + G22, 
Gq MP ir gs Ww 
F 4 4, 
Goa Trae 


The second result, however, is seen to follow from the first, 
and a fourth from the third by the previously enunciated 


theorem of this kind. 
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JACOBI (1832). 


[De transformatione et determinatione integralium duplicium 
commentatio tertia. Crelle’s Journal, x. pp. 101-128; or 
Gesammelte Werke, iii. pp. 159-189.] 


This memoir, although classed by its author with the two 
others of which we have given an account, is of much less 
interest on the purely algebraical side. In fact it consists 
almost entirely of the transformation of integrals like 


\|¥ Rsin pd¢ dy, lee do dy, 
by means of substitutions like 


M COS N Sin ¢ COs Yr a Pee pad sin ¢ sin vy 
— — Ss aa . 7) NS) oe a 


COS 7 = aR sin 7 cos 0= ae ; 


where 


> 


R = m’*cos* + n?sin? ¢ cos*yy + p’sin®¢ sin?y, 
When, however, an advance is made from R to U, ie. to 
a* cos*p + b? sin? cos*y + c? sin?¢ sin? + Qd sin’ f cos yy sin yy 
+ 2e cos ¢ sin ¢ sin yy + 2f cos ¢ sin ¢ cos yy, 
the underlying algebraical problem becomes of more importance ; 
for example, such a problem (p. 122) as the finding of the 
coefficients of the substitution 
w= ge +hy + iz, | 
v=gethy +z, 
w= fath’y+ an 
which transforms 
ax* + by? + ce + 2dyz + 2ceew + Bay, 
aa? + b’y? + c'2? + Qd’yz + 2e'za + 2f'xy, 
into 
w+ vw + w?, 
Ur Ue 


respectively. Still there is nothing calling for more than this 
passing mention. 
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JACOBI (1833). 


[De binis quibuslibet functionibus homogeneis secundi ordinis 
per substitutiones lineares in alias binas transformandis, 
quae solis quadratis variabillum constant: una cum.... 
Crelles Jowrnal, xii. pp. 1-69; or Gesammelte Werke, i. 
pp. 191-268.] 


This memoir, the general plan of which has already been 
indicated (see above, p. 354), naturally divides into two main 
portions in accordance with the title, these being prefaced by an 
introduction referring to both. The first portion, now to be 
dealt with, is the natural outcome of a thorough re-examination 
of the author’s own previous work viewed in the strong light of 
Cauchy’s memoir of 1829. 

In the ‘Introduction’ (pp. 1-7) the general problem is at the 
outset concisely stated and shown to be determinate. The 
opening words are (p. 1): 


“ Propositis inter variabiles 


Hy, Uo, +2299 Vy et Yys Yor vree9 Yn 
n aequationibus linearibus huiusmodi 
oy = ae (m) (mm), 
Ye Ont Os Wi ciaerene be clay 


facile patet, coéfficientes a”, quorum est numerus 7, ita determinari 
posse, ut data functio quaelibet homogenea secundi ordinis variabilium 
ayy ns Un transformetur in aliam variabilium 4, Y2,---5 Yn quae 
solis earum quadratis constet, simulque summa quadratorum variabilium 
non mutet valorem, sive fiat 


QW + aig + ve + Ueiln = Yr + Yon +--+ F Yndon 
Nam haec altera conditio sibi poscit aequationes conditionales numero 
n(n + 1) 
ae 
producta e binis variabilibus conflata, accedunt aequationes 


porro cum de functione transformata supponatur abiisse 


n(n—1), 
ae 
ita ut habeas aequationes conditionales numero mm, qui est numerus 
coéfficientium substitutionis adhibitae. Unde problema determinatum 
est.” 


Referring shortly to Cauchy he next intimates the chief of his 
own new results, and illustrates it in recounting the contents of 
his previous papers. 
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Problem ii. is then attacked, the direct consequences of the 
condition 


O+oet.. teat y+i. +H 
being first noted, namely 
a a, ae aa, +o t+ at ak) = 0 
te 8 acho aa Peat | 
from which comes 
= AY, + apy, +... + ay, 
and thence 
Cae ee a EN 6 aa — 0} 
Pde ol? 4... + oP) = a, 
In the second place it is recalled that if the determinant of 
the coefficients of the substitution, Page af wry a”), be denoted 
by A, the cofactor of a in A by 6, and the determinant 
2+ 6)... by B, there are at our disposal three results 
independent of the conditioning equation, namely, 
Aw, = Ba, + By, +... + BOY, 
B = Ane 
2G Bo. Get Am > tS De OO 


and it is then pointed out that a comparison of the first of these 
with one already obtained gives in our special case 


(m) __ (m) 
By Fi Aa, > 
from which follows by substitution 
Bote Z+86;... A = A”. Dta'a’... a = Amt, 


that a comparison of this with the second general result gives 


As sale 
and that a like substitution changes the third general result into 
hat (m) — (m+-1) ,(m-+-2) (n) 
rk 2 aia, = a melee Gee 8+ Oy. 


In later language these are the propositions: The square of 
an orthogonant is unity and The product of an orthogonant 
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and one of its coaxial minors is equal to the complementary 
minor. 
The other conditioning equation is next utilized, namely, that 
the homogeneous function of the second order 
DSTO on Vs 
K,A 


where ,,= (x, Shall be transformable into and from 
Gy + Gey? +... + GrYn® 


The latter transformation at once gives 


- ft "ow" (n) _(n) 
Chee 06004 te Gat 0.0 ting teach, Ca 


Taking from this set of n? equations the sub-set in which 
x=1, 2,...., 7, namely, + 


” 


iS goes (r) (nr) 
Ci Gana, aay ere Gra, ona, 


wu 


4 i 1 (nr) _(n) 
Gin = GO dG 50, Og ote Cd, wy 


a, = Rae a, + Ga, . a, oe Gay. ae 
and using the result (0), so strongly insisted on in his paper of 
the year 1831 (see above, pp. 438-439) and here again spoken 
of as something “quod maxime tenendum est,” he deduces the 
n (or 7”) equations 
ee $" ayy, AD ty "in, xR es CN 
and the equation 
ne Sa eens a, = (Gya,) + (Gya,)) + .... + (Gian), 
pointing out however that from the former a more general result 
than the latter is obtainable,* namely, 


Uy glgy T gg gy Hoes F Laalbnn 


= (Gya,)(Gya,) + (Gya,)(Goa,) +--+ (G,a)(G,,ay”). 


* The mode of deduction is not given, but evidently 


(Gyal,) (Gray) + (Gaya) (Goa) + ++. + (G,,0”)(G.,a'”) 
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From the same source and in the same way he derives 
Ga, 4, ak Goa, . Yot.cne +t Gog. te 
= Wy @, + Ay By +... + 0, 
= W, say, 
exactly as Cauchy did (see above, p. 434): but taking \=1, 


2,...., and using the second part of the theorem (0) he steps 
ahead of Cauchy with the result 


(Gyy,)" Tt (Gyy2) see ts (GrYn) at [eae +d2He+ ... + Onatn |? 
A 


and, what is more important, he notes that the » equations on 
which (0) has just been used, viewed as connecting 
Gis Gee, a. ot Guan ane QO a oe Ue 


are exactly the equations originally connecting 


Gis Yes Sees Yne ONC” Bate ee, eas 


and thus draws the important conclusion that any relation 
between the y’s and the x’s will still hold when Ym ts changed 
into GnYm and x, into ayX,+a,X,+... +anX, For example, 
corresponding to and deduced from the relation 


Yrbte hh echih S Bhbaich vache! 


we have the result just obtained by means of the theorem (0). 
Further, any new relation derived in this way may be treated in 


by 2n substitutions becomes 


, ‘ ' / , , 


Chie bie ee RS iy ICE oie ee 
Mes Tess 88> Une My > Agys winnie y Byy 

A ” “” ” u” ” 
a)> ao, ee eeg a, a> Gos eecee a, 
Wer be» 2 Uy~ ys Han» » Any 

Ie ‘ . : 
(n) (n) (n) (n) (n) n 
Ay y Apis seeey Bia BB 9) sais Our 
Ves Wan, se ee, nk My» Bans ssecy Onyx 


which by the proposition already formulated by me (see above, p. 450) 
pe Mer Wer seen Wn 
Q)y> Moy, enema Bn 


In the case of the next deduction n of the 2n substitutions would be for Ys. 
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the same fashion as that from which it was obtained; con- 
sequently it is seen that for any positive integer p 


Gyo Gy tee + Gay, 


may be expressed in terms of the 2’s. 
Returning now to the set of 7 equations 


Biyly + Mee +... + Anrtn = Wy 


where the w’s are known as linear functions of the y’s, and 
solving for the a’s we have, on putting b,, for the cofactor of 
Geri 2c ys, --- One, 


Ug» D> E1022 «+» Ann = Daw ar b.gW2 ar eee ot DenWn 


Should we now substitute for the w’s in this the appropriate 
expressions in terms of the y’s we should have a set of n 
equations corresponding and in a sense equivalent to the original 
set 

aaa ay + ays eet Ovo 


By doing this and comparing the two sets there is obtained 


= GLb a™ 4 bisdee ae a” 


(m) 
Oe. Ly Ay Moy --- O, 


un Kit non 
(ir) 
a OG: Bo Ose 
4 We ae gs 


ne 


a result distinguished as a “ formula memorabilis” because of 
the fact that on comparing it with the previously obtained 
equation 


G.. i= Geran” 4 loys oe 


m* K 


Sf tay, dies sco 
we are led to the result that all equations involving the a’s, 
the G’s and the a’s will still hold if a be replaced by b+ A, 
G,, be replaced by 1+G,,, and the a’s be left wnchanged. For 
example, having already found that 

bn, = Gyaa, + Gna, +s... + Ga? a" 
and 


/ wt (n), ay ss 
Gay, + Got Yo +. + Gey, = yyy A Uy ®y Fee HF Ayla, 
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we conclude at once that 


Dien BO,a, “¢ aa, fi i nea 
is G G, er G, 
and 
AY, AY ve . ayy, By ,% + Oy + .1.. HO yey : 
ae nna a ele. @ a > 
G, Gy Gs A 


and similarly, from another previous result, that 


2 2 
A Ye In 
Glrk Cf ane 
can be expressed in terms of the z’s. From the n equations 
embraced in the second of these we obtain by multiplying 


by 2, @,....@, respectively and by adding 


Ky os Tn ae 

G, + G, Tree eo DPateta =A, 

a result which may also be viewed as a fourth example of 
the efficaey of the general theorem. Lastly it is noted that 
the same second example teaches that all relations between 
the x's and y’s will still hold if for ys we substitute Yu~G. 
and for x, put 


m 


Dini + byxXe+ .... +b, Xp 
So . 

The next section (§ 8) concerns the equation ['=0 for 
determining the G’s, and need not detain us because the set 
of equations from which the said equation is derived by 
elimination of a”, a) fo. POMehaS already been more than 
once referred to, namely, the set 


eee aw = Hh, dae co ag, as. a 


Cy a | Md 


or, as it may also be written 


— 1 (m) 

0 = (a, — G,,) a, + yyy”) + seve CM a 
a ; (in) 

0= yyy" + (yg — Gay” +... + A, gt 


DB (m) (in) x (m) 
0 a 4,4 a My,4, HE ph reed oF (4, . G,, a, 
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The only addition to be made to what has been said above 
(see p. 229) is that in T the term involving the highest power 
of x evidently comes from the determinant-term 
(Gy, — ©) (Gg —@) «« (Ain — ©); 
and therefore is (-1)"~”. Consequently we must have identically 
T = (G,—2)(G,—a).... (Gr—@), 
which on putting «=0 gives 
Died eee Or eA G09... Ga 
The ninth section (¢ 9, pp. 15-19) deals after the manner of 


Cauchy with the finding of the values of the coefficients a, 
and the character of the roots of the equation [=0, Denoting 


by B” what b,, becomes when a@,—G,,, G2—Gn,... are sub- 
stituted for a4, (o9,.--, & consequence of which is that 


(im) (i) 
Ba = Bre » 


Jacobi leaves out the A* equation from the set used to deter- 
mine the G’s, and derives from the rest 

tage ae Dem are Bes Beis: Bee 
and thence 
pet techie bens 
eBay (a re. Be) 


exactly as Cauchy did. He also however supplies an alternative 
procedure and result. Writing the above chain of equal ratios 
in the form 


el SOs. saa = BID Bs... BE, 


whence it is evident that B,,+aa® is independent of x, 
he puts ; 

HO. da = BE, 
thence derives of course 


(m) (am) _(m) (m) 
Ee g ay a. Bye ? 


and consequently Peer 


460 HISTORY OF THE THEORY OF DETERMINANTS 


In other words, he proves that the ratio is independent of d 
also, and may therefore be denoted by P™, Knowing this, it 
only remains to use the equation 


Coen Ween! 2 
as before, and we obtain 


Pp 23 By oi 40 Be a sy? 3 8 yey 


mn > 


whence immediately we have 


(m) 
a™, (m) __ By 
a TT m) ” 
BY + BH) +... + BO 
and finally 
(Qn) 
(m) Meee 
Sd Cm) Be 5m) * 
J(Biy + 22 a ovat By ) 


Although the solution is thus x iat Jacobi takes the 
opportunity to add that from the value P,,, found for the ratio 
it follows that 

m m m) m 
BD Bey = BEB 
and therefore also that 


Be Be = (Bm)? 
Not only so, but he gives another mode of investigating the 
value of P™ itself. This consists in noting that if » of the 


coefficients of the original function V, Teel the coefficients 


Oy Myo) +++ nn, ll receive the same inerement €, the correspond- 
ing iner emer of V will be 


E(x? an x, + at a") : 
and that consequently when V by substitution alters its form 


into Gy; de Gy? +...4-G4 aCe 


this increment may, by reason of the relation 
meat tala et yt ty 
be written EY tytn t+ uv), 


PAG 7 ‘ a 5 5 
—a result which shows that G,, G,a7:2 Gall’ receive simul- 
taneously the same increment ¢ Now knowing ‘this, and 


n? 
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applying it with the increment —G,,, to the previously established 


result 
Ge 1a ay FA - “| 
G, G, oe Ca 


we see that the left-hand member becomes Be and that the 


Dy ENS G,| “4 


terms of the right-hand member all vanish except one, namely, 
the term 
Ake 


ENE ete tis pee 


which becomes 
eG (GE Ge) oN Gre, Gre Ga) or (G,=Ga ra ae 


The new value obtained for the ratio BO = gq” is thus the 
product of the differences got by subtracting G,, from all the 
other G’s in succession. Nor is this all, for since 
Tl = (G,—2)(G, — «)...(Gm — £), 
it follows that if we differentiate I’ with respect to # and 
subsequently put w=G,,, we shall obtain this very new value 
changed only in sign; so that the equation with which Jacobi 
legitimately closes § 9 is 
(ir) 
aa Be Bad 
oa a Ts 
We now come to the section (§ 10, pp. 19-21) containing the 
notable result to which in his introductory pages Jacobi, as 
we have indicated, specially directs attention. Using the fact 
that DORA is transformed into 
KA 
Guy; am GY; = te a Gy, 
by the substitution 
3 IG = ay, “Pr a Y = Saar ay, 
he deduces the results 


= (a) _,(7e’) -__ 
i a% g ui 0, 


KA 
Dig Cae ect 
KA 


KX K m ? 


the latter of which is more clearly comprehended and easily 
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remembered by writing the original function V in the modern 
notation 


Gy, Ay Hg xy 
Gz, U2 og XL, 
Osi) gq |) aged ea wig) We 


and noting that G, is what this becomes when a), al”, ..., a” 
are substituted for the w’s. Then, preparatory to differentiating 
the second of the two results, he points out that the variation of 
the a’s on the left-hand side of this result may be neglected, 
because, if it be not, the sum of all the terms involving 


differentials of the a’s will be 
Git) Gr) 
Die : a(a@. ay ), 
KA 


and that this 


,* (ny _ (Cn) 
2 G.c Oa, ) 


KA 
2>i|ear" : Sa aay 4 2> [oa Ga], 
A kK Xr 


mA 


2Gin> jon yes 
ar 
= G r) {7 myo (n)y2 (m)yo 
Tins (aq) + (a, ) an pie ee 
==' (): 


Thus prepared and differentiating with respect to U, Wwe 
obtain at once 


oG 
JQ qh gq = m “ r 
K a Oller’ ( * jy 
and agin) _ OGm 
es Ode 


—results which Jacobi deservedly styles “ formulae perelegantes.” 


‘ O 
As, however, we have another expression for sete namely, 
, er 
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where the numerator is an abbreviation for 


eS) 
CLETN ce 
it follows that 
oa a =a Other and aay =— Cha 


m m 


and thence with the help of the last result of $9, 


coll or 
2B #. m (m) Pt 
eS Olen see oer 
—a verification of a case of the general theorem regarding the 
differentiation of a determinant (see above, p. 212). The section 


closes with an extension of the result of §7 regarding 
Gry? + Glyi + .... + Gyr. 

In $11, the last which concerns our present subject, Jacobi 
brings himself into touch with Cauchy’s starting-point, namely, 
the problem of finding the extreme values of Dav, The 
other sections ($§ 12-16) deal with special forms of V. 

Passing over these and the 17 pages devoted to Problem ii. 
concerning the related subject of the transformation of multiple 
integrals, we find a return made to the original purely-algebraical 
subject, the new problem (iii.) being more general than the first 
in that for the condition 

ie i 
there is substituted 
Daan = Hy? + Hy +.... + Hay. 


The investigation (pp. 51-57) does not, however, so far as deter- 
minants are concerned, contain any new departure. 


LEBESGUE (1837). 


[Theses de Mécanique et d’Astronomie. Jowrn. (de Liowville) 
de Math. ii. pp. 887-355. ] 


Of the two parts into which Lebesgue’s memoir is divided 
it is the first which concerns us, the sub-title being ‘Formules 
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pour la transformation des fonctions homogénes du second degré 
a plusieurs inconnues.’ The authorities cited are Cauchy, Sturm 
and Jacobi, and little credit is taken for novelty. All the same 
the exposition is singularly clear and elegant. 

The given function > A,.x,«, is written in the form 


y( Ay % + Aje®o+ .... + Ain Lp) 
H+ o( Ag ®, + Ago ®et .... + Agn®n) 
+ Pin( Anil, + Angle + ..2. +Annta) 
where A,g=Ag,; and the substitution 
Lp = Uy Yi + AppYot 2+. + UnYn (v= ho a oh) 
being made, the result is necessarily taken to be of the form 
Yr(Buyit Byoyot -... +BinYn) 
+ Y2(Bu tit Bo yot +. + Bon Yn) 
+ Yn BrYat BroYot +++ +BY). 
As for the values of the B’s, if for shortness’ sake there be put 
Ceo efor tAnde 1h A jong reese + OO Ee 
it is found that 
Baa = %UaC1g + AoqgQCog +o... + RO 
Beg = p01, + eg Veg + x... + GyeCngs 
Bog = GaCig + GogCog + .... +a ORE 
and, that, because of A,g and Ag. being identical, 
Bog = Bea: 


Should it be desired to have the result of transformation in 
the form 


na 


Cy; a U,y? =r thd ue Uv 


it is necessary to put 


By = Uz, By = 0, Bis = 0; ae Bin = 0, 
B, = 0, Boo = U,, Bas = 0, ) Bon 0, 
5 0, Bro sa 0, Bg = 0, ? tia Us 
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a set of equations of which only 4(n’?+7) are distinct, but in 
which are involved double that number of unknowns, namely 
the n? a’s and the n U’s. “On doit done,” says Lebesgue, 
“encore se donner $(n?+7) équations entre les inconnues, afin 
d’éter au probléme son indétermination. I] est bien de maniéres 
d’obtenir ces nouvelles relations.” Taking, first, for this purpose 
the condition 
ao, ae @ep Si Ged an Ly? == yy a Yo 1 ore e oT Ya 


and deducing the said relations, he then shows how by partition- 
ing the thus completed set of n?+ 7 equations into n sets of n+1 
equations each, it is possible to find the values of the unknowns 
m+l1latatime. The passage is (p. 341) :— 


“Par exemple, si l’on veut obtenir le systeme qui donnera la valeur 
des n+1 inconnues 
Ws Gio, Gay +++ Ca 


on prendra les équations 
By, = 9; Ba, = 9, peey Bug Uses seey By a; 
auxquelles on joindra l’équation 
a +a, +...+a, = 1. 
Les n premiéres équations reviennent a 
ayCrq + deo, + +» + GniGna = 9, 


a2C14 + 20 +... + OneCna = 9, 


diaC10 a dea 20 47 iO SU OnoUna = Us 


Ay,Cia + d2nC2a + +++ + AnnCna = 9; 
@ou l’on tire trés facilement 
Cie = Ga Con = Conia + -~/ Ons Stina 3 
la premiere, Cig=U.U,, sobtient en multipliant les équations pré- 


cédentes par di, M12, +--+» Yn (coefficients de C.) respectivement, et 
/ d » 2 
en faisant la somme des résultats. Les autres s’obtiennent d’une 
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maniére toute semblable. Remplacant Cy,, Cr, ..., Cre par leurs 
valeurs, on aura done définitivement le systéme 


(Au — Ua)aia + Aj2Q2q +... + Ain®na = 0, 
Asiia + (Ag: - U,)daq +... + AonOna = 9, 


Asitia + Agotag +... + Asnfng = 0, 


| 
jee 


Ajit, + A,2de +... + (Ann— Uy) Gna = 
eee | 2 
Gta, tose + a =i, 


na 


dont la solution n’offre d’autre difficulté que la simplification des 
résultats auxquels conduit l’élimination.” 


Here a digression (f ii.) is naturally made into the subject of 
determinants (see above, pp. 301-303), after which (in § 111.) the 
reality of the roots of the equation in U, or w (namely, U=0) is 
considered, this being done in three steps: (1) when n=2; (2) 
when all the A’s vanish except A,,, Ay, ..., Anns Ai Ag ses 
Ani.n; (3) when n=™, the previous case n =m—1 having been 
already established.* 

The differential expressions for the coefficients of the substi- 
tution are then found, the starting point being the equation 


Ura = n+k [7x] 

roan N [n,n] 
from § ii. By putting [n,n]. [i,t] for [n,i]? and using the 
equation 

ay, + ase +...+ a, =a 
there is obtained 
eil= [2,2] 

na Lae) + [2,2] +...+ [rn] 


and generally 
2 [k, «] 


Uh ates : 
> (LL) [232] +0. [n,7} 
Since, however, § ii. gives us [7, x] as a differential-quotient, and 
since by reason of the special form of U we know that 
dU dU dU dU 
Gin tke ene ie 


du ~ 


* Lebesgue says this proof is essentially the same as Poisson’s for the case is, 
reference being made to the latter’s memoir of the year 1834 in Mém. de V’acad. 
roy. des. sci. ... (Paris), xiv. pp. 275-432. 
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it follows that 
Ce, aU - dU. 
ee in gaz, ne OLA iin 
sta oD ty AU, 
Ka dA, § du 
in the latter of which w is to be changed into U, after differenti- 
ation. 
The remaining section (§iv.) concerns a second mode of 
obtaining 4(n?+7) equations to make the original problem 
determinate, namely, from laying down the condition 


1 en ea ie oF LN re eC i 


n-1 n 


It has no present interest. 


CATALAN (1839). 
[Sur la transformation des variables dans les intégrales multiples. 
Mémoires cowronnés par V Acad. .... de Brumelles, xiv. 2° 
partie, 47 pp.] 
After his introduction on the solution of a set of linear 
equations (see above, pp. 224-226) which he writes in the form 
Ch, + diay + Chg + oe. Hy -1 +1, = 
yl, + Defy + Colg + vee + Mgkn-1 + leon 


ll 
sa Se 
<) 


yi, + Dy®y + Cy®y + vee + Main + Inotn = On 

he sets himself to consider the special case where the n? co- 
efficients are connected by the }n(m—1) relations 

db, + Agbg + agg +... + Anda = 9, 

AyC, + Aly + Mglg + ++ HF Anln = 0, 

a,l, + dle + Oly + .-- +4nln = 9, 

bc, + Belg + bycy +--+ + Ontn = 0, 

bd, + bad, + bydg + .-. + Ondn = 9, 


bil, + Bala + Dslg +... + Onln .=.9, 


Bik eas lait tay kl = O, 
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with the object “de trouver d’autres relations entre ces co- 


efficients.” ; 
In the first place, following, as he says, Poisson and Lacroix, 
he squares both sides of each of the given equations, and adds, 


thus obtaining 
Soa, = Ag? + Bal+ ... + La’, 
1 


if for shortness’ sake there be put 


A= >a, Bow, ..., Lada. 
1 1 1 
In the second place, multiplying both sides of each equation by 
the coefficient of «, in it, and adding, he obtains in succession 


the equations 
Ax, = da, + arxery “lm Onley» 


Ba, = ba, + bay Ss SIO on i Dran ) 


La, = lay ob leas +...+ bran, 
which constitute of course the solution of the original set. 
In the third place he treats the derived set as the original set 
was first treated, save that he divides byrzAP Ba. & ab respectively 
before performing the addition. This enables him to put his 
result in the form 


: n 2 : I? 
Agt + Bat +... +La? = Di Gt Et +p) 4 
: Gay ibd; Ul 
2 (Set + Day, 


In the fourth place, taking advantage of the fact that the first 
and third results have a member in common, he equates the 
other members, and thence concludes that 


PME eure ue oo ae 
ae d,2 2 
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and 
AA bibs Ule 
mee + B +o..t+ Tiel: 0 
As bb, Li 
Ayn Dibn bilan Oe 
Te Sgie oe Ne epee 
Ua bobs a 
me 4 -BP 4+. + EB = 0 
Ayn bn bel wee 
at ae B +...+ i. = 0 
On = 1¢n Onn eee es 
7% a B +.o..+ fee 0) 


These are additional relations of the kind sought, the number 
of them being n-+in(n—1), that is, 4n(m+1). At this point 
opportunity is taken to effect contact with the work of previous 
writers by means of the sentence “Ordinairement, dans les 
problémes de mécanique, on suppose les quantités A, B,..., L 
égales 4 l’unité: et alors les formules ci-dessus se simplifient 
considérablement.” — 
In the fifth place he takes the ordinary solution of the original 
set of equations, that is to say, denoting the determinant of the 
coefficients by A and the cofactor of a, in A by D,, he obtains 
v= a,D, + aD, + ble 2 a4 as 
Dy A : 
This he compares with the first line of his second result, and 
deduces 


Deep DA De A 
=— see =a > 
ay Ay As An A 


and thence 


D’+Di+...4 R= (at tab+... + at), 
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Lastly he devotes four pages to establishing in an uncon- 
vincing manner* an immediate result of Binet’s multiplication- 
theorem. Thus, according to Binet but in a later notation, 
5 Dd Zde Ada, 
60 bes mee ty Gi ee or Shee Des; 
Fim Je os. Jeu Zapf, Daf Zhi 
== |d,e. fs|? + |dieo fl? +... + |deeafs|?. 
Should it be given that 
Zdye, te de, +de, +... + de, = 0, 
Af, + dfyt...+dsf; = 0, 
et + fz +--+ ef; = 0, 
the product-determinant reduces to its diagonal term, and we 
have an instance of Catalan’s result, namely, the sum of the 
squares of ten (C,,,) three-line determinants equal to the product 


of three sums of five squared elements. A special case of the 
result is of course 


Wa de dy hay de 


Fats FG oie Cay aed B 
which permits a previous theorem to be changed into 
Dit D3 tert Di = Ba as Li 


POSTSCRIPT. 


Le ‘dernier volume’ referred to on p. 434 turns out to be the 
ninth; and the title of the memoir, which does not extend to 
three pages (pp. 111-113), is “ L’équation qui a pour racines les 
moments d’inertie principaux d’un corps solide, et sur diverses 
équations du méme genre.” As it was read to the Academy on 
20th November 1826, and therefore preceded all Jacobi’s papers 


* The so-called property of general determinants which Catalan uses as his 
foundation is, when accurately stated, a truism. The ‘demonstration’ is vitiated 
by an oversight, in regard to signs, similar to that made in connection with a 
‘permutation tournante’ in the opening portion of the memoir, namely, he takes 


gle So9s| + eal Aigads| + Sl grdres| + gal drer,/s| 
as the equivalent of 
dye Sogs|- 
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on the subject, it deserves very special attention. The second 
theorem enunciated in it is: 
‘Si Pon nomme s la somme des carrés de n variables indépendantes 


L, Y, %, UW, ... et 7 une fonction homogéne du second degré, composée 
avec ces mémes variables, et si l’on cherche les valeurs maximum ou 


minimum du rapport "la détermination de ces valeurs dépendra d’une 
s 
équation du n™ degré dont toutes les racines sont réelles.” 


To this Cauchy adds the remark that the method followed in 
proving it had led him to other propositions, and he quotes one, 
namely, that given above on p. 434, adding: 


“Le dernier théoréme entraine évidemment plusieurs relations 
entre les coefficients des équations linéaires par lesquelles les variables 
£, 1, & ... sont liées aux variables 2, y, 2 .... Ces relations sont 
semblables a celles qui existent entre les cosinus des angles que forment 
trois axes rectangulaires donnés avec les axes des coordonnées supposés 
eux-mémes rectangulaires.” 


CHAPTER XVI. 


MISCELLANEOUS SPECIAL FORMS FROM 1811 TO 1841. 


THERE now only remains to deal with those special forms which 
prior to 1841 had not excited much interest, and whose properties 
had consequently been little investigated. The most fertile 
originator of such forms was Wronski: unfortunately he had 
only one follower, and still more unfortunately the work of this 
follower, Schweins, was almost immediately lost sight of and 
remained of none effect until 1884 (see above, p. 175). Others, 
whose similar contributions fall to be noted, are Scherk, Jacobi 
and Sylvester. The writings will not be grouped according to 
subjects, but will be taken in order of date. 


WRONSKI (1812). 


[Réfutation de la Théorie des Fonctions Analytiques de Lagrange. 
Dedice & l'Institut impérial de France. 136 pp. Paris.] 


As has already been pointed out (see above, pp: 78-79) Wronski’s 
first mention of ‘sommes combinatoires’ was in connection with 
a special form of them. The form was not the product of fancy : 
it made its appearance, like so many others, when a set of 
linear equations called for solution in the course of an attack on 
a seemingly unconnected problem. This is important to have 
noted, and it is made quite clear by a note appended to the 
highly controversial ‘Réfutation’ and bearing the title “Sur la 
démonstration de la loi générale des séries, servant de principe a 
cet ouvrage.” The law itself is stated as follows (p. 15): 

“Or, si Fa est la fonction qu'il s'agit de développer en série, dx la 
fonction arbitraire quwon prend, dans la série, pour la mesure algorith- 
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mique de la fonction proposée Fz, c’est-d-dire, pour la fonction 
génératrice* du développement; et si, de plus, on considére les séries 
dans leur plus grande généralité, d’aprés la forme donnée plus haut, 
savoir, 


Fr = A, + A,.¢e + Ag. fall + As. pari +.... 


qui procéde suivant les facultés progressives $x, $27, px/§, ete., de la 
fonction génératrice, l’accroissement € étant arbitraire, on aura, pour 
la détermination des coefficients A,, A,, Aj, etc., exprimés généralement 
par A,, » étant un indice quelconque depuis wn jusqu’a Pinfini, la loi 


rem w [Asda . Arparit . Acpat/é .... Alpalm-DIE. AmEx] 
» * “Rada , Aeparlt, Acpadlé .... Alpal™- DIE, Ampbanlé’ 


en observant de faire égal & & Vaccroissement dont dépendent les 
différences, les valeurs 


fal = ea, a ae... LN, Mp 


et a la variable z, une valeur telle que ¢z = 0. Quant la quantité 
A,, il faut savoir que, suivant la loi de continuité de ces fonctions, 
on a A, = Fa, en donnant toujours & la variable « la valeur qui résulte 
de la relation ¢z = 0.” 


No demonstration of the law was given in the original 
communication to the Institute. That supplied in the ‘Réfu- 
tation’ (pp. 131-133) proceeds as follows : 


“Prenant donc, des deux membres... les différences des ordres 
successifs 1, 2, 3, 4, etc., et donnant ensuite a a la valeur qui réduit 
3 zéro le facteur 2, nous aurons, en vertu de expression (91) 
[i.e Anpre/f = 0], la suite indéfinie d’équations 

AFa = A,.A¢qa, 
A2Be = A,. A’da + A,. A?garlt, 
A’Fr = A,. A%par + Az. Abparlf + A5. APparlé, 


La premiére de ces équations donne immédiatement 

= Ais 
hy aa Ada’ 
En second lieu, puisqu’en vertu de expression (91) on a Apu/é=0, 
les deux premiéres des équations précédentes sont identiques avec 
celles-ci 


A. 


A Fa = A,. Ada + Ay. Apart | 
A’Fc = A,. A2¢a + Ap. A’pa?l*), 


*In Wronski’s own use of the word. 


474 HISTORY OF THE THEORY OF DETERMINANTS 


équations qui donnent de méme immédiatement 
_ _ wldlda. AF] ,, 
2 wl dida. Arpa/t]’ 


In similar manner A, is found from the equations: 


A Fa = A,.A ga + A,.A pa?® + Ay.A gai | 

A’Fx = A,.A’ga + A,.A’px®f + Ay. A%pxil 

A*Fz = A,.A®px + A,. A®pa2/f + A,. A® gx, 
and the proof is considered complete when it is pointed out that 
“Ja somme combinatoire formant le dénominateur se réduit A 
son premier terme.” 

On leaving the matter it may be as well to note that this first 
special determinant-form of Wronski’s is not only specialized in 
having differences for its elements, but in having zeros in all the 
places included between the diagonal and the last column. Also, 
attention may be called to the fact that on page 33 he has an 


instance in which ‘differentials’ take the place of ‘ differences’ as 
elements. 


WRONSKI (1815). 


[Philosophie de la Technie Algorithmique. Premidre Section, 
contenant la loi supréme et universelle de mathématiques. 
X1i + 286 pp. Paris. } 

Instead of the “loi générale des séries” we have now the 
much more extensive “loi supréme,” which Wronski writes in 


the form 
Fe = A).Q, + A,.Q, + A,.QO, + ..., 


and which appears inscribed on the pedestal of the androsphinx 
adopted later by him as an authenticating stamp for his works. 
Notwithstanding the increased generality, the Q’s being now 
any functions of « whatever,* the law of formation of the A’s is 
expressed by means of the same kind of ‘schin’ functions as 


“The interestingly guarded report of Lagrange and Lacroix on Wronski’s first 
memoir to the Institute (see Gazette Nationale for 15th June, 1810) shows that the 
statement 

F(x) = AoQ) + A,Q, + AQ, +... 
however vague and undefined occurred in that memoir, 


MISCELLANEOUS SPECIAL FORMS (WRONSKI, 1815) 475 


before. In the short exposition (pp. 175-182) given of the latter 
functions preparatory to the treatment of the “loi supréme” 
there is therefore little new to be expected; and as a matter of 
fact it is only the last sentence that is worth transcribing, the 
reason being that it brings out a conspicuous width of view in 
connection with the functions. The words are: 

“Tl faut enfin observer que si la caractéristique A, au lieu de 
désigner les différences prises sur les fonctions X,, X,, X;, ... dénotait 
tout autre systéme de fonctions algorithmiques prises sur les mémes 


fonctions X,, X,, X3, ... tout ce que nous venons de dire concernant 
les fonctions schins, se trouverait également vrai.” 


It may be added that in a later]part of the work specimens of 
such ‘schin’ functions actually appear, eg. 

w[Q,a, : Ola, . Ode . OerAb 

wlB(u+B,)ut1- Bu + Bo) tes P(ut Bs)nts +--+ J 

The demonstration of the law occupies fifty pages (pp. 188-238), 

and is preceded by the intimation that it depends on a higher 
theory of the ‘schin’ functions and that consequently this theory, 
reduced to a lemma and a theorem and three corollaries, must first 
be dealt with. This is done at considerable length, thirty-four 
of the fifty pages being so occupied. The most important portion 
to be reproduced is the enunciation of the said theorem, which 
stands as follows (p. 193): 


“Soient Y,, V1, Yo. --- » Yo des fonctions dune variable a, et soit 
pour cette fois, A la caractéristique des différences prises 4 volonté, 


suivant la voie progressive ou la voie régressive, par rapport 4 un 
aceroissement quelconque de la variable «. Si, avec ces fonctions, 
on construit, d’une part, les quantites 


X,= w[A»Y,. AXY, |, 
X, = wlA»y,. AXY,], 
X, = wlAeY,. AXY,], 
X, = wlA»Y,. A&Y.]; 
et, dune autre part, les quantités 
PS Any, Fe ANY 5, 
AdY, + 24. A%Y, + 2. A&RY,, 
A&Y, + 31. O4Y, + 3:2. ARY, + 18. ASY,, 


> alee: 
la 


476 HISTORY OF THE THEORY OF DETERMINANTS 


et généralement, pour un indice quelconque p, 
The : 
T, = A&Y, + rf HAN es aa & ) 2, AnY, 


2 
AC EANTT ebay e 
er ae a CANY ee iad. 5 


en faisant = + 1 lorsque les différences A sont prises suivant la 
voie progressive, et 7 = — 1 lorsque ces différences sont prises suivant 
la voie régressive ; on aura la relation d’égalité 


wlAaX,. ABX,. AX, ... AbwX] 
='(T,..T,. 1, .-» Lent). DANY, AGS OY ay te 


en donnant aux exposans B,, B,, Bs,..., By et O3\-Oy7 Gas ea gene 
la permutation desquels dépendent ici les fonctions schins, les valeurs 
suivantes 


B, = 0, B, =1+ 8, Bs = 1+ B,, ie 'sy By = lite BE ye viel 
8o= 9,5 by = led ds, &=14+8, ..., S=1+ §.1=841; 


6 étant un nombre entier queleonque, et v un indice arbitraire.” 


WRONSKI (1816-1817). 

[Philosophie de la Technie Algorithmique. Seconde Section, 
contenant les lois des séries comme préparation ad la réforme 
des mathématiques, xx+646 pp. Paris. ] 

The contents of this larger volume are more or less 
methodically concerned with specializations from the “loi 
supréme,” the word ‘series’ being used by Wronski in a way of 
his own which enables him to view all series as being derivable 
from 

A,Qy + AQ, + AQ, +.... 

by taking 

QO; = p(x, a, b, Oe ag se, 0) By Aye oe p(x, a, b, (Orrieys 3) 

Q, = (a, a, b,c, ... jo Bwee = PAZ, Os Oy. 6) 0.0) 

-p@t+é, ata, b+, c+y,...), 

Q, = f(a, a, b, 6...) SB We = Aiea eds 6...) 

-P(@+E, ata, b+B,ct+y,...) 
- P+ 2E, a+ 2a, b+28,c+2y...) 
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This being the case it is natural that the ground covered by his 
earlier writings, namely, by his first paper to the Institute 
and by the ‘Réfutation’ should be partly retraversed, and that 
specialized forms of the ‘schin’ functions which form the 
numerators and denominators of the A’s should have to be 
considered. Thus we at once come again upon the case where 


ONS PO prt, (Os ane, 


and the sub-case where € is indefinitely small, and where there- 
fore Q,=(gx)". In the latter case it is shown that 


wddx. digs. dga®.... d*-1par-). dea] 


A, = 

(1942 12, asia (doxyieeh 

and further that the A’s are then so related that 
il 

Ny 7 ere dF a, 

il 9 
NS = 12). (doa) {d?F x aaa AG . d*px}, 

i 2 
Ag — ey 1OPe Ka — A,. px — A,. d*px*}, 


in all of mate - it of g 18 miritely to be given the value 
a which makes ¢a=0.* 

A little further on (p. 60) but in the same connection, and 
while considering Burmann’s series, the result 


a isa 
qearye-on Ge) = (pyr del@ge digat.... de gat) de 
[e-v/ dak} [=D 1-21, , ey (dpa eur) 
is reached. 


*Tn a foot-note (p. 13) it is curious to find the identity 
-2 -1 0) 09 -2) o(p-1) 
[9A .... a -—Pal-P PO]. wlAM AP... ae=P.ae-Y] 
=9) =" 0) 90 (p-2) wp - 1) 
= pfoo®.... ae Poe ae), [OOO <b Fe- 7] 
-2 - 0) 90 = =i 
+ lA... A=Pae-DRPO], wl... =P 0) 
namely, the ‘extensional’ of 
ty | ByCy | — By | @yCg| + | Hrb2| = O 


reached two years later by Desnanot. This should have been noted in its proper 
place. 
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Still later (p. 399), when another form of ¢ is being dealt with, 
a quite different form of determinant makes its appearance, 
namely (p. 421) the determinant 


w [(1,0)(2,1)(3,2) .... (@, o—1)] 
where (p,s)=0 when o>p. But although Wronski notes 
that it 


= (1,0). w[(21)(3,2) ... (@@—1)] — (1,1) wL(2,0)(8,2)(43) ... o@—D] 
and evaluates it in a number of particular instances, he does not 
appear to have gone further. 


WRONSKI (1819). 

[Critique de la Théorie de Fonctions Génératrices de M. Laplace. 
iv+136 pp. Paris.] 

In this his last work on pure mathematics Wronski comes 

across (p. 67) still another special form of ‘schin’ function, viz. 


> 


w[n nn, .... nie] 
where v,, Vg, Ug,.... are indices of powers. Again, however, 
in working with them he does not get beyond the use of the 
identities 
|a,Oocgd, ...| = a,|dycyd, ...| — ae|d,cyd, ...| + ag|d,c,0, ...| — 1, |0;0yllese se] 
O = b,|doc.d, ...| — bgldyegd, ...| + Bgld,e,d, ...] — Bi lb Gen ae 


SCHERK (1825). 
[Mathematische Abhandlungen. iv-+116pp. Berlin. (pp.31-66).] 


The second portion of the appendix (§ 8) to the second of 
Scherk’s memoirs (see above, pp. 150-159) concerns the solution 
of the set of equations 


8 = an, 
1 y Ra 

1 2 
8=ac+ az, 
2 21 22 


1 2 3 
8s=an+ax+ az, 
31 32 33 


o 


1 2 3 n 
8=axr+taxr+axn+ .... +ax. 
nn 


n ni n2 n 3 
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This, it will be observed, is exactly the kind of set which 
Wronski obtained for the determination of his coefficients in the 
Third Note of the ‘Réfutation. As a consequence Scherk is 
led to seek for the final expansion of a special determinant, 
which we should nowadays write in the form 


1 

a bd ae 
1 1 
1 2 

36 a8 
2 2 2 
1 2 3 

ge te aca 6 
3 3 3 3 
1 2 3 
lcs hb galas Sag ib) 
k k k k 


His result is (p. 60)— 

“Folglich ist der Zihler von , das Aggregat aller der Glieder, die 
entstehen, wenn man alle Permutationsformen aus den Grdossen 1, 
Q,..., 4-1, h+l,..., & die so gebildet werden, dass nur 1 in der 
ersten, 2 nur in den beiden ersten, 3 nur in den 3 ersten, .... Stellen 
steht, bildet, diese nach einander unter a’ a ...a°— ‘Betzt, mit: 3, 
multiplicirt, und / nach einander die Werthe 4, &-1, ..., 2, 1 giebt.” 


To provide a check on the calculation, he draws attention to 
the fact that the number of terms in the development is 2°"; 
and to establish this, he considers (p. 61) in succession the cases 
where h=k, k—1, k—2, k-3, k—-4. 

As an illustration both of the law of formation of the ex- 
pression for x, and of the check upon it, he takes k= 4, giving 


Ay Ag Ahg8 4 — Ay Ag (bg + AA gh 48q— Ay bg %gq— Ugg M48 + Ag gAg81 + AgUyA4S, — Ayo .8, 
= a 
and then specializes by finding the 4** Bernoulli number and the 
4‘ coefficient of the secant-serles. 


SCHWEINS (1825). 
[Theorie der Differenzen und Differentiale, ..... vi+666 pp. 
Heidelberg. ] 


There can be little doubt that Schweins was one of the few 
men who were not daunted by the egotistic and exhaustingly 
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wearisome style of Wronski’s works. This appears not only 
from the fact that Wronski is repeatedly referred to by Schweins, 
but from a striking coincidence which occurs in connection with 
their study of determinants. As we have seen there are four 
special forms of those functions which are to be found in 
Wronski’s writings, three of them having appeared there and 
nowhere else previously: and these four are exactly those which 
receive attention at the hands of Schweins. Therefore, while 
refusing to accept the estimate of the ‘loi supréme’ which its 
author in season and out of season insisted upon, let us not 
forget that some of the concepts which sprang from the hot 
brain of the poor Polish enthusiast provided material for 
exercising the industry of an exemplary German professor. 

Taking the forms in the order in which Schweins deals with 
them, we have, then, first of all, Wronski’s 

WLC, 0)(2, 1)(3, 2)....(@,@-1)], (p, wes. =0 

or, in modern notation, 
Dig, Bay Sig” Che 


be bo, be 
Cet, eae 
Os. atl 


This Schweins treats of in a portion of his treatise which we 
have called the fourth ‘chapter’ of the first Abtheilung (see 
above, p. 173), a chapter headed “ Auflosung der Producte mit 
Versetzungen, in welchen einige Factoren verschwinden, in 
Producte bestehend in gedoppelten Verbindungen.” His solution 
of the problem set for himself, namely, the finding of the final 
expansion of the determinant, is complete though clumsy and 
unpleasing in form, being stated as follows:— 


(n) (n+1) (n-++-m) ) 
n+1*4n+2 ee n+m-+1 = ’ 
See SBNC TS esc = D[n, (n+1, n+2,...., vn+-m)™, n+m+1] 
n n+1 n+m 


— Din, (n+1,24-2,:,.., n+m)", n4+-Mm+1] 


(=)"D[n, @4T, 13-2570" nN+m)y, rn+m-+1), 
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(n) se 
where D,,, = —g- 


The notation on the right may be under- 


stood from the example 
DL, (1, 2, 3, 4, 5)°, 6], 

which stands for the ten-termed sum 

Oy MR 3 Or aire? -4 Om 1 27 16 ONS S45) 

1eD.D, DD, DD; DD, 0. D, Fee D;,D,D;D,, 
the first part of the symbol, ’0, indicating that the upper index 
of the first D is always to be 0, the second part, (1, 2, 3, 4, 5), 
that the last three upper indices and the first three lower 
indices are to be those of a set chosen from 1, 2, 3, 4, 5, and 
the third part that 6 is to be always the lower index of the 
last D. Thus, taking the determinant of the 4th order, we 


have 
Cy, yg log Moa 
Oy Ay yg Gi | , 
BE Ti ee tLe 
Ao, eg Ang 
. 33 Aga 
0 2.8 012 ihe 0 23 
ddd, — (didi + dydyl, + ded.) 
3 


0 1 0 2 0 
ald died diana dl) 


0) 
p> ds, 


Ay Uy 2%e334 & Age, , Artists, , Cor ey 


op bry boeb33 Appbeo33 Ao %11433 = Aon V1 X20 
(Gets Uogboa Sofas) 
Ao 33 Co 29 Cooly 
oa 
es eae 5, 
‘ie 


and therefore the determinant 

= Ag AyqWoghz4 — Ary + Vor og@z4 — +s0e 
The forced introduction of » should be noted, and the object 
gained in doing so. The form is really the same as Scherk’s. 


The next special form taken up by Schweins is that to which 
the name alternant has since been assigned, and his contributions 
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to the theory of it, occupying all the five chapters of the second 
Abtheilung, have been already recounted (see above, pp. 311-322). 
The third form occupies similarly the whole of the third 
Abtheilung, but much less space is given to it, there being only 
one chapter of four pages. The title at once recalls the ‘loi 
supréme’; it is “Producte mit Versetzungen, wenn die oberen 
Elemente héhere Unterschiede angeben.” Beginning with the 
expression for the A of a product in terms of the A’s of the 
factors, he deduces from it the A of the special determinant 
form in question, his contracted mode of writing the result being 
A || A*A,. APA,. ArAs. AAA, ) 
= |[AtA,. APA, AcAg. AAA, ) 

u bo) Oe Lend 

a b+1l e¢ d 

a+l 6b c d 


+ | A2A,. APA, AcHA,. AMA, ) 
a 6+1 c d+1 
a b+1 ec+1 d 
a+l b c d+1 
a+l 6b Gaol d 
a+l1 b6+1 Cc d 


+ | AeA, AA, AHA, AHA, ) 
a+l b c+1 d+1 
atl b+1 c d+1 
a+1 b4+1 ec+1 d 


oh | Ate AL : ANTES . AAS : ANA, F 


where there has of course to be noted the large number of 
determinants which vanish when b=a+l1, c=b+1,.... The 


only other matter is an investigation of the A of the Wronskian 
quotient 


| AeA, AtHA,.... Aetn-24 Aetna ) 
[APA ACA a A Ae 
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The mode of procedure is perfectly straightforward, the results 


used being 
A ad QAP—PAQ 
QJ Q(Q+AQ)’ 
the expression just obtained for the A of a determinant, and a 
theorem giving a product of two determinants as a sum of like 
products (see above, p. 171, result xLv. 2). Putting A,4». in place 
of Aj, there is obtained by division the corollary 


| ACA, ; Act A, spe Att A. NGPA ) 
[Ae ASA AY Ast AeA) 


[OG NING ooo Neca Net 
A | rer ait eh et, : — 
‘3 A [ AeA, AMAA, AA, | AA) 
| KeneAeti a. SaGiaals, ai 2 Aetna 


To the fourth and last special form is devoted the whole of 
the fourth and last Abtheilung, which consists of four chapters 
and occupies pp. 404-431. The title under which it appears is 
“Producte mit Versetzungen, wenn die Elemente das Differen- 
tiiren mit abwechselndem Vervielfachen angeben”; that is to 
say, the subject is the determinant derivable from that of the 
‘loi supréme’ by changing A into Zd, where by Zd is meant 
the double operation of differentiating and subsequently multi- 
plying by Z The first chapter, which closely corresponds to 
the first and only chapter of the third Abtheilung, opens with 
the expression for the Zd of a product in terms of the Zad’s of 
the factors: and thence there is obtained the Zd of the special 
determinant-form under consideration, namely, 


Zd| (Zd yA, .(Zd)%A, .... (ZdyA,) 
= |\(Zdys'A,. ZdyvA,. Zdyra, .... (ZdyA,,) 
+ | (ZdynA,. Zdyet4A,. (Zayas... (ZdyA.,) 
re | (Zd)sA, .(Zd)%by.(Zdyt1A, .... (Zd)A,.) 


+ [|(Zayna, .(Zdyrrr, .... (Ld) dn ar (Zd)™A,,), 
2H 2 
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the r“* determinant on the right being derivable from the original 
by increasing the 7** upper index by 1. When a,=a+r all the 
determinants on the right except the last evidently vanish, and 
we have 


Za| (ZdytA, .(Zdy'*'Ay ... (Zdy"™-1,,) 
= | (Zayed, (ZdyHA, ... (Zdytn-*A,_,. (Zdyt"A,). 


The Zd of a generalized Wronskian quotient is next investi- 
gated, with the result 


oe {ee  (Zdyt'Ay ... (Ld) Ay )\ 
|| (Zaye, (Zdy**A, ... (Zdy"-1A,,_,)] 
_ | Gaya, ... (Zdyo-2A,,_,) | way, ... (Zaye An) 
© [Gaya ... (Zaye) [(ZayerA, ... (Zdy4A,_,) 
Similarly there is obtained 
za || Car Ay. (Bd Ay (ZA) 2g (Zdyt**-1A,.,)) 
| (Zdy2A,. (ZdyHA, 2, (Zedy-2A,_,. (Zdy1A,, J 
| (Zd)*A,. (Zd)HA, ... (Zd)y**"-2A,,_,) | (Zd)*A,.(Zd)yHA, ...(Zd)™ Ay, 
| (Zdy'A,.(Zdy1A, ... (Zd)t-1A,, ) . | (Zd)*A,. (Zd)A, ... (Zd)-1 A, 


by a double use of which and by division it follows that 
oo { (ZdytA,.(Zdy1A, ..., (Zd)**-2A,_,. (Zd)**+*-1A,, 4) 
ri(Za HAS ate. (Zeb )at TAA a aoe (Ad ARTA ae) 

" | (Zd th, (Ld ye Ay er (Ldn t A ah (Zaye A) 
| (Zd)*A,. (Zd)yrHA,.... (Zdy*™2A,,_,. (Zd 1A, ) 

_ [Zdyea, .(Zay4A, .... (ZdyrmA,, . (Zdye*n Anja) 
| [Zdyra,.(Zayera, .... (Zama, (Zdyen LO 


The second chapter, which is much longer, is devoted to the 
consideration of the quotient 


(ZdYA%, (ZdPA%,... (ZAP Ae-1, (Zd)"B 
| B) 

, or Q, say, 
| (Zayas. (ZdPAm oe, (ZdrAen) 


| 
\ 
| 
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in other words, to those special cases in which the functions to 
be operated on are all of them powers of one function A. 
Several interesting results are obtained, such as 


Ona Onei— Oh) Ono On Oe 1 
Qn = i re ae ae os re eRe (Aiea tei), Qn 
the last of them being specialized down until 
| Zid)? Aon Zia Aten. (Zd yA") = a LE See Blea Ay aie tae: 
and to this is appended the note “Setzen wir noch in dieser 
Gleichung Z=1, so erhalten wir endlich jene particulare 
Gleichung, welche Wronski Seite 110 findet.” The third chapter 
of three pages begins with the consideration of 

Waa nae wend faye dF) 

and ends with the result 
dr-143( frye, dn—14%( fry-141..., d%( fry) 
= (ET (faye Die. 40-9, (EY 


and the sentence “Diesen ganz speciellen Fall findet zuerst 
Wronski Phil. d.l. T Seite 60 auf einem ganz verschiedenen 
Wege.” The fourth chapter of like extent specializes in a 
different direction, but ends in quite the same manner. 


w jz =0 


JACOBI (1835). 


[De eliminatione variabilis e duabus aequationibus algebraicis, 
Crelles Jowrnal, xv. pp. 101-124; or Nouv. Annales de 
Math. vii. pp. 158-171, 287-294; or Werke, iii. pp. 295-320.] 

This memoir which we have already referred to (see above, 

p. 214) contains an investigation of questions arising out of 

Bezout’s method of eliminating the unknown from two equations 

of the n degree in x. If the given equations be 


f(B) = anit 4°, 40") Ps bay 
p(x) One aD peile (eg te On 
Bezout, as is well known, reached the desired end by deriving 


from them a set of nm equations of the (n—1) degree, and 
eliminating «, x}, @,...; «”-' from the said set. This process 
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Jacobi explains at the outset, and, writing for shortness’ sake 
the set in the form 

Oe ae Tt age Tee Ogenee 

0 = at Fant) +i ase 
0= Go nete ar Cig aes apooo2 AF Ogtvnt Moa , 


that the determinant of the coefficients is axisymmetric.* Then 
he first shows that a,,=a,,, or, as would have been said later, 
denoting the cofactor of a,, in this determinant by A,, he next 
proves not only that A,,= A,, but that A,, = A,,, in every case 
where r+s=r'+s. A,, thus depending only on the sum of 
the suffixes he suggests that in what follows it would be better 
to write Ac Ae 
and he thereupon formulates his result as follows (p. 105) : 

“(Quo adhibito notationis modo, videmus, eam esse naturam co- 


efficientium a,, quae aequationes lineares afficiunt, e quibus eliminatione 
incognitarum facta aequatio finalis quaesita petitur, ut posito : 


Dogg =F Ay wee $F Oy Tp = Mo 
Byy%y Oty wee FA nip == MH 
Ayydiy + Og + oes. + Opn) = Mg 
G1, 04 2 O41, ey ae SO DR. ar Gn) n—1 1 aA My—1 


*Taking for shortness’ sake the case where n=3, it is immediately evident 
that if f(z)=0 and ¢()=0, we must also have 


Ay A + Age + Agr? 
| Kater ie ee 
Ay + Aye Ay + Agu 
sone by + bax ve 
Ay + Aye + Wye? ay | 0 
by + b0 + dyz? by] 


because the first column increased by a multiple of the second column gives 
in each case a column whose elements are f(x), ¢(a). These are the n derived 
equations in question. Further, by transforming them into 


|Qb,| + | aody | x + | aob3| xz? = 0 
| bo | + {| abs | + | ayby [fa + | ab, |? = 0 
|aqbs| + |aybs| a + | agb3|2? = 0) 


the axisymmetry not only comes into evidence, but the reason for it is apparent, 
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aequationes inversae, quibus quantitates x, per quantitates m, ex- 
hibentur, formam sequentem induant 


Lag = "Ayn, + Ayn, + Ayng + «... + A,ama 
L.a, = Am, -++ Aym, + Asm + .... + Am, 
Tiga “=etAgny Se Ag i Ayn 4. 4 ALM 
1%, = A, ty + Am, + Ayia, + ..6. + AsyieMyas | 


The determinant of the coefficients of the latter set of equations 
here is of the type which Sylvester afterwards distinguished 
by the name ‘persymmetric. Of course L in the same set 
Stands Lore Dias ape, 46a Onli na 


SYLVESTER (1840). 


[A method of determining by mere inspection the derivatives 
from two equations of any degree. Philos. Magazine, 
Xvi. pp. 132-135; or Collected Math. Papers, i. pp 54-57.] 


As we have already seen (see above, pp. 236-238) the 

eliminant of 

irae pag +... + a,0”" = 3 

bo + bya + baw? + ... +a” = 90 
arising from Sylvester's dialytic process is a determinant of 
the (m+n) order, in which the coefficients of the first equation 
appear as elements of each of n successive rows, and those of 
the second equation as elements of each of the remaining rows, 
each coefficient appearing in any row one place in advance of 
its position in the immediately preceding row. Determinants 
of this bi-gradient form, eg. 
aed; Oy Os Feat 


bo by by 
pads be 
By Die Daal 


were not long in attracting attention. Up to the year with 
which we close, however, no property of them had been noted, 
although any one able to compare the new process of elimina- 
tion with Bezout’s process had a result ready to his hand. 


CHAPTER XVII. 
RETROSPECT ON SPECIAL FORMS FROM 1772 TO 1841. 


A GLANCE over the preceding six chapters shows the extent 
to which the study of special forms of determinants had been 
carried prior to 1841, an extent probably hitherto unsuspected. 
In all, ten different forms had made their appearance, and 
about half of them had more or less engaged the attention of 
several investigators and had had a number of their properties 
brought to light. Of the dozen writers to whom one or more 
special forms had become familiar, by far the most conspicuous 
was Jacobi, to whom six forms were known and by whom five 
of them at least were carefully studied. After him came 
Cauchy, Wronski and Schweins. The only form to which a 
distinguishing name had been assigned was that called sym- 
metric by Lebesgue in 1837. The fruitful era of nomenclature, 
but not of that alone, was ushered in by Sylvester shortly 
after the date with which we close. 
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PREFACE. 


THE story of the production of this volume is quite similar to 
that of the first. Its bibliographical basis was the three “ Lists 
of Writings on Determinants” formerly referred to (see Hvs- 
tory, I., Introduction). These were followed at irregular 
intervals by a long series of papers in the Proceedings of the 
Royal Society of Edinburgh, containing historically arranged 
accounts of the writings in question up to 1860. A certain 
amount of outside attention having thus been attracted to the 
subject, neglected writings known to other mathematicians came 
gradually to be brought to my notice, and of course these were 
steadily supplemented by assiduous research on my own part. 
As a consequence, the “Fourth List of Writings,” published in 
1906,* was able to show a score or so of titles belonging to the 
period prior to 1860, and the “Fifth List,” published about a 
fortnight ago, a still greater number of similarly belated items. 
Considerable intercalations have thus been made in the Edin- 
burgh series of papers, and much care has been bestowed on a 
complete revision of the whole. It is confidently hoped that 
now very little matter of real moment has escaped attention. 
T. M. 


Capetown, SoutH AFRICA, 
19th July, 1911. 


* Quart. Journ. of Math., xxxvii. pp. 237-264. 
+ Quart. Journ. of Math., xlii. pp. 343-378. 


CONTENTS. 


CHAPTER I. 
PAG 

DETERMINANTS IN GENERAL, PRIOR TO 1841 . : ; 1-3 
BIANCHI, G. (1839) : : . pp. 1-2 
CHELINI, D. (1840) 2-3 

CHAPTER II. 

DETERMINANTS IN GENERAL, FROM 1841 To 1860 . : 4-108 
Cavey, A. (1841) ‘ : . pp. 4-9 
GRUNERT, J. A. (1842) F ; : 9 
TERQUEM, O. (1842) ‘ , : 10 
Cavey, A. (1843) : : ; 10-13 
Boo.g, G. (1843) ‘ : : 13-14 
Cay ey, A. (1843) F : ; 14-16 
Hesse, O. ~ (1843) ; : 17 
CaYLey, A. (1843) : : : 17-22 
Caucay, A. L. (1844) : ; ‘ 22 
Caucuy, A. L. (1844) ; : 2 22-27 
GRASSMANN, H. (1844) ; : , 27-30 
Cavony, A. L. (1845) ; : 5 30-32 
CavLEY, A. (1845) 5 ; 4 33-34 
FERUSSAC, DE (1845) ‘ : 34-35 
TERQUEM, O. (1846) F ; : 3D oO 
CaTALAN, E. (1846) : : 371-39 
Sarrus, P. F. (1846) : 39 
Hansen, P. A. (1846) : : ; 40 
TERQUEM, O. (1846) : 40-41 


viii 


CaYLey, A. 
Caucny, A. L. 
Hermits, C. 


JOACHIMSTHAL, F. 


SYLVESTER, J. J. 
ScHLAFLI, L. 


SPOTTISWOODE, W. 


SYLVESTER, J. 
SYLVESTER, J. 
SYLVESTER, J. 
Cay Ley, A. 


a4 


SYLVESTER, J. J. 


Bettl, E. 


Bruno, F. Fad pi 


SALMON, G. 
SYLVESTER, J. J. 
Caucuy, A. L. 


Sant VENANT, B. DE 


HeEssg, O. 
Cuio, F. 


SPOTTISWOODE, W. 


GRASSMANN, H. 
Maso, L. DE 
Caytry, A. 
Brioscui, F. 
Cantor, M. B. 
Caucuy, A. L. 
HERMITE, C. 
(ehiateiie Ih 
SCHLOMILCH, O. 
RvusinI, R. 
BELLAVITIS, G. 
BALtTzEr, R. 
Newman, F. 
Grosso, R. DEL 
JANNI, G. 
ZEHFUsSS, G. 
BELLAVITIS, G. 
ZEHFUSS, G. 
MAINARDI, G. 


CONTENTS 


(1847) 
(1847) 
(1849) 
(1849) 
(1850) 
(1851) 
(1851) 
(1851) 
(1851) 
(1851) 
(1851) 
(1852) 
(1852) 
(1852) 
(1852) 
(1852) 
(1853) 
(1853) 
(1853) 
(1853) 
(1853) 
(1854) 
(1854) 
(1854) 
(1854) 
(1855) 
(1856) 
(1856) 
(1856) 
(1856) 
(1857) 
(1857) 
(1857) 
(1857) 
(1857) 
(1858) 
(1858) 
(1858) 
(1858) 
(1855) 


. pp. 41-42 
3-46 

46 
47-50 
50-52 
52-53 
54-58 
58-61 
61-62 
63 
63-68 
68-72 
72 
72-73 
74-75 
75-77 
77-78 
78 
78-79 
79-81 
81-84 
84 
84-85 
85-87 
87-91 
a1 

92 

‘ ; : 92 
Dale : 92 
93 

93 
93-97 
97-98 
98 

99 

99 
99-100 
100-101 


\ Piha Tay 101 


CONTENTS ix 


PAGES 


GALLENKAMP, W. = (1858) ‘ EPP: 101 
SPERLING, I. | (1858) ‘ 5 : 102 
ZEHFUSS, G. (1858) ; ; . 102-104 
Stmerka, W. (1858) : . 5 104 
CasoratTl, F. (1858) ; ‘ . 104-106 
SALMON, G. (1859) : F . 106-107 


SPERLING, I. (1860) ; : . 107-108 


CHAPTER III. 


AXISYMMETRIC DETERMINANTS, FROM 1841 to 1860. 109-153 
Cay ey, A. (1841) é . pp. 109-110 
Moon, R. (1842) : : : 111 
HEssE, O. (1844) : ; : it 
Caytey, A. (1846) . . . 112-113 
CayLey, A. (1846) i : . 113-114 
“H (1)” (1846) | fee, 86. «145105 
CayLry, A. (1847) 3 3 . 115-116 
CayLey, A. (1848) F ; 1 ALISSLES 
SYLVESTER, J. J (1850) ‘ : . 117-119 
SyLvESTER, J. J. (1852) : , . 120-121 
SYLVESTER, J. J. (1852) : ; A 23 
SyLVESTER, J. J. (1852) yj ; . 123-124 
CayLey, A. (1852) 5 ; . 124-126 
SyLvesteR, J. J. (1853) é ; . 127-129 
HassE, O. (1853) : ‘ . 129-133 
Brioscul, F. (1853) : ‘ . 133-136 
SporriswoopE, W. (1851-3) . : 5 Leal 
CayLey, A. (1853) : : . 138-139 
Brioscul, F. (1854) : : ; 140 
Brioscul, F. (1854-5) . . . 140-141 
Ferrers, N. M. (1855) : : . 141-142 
Bruno, F. Fad pr (1855) : : : 142 
Brioscul, F. (1856) : ; ; 143 
Cavey, A. (1856) / ; . 1438-144 
Bruno, F. Faa DI (1857) j 5 . 144-145 
RusinI, R. (1857) . : : 145 
BELLAVITIS, G. (1857) ; : . 145-146 


BALTZER, R. (1857) ; : . 146-147 


BoRCHARDT, C. W. 
CAYLEY, A. 
SALmMon, G. 
SALMON, G. 


CONTENTS 


(1859) 
(1859) 
(1859) 
(1859) 


CHAPTER IV. 


ALTERNANTS, FROM 1832 TO 1860 


Murpnry, R. 
Binet, J. P. M. 
HAEDENKAMP, H. 
BoRCHARDT, C. W. 
ROSENHAIN, G. 
Sturm, R. 
TERQUEM, O. 
CAYLEY, A. 
CHELINI, D. 
LIOUVILLE, J. 
GRUNERT, J. A. 
ROSENHAIN, G. 
CayYLey, A. 
Brioscul, F. 
JOACHIMSTHAL, F, 
Brioscul, F. 
BorCHARDT, C. W. 
PROUHET, E. 
JOACHIMSTHAL, F, 
BELLAVITIS, G. 
Bett, E. 
BALTzER, R. 
Brioscut, F. 
PROUHET, E. 
CaYLey, A. 
ZEHFUSS, G. 


(1832) 
(1837) 
(1841) 
(1845) 
(1845) 
(1845) | 
(1846) | 
(1846) 
(1846) | 
(1846) J 
(1847) 
(1849) 
(1853) 


CHAPTER V. 


COMPOUND DETERMINANTS, UP TO 1860 


SYLVESTER, J. J. 
SYLVESTER, J. J. 


(1850) 
(1851) 


Pp: 


PE. 


Pp: 


147-150 

151 
151-152 
152-153 


154-155 
156-158 

159 
159-160 
160-161 


161-162 
162-164 
164 


164-165 
165-167 
167-168 
168-169 
169-172 
172-173 
173-175 
175-176 
176-180 
181-182 
182-183 
183-187 

187 
187-188 

189 

190 


192-193 
193-197 


PAGES 


154-190 


191-209 


CONTENTS xi 


PAGES 


SYLVESTER, J. J. (1852) . pp. 197-200 

SPOTTISWOODE, W. (1853) : . 201-205 

Brioscul, F. (1854) ; : . 205-206 

Bazin, H. (1854) : . 206-208 

Cavey, A. (1854) . 208-209 
CHAPTER VI. 

RECURRENTS, FROM 1841 To 1860 . : : . 210-218 
' SPoTTISwooDE, W. (1853). . pp. 210-211 
Brioscui, F. (1854-5) plated 
Faure, H. (1855) 212-214 
Bruno, F. Faa DI (1855) 214 
Bruno, F. Faa DI (1856) 215 
ALLEGRET, A. (1857) 215-216 
Brioscul, F. (1857) 216-217 
CATALAN, E. (1857) 217-218 

CHAPTER VII. 

WRONSKIANS, FROM 1838 To 1860 . ‘ : : . 219-229 
LIOUVILLE, J. (1838) . pp. 219-220 
Ma.tmstsn, C. J. (1849) ; : : 220 
MAINARDI, G. (1849). : . 220-221 
PUSEUx Ay: “1 eCLS5 1) 221-222 
Tissot, A. (1852) 222 
PROUHET, E. (1852) yw : . 222-224 
ABADIE, T. (1852) tg ‘ ; 224 
Brioscul, F. (1855) : : . 224-225 
CHRISTOFFEL, E. B. (1857) 225-228 
HEssg, O. (1857) 228 

229 


MoNTFERRIER, A.S.de (1858) 


CHAPTER VIII. 


JACOBIANS, FROM 1841 To 1860 : : : : . 230-253 
JacoBL.O. G. J. (1844-5) . . pp. 2380-235 
Hesse, O. (1844) : : . 235-237 
237 


CayYLey, A. (1847) 


xii CONTENTS 


PAGES 


BERTRAND, J. (1851) 7995. . pp. 237-243 
SpoTTISwooDE, W. (1851-3) . : i 243 
SYLVESTER, J. J. (1853) yj. : F 244 
Caucny, A. L. (1853). : . 244-245 
Donkin, W. F. (1854). : . 245-246 
Donkin, W. F. (1854) : ; . 247-248 
BRIoscHI, F. (1854) : ; . 248-250 
PEircey, B. (1855) , ‘ ; 251 
BELLAVITIS, G. (1857) ‘ ; . 251-252 
BALTzER, R. (1857) : : 4 252 
MALMSTEN, C. J. (1858) 7a , : 253 
SALMON, G. (1859) , , . 253 
CHAPTER IX. 

SKEW DETERMINANTS, FROM 1846 TO 1860 2 : . 254-293 
CAYLEY, A. (1846) ‘ .  - pp. 254-255 
CayLey, A. (1847) : : . 255-262 
SPOTTISWOODE, W. (1851-3) . : . 262-266 
CAYLEY, A. (1851) ‘ : . 266-267 
CaYLey, A. (1854) ‘ : . 267-272 
Brioscut, F. (1854) ; ; . 272-276 
Brioscul, F. (1855) : : . 276-277 
BELLAVITIS, G. (1857) : : . 277-278 
CaAYLry, A. (1857) 278-279 
BALTZER, R. (1857) 279-286 
SCHEIBNER, W. (1859) 286-287 
SoOuILLART, C. (1860) 287-288 
CaYLry, A. (1860) 288 
Trupl, N. (1862) 288-289 
JANNI, G. (1863) 289 
Cremona, L., ete. (1864-5) 289-291 
CavLey, A. (1865) 292 
HORNER, J. (1865) 292-293 

CHAPTER X. 

ORTHOGONANTS, FROM 1841 TO 1860. A ; 294-323 

Kummer, E. E. (1843) . - pp. 295-296 


Jacosl, C. G. J. (1844) ‘ : . 296-298 


BORCHARDT, C. W. 
Jacopl, C. G. J. 
Cav ey, A. 
HeErmirTE, C. 
SPOTTISWOODE, W. 
HEssE, O. 
SYLVESTER, J. J. 
Lames, G. 
HERMITE, C. 
SYLVESTER, J. J. 
SPOTTISWOODE, W. 
CayLey, A. 
Brioscui, F. 
Brioscui, F. 
Bruno, F. Faa DI 
Cavucny, A. L. 
BALTZER, R. 
SALMON, G. 
HEssE, O. 


CONTENTS 


(1845) : . — -—pp. 298-302 


PERSYMMETRIC DETERMINANTS, FROM 1841 TO 1860, 


ROSENHAIN, G. 
JACOBI, C. G. J. 
BorcHARDT, C. W. 
Sytvester, J. J. 
SYLVESTER, J. J. 
SYLVESTER, J. J. 
Bruno, F. Faa DI 
Cuio, F. 
SYLVESTER, J. J. 
SPOTTISWOODE, W. 
BRIOSCHI, 
BRIOSCHI, 
BRIOSCHI, 
BRIOSCHI, 
CayLey, A. 
SCHEIBNER, W. 


(1845) : : 5 302-3 
(1846) ‘ ‘ . 303-306 
(1849) : : : 306 
(1851) : : . 3807-308 
(1851) : ; : 309 
(1852) , : . 310-311 
(1852) : : . 311-312 
(1853) . . . 312-314 
(1853) ‘ : : 314 
(1853) : : . 314-315 
(1853) : : : 315 
(1854) é : . 315-317 
(1854) : : . 3817-318 
(1854) ; : : 318 
(1857) . : : 319 
(1857) ; : . 319-320 
(1859) . : . 320-321 
(1859) : : . 321-323 
CHAPTER XI. 
(1844) : ne PDs 325 
. (1845) ; : . 326-330 
(1847) ‘ : . 330-331 
(1851) : : . 331-332 
(1851) é : . 332-337 
(1852) 5 : : 338 
(1852) ; . : 338 
(1853) : : . 339-340 
(1853) ‘ 3 . 340-341 
(1853) : : . 341-342 
(1854) : . 342-343 
(1854) ; : . 343-348 
(1854) : ; . 349-350 
(1855) ; : . 350-351 
(1856) : ; . 351-352 


(1856) (eeBty 352 


xill 


PAGES 


324-357 


XIV 


Bruno, F. Fad DI 
BELLAVITIS, G. 
Rovucue, E. 
SALMON, G. 


CONTENTS 


(1856) 
(1857) 
(1858) 
(1859) 


CHAPTER XII. 


BIGRADIENTS, UP TO 1860 


Cavey, A. 

Boo eg, G. 
HEILERMANN, H. 
CaAYLry, A. 
HEILERMANN, H. 
Bruno, F. Fad pI 
CAYLEY, A. 
CaYLey, A. 
ZEIPEL, V. V. 
HEssg, O. 

ZEIPEL, V. V. 
Bruno, F. FAA DI 
SALMON, G. 
BORCHARDT, C. W. 


HESSIANS, UP TO 1860 


HeEssg, O. 
CaYLry, A. 
CAYLEY, A. 
CaYLry, A. 
Hxssk, O. 
HEssg, O. 
ARONHOLD, 8. 
HESSE AND JACOBI 
TERQUEM, O. 
HEssp, O. 
SYLVESTER, J. J. 
SALMON, G. 
Brioscu, F. 


(1844) 
(1844) 
(1845) 
(1848) 
(1852) 
(1855) 
(1856) 
(1856) 
(1858) 
(1858) 
(1859) 
(1859) 
(1859) 
(1859) 


CHAPTER XIII. 


(1844) 
(1845) 
(1846) 
(1847) 
(1847) 
(1849) 
(1849) 
(1849) 
(1851) 
(1851) 
(1851) 
(1852) 
(1852) 


pp. 352-353 


PP: 


Pp. 


353-354 
354-356 
357 


358-360 
360-361 

361 
362-363 
363-365 
365-366 

366 


366-368 - 


368 


376-379 
379-381 

381 

382 
382-383 

383 
383-384 
384-386 
386-387 
387-388 
388-390 
390-391 
391-392 


PAGES 


358-375 


376-400 


SYLVESTER, J. J. 
SPOTTISWOODE, W. 
SALMON, G. 
Brioscul, F. 
Brioscu, F. 

Cav ey, A. 
BELLAVITIS, G. 
BALTZER, R. 
HEssg, O. 


CONTENTS 


CHAPTER XIV. 


CIRCULANTS, UP TO 1860 . 


CATALAN, E. 
BERTRAND, J. 
SPOTTISWOODE, W. 
SYLVESTER, J. J. 
CREMONA, L. 
BELLAVITIS, G. 
PAINVIN, L. 
Roperts, M. 
SOvILLART, C. 
BaeEur, G. F. 


(1846) 
(1850) 
(1853) 
(1855) 
(1856) 
(1857) 
(1858) 
eal 
(1858) 
(1860) 


CHAPTER XV. 


CONTINUANTS, UP TO 1870 


SYLVESTER, J. J. 
SPOTTISWOODE, W. 
SYLVESTER, J. J. 
SYLVESTER, J. J. 
SmiruH, H. J. S. 
SYLVESTER, J. J. 
ScHLAFLI, L. 
Ramus, C. 
Brioscul, F. 
CAYLEY, A. 
PAINVIN, L. 
HEINE, HE. 
ScHLAFLI, L. 
Worpitzky, J. D. T. 


(1853) 
(1853) 
(1853) 
(1853) 
(1854) 
(1854) 
(1855) 
(1856) 
(1856) 
(1857) 
(1858) 
(1858) 
(1858) 
(1865) 


pp. 


EP: 


Pp. 


392-393 
393 
393-394 
394-396 
396-397 
397 
397-398 
399-400 
400 


401-404 
405 


405-406 


406-407 
407-409 
409 


409-411 


411-412 
412 


414-418 
418-419 
419-422 
429-424 

425 
425-426 

426 
427-428 

429 
429-432 
432-434 
434-436 
436-438 
439-441 


XV 


PAGES 


401-412 


413-444 


Xvi CONTENTS 


PAGES 


Mazza, F. (1866) : : GED: 442 
THIELE, T. N. (1869-70) ; . 442-444 


CHAPTER XVI. 


THE Less ComMon SPECIAL Forms, up TO 1860. . 445-471 
(a) Permanents 445-448 
Borcuarpr, C. W. (1855) “ . « Veaape 446 
JOACHIMSTHAL, F. (1856) : : . 447-448 
CAYLEY, A. (1857) : ; 448 
(8) Determinants with Complex Elements, 449-451 
HERMITE, C. (1854) ; , . pp. 449 
HERMITE, C. (1855) : : . 449-450 
RuBInI, R. (1857) : , : 450 
CLesscu, A. (1859) ‘ : ‘ 451 
(y,) Determinants connected with Anharmonic Ratios, 451-456 
CaYLey, A. (1854) . , pp. 451-453 
CayLey, A. (1858) . : 453-455 
SARDI, C. (1864) ; : 455-456 
(y.) Sylvester’s Unisignant 456-459 
SYLVESTER, J. J. (1855) : . pp. 456-457 
BorcHarpt, C. W. (1859) F , . 458-459 
(5) Miscellaneous Special Forms 459-470 
CAYLEY, A.’ (1845) .  -pp. 459-461 
TIssoT, A. (1852) é ; 461-462 
Bazin, H. (1854). , : 462 
Brioscu, F. (1855) : ‘ . 463-464 
Hermite, C. (1855) ‘ é . 464-465 
ZEHFUuSS, G. (1858) : : ‘ 465 
CAYLEY, A. (1859) ; : . 465-467 
HinsT or. A; (1859) : . . 468-469 
CAYLEY, A. (1859) ; : . 469-470 


(<) Census of Terms in Special Determinants 470-471] 


ALPHABETICAL List oF AUTHORS WHOSE WRITINGS ARE 
REPORTED ON, : ; ‘ ; : : ee (Q=470 


DETERMINANTS IN GENERAL (CAYLEY, 1845) 33 


CAYLEY, A. (1845). 


[On the theory of linear transformations. Camb. Math. Journ., 
lv. pp. 193-209 ; or Collected Math. Papers, i. pp. 80-94.] 
[Mémoire sur les hyperdéterminants. Crelle’s Jowrn., xxx. 

pp. 1-87.]* 
[On linear transformations. Camb. and Dub. Math. Journ, i. 
pp. 104-122; or Collected Math. Papers, i. pp. 95-112.] 


These memoirs, afterwards so famous in the history of what is 
now known as the algebra of quantics, contain exceedingly little 
on determinants. It is important, however, to direct attention to 
them, because the basis of them is a generalisation of deter- 
minants. Using language which came into vogue two or three 
years later, we may say that just as the idea and notation of 
determinants provided the means of expressing one of the 
invariants (viz., the discriminant) of a function, the idea and 
notation of hyperdeterminants were brought forward for the 
purpose of expressing all the invariants.t The generalisation is 
of great width, hyperdeterminants including as a very special 
case the generalisation previously made, viz., commutants. 

The first memoir gives incidentally a more general mode of 
using what we may call the notation of multiple determinants 
than that specified in his paper of 1843. The first usage, it will 
be remembered, is exemplified by 


A, Ag Ag Wy 


=1() 
b, by by b 
which is meant to signify that 
Be ee ate a ta Cos |e | Oe. | Foy S60 ep 
romeo apy tes By 0; Osa Ds Lalor ope dy 


A corresponding example of the new usage is 
Cy ee 


b, by bs % 


©, &, Ly M, | 


Yr Yo Ys Ya! 


> 


*This is stated to be a translation of the preceding paper, with certain 
additions by the author; and as such it is not reprinted in Collected Math. 
Papers. It also contains the substance of the paper which follows, the latter 
having been delayed in publication. 

+And indeed the covariants also. 
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where six equations are again intended to be specified, viz., 
A, de as A, Os to ER 
b, be Give b, bs Yuaie 
each determinant of the one group of six being meant to be equal 
to the corresponding determinant of the other group. 

The example actually employed by Cayley is a result of the 
multiplication-theorem, and fully justifies the usage. It is 

NatNa+..., ABHA'B'+..., «.- |! Ait stool ae 

matypa+..., wbtw i +..., |= Nigtois ag; + 


5 ’ 


where, of course, the number of columns in the multiplier must 
be greater than the number in the determinant which is its 
cofactor. 

It may be worth adding that the Mémoire sur les hyper- 
déterminants affords the first instance of the occurrence of 
Cayley’s vertical-line notation in Crelle’s Jowrnal.* 


FERUSSAC, DE (1845). 


. 
[Sur la résolution d’un systéme général de m équations du 
premier degré entre m inconnues. Nowv. Annales de Math, 
iv. pp. 28-32.] 


This is a belated contribution, having no connection with any 
of those immediately preceding it. The author in all probability 
knew nothing of the subject, with the exception of Cramer’s rule, 
which by this time was almost a century old. 

The theorem which he seeks to establish is :— 


‘“Comaissant les valeurs des inconnues d’un systéme de n équations 
a ” inconnues, pour avoir le dénominateur commun des valeurs d’un 
systeme de n + 1 équations an + 1 inconnues, on multiplie le dénominateur 
du valeur du premier systéme, par le coefficient de la nouvelle inconnue 
dans la nouvelle équation. Puis on en retranche les produits respectifs 
des numérateurs des m inconnues du premier systéme par leurs co- 
efficients dans la derni¢re du nouveau systéme. Quant au numérateur 
il se forme toujours du dénominateur en remplacant le coefficient de 
Vinconnue que l’on considére par le terme tout connu.” 


*In Liouville’s Journal brackets, [ ]or{ }, were used in Cayley’s own papers 
of the year 1845. See vol. x. ; yi es 
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The method of proof is that known as “mathematical induction.” 
The details of it need not be given, as they correspond closely 
with what are to be found in Scherk’s paper of the year 1825, 
the main differences being that Férussac uses no special deter- 
minant notation, and, while clear and simple, is not nearly so 
lengthy nor so laboriously logical. 


TERQUEM, 0. (1846). 


[Notice sur lélimination. Nouv. Annales de Math., v. pp. 
153-162.] 


This is a continuation of Terquem’s paper of the year 1842. 
Just as the previous portion dealt with Cramer and Bezout, this 
deals with Fontaine (des Bertins), Vandermonde, and Laplace, 
explaining concisely and clearly their main contributions to the 
subject. 

The only portion of it calling for notice is that in which 
attention is drawn to the curious fact that Laplace makes no 
reference to Vandermonde’s paper read to the Academy in the 
preceding year. In regard to this Terquem’s remark is— 


“Tl est extrémement probable que Laplace n’a pas pris connaissance 
du mémoire de son confrére: on sait, d’ailleurs, que les analystes 
francais lisent peu les ouvrages les uns des autres. Ceci nous explique 
également comment la résolution de l’équation du onziéme degré a 
deux termes, la plus importante découverte de Vandermonde, soit 
restée ignorée jusqu’a ce qu’elle ait attiré l’attention de Lagrange, 
aprés la découverte similaire de M. Gauss.” 


Not only, however, does this explanation not carry us far, but 
the question arises whether the point sought to be explained is 
really the point which stands most in need of explanation. 
Vandermonde’s paper was read at the very beginning of 1771 
and Laplace’s in 1772: yet in the History of the Academy for 
the latter year Laplace’s occupies pp. 267-376 and Vandermonde’s 
pp. 516-532, and neither refers to the other’s work. 

It may be noted here that, notwithstanding Terquem’s know- 
ledge of the early history of determinants and his manifest 
desire to induce his readers to take up the subject, he does not 
himself hold the new weapon with a very firm grasp. For 
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example, in giving in this volume an account of a paper of 
Grunert’s in Crelle’s Journal, viii. pp. 158-159, in which the 
author says— 
“Entwickeln wir nemlich 2’, ’/, 2, durch Elimination aus den 

Gleichungen : 

a = Az’ + By + Cz, 

y A’a’ is By ae C'z, 

z oe Ae’ a By a Cie 


so erhalten wir: 


y _ BO'-BC)s + (BC-BC')y + (BC'- BC): 
- CY ae OO eee 


ay 
wenn wir 
L 


setzen ”— 


ABC’ — A’BC” + A’”BC’ — AB’C’ + A’B’C —- A”BC 


ll 


he paraphrases the passage as follows : 


“Les équations donnent 


, _ «[B’C’] + y[B’C] + 2[BC] 
g = L : 


rnc 


ou les crochets représentent des bindmes alternés ; 
[B’C"} a Bee os iy by 
et ainsi des autres: L est la résultante, dénominateur commun.” 


The simultaneous use of bindme alterné and résultante is far 
from happy.* 


*Two years later we find him, in referring to a paper of Cayley’s where 
the determinant 


HBP PARE SE ge 
T MR 
S$ ake Nes 
is uy & 


occurs, calling it, as he did in 1845, a ‘‘ fonction cramérienne,” and writing it 
Die AR TSpe 3 
T M R 7 


|e seat hal 
ivi pe Ay : 


See Nour. Annales de Math., iv. (1845), p. 535; vii. (1848), p. 420. 
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CATALAN, E. (1846). 


[Recherches sur les déterminants. Bull. de Acad. roy. ... de 
Belgique, xii. pp. 534-555. ] 

As is known, Catalan had already dealt with determinants in 
the year 1839 in a memoir regarding the change of variables 
in a multiple integral. In the paper which we have now come 
to he leads up to examples of the same kind of transformation ; 
but the greater part of it—seventeen out of the total twenty-two 
pages—is occupied with determinants pure and simple. Half of 
this amount consists of an elementary exposition of known 
properties, and calls for no remark save that what Cauchy called 
“produit principal” or “terme indicatif” is here called “terme 
caractéristique,” and that he makes constant use of the symbolism 

det.(A,_B, Cys.) 
to stand for the detérminant whose first row consists of a’s, 
second row of b’s, and so on: for example, 
deb.(BA, U,..9).— — det.(A,.BC,-¥.,); 
dét.(A, A,C,...) = 9, 
dét.(A + M, B) dét.(A, B) + dét.(M, B), 


When we come to $13, however, we find fresh ground struck. 
The exact words are :— 
“ Supposons maintenant qu’étant donné la systeme— 


AS 
As, 


ie 
dont le déterminant est A, on ait combiné par voie d’addition et de 
soustraction les équations dont les premiers membres sont représentés 
pat’ Ay i Ags ~ ofa sgn 5 Ob Dar exemple, qu’on ait déduit du systeme 
(A) le systeme suivant 


Ae AR oe A, 
A, - Ay, 


ESR 
ee oe ey | 


- (A) 


_ (B) 
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dont la considération nous sera utile plus loin. Soit A’ le déterminant 
de ce nouveau systeme: d’apres les n® (3) et (4), nous aurons 


Aves dét. (Ay, Ags — Ag, - <6 5 Ba) 

+ dete Ae 3d A aA 5 

Jy déi(Apa As, etl See elt 
a det (Ase At tA a Oe Aen 
On sait que si l’on change les signes des termes d’une colonne 
horizontale, le déterminant change de signe ; done 
A’ sn( —1)""" dét. (Ay, A, -.., Ap) 4 (= Lye dét. (AS AT Age An) 

feel yr Oot ( As Ai, Ags Aas ase stick melee 
+ (—1)dét.(A,_5, A,, Ay,..%, As, A,) + dé6t.(A,, Ay, Ao. 2. tog) 
Dans la premiére parenthése, il n’y a pas d’inversion ; dans la seconde, 
il y a une inversion, ete. ; done 
= (le ee, 
The theorem thus reached may be enunciated as follows :—Jf 
from a determined A of the n® order, we form another A’ such 
that the first row of A’ is the sum of all the rows of A and every 
other row of A’ is got by subtracting the corresponding row 
of A from the row preceding it in A, then 
N= (= Lae: 

In Catalan’s notation it is 

dét.(A,+A,+...+A,, A,—A,, A,—Ag,..., A, 

a1 (=~ Lette. (Asi As eels): 

although, strange to say, it is never so formulated by him. 


A generalisation of it is next given by saying :— 


“Si la premiére ligne du systtme (B) avait renfermé seulement p des 
quantites A,, A,,..., A,, nous aurions trouvé, pour la déterminant 
de ce systéme, 

N 2. ( z 1W acy a8 2 


and then there follow a number of applications to the evaluation 


of certain special determinants. Thus, to take the simplest ex- 
ample, having 
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the theorem gives 


(eee ete tit — 1S 4A 4 
jaar 

fg a a eae 

hei 


The other illustrations all concern determinants of the special 
form afterwards known as “circulants”; for example, C(—1, 1, 
Perera Ces] OT i) ocr) rete BO 1 en 190), 
Cd, 1, ..., 1, 0, 0), ete. They therefore fall to be dealt with 
in a different place. 


SARRUS, P. F. (1846). 


faineke Ps J 1 Eléments d’Algébre. Seconde dition. 

iv+544 pages. Strasbourg. ] 

In the course of his discussion of the solution of a set of 
linear equations with three unknowns, the author interjects the 
following paragraph (No. 52, p. 95) :— 

“Pour calculer, dans un exemple donné, les valeurs de a, y et 2, 
M. Sarrus a imaginé la méthode pratique suivante, qui est fort 


ingénieuse. D’abord on peut calculer le dénominateur, et a cet effet 
on écrit les coefficients des inconnues ainsi 


i b © 
@ ew € 
a / U’ / Gh 


On répéte les trois premiers a 0 ¢ 

et les trois suivants @ UD ¢. 
Actuellement partant de a, on prend diagonalement du haut en bas, 
en descendant a la fois d’un rang, et reculant d’autant a droite, 
ab'c’: on part de a’ de méme, et on a wb"c; de a”, et on trouve abd ; 
on a ainsi les trois termes positifs (c’est-a-dire 4 prendre avec leur 
signes) du dénominateur. On commence ensuite par ¢ et descendant 
de méme vers la gauche on a ¢b’w", ba, cba’, ou les trois termes 
négatifs (ou plutdt les termes qu’il faut changer de signe).” 


This “méthode pratique” or mnemonic is the original form of 
the so-called “régle de Sarrus” which came later to have 
unnecessary prominence given to it by writers on determinants 
when dealing with those of the third order.* 


* The date 1833 has been assigned to this ‘‘rule” in a recent German text-book 
on determinants (Weichold’s), but without adducing any evidence. 
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HANSEN, P. A. (1846, Aug.). 


[Ueber eine allgemeine Aufldsung eines beliebigen Systems von 
linearischen Gleichungen. Berichte ... k. sachs. Ges. d. 
Wiss. (Leipzig), pp. 333-339. ] 


The solution of a set of linear equations is here looked at from 
the point of view of an astronomical computer, and though 
determinants are not used—are, in fact, eschewed—it is interesting 
to note that the hidden identities on which the new process of 
solution depends are 


(abo |" As ae), My 
POgbs luis OCh cul ther crs 
| 14b2¢5 | Bye Tae (gb, | ty | @yb C2 | | Abs F 
| a, bo¢ dy | Aybz| dy © | ayboeg| | @ybs | 
| dsDoCx1,| _ As ef sb, | by, | Msb Co! | ods | 1 | asdycodls | | abses | 
| % boca, Gy © | Ayby| ay © [aybyeg| | aydg| © [ay byesdy | | Uybyes |’ 


and that these are to be found explicitly stated in Schweins’ 
memoir of the year 1825. 


TERQUEM, 0. (1846). 


[Note sur les équations du premier degré en nombre plus grand 
que celui des inconnues. ... Nowv. Annales de Math., v. 
pp. 551-556.] 


Knowing from the four equations (Terquem uses 7) 
A,e + Ay + Az + aw = a. 
bx + boy + bz + byw = Db, 
the usual expressions for w, z,... Terquem affirms that if w is 
to be equal to 0 we must have 
| Oy Opeitg Cee e| cee, 0) 


and that therefore this last equation is the equation of condition 
for the simultaneous existence of four equations between three 
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unknowns. Continuing, he says that if we are to have z=w=0, 
we must have 


| a, b eg ds| = | ay b, gd, | = 0,* (8) 


and that therefore these two equations are “les deux équations 
de condition pour que 4 équations entre 2 inconnues puissent 
étre satisfaites par les mémes valeurs.” The words “et ainsi de 
suite” are added to draw attention to the general theorem. 

On this we can only remark that the giving of the equations 
of condition in the form (@) in the second case, even although 
the real equations of condition 


are thence deducible, seems quite inexcusable, especially in an 
exposition meant to be elementary. 


CAYLEY, A. (1847). 


[Sur les déterminants gauches. Crelle’s Jowrn., Xxxvill. pp. 
93-96 ; or Collected Math. Papers, i. pp. 410-413. ] 


As the title implies, the subject of this paper is not general 
determinants. Part of the purpose, however, which the author 
had in view necessitated reflection on the definition of such 
determinants, and the outcome was a suggestion which it would 
be a serious mistake to pass over. In explaining the character of 
the functions known afterwards as Pfaffians, and which he was 
about to show were closely connected with skew determinants, it 
was natural that he should be struck with certain points of 
resemblance between them and general determinants, and that in 
consequence he should seek a general definition which would 
include both. The new definition given is 


.... en exprimant par (1 2... 7) une fonction quelconque dans 
laquelle entrent les nombres symboliques 1, 2,..., 7, et par + le signe 


* The second determinant is incorrectly printed in the original. 
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correspondant & une permutation quelconque de ces nombres, la fonction 
Dl) 


(ot > désigne la somme de tous les termes qu’on obtient en permutant 
Shy J ” 
ces nombres d’une maniére quelconque) est ce qu'on nomme Déterminant. 


It is readily seen that this is much more general] than any defini- 
tion in use up to that time, and that it agrees with the ordinary 
definition only when the function (1 2... 7) takes the particular 
form Agi Age «++ Ann OF Ara Avg +++ An Further, it is not the same 
generalisation as we are familiar with from Cauchy’s great 
memoir of 1812, where determinants are viewed as a special 
class of alternating symmetric functions. This is shown quite 
clearly by the only other case brought forward by Cayley, 
viz., the case where the function (1 2... 7) is given the form A,, 
IT oe ae Other examples, not given by Cayley, are— 


DpH Ayog VC Ayog — Uyg2— Moyg F Mogi + Csi — F321» 


a7 . a;. a0 Cl. Cl; a ea. 
> 4.0. 127 AS eee) 23 31 __ 32. 


Cog (leg gg «= yg gy yg 


There is also in the same paper a more direct contribution 
to the theory of general determinants, viz., the theorem after- 
wards associated with Cayley’s name, and which,—to use later 
phraseology,—gives the expression for a determinant in terms of 
its own devertebrated coaxial minors and its primary diagonal 
elements. In the actual wording of the description of the theorem 
it is, not unnaturally, applied to a skew determinant only; but 
there is clearly nothing in the nature of the case to contine it to 
this special form. The description is— 

“En effet, soit 2 le déterminant gauche dont il s‘agit, cette fonction 
peut ¢tre présentée sous la forme 

Q = Q) + QA + MWAgy +... + DyoAyAge ++. - 
ot Q, est ce que devient Q si A,,, Ao, --- sont réduits & zéro, 2, est 
ce que devient le coéflicient de A,, sous la méme condition, et ainsi de 
suite; c'est a-dire: Q, est le déterminant formé par les quantités A,, en 
supposant que ces quantités satisfassent aux condition (2), et en 


donnant & 7 les valeurs 1, 2,.., ”. Q, est le déterminant formé 
pareillement en donnant 47, s les valeurs 2, 3, ... , 25 Q, sobtient en 
donnant 2 7, s les valeurs 1, 3, ... , , et ainsi de suite: cela est aisé 


de voir si l’on range les quantités ,, en forme de carré.” 
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CAUCHY, A. L. (1847). 


[Mémoire sur les clefs algébriques. Hxercices d’Analyse et de 
Phys. Math., iv. pp. 356-400, § 11; or Guvres completes (2), xiv.] 


In this longish memoir it is the second section (§ ii.) that is of 
interest to us, its title being “ Décomposition des sommes alternées, 
connues sous le nom de résultantes, en facteurs symboliques.” 
The only previous writing with which it is clearly connected 
in subject is Grassmann’s of the year 1844. To ensure the 
possibility of proper comparison between the two, it is necessary 
to do now as was done in the previous case, viz., to give the opening 
paragraph verbatim. No general explanation of ‘algebraic keys’ 
need be offered, all that is requisite for our present purpose being 
obtainable from the paragraph itself. It runs as follows :— 


“Tin effet, considérons d’abord la somme alternée s, formée avec 
les quatre termes du tableau 


a, »b 
il 1 i 
(1) { ns 105 
et fournie par l’équation 
(2) Shea 9 (410,0,) = 0s Ody. 


Si lon donne pour coefficients & deux clefs algébriques a, 8 dans deux 
fonctions linéaires A, » les termes qui renferment la premiére et la 
seconde ligne horizontale du tableau (1) on aura non-seulement 


(3) A = 4,0. +.0,8, 


B= aa + bB, 
mais encore 


(4) | Ae | = ag] a | + aby] a8 | + Oya] Ba | + Oy0,] 6 |; 


et, pour que le produit symbolique | Av | se réduise a la résultante s, 
il sutfira évidemment de poser 


(5) jo? [= 0, |a8|=1, [fal =-1, |P |= 9. 
Sous cette condition, lon aura 

(6) s= | Ap; 

et A, » seront les facteurs symboliques de la résultante s. 


Si aux formules (5) on substituait les suivantes : 


(7) Jo2| = 0, |Ba =- a8 |, | f?| = 9, 
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alors, & la place de l’équation (6) on obtiendrait la formule 


[Au | = 8 [a8 |, 
ou 

8 een 
°) a a8 


dans laquelle il suffirait de poser | a8 |=1 pour retrouver l’équation (6). 
Remarquons d’ailleurs que la seconde des formules (7) peut s’écrire 
comme il suit: 


(9) | aB | + | Ba| = 0, } 
et que la formule (9) donne | a? |=0 ou | f?|=90, quand on y 
suppose B=a. Donec, et définitive, les transmutations (7) sont 
toutes trois comprises dans la formule (9). Done il suffit de recourir 
4 cette formule et a celles qui s’en déduisent, pour obtenir l’équation (8), 
et, par suite, pour décomposer en facteurs symboliques la somme 
alternée s, c’est-d-dire la résultante algébrique formée avec les quatre 
termes du tableau (1).” 

From the case of the second order he proceeds at once to the 
case of the 1 order, inquiring as before under what conditions 
the symbolic product 


(a,a+b,B+ay+ ... + h,n) 
(aga +b,B+eyy + ... +hgn) 
. (a,a+b,8+eyy + ... +hsn) 


.(4,a+b, 8 +¢,y+ ... +hyn), 
where a, 8, y, ..., 7 are n distinct ‘algebraic keys,’ reduces to 
S(£4,0,¢, 5.) < ‘fn) 
Denoting by | «| the symbolic portion of any term of the final 
product, he finds that 
‘‘on devra poser 
(14) |x| =0 
quand lune quelconque des lettres 


a, B, ymca nt) 


entrera deux ou plusieurs fois comme facteur dans le produit «; et 
poser, au contraire, 


(15) [«| = 1, 
ou 


(16) |x| =-1 
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quand le produit « renfermera une seule fois chacune des lettres 


a, B, Y sey 239 UP 
la formule (15) étant relative au cas ot l’on sera obligé d’opérer entre 
ces lettres prises deux 4 deux un nombre pair d’échanges, pour passer 
du produit | aBy ... | au produit | x |.” 


The obtaining of the results 


laSy| =. | Bya}| = sta 
= sassy i bea ye 


from transformations of the form 


| a8 | = —|Ba| 
is then shortly considered ; and this is followed by a concluding 
paragraph, in which the statement occurs that “cette décom- 
position (des sommes alternées en facteurs symboliques) une fois 
operée on peut s’en servir avec avantage pour découvrir ou pour 
démontrer les principales propriétés des sommes alternées.” 
Cauchy’s position is thus seen to be very different from Grass- 
mann’s. Grassmann was not concerned with determinants: his 
problem was to solve the set of equations 


A,0 + AsY + Azz = Ay 
bw + bey + 42 = by 
C\X + Coy + Czx% = Cy 
and he satisfied, himself by a curious process of reasoning that 
ee (dp + bo +o) Gg + by + Cp) (ts + O5 + €s) 
(y+, +61)(y + by + 6y)(A3 + 65+ ¢s) 
provided that the multiplications indicated be performed according 
to the laws of “outer multiplication.” Cauchy, on the other 
hand, starts with the determinant formed from 


Gn ae 
b, by bs 
Gu ol ag ep 
his problem being to find under what conditions, as regards the 
arbitrarily introduced symbols a, {, y, the product 
(aya t+ ,3+ dgy)(d,a+ 0,8 + dsy)(Ca+ 0,8 + cyy) 
will be identical with the determinant; and he is led to the need 
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for imposing laws essentially the same as those of “outer multi- 
plication.” Grassmann’s factors are each the sum of the elements 
of a column of the determinant, and, according to his quasi- 
demonstration, could not be anything else: Cauchy’s factors are 
each formed from the elements of a row; but had they been 
formed from the elements of a column, the result would not have 
been different. The root idea, viz., the expression of a determinant 
as a product of factors subject to multiplication of a special kind, 
was certainly first reached by Grassmann: Cauchy attained the 
same result, adding somewhat to its width, and presenting it in a 
fresh and more reasonable form. 


HERMITE, C. (1849, January). 


[Sur une question relative & la théorie des nombres. Journ. (de 
Liouville) de Math., xiv. pp. 21-30; or Cuvres, i. pp. 
265-273.] 


As a lemma in the process of attaining the main purpose of 
his paper Hermite gives an identity which for the 4° order we 
should nowadays write in the form 


G@, GW, Ag Wy [apb,| | a30,| | a,b, | 
b, 6, by by 1 : 

oor eae —i— b,c, | bac, | | bse, | | b,c, | 
avd,” d, “a, |egd,| | eg | | c,d, | |. 


This he establishes rather circuitously by taking four quantities 
&, &, €3, & which satisfy the equations 
ag + + 4s + he = 
Agk, + bof + Co€s + dE, = 
asé, + dk. + cs€3 + df, = 
OE, + Oy, + CEs + UE, = 0" 
and then multiplying the original determinant columnwise by 
(—1)%b,c, in the form 


cof 


comes 
fe =U, Cy 
£3 —b; dy 
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JOACHIMSTHAL, F. (1849, Nov.). 
[Sur quelques applications des déterminants a la géométrie. 
Crelle’s Jowrn., xi. pp. 21-47. ] 

Joachimsthal’s interesting series of ‘applications’ being mainly 
connected with the multiplication of determinants, he introduces 
them by enunciating the multiplication-theorem, and indicating 
a mode of proof “ pour éviter aux lecteurs la peine de la chercher 
ailleurs.” 

The enunciation is 


Cay Z eye eG 
Meu ABer ey scare Xe det. Enon, Ci 
H Ye % & mz % 
we + yn + 2h 0& + ym +2 & + Yn + 265 
= dét.4 wmE+ yn tat ME + Ym + 2b ME + Yims + 21h 
| @oE + Yon + 2 LE + Yor + 2b, Lees + Yor + Abs 
and the proof, it is stated, consists in taking the equations 
h =aU0 +yV +2W, U = gu+4v+t+ gu, 
hy = 20 +y,V+2,W, V = gut nut nw, 
h, = U0 + y,V +2,W, W = fu + Got gw, 
deducing from them two different triads of equations independent 
of U, V, W, solving these triads for w, v, w, and then comparing 


the results.* 
In connection, with this two points have to be noted. The 


first is the use of the notation 


dét. | 


which may be compared with Catalan’s of the year 1846, and 


*The details of the proof not being given, one cannot guess how it was that a 
second theorem was not obtained, viz,, the theorem 

ho we + ym +25 whe +Y¥m + 280 

Ay mht ymt ah Mo +%%e + Ase 

Ig Xaby + Yom + Zhy Lobo + Yo + Zhe 


|whyz| ™ 2 


ee & | 
jayjho| G& SI. 
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with the modification of the vertical-line notation which the 
printers of Crelle’s and Liouville’s journals employed for two or 
three years in setting up Cayley’s papers. That Joachimsthal 
was familiar with Catalan’s paper of 1846 is made more probable 
by the occurrence of a footnote (p. 28) giving 


a, 
the identity which Catalan was the first to formulate in a 
similar way. 

The second point is the unnaturalness, in view of the mode of 
proof, of not writing the second determinant of the theorem in 


the form 
EMS Sha 


dét. " 1 Ne 
Ces 


Towards the close of the paper (p. 44), his geometrical work 
having led him to use the identity 


(aft +0" +a") (y'8 + 7'8" 4 "8") — (018 +08" 40""8") (Bly + B'y" +BY’ 
= (a! ~a"y")(B"8" ~ B"3") + (aly ~a""7)(B'8" - B") 
+ (a’y" —a"y')(B°8" - B"), 
he devotes the last two pages to proving a generalisation of it,— 
a generalisation not so wide as that of Binet and Cauchy, but 
interesting because of the way in which it is arrived at. Putting 


etl y 2 ae apg U vapore 
dét4 a +U oy ¢ pedéti aw y' 7 +dét4U y' 2 
ae” + be y a oe” be y Z : 


Dy Uy 5 xe bG Coe lo. Gare SE 
MH Yr m4 +e G & m G 18) 
D = dét. i) Y2 Zo eee te ) A = dét £2 UD) & T2 
Xn Yn en Ue td ze fa Nn cS 0 Oe Tn 
Loo lor log . bow 
Lio bia Lys Lin 


ands «Nt walt debian cae acs 
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where 
Ly. — Xoo + Yon) + obo + ond ap am 
lo. = Tob sie ao — ans sae, Be nies ) 
bse as eee me YnNo + ree ce gl a ar pea 
bi i ni ate or - tabi t+ ooo | t,T1 ? 
los — ae i et ee ee a nT as 


and where therefore 
DA = N, 


he differentiates both members of this identity with respect to 
Zn, Yn> 2n,-+ + tn, obtaining 


oD oN oN ON 
Az, — Sa, + fa, pct Stay on 
oD oN oN oN 
OYn 0 07 Pia Ae Up oune = Binet + Mn Ls. > 
oD oN oN oN 
a ae la Pit area eae rey 
From these last equations, on multiplying by 
oA OA oA 
Cea ate aaeote 


respectively, and adding, there is obtained with the help of the 
known identities 


oA OA OA 
Song tay — auto. toes 4- Ly = 0, 
OA OA 
625 1 Rare Reseciay 
OA OR ae 
£57 ell eae as soe taa = De 
the result 
oD OA oD OA eb -oAr oN 


oa, OE, | Yn Mn sieisini wAcCli Os eereOlcns 
M.D. II. D 
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1.€. 
Yo % 0 to 0 To 
dé. Yi 2 eee ia Ua ‘ dét. 1 G Pere ld T1 
Yn-1 2n-1 tn-1 Mn-1 Si Tn-1 
XH % to £6 & To 
det: ae & \ aetJ& Tm A 

By—-1 Sn-1+ + + t= ot Gor ©: ei o% Tn-1 

fe loa OBO ONG Lon—1 | 
a dét. y bo bia Soe 0 re 

le-16 bets La COR) tie . 


Using later phraseology we may say in describing this that from 
the theorem regarding the product of two square matrices of 
order n+1 there is obtained the theorem regarding the product 
of two rectangular but non-quadrate matrices, the latter product 
appearing as a principal coaxial minor of the former. Cauchy’s 
generalisation concerned any minor of the former product, but 
even this further extension was not beyond Joachimsthal’s reach, 
for he ends with the remark “En différentiant de nouveau par 
rapport & @ 1, Yn1,--- On obtiendra d’autres formules; et ainsi 
de suite.” 


SYLVESTER, J. J. (1850, Sep.). 


[Additions to the articles in the September number of this 
journal “On a new class of theorems....” and “On 
Pascal’s theorem.” Philos. Magazine (3), xxxvii. pp. 863- 
370; Collected Math, Papers, i. pp. 145-151.] 


Of the three additions referred to in the title it is the last 
which concerns us, viz., that in which Sylvester introduces and 
explains his use of the term minor as applied to a determinant. 
Starting with the ‘square array’ of a given determinant, and 
leaving out one ‘line’ and one ‘column,’ he calls the determinant 
of the minor array which remains a ‘First Minor Determinant’ ; 
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similarly ‘Second Minor Determinant’ is explained; and then he 


adds, 


“and so in general we can form a system of 7 minor determinants by 
the exclusion of 7 lines and 7 columns, and such system in general will 


contain 
fos |) hepa Batt Ns 
GOP econ iGh 


distinct determinants.” 


It is thus seen that ‘minor determinant is used as ‘partial 
determinant’ had already been used by Lebesgue (1837), and as 
‘determinant of a derived system’ had been used by Cauchy 
(1812), but that, whereas Cauchy added a distinguishing epithet 
to specify the order of the determinant, Sylvester did so to 
indicate how many lines or columns fewer it had than the 
‘principal’ or ‘complete’ determinant originally started w:-h. 


The following proposition or ‘law’ is next given, viz.: The 
whole of a system of x” minors being zero implies only (r+1)? 
equations, that is, by making (r+ 1)° of these minors zero, all will 
become zero: and this is true, no matter what may be the 
dimensions or form of the complete determinant. Then, after 
some geometrical applications concerned with first minors of a 
symmetrical determinant, there follows the explanation— 


“The law which I have stated for assigning the number of inde- 
pendent or, to speak more accurately, non-coevanescent determinants 
belonging to a given system of minors, I call the Homaloidal law, 
because it is a corollary to a proposition which represents analytically 
the indefinite extension of a property, common to lines and surfaces, 
to all loci (whether in ordinary or transcendental space) of the first 
order, all of which loci may, by an abstraction derived from the idea 
of levelness common to straight lines and planes, be called Homaloids.” 


A further advance is made just before the close of his paper. 
Leaving the square array and taking m lines and 7 columns, he 
says 


“This will not represent a determinant, but is, as it were, a Matrix 
out of which we may form various systems of determinants by fixing 
upon a number p and selecting at will p lines and p columns, the 
squares corresponding to which may be termed determinants of the 
p™ order.” 


Here there is to be noticed the first use of the word matria in 
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connection with determinants, as well as the change back to 
Cauchy’s mode of particularising the minors. The corresponding 
more general ‘law’ is said to be—The number of wncoevanescent 
determinants constituting a system of the p® order derived from 
a given matria, n terms broad and m terms deep, may equal 
but can never exceed in number 
(n—p+1\m—p+)). 

No proof of this is given, nor does he refer to Cayley’s related 
theorem of 1843. (See p. 15 above.) 


SCHLAFLI, L. (1851, Jan.). 


[Ueber die Resultante eines Systems mehrerer algebraischen 
Gleichungen: ein Beitrag zur Theorie der Elimination. 
Denkschr. d. k. Akad. d. Wiss. (Wien): math.-naturw. Cl., 
iv. (2), pp. 1-54.) 

The last section (§ 29, pp. 52-54) of this long memoir bears the 
heading “Ein zur Theorie der Determinanten gehérender Satz,” 
being introduced as an aid to the reading of a geometrical 
memoir (pp. 54-74) on the ternary cubic. 

The ‘Satz’ is not formally enunciated, but we may express it 
for ourselves as follows: If a set of n homogeneous equations of 
the first degree in n unknowns be given, the determinant of the 
set being A, and there be formed another set consisting of all 
equations of the r“ degree derivable from the equations of 
the given set by multiplication among themselves, the deter- 
minant of the latter set is equal to 

ACntr-1m, 


For example, the initial set of equations being 
a,e+ ay = | 
ba+ by = 0 
and r = 3, the derived set of equations is 
(a,x+a,y)> = 0 
(aeta,y)(det+by) = | 
(a,c+d.y) (be+b,y) 
(b,0+b y)> = 


i 0 
==) 
—— 
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and it has to be shown that 


3 2 2 3 
ay 30d, 30,05 Qe 


G0, 20.0.0; + ab; | 20,040, 4+ a50, 2050, 
a,b; 2b,b,a, + bia, 2b,b,a, + b3a, aad; 
B° 3B°b, 3b,b° B 


To do this Schlafli takes the conjugate of the adjugate of |a,b,|, 
namely, 


==) | ayb5\|°. 


AG AD; 
a B, 
forms with its elements the like determinant 
A’ SAiB, 3A,Bi B 
AA AG AL A Dae ALE Daal Ne BiB, 
A AGaA, BA. AGB, -2A,B;B, + BAe EB; 
ie 3A;B, 3A,B; Bee. 


) 


and then in row-by-column fashion multiplies the former four- 
line determinant by the latter, obtaining for the product 


| 2,5, |? 
| ab. |? 
| 452 |° 
| «5, |? 


whence the desired result follows. 

It is the penultimate step of the demonstration, namely, the 
obtaining of the final form of the elements of the product, that 
is attended with difficulty: and the difficulty is not lessened to 
Schlafli by his taking ” and r in all their generality. As soon, 
however, as the determinant under investigation is known in 
this or any other way to be a power of A, the index of the 
power is readily found to be 
ay: 
by noting that the determinant is of the order C,,,_,,, and each 
of its elements of the r™ degree. 


5+ HISTORY OF THE THEORY OF DETERMINANTS 


SPOTTISWOODE, W. (1851). 


[ELEMENTARY THEOREMS RELATING TO DETERMINANTS. vili+ 63 pp. 
London. | 


This is noteworthy as being the first separately-published 
elementary work on the subject, the author explaining that he 
had been led to write it because determinants had come to be in 
frequent use, and there was no accessible text-book to which 
students could be referred. It consists of a preface and ten 
short chapters or sections, the mode of partitioning and arranging 
the matter being such as has often subsequently been followed. 

The preface contains a short sketch of the history of the 
theory, the first of the kind that had appeared. In the first 
section (§ 1) the reader is introduced to determinants of the 
second and third orders as they actually occur in the solution of 
geometrical problems, and certain of the simpler properties 
are incidentally pointed out; the next seven sections (§§ 2-8) 
deal with determinants in general; and the rest of the book 
is occupied with determinants of special form, viz.,§ 9 with skew 
determinants and §10 with functional determinants. The con- 
cluding portions of most of the sections consist of worked 
examples illustrative of applications of the theory to co-ordinate 
geometry. 

The definition employed is that of Vandermonde * as expressed 
in Cayley’s vertical-line notation, viz— 


|(1,1)| = (1,1), 


Op | = 419122)! - 429120) 


*Tt may be worth noting that while both Vandermonde and Schweins used 
the recurrent law of formation as a definition, they did not write it in exactly 
the same form. Schweins followed closely the form used by the original 
discoverer, Bezout, putting for example 

| @ybocgdy | = dy | aybycg| — ds | aybycy| + dy | aybyey| — d,| aghycy |, 
the connecting signs being in all cases alternately positive and negative ; whereas 
Vandermonde wrote 


| Mbocydy | = my | byegdg| — Mg | dgcydy | + ag | byeydg| — ay | dyeods |, 
where the cyclical change of suftixes causes the connecting signs to be alternately 
positive and negative when the order of the determinant is even, and to be 
uniformly positive when the order is odd. 
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(1,1) (1,2) (1,3) 


(2,1) (2,2) (2,3) 
(3,1) (3,2) (3,3) 


(2,2) (2,3) 
(3,2) (3,3) 


(2,3) (2,1) 
(3,3) (3,1) 


(2,1) (2,2) 


ie) (3,1) (3,2) 


= (1,1) + (153) 


’ 


The quantities (1,1), (1,2), . . . which Cauchy called ‘terms’ 
and Jacobi ‘elements, are named ‘constituents’; and the deter- 
minant of the n** order having these constituents is denoted 
shortly by 


Si£(1, D(2,2)... (2,2) 


The first result, deduced in somewhat loose fashion from the 
definition, is “Cramer’s rule”; but the first that is actually 
formulated and numbered is one of much later date than Cramer, 
vizZ.— 


“Theorem I.—IJf the whole of a vertical or horizontal row be multaplied 
by the sume quantity, the determinant is multiplied by that quantity.” 


In this form, as is well known, it afterwards became almost 
stereotyped. The second result, which is of about the same age, 
is that regarding a determinant whose vertical row consists of 
p-termed expressions, second vertical row of g-termed expressions 
third vertical row of r-termed expressions, and so on, being to the 
effect that such a determinant is expressible as a sum of pqr . . - 
determinants with monomial constituents. The next seven results 
are, like the first, new only in form, the wording being, as in 
Theorem I., more topographical in character than formerly, on 
account of the determinant being now more consciously viewed 
as connected with a square holding n-n quantities situate in 
vertical rows and at the same time in m horizontal rows. The 
tenth result, which is a converse of the ninth, is new but 
unimportant, viz.— 

“Theorem X.—IJf a determinant of the n® order vanishes, a system of n 


homogeneous linear equations, the coefficients of which are the constituents of 
the given determinant, may always be established.” 


The ninth he establishes by the method of so-called ‘mathematical 
induction, deducing from it the solution of 


r=2 


(71)x, + (72) a +... +(7N)H, = Ur ated 
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and thence the ratios of a), @,,.--, Zn in the case of 
(10) a) + (rl), + (72) x +... +(rn)ay = 0 | 
as originally noted by Jacobi.* 
The eleventh result is the multiplication-theorem; and here 
anything that is noteworthy is not in the enunciation but in the 


proof. Beginning with two sets of equations, exactly after the 
manner of Joachimsthal, viz., 


r=n 


r=1 


Aye + AY + Ags = Uy Lu, +1, + lu, = % 
bw + boy + bz = uy MU, + MU, + MyUz = Ve 
Ce + CoY + Cg%@ = Ug), NU, + NU, + Nglg = Vz J, 


he views them as six linear equations in a, y, 2, U,, U., Us, and 
seeks to find the value of one of the first three unknowns, say 2, in 
two different ways. Firstly, by using the first set to eliminate 
U1, Uz, Uz from the second set, he obtains 


(1a, + 1b, + Ie, la + (yd + yb, + Igcg jy + (Lag + Indy + Iocg le = % 
(may + Mb, + Mgey)% + (MA + Myby + MgCy)y + (Mag + Mads t+ MsCy)zZ = V% 
(114, + qd, + Ngly )T + (M,Ay + Nydo + Nglq )Y + (MyAg + Ngbg + gly )zZ = Ve J , 


and thence 

V, ba, +1b, +1,¢, la, +l.b, +14cy 

Vg MyAgtMgbz+MsCy  MyAz-+ Mb, + MgCy 

Vz NyAg +Ngdg +Nglq — N4Ay +Nybg +NgCq 
La, +1,6, +1yc, Lay +1.b. +lycp Lag +1,b, +lq¢y 
MA, A Mgd A Msly Mtg + Mads +MsCy Mig + Mody + MegCg 
MA, $Ngqby +NsCy NyMy +Nqby +NgCq N43 +Nyb, +40, 


Secondly,—and here he differs from Joachimsthal,—by writing 
the six equations as one set in the form 


A,e + A,Y + a2 —- U, = 0 
bw + by + bgz — Us, = 0 
Co + CY + 6,2 =r, =U 


Lu, +lw, +lu, = 
MU, + My, + MU; = Vy 
NU, + Nyy + Nglg = Vz 


* Crelle’s Journ., xv. (1835), p. 104, and xxii. (1841), p. 296. 
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he obtains directly for x the value 


Qe Gd, —1 . @, GW UM —-l . 

DE —iLypon Bi cba ed; -l. 

Caracas ak - 1] |e ce oe . 5 eed | 
Vy L, ip 1 l, hs 
OP Mm, MM, Ms Mm MN, Ms 


; Ng Ns "Ns 
A comparison of the denominators in the two values of « then 
gives the desired result.* 

The theorems of §6, though, for some unexplained reason 
not formulated and numbered like the others, are of the 
highest importance, the subject-matter being the determinant 
of what is called the “inverse” system, that is to say, the 


determinant Pieter lee) Le | 
[2, 4 & 2) . . [2,7] 
[m1] [n,2] .... [nn] 


where [7,8] is the cofactor of nny in |1,2,..., |. Cauchy’s 
theorem regarding the whole determinant is first proved, and 
then, instead of Jacobi’s more general theorem, there is established 
a theorem said to include Jacobi’s, viz.i— 


4 


tage) |) 


(¢+1,¢+1] [¢4+1, 1+2] [¢+1, n] 

ee: Gea Ve i+ 4 alah a 

ie eae ar i+2] Te x 
[e+ p41, +741] [o+7 +1 c+j4+2]...[¢+j+, n]]-]1, Pela pees 
Beit? tts + 1) ie as ee dane? ABA se | a 
a en) a eee rey 


*Spottiswoode, like Joachimsthal, it will be observed, deduces nothing from 
a comparison of the nwmerators. Thus, by equating the two cofactors of v,, he 
might have obtained 


Gad; ls 
be 6 = ers 
a 43 
M, M, Mz Gz by Ca 
= - Cg C3 . ° -l 
Dy Ws 72 a, bs Cs st eta Ge 
aes 1 
NM Ny Ne 
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That it does include Jacobi’s is at once seen on putting? +j +1=n, 
when we have 


(t+ 1, ¢+1] [641,242]... [6+1, 2]}| = [2 2]-[1, 2,.-., [7% 
(+2 c+1] [¢+2,24+2]... [¢+2,n]] _ 


(1) 2, eee 
| 1 2S ona 
7 Oe Ban ag ee Ci Se ee, ee Ls oer 
[n,i+1] [n,i+2] ...[n, n] 

It is equally true, however, that by a double use of Jacobi’s 
theorem Spottiswoode’s follows immediately. 

The next section ($7) deals with the differentiation of a deter- 
minant, and with an application of the same by Malmsten to find 
the n™ particular integral of a certain differential equation when 
m—1 particular integrals are already known. 

The eighth section concerns the solution of what is called a 
“redundant system” of linear equations, that is to say, a system 
of m equations in n unknowns where m>n. Theorem XII. 
is the result obtained therefrom, and this being applied to the 


method of least squares, the last formulated result, Theorem 
XIIL, is reached. 


SYLVESTER, J. J. (1851, March). 


[On the relation between the minor determinants of linearly 
equivalent quadratic functions. Philos. Magazine (4), i. 
pp. 295-805, 415; Collected Math. Papers, i. pp. 241-250, 
251.] 


In order to formulate the relation referred to in the title, that 
is to say, the relation between any minor of the determinant 
(later, discriminant) of a quadratic form and the ‘pari-ordinal ’ 
minors of the determinant of the new form obtained from the 
old by means of a linear substitution, Sylvester found it necessary 
to introduce “a most powerful, because natural, method of 
notation” for determinants. He says— 

‘““My method consists in expressing the same quantities biliterally 


as below : 
@ 4, Qo, sss Ay4,, 


Gy Ay Myths Py Ris Qo4.,, 


A,4, A,0, «+. Aa 


n~2 nn 
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where, of course, whenever desirable, instead of a,, a,, ..., @, and 
O71, 8, .. 4 &,, We may write simply a, 0, ..., ¢ and a, B,..., 
respectively. Hach quantity is now represented by two letters; the 
letters themselves, taken separately, being symbols neither of quantity 
nor of operation, but mere umbre or ideal elements of quantitative 
symbols. We have now a means of representing the determinant 
above given in a compact form: for this purpose we need but to write 


one set of umbre over the other as follows: (“% i wae “ i Li ewe 
1 Fo So On 

now wish to obtain the algebraic value of this determinant, it is only 

necessary to take a,, a,,..., a, in all its 1-2-3... n different positions, 


and we shall have 
Gh Cy ose Gh 
1 2 n ~~) . 
\- > £ (4140, X Ay, X. +. X A,00,}5 
Gee Oper. Ol, 


in which expression 6,, 9,, ..., 9, represents some order of the 
numbers 1, 2, ..., ”, and the positive or negative sign is to be taken 
according to the well-known dichotomous law.” 


An obvious extension of the notation is also indicated, whereby 
what he calls “compound” determinants may be appropriately 
represented. Since, in accordance with the foregoing, 


Tedd) 
a B 
aa.b8 — a6.ba, 
fw cd 
| a8 y6 
ab ot £ ab cd 
of yd yd uf, 


is used to denote 


he considers that 


“will naturally denote 


that is 
(aa x bf) (cy x d8) (ay x 08) (ca x Hat 
fiereann x{ aes - Wuetieans - eee ; 
And in general the compound determinant 
aa inanta Th miga Te, OT, hls BO ao de 
\e JES ea oe LN alibi! GELS oni scene get ten EY Sy eid stint, Soc 


will denote 


bees } (Ria cae. fi b, Bote 
yt Ae ee ara ah aa Se OX eee , 
os Bo, Gb1S Xe, | ae, Poe, eee reo, ag, Bo, eee re, 
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where, as before, we have the disjunctive equation 
65 Oayiw rey Om lance 


As an example of the power of this notation he gives the 
theorem 


(ef Cyc. Oy Dy Ay Og ».- Op Ugg 2+ Ay Ay vs. Oy aneg 
Gy Gg «es Ap Apyy Gy Ag ++ Ap Apyg ..-+ My Gg oes Oy Opts 
=| a ss Oe OS {a Ag ..+ Ap Ary, Arye «+> ao 
Gh hy one Ge G@, Gy .-- Op Gray Oraeg «-- Artes 


adding, in his enthusiasm, that without the aid of his “system 
of umbral or biliteral notation, this important theorem could not 
be made the subject of statement without an enormous periphrasis, 
and could never have been made the object of distinct contempla- 
tion or proof.” 

The main object of his paper is then taken up, but the subject 
of the notation is twice recurred to,—once to say that it is “ very 
similiar to that of Vandermonde” as he had learned from “ Mr. 
Spottiswoode’s valuable treatise,” and the second time to point 
out that on second thoughts it is better to unite two umbral 
elements in the form 


rather than in the form 
ada, 


because then the analogy upon which the extension of the 
notation from simple to compound determinants is grounded will 
be better apprehended. 

The theorem used above to illustrate the power of the ‘umbral’ 
notation should not be lightly passed over, being far more 
deserving of the epithet ‘new’ than the notation employed in 
formulating it. Although at a later date it came to be of less 
moment because of its inclusion as merely one of a class of 
theorems, viz., the class known as ‘Extensionals,” there can be 
no doubt that at the time of its discovery it was, as Sylvester 
himself styled it, “a remarkable theorem.” Taking, for the sake 
of illustration, the case of it where r=3 and s=4, viz., 
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| aybocghy | | Aydyegd, | | aybycgde | | a by¢44y | 
| ctyboCgey | | Aydycges | | aybo¢3¢5 | | Ardecser | 
| aybocafi, | | adeCafs | | @idscate | | trbaeatr | 
| aybs6s44 | | yboes75| | tbsCs95 | | 1O2¢e0 | 


= | ayboe, |5+| a1b,¢,8 se, F597 |; 
we see that if we delete a,b,c, everywhere on both sides we are 
left with 
d, d; d, d, 
Ci aae 5 ar Ct? 
Tatcl prsleoas dy 
Gs Gs Go Gr 
so that the theorem is seen to be the Extensional of a manifest 
identity.* 


= | dyes fe9r |; 


SYLVESTER, J. J. (1851, Aug.). 


[On a certain fundamental theorem of determinants. Philos. 
Magazine (4), ii. pp. 142-145; Collected Math. Papers, iL 
pp. 252-255.] 


After a characteristic introductory paragraph about the import- 
ance of the new theorem and his reasons for publishing it, 
Sylvester proceeds— 


“The theorem is as follows :—Suppose that there are two determinants 
of the ordinary kind, each expressed by a square array of terms made 
up of n lines and n columns, so that in each square there are n? terms. 
Now let be broken up in any given manner into two parts p and q, 
so that p+q=n. Let, firstly, one of the two given squares be divided 
in a given definite manner into two parts, one containing p of the n 
iven lines, and the other part q of the same; and secondly, let the 
other of the two given squares be divided in every possible way into two 
parts, consisting of g and p lines respectively, so that on tacking on 
the part containing q lines of the second square to the part containing 
p lines of the first square, and the part containing p lines of the second 
square to the part containing q of the first, we get back a new couple 
of squares, each denoting a determinant different from the two given 
determinants: the number of such new couples will evidently be 


n(n—1)... (n—p+l). 
oer p ‘ 


*See Trans. R. Soc. Edinburgh, xxx. p. 4. 
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and my theorem is that the product of the given couple of determinants is 
equal to the sum of the products (affected with the proper algebraical sign) of 
each of the new couples formed as above described.” 


The same is then stated in symbols, namely, 


Ay Gy. + + An ) a Gy +++ dn | 

te bis vila Pokaan UA emer! 
z Las Leela eee Oy | fa Gig ete yee i 
=> by 2G b, Bep+1Pep+2 “%e Bo,J | Bo, Be, - ++ Bey, 41Pp42+++ On 


where 6,, 0, ..., 6, are any p different integers taken from 1, 
2,..., 7, or where, as Sylvester puts it, 0,, 0,,..., 0, are ‘disjunc- 
tively’ equal to 1, 2,..., n. 

A proof of a verificatory character is given at some length, the 
aim being to show that the terms arising from the expansion of 
the products occurring on the right-hand side are classifiable 
under two heads: (1) those which appear twice, namely, once with 
a positive sign and once with a negative sign; (2) those which 
appear only once, and which in their aggregate agree with those 
arising from the expansion of the single product on the left. An 
improvement of it by Faa di Bruno will be given later. 

By removing to the right the solitary product at present on 
the left, the theorem is seen to belong to the class of vanishing 
aggregates of products of pairs of determinants, and therefore 
to be not entirely new, the first instances of it, viz., 


| ab’|-|ed’| — |ac’|-| bd’ | + | ad’ 
| ab’c” |-| def” | —| ab’d” |-| ce’ f” 


Sree ses 

+|ac'd’” |-| bef” |—| bed” |-| ae’f” |=0, 
that is to say, the cases where n= 2, p=1, and n=3, p=1, being 
found in Bezout (1779). Nothing, however, done by Bezout, 
Cauchy, or Schweins ought to dissociate Sylvester’s name from 
the theorem. His claim, too, is all the stronger from the fact 
that he it was who in 1589 first formulated the case n=n, 
p=1,—a fact which seems to have dropped entirely out of 


remembrance, writers giving the date 1851 when referring to the 
case enunciated a dozen years earlier. 
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SYLVESTER, J. J. (1851, Oct.). 


[On a remarkable discovery in the theory of canonical forms and 
of hyperdeterminants. Philos. Magazine (4), ii. pp. 391- 
410; Collected Math. Papers, i. pp. 265-283. ] 


Here, amid matter of great algebraical importance, there is 
incidentally suggested the discarding of the use of the term 
‘determinant’ as connected with a single function,—that is to 
say, Gauss’ original use of the term,—and the substitution of the 
term ‘discriminant’ in its place. The introduction of a new 
word, it is explained, is for the purpose of avoiding the obscurity 
and confusion which arises from employing the same word in 
two different senses, and “‘discriminant’ because it affords the 
discrimen or test for ascertaining whether or not equal factors 
enter into a function of two variables, or more generally of the 
existence or otherwise of multiple points in the locus represented 
or characterised by any algebraical function.” * 


CAYLEY, A. (1851, end). 


[On the theory of permutants. Cambridge and Dubl. Math. 
Journ., vii. pp. 40-51; Collected Math. Papers, ii. pp. 16-26.] 


The second part of his paper of 1843, as we have seen, Cayley 
devoted to the consideration of a class of functions obtainable 
from the use of m sets of m indices in the way in which a deter- 
minant is obtainable from only two sets. The general symbol 
used for such a function was 


* Apropos of this happy coinage, Sylvester adds in a footnote the general 
remark :—‘‘ Progress in these researches is impossible without the aid of clear 
expression; and the first condition of a good nomenclature is that different 
things shall be called by different names. The innovations in mathematical 
language here and elsewhere (not without high sanction) introduced by the 
author, have been never adopted except under actual experience of the em- 
barrassment arising from the want of them, and will require no vindication to 
those who have reached that point where the necessity of some such additions 
becomes felt.” The truth of the remark is not appreciably diminished by the 
occurrence of the word ‘meso-catalecticism’ in another footnote two pages 
further on. The year of the paper (1851) was for Cayley and Sylvester a year 
teeming with fresh ideas as well as with fresh words. 
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Pin Fy ia 
P2 9% Te 
Pn on Tn a7 4, ce > 


this standing for the sum of all the different terms of the form 


trots t,... A pe Pe ate 

=r 8 t Pr Ts, Th «+> Dir Cig Tt 
where 

Tas Va usin Ties 953. Sqahe ~ a Sens SES EE ARS EE: 


denote any permutation whatever, the same or different, of the 


series of integers 
LD anes es 


and where +, denotes the sign + or — according as the number 
of inversions in 7,, 7,,..-, 7 is even or odd. Using a T over the 
colymn of p’s to indicate that these are unpermutable, he shows 
that 


Pn Tn +++ Pn Tn++> 


when the number of columns, m, is even; and vanishes when 
m is odd. In the former case it is clear that the placing of 
the + over any other column would have had the same result, 
and therefore that it is better to mark this indifference by 
placing it over the A. The other theorems, including a 
multiplication theorem, need not be given, our object being 
simply to show the position occupied by determinants among 
the new functions; and this we can now do by quoting one 
sentence, viz., “an ordinary determinant is represented by 
each ha 
sverige 220% ersa 
an Bn nnd, 


the latter form being obviously equally general with the former 


one. 
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In his paper of 1845 a further generalisation was made, the 
functions then reached being called ‘hyperdeterminants, and a 
hyperdeterminant defined as an expression representable as a 
homogeneous p'-degree function, H,, of certain of the deter- 
minants of a rectangular array, each of whose elements is denoted 
by ~ umbre, and each umbra one of the integers 1, 2,..., m. 
Thus when n=3 and m=2, the array is 


1 Ne al oan by 

211 212 221 222, 
or 

PLS LL 2 val al 2 

UA Pye Bey ANY 4 
or 

ST OV BAIS Nie ee by 

112 122 212 222, 


according as the first, second, or third umbra is made invariable 
throughout the two rows; and if p=1 we have the ‘ incomplete’ 
hyperdeterminants 


Te lz i pee eal 


911 922)7 | 212 291 |, 


What 112 211 


121 2922|7* | 122 221 |, 


111? 221 121 211 


112) 222 a R22 e212; 


whereas if p=2 we have the hyperdeterminants 


fj did 122) | jie lia a4 TD 2 2 2122 
Noh 6222 212) 221 Aiba Pe Pies 
fj tit 212 | ine aN a4 Vd 211 112 6.212 
|| 121 222 i22meoo! V2 221 \iiigl 22,4222), 

111 221 | | 121 211 /)?_,| 112 211) | 121 221 
Hate 222 122e2t2 - VED T OB MIS 2MI 2734) 


which being really identical, have their common expression 
designated a ‘complete’ hyperdeterminant. The general form of 
H, is not specified. Further details would here be out of place: 
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the one important point to be noted is the relation between 
hyperdeterminants and the functions of Cayley’s paper of the 
year 1843, and this is shortly indicated by saying that the 
latter functions are hyperdeterminants in which p=1 and n 
is even. 

In his paper of the year 1847 an altogether different generalisa- 
tion was formulated, the corresponding symbol being 


yah ere el 


and one of the objects aimed at being to extend the definition of 
a determinant so as to include within it the Pfaffian. (See 
Collected Math. Papers, 1. p. 589.) 

Having thus attempted to make clear the stage which the 
process of generalisation had reached with Cayley prior to 1851, 
we are prepared to appreciate the notable advance made by him 
in his paper of that year. The widely embracing conception 
therein formulated was that of the functions called on the 
suggestion of Sylvester ‘permutants. For the sake of easy 
exposition we shall follow him in his special usage of the words 
‘form, ‘blank,’ ‘characters, ‘symbol.’ “A form,” he says, “may 
be considered as composed of blanks which are to be filled up by 
inserting in them specialising characters, and a form the blanks 
of which are so filled up becomes a symbol.” If the ‘characters’ 
(previously called by him ‘nombres symboliques’) be 1, 2, 3, 
4,.... the ‘symbol’ may always be represented in the first 
instance, and without reference to the nature or constitution of 
the ‘form, by Vjosy...; for example Vjo34,,, may stand for 


Pista. One k. ae eos 


Now, let the characters 1, 2, 3, 4,... in such a symbol be 
permuted in every possible way, and the resulting symbols have 
the sign + or — prefixed to them in accordance with Cramer’s 
rule, then the aggregate of all these symbols is a ‘simple 
permutant. The originating symbol being Vio34..., the corre- 
sponding permutant might have been denoted by D+ Vios4... 
as in his paper of the year 1847, but as a matter of fact 
Cayley now makes use of 


(Viesa eee i 
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It is thus seen that, taking for shortness’ sake only three 
characters, we have 


(Vos) rag Viog Ss Vo31 or Vo19 = Vise = Vous eal 


(Vi03) = (CV os) a =(Vi50)= sudan 
(Vis) =0. 


These preliminaries having been grasped, “it is easy,” in Cayley’s 
own words, “to pass to the general definition of a permutant. 
We have only to consider the blanks as forming, not as heretofore 
a single set, but any number of distinct sets, and to consider the 
characters in each set of blanks as permutable inter se, and not 
otherwise, giving to the symbol the sign compounded of the 
signs corresponding to the arrangements of the characters in the 
different sets of blanks.” Thus, if the first and second blanks 
form a set, and the third and fourth blanks form a set, the per- 
mutant whose originating symbol is V,,., is 


7 = = 
\ 1234 Verse Vous 5 Vors3- 


The idea is hereupon suggested of arranging the blanks of a 
compound permutant so as to show in what manner they are 
grouped into sets. For example, instead of doing as we have 
just done, viz., using V,.,, accompanied by a verbal explanation 


as to its sets, we might write 
Vie 


34 


(Vx) aa Vie— Vo, a Wee Vor 
4 43 43 


34 34 3 


321? 


and so obtain 


From this it is a simple step to the idea of grouping the blanks 
in lines and columns, that is to say, to such a symbol as 


NE Ge tp ee 
eg) Wc 


One case of this is that in which it is viewed as a function of 
the symbols Vugy..., Vagy..., ete, and a less general case that in 
which it is viewed as the oduct. Cayley then proceeds :— 

“Upon this assumption it becomes important to distinguish the different 


ways in which the blanks of a set are distributed in the different lines 
and columns. The cases to be considered are: (A) The blanks of a 
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single set or of single sets are situated in more than one column, (B) 
The blanks of each single set are situated in the same column, (C) The 
blanks of each single set form a separate column. The case B (which 
includes the case ©) and the case © merit particular consideration. 
In fact, the case B is that of the functions which I have, in my memoir 
of Linear Transformations in the Journal, called hyperdeterminants, 
and the case C is the particular class of hyperdeterminants previously 
treated by me in the Cambridge Philosophical Transactions, and also par- 
ticularly noticed in the memoir on Linear Transformations. The 
functions of the case B, I now propose to call ‘Intermutants,’ and those 
in the case C, ‘Commutants.’ Commutants include as a particular 
case ‘Determinants,’ which term will be used in its ordinary signifi- 
cation.” 


To arrive at the position of determinants, therefore, in the 
great theory of permutants, we have first to seek out the 
particular permutants whose originating symbol is of the form 


ae Riire 

a TBs 
then in this restricted field to look for those in which the 
symbol just given is viewed as a product of symbols Vag,...., 
Vaigiy....++++3 next to confine ourselves in this smaller domain 
to those in which the ‘blanks’ of each single ‘set’ form a 
separate column; and lastly to isolate those in which the number 
of such columns is 2. 


In his paper Cayley goes on to expound the theory first of 
commutants, and then of intermutants. Neither exposition, 
however, needs attention here, because the one has already been 
dealt with under the year 1843, and the other is outside our 
subject. 


SYLVESTER, J. J. (1852, Jan.). 


[On the principles of the calculus of forms. Cambridge and 
Dublin Math. Journ. vii. pp. 52-97; Collected Math. 
Papers, i. pp. 284-327. ] 


A postscript added by Cayley to his paper of the year 1851 
makes evident that Sylvester had a share in the latest generalisa- 
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tion, and, as was natural, did not wish that share to be lost sight 
of. It made clear that the two workers had during the year been 
deeply engrossed in what Sylvester then called the ‘calculus of 
forms, that they had been in close communication with one 
another, and that Sylvester’s discovery that the function 


ace + 2bed — ad? — be — 


could be expressed as a commutant, namely, 


Con 
Sis 


by considering O0—a, 0l=10=), 02—11=—20=c, 12=21=d, 
22 =e had led Cayley to the conception of intermutants. 

The famous paper which we have now reached, and which was 
doubtless completed very shortly after Cayley’s, contains the 
results—numerous and suggestive—of Sylvester’s labours. The 
only section, however, which directly concerns the theory of 
determinants is the third, bearing the heading “On Commutants.” 
It opens with a page regarding the simplest species, “the well- 
known common determinant,” and then proceeds :— 


“Tf, instead of two lines of umbre, three or more be taken, the same 
principle of solution will continue to be applicable. Thus, if there be 
a matrix of any even number r of lines each of n umbre 


CPE ah NS aE 
a, 0b, l, 
G0, l,, 


the first may be supposed to remain stationary, and the remaining r — 1 
lines each be taken in 1-2. ... n different orders: every order in each 
line will be accompanied by its appropriate sign + or —; and each 
different grouping in each line will give rise to a particular grouping 
of the letters read off in columns. The value of the commutant 
expressed by the above matrix will therefore consist of the sum of 
(1-2. ... n)’"1 terms, each term being the product of n quantities 
respectively symbolised by a group of r letters and affected with the 
sign + or — according as the number of negative signs in the total 
of the arrangements of the lines (from the columnar reading off of 
which each such term is derived) is even or odd. 
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For example, the value of 


a b 
@ al 
e f 
g h 


will be found by taking the (1-2)? arrangements, as below, 
ab ab ab ab ab ab ab ab 
cl de cd dc cd de cd de 
of of fe fe of of fe fe 
gh gh gh gh hg hg hg hg, 
the signs of cd, ef, gh being supposed +, those of de, fe, hg will be 
each —. Consequently the sum of the terms will be expressed by 
aceg-bdfh — adeg-befh — acfg-bdeh + adfg - bceh 
—aceh - bdfg + adeh - befg + acfh -bdeg — adfh - beeg.” 
It will be observed that the example here given is the quadratic 
function which Cayley would have denoted by ¢ 


. 

V 
0000 
H Ae a Ly Ta fea 


and which, on the supposition that generally V. s,s = Va+p+y+s 


and in particular that V, =a, V,=6, V.=c,.... would represent 
ae — bd — bd + 2 —Ibd + 2 + c? — db, 
4.0. ae — 4bd + 8c? 


In his applications of the theory of commutants to that of 
‘forms,’ Sylvester uses for the first time differential operators as 
umbre, speaking, for example, of the commutant 


te) C) ) 
Oy» OU sce: 
fo) te) (e) 


Cte Us a ea. 
iP Bho torte 
this being possible from the fact that the coefficients of a 
‘form’ w are, save for a constant factor, representable as differ- 


ential-quotients of uw. This we may illustrate for ourselves by 
the result 
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(Gores de) m, y)t = (F) (ae 4b +32. 


He also uses effectively such umbre as 


a”, Ome gh? io ae al 
—a usage which is most suitably illustrated by taking a com- 


mutant having two lines of three quadratic umbre each, that 
is to say, the determinant of the third order 


ar Wien Vor 

Gr ap! * 8% 
This, by a similar convention, is taken to represent 

ase a®G - 84 Ply. a3? - a? — a8B- a8 + GB + a@8- a8? - a2? 
ut «2B? -@B- af? — a2B?-a28?- a2B?, 
and consequently if 
(aa+ By) = aat+ 4haby + 6ex?y? + 4day* + ey*, 
it is an expression for 
ace + 2bed — ad?—be — ce’, 


that is to say, for the above-mentioned (p. 69) special deter- 
minant 


oe (ae we 
Oe 4d, 
@ oh @ 


When he comes to speak of ‘partial’ commutants, which are 
identical with intermutants, he devotes a page (pp. 88-89) to the 
subject of his relations with Cayley. As it would appear that 
he was not quite satisfied with the wording of the postscript 
above referred to, Cayley published a modified form of it as a 
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note, headed “Correction of the Postscript to the Paper on 
Permutants,” and there the matter between the two friends 
happily rested. 


BETTI, E. (1852, Feb.). 


[Sulla risoluzione delle equazioni algebriche. Annali di Sez. 
mat. e fis., iii. pp. 49-115; or Opere mat.) 


In this important memoir dealing with the theory of substitu- 
tions, and with the application of the same towards finding 
the conditions of solvability of algebraic equations, the author 
following Sylvester* defines on page 80, in the manner after- 
wards so familiar, the expression ‘determinant of a substitution ae 
and on the following page there occurs the passage— 


“Quindi dal noto teorema della moltiplicazione delle determinanti é 
facile dedurre che, se si chiama A la determinante del prodotto delle 
due sostituzioni (h) e (h’) [whose determinants are D and D’], avremo 


Ave De 


cioe la determinante del prodotto di due sostituzioni & eguale al prodotto 
delle loro determinant.” 


BRUNO, F. FAA DI (1852, May). 


[Démonstration d’un théor’me de M. Sylvester relatif a la 
décomposition d’un produit de deux déterminants. Journ. 
(de Liowville) de Math. (1), xvii. pp. 190-192.] 


The theorem is that which appeared in the Philosophical 
Magazine for August 1851, and which is there formulated in the 
umbral notation as follows :— 


sa re at C iF Peo ay 
by he ts ee ERP cha eye 


= DE ie UPN RC: Oh REE Ch acelice fo Q, | f% Qe rot ete aye: wale UN Pe eae Ga, 
| Beeeerby Boas Pi 3 Bo, | | Be, Bin. Be, b+ Sra ge b,, 
where 6,, 0,,.-+, On are ‘disjunctively’ equal to 1,2,...”. Faa 


di Bruno prefers to write it in the form 


*See footnote to p. 52 of his paper just described. 
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$1 ? ¢, n n 
BICC Go eye eed Ca) eee Bree") 


= » [= eet mt Out Oy bet ea ee a) 
using two other sets of letters like 6,, 0,,..., @n. This change 
in notation being allowed for, the new proof is in general 
character exactly the same as the old; it is, however, more 
concise and more clearly set forth. It starts with the fact 
that any term arising from the expansion of the typical product 
on the right-hand side may be written 

pects) Oia." PBN tee Dorey ee 
Then observing the ‘indices supérieures’ attached to the b’s in this, 
we are asked to consider two possible cases. In the first place, we 
have to note that if no one of the w’s be identical with any one 
of the ¢’s, the term is a term of the expansion of the product on 
the left-hand side, and that the number of such terms in the 
expansion of each product on the right-hand side being 


(28 een! C2aeee p23 ven tp) 


and the number of products 


n(n—1)\(n—2) .... (n—pt+l) 
LEAS Pe trer 


the total number of such terms is 

GOR ae Ie 
which is exactly the total number on the left-hand side. In the 
second place, if one of the w’s be identical with one of the ¢’s, say 


Vi = Ppt» 
it is pointed out that there must exist another term in which, in 
place of having 


ee he Mane aan I 
0; Onin 
we shall have 
De dhe Lr ee 
I +r 9; 


and that these two terms having necessarily different signs, must 
cancel each other. 
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SALMON, G. (1852). 


[A TREATISE ON THE HiGHeR PLANE Curves: ... By the Rev. 
George Salmon, M.A... . xii+316 pp. Dublin, 1852.] 


For the convenience of his readers Salmon appends a fifteen- 
page note on the subject of Elimination, and, as was natural, 
the note opens with a sketch (pp. 285-292) of the theory of 
determinants. Short and simple as this is, it contains one 
paragraph ($11) worthy of note, namely, in regard to the 
multiplication-theorem. 

The determinant 


Aja, +B,),+C,c, A,@,+B,b,+C,¢, A,a,+ Bb, +C3c, 
Aj, +B,b,+C,c, Agta +Byb,+C,c, Agt.+B,b, + Cgc, 
A,dg+B,b,+C,cz A,@,+B,b,+C,c, Asa3+B3b3+ Ces |, 


he says, is evidently the result of eliminating a, y, z from the 
equations 

d,5,+6,8,+¢8, = 0 

4,5, +6,8,+¢83 = 0 

eaely Sees, = ol 


when 
S, = A,w+A,y+A,z 
S, = Byw+B,y+B,z 
S, = C\w+Cyy +Cyz 


But this elimination may be effected at once by eliminating §,, 
S,, S,: consequently |a, b, c,| must be a factor of the resultant. 
In the second place, since a set of values of a, y, z can be found 
to satisfy simultaneously the given equations if a set can be 
found to satisfy simultaneously the equations 8,=0, S,=0, 
S,=0: and since the condition that the latter shall be possible 
is | A, B, C, | = 0, it follows that | A, B, C, | must also be a 
factor of the result. The remaining factor being manifestly 1, 
the desired end, in Salmon’s opinion, is attained. We only 
remark in passing that a little careful scrutiny of the reasoning 
would have suggested the need for additional support. 

Salmon also proposes a fresh enunciation of the same 
theorem, namely, [f uny set of linear equations 
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ae+byteazgt+....= 0 
aga + byy +6,2+ a | 
be transformed by any linear substitution 


C= A,E+By+C,64+ Sess | 
¥ eee ee 4 


then the determinant of the new set will be equul to the ceter- 
minant of the original set multiplied by the determinant of 
transformation. This new wording will be recognised as a sign 
of the advent of the “algebra of linear transformation.” 


SYLVESTER, J. J. (1852, Oct.). 


[On Staudt’s theorems concerning the contents of polygons and 
polyhedrons, with a note on a new and resembling class of 
theorems. Philos. Magazine (4), iv. pp. 885-345 ; Collected 
Math. Papers, 1. pp. 382-391. ] 


After a page of introduction, written in a light semi-historical, 
semi-critical style, Sylvester prepares the way for considering 
his main subject by giving as a basis two algebraical lemmas. 
The first he formulates as follows :— 


“Tf the determinants represented by two square matrices are to be 
multiplied together, any number of columns may be cut off from the 
one matrix, and a corresponding number of columns from the other. 
Each of the lines in either one of the matrices so reduced in width as 
aforesaid being then multiplied by each line of the other, and the 
results of the multiplication arranged as a square matrix and bordered 
with the two respective sets of columns cut off, arranged symmetrically 
(the one set parallel to the new columns, the other set parallel to the 
new lines), the complete determinant represented by the new matrix 
so bordered (abstraction made of the algebraical sign) will be the 
product of the two original determinants.” 


In illustration he gives three forms for the product of 


a B| 
ly 3 | 


and 
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viz.— 
aat+bB8 ay+bé da ay b Di oo aed 
catdB cy+dé|, |ca cy d Fu A Wess th 
Bids Comtetl plc 
yO 


In regard to the 2’s which occur in the last form his remark is :— 


“ Any quantities might be substituted instead of 2...., as such terms 
do not influence the result: this figure is probably, however, the proper 
quantity arising from the application of the rule, because... . the 
value of the determinant represented by a matrix of no places is not 
zero but unity.” 


In the case where the two given determinants are of the third 
order, say 


a be a B¥ | 
a’ b’ ¢ and a B y 
(aie b” Co i om y" : 


he gives only the second and third of the four (n+1) possible 
forms, namely— 

aa +b ad +48" aa’ +b" c 

datlV’B wa +bl'B wa’ +R" ¢ 

wutb’'B aa +b'B aa’ +b’B" oc” 


/ wt 


and 


Yi) an geY teapeetlinct abs 
pointing out by way of demonstration that the former of these 
is arrived at by transforming the given determinants into 


a b Cc . a B e y 

a 2 ( 7 anaes np hyey y 

On a EE Fe ” 
1 } ; 1 


and applying the ordinary rule of multiplication, and similarly 
that the latter is got by multiplying 
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CMs beae Tabi; Gi Fee Oa ay 
Gin De Seog Os, omen AB 5 
Gat bawre Ne Dy a ae OME BT ay 
1 Le 
1 1 
He thereupon leaves the subject with the remark :— 
“This rule is interesting as exhibiting ....a complete scale whereby 
we may descend from the ordinary mode of representing the 
product of two determinants to the form .... where the two original 


determinants are made to occupy opposite quadrants of a square whose 
places in one of the remaining quadrants are left vacant, and shows us 
that under one aspect at least this latter form may be regarded as a 
matrix bordered by the two given matrices.” 


The second lemma is the identity— 


a Oe ta ee Ay eee esioasaree s L 
Ape aT Ee es he eed | 1h: Ret Re. Bena | 
a Oe koe kL AL cA So ec CL 
[WOR Ts ea | 1 Le ee 


where A,,=a,,+h,+k,, and the h’s and i’s are perfectly arbitrary 
quantities, the transformation being of course effected by adding 
multiples of the last column to the other columns, and thereafter 
multiples of the last row to the other rows. 

The geometrical applications which follow, it may be interesting 
to note, are connected with the subject of Cayley’s paper of 
1841,—his well-known first paper on determinants. 


CAUCHY, A. L. (1853, January). 


[Sur les clefs algébriques. Comptes rendus ... Acad. des Scr. 
(Paris), xxxvi. pp. 70-75, 129-136; or Gwvres completes (1), 
xi. pp. 439-445, xii. pp. 12-20.] 

[Sur les avantages que présente, dans un grand nombre de ques- 
tions, l'emploi des clefs algébriques. Comptes rendus . 
Acad. des Sci. (Paris), xxxvi. pp. 161-169; or Gwvres com- 
pletes (1), xii. pp. 21-30.] 

These papers add nothing of algebraic importance to the 
contents of Cauchy’s memoir of the year 1847: in fact, they may 
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be looked on as short and simply-worded abstracts of parts of 
that memoir. It is worthy of note, however, that even where 
problems of elimination are being dealt with “sommes alternées ‘ 
are not now explicitly referred to. 


SAINT VENANT, B. DE (1853, March). 


[De Jlinterprétation géométrique des clefs algébriques et des 
déterminants. Comptes rendus ... Acad. ces Sct. (Paris), 
XXXvVi. pp. 582-585. ] 


De Saint Venant’s suggestion is that Cauchy’s “ algebraic keys” 
a, B, y, ... may be viewed as directed magnitudes, and this 
leads up to the so-called geometric interpretation of determinants. 
“Un déterminant du niéme ordre,” he says, “me parait étre le 
produit géométrique de n sommes algébriques de m lignes ayant, 
chacune & chacune, les mémes directions dans les diverses sommes : 
en sorte que l’on a pour celui du troisiéme ordre, par exemple, 


aye” —ay2’ +... =le produit (2+ y+2Z)(a +y +7 )(v"+y" +2) 
ot @, 2’, 2” ont un méme direction (c’est-’-dire sont paralléles), 


y, y, y une autre direction qui est la méme pour toutes trois, et 
z, z, 2” aussi une méme troisiéme direction.” 


HESSE, O. (1853, April). 


[Ueber Determinanten und ihre Anwendung in der Geometrie, 
eras ee Crelle’s Journal, xlix. pp. 243-264; or Werke, pp. 
319-348. | 


The product of two determinants A and B being C, Hesse’s pro- 
fessed object is to show “wie die partiellen Differentialquotienten 
der Determinante C nach ihren Elementen ¢ genommen durch 
die partiellen Differentialquotienten der Factoren A und B nach 
ihren Elementen genommen sich ausdriicken lassen.” We are 
prepared, therefore, to find his ground already pretty well 
covered by Joachimsthal’s paper of November 1849. The latter 
established the result 


CU" oA ORs ros (Laer oA 2B 
OC “Olen OOD Od er Oy De nanen te Olan ODyr’ 
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and said that others could be found: Hesse established one of 
these others, namely, 

OCA OA eB 
Con ce,y pues Oly ya Dp OU gy, 
and said that the next would be 
eC yy! OA OB 
oNCCe Ce. wel) 3 pogo moar ; OdprODgOby5 


where p,q, -.- have the values 0, 1, 2, ..., 7. 

We can only remark that the second and third results are not 
so simple as they ought to have been: for Hesse does not point 
out that (1) when p and q are identical the term vanishes; 
(2) putting », g=a, 8 gives the same term as putting p, q= 6, a; 
and (8) therefore the second result should be 

oC es OFA eB 
OCC, aia 
where p has any of the values 0,1,2,..., 7—1, and q any of the 
values 1,2,..., n, subject to the condition that p< gq. It would 
then agree with the extended multiplication-theorem of Binet 
and Cauchy, and especially with the latter’s form of it. 


CHIO, F. (1853, June). 


[Mémoire sur les fonctions connues sous le nom de résultantes ou 
de déterminants. 32 pp. Turin.] 


The title here is not sufficiently descriptive, almost the whole 
of the thirty-two pages being occupied with the consideration of 
determinants whose elements are binomial. Beginning with the 
“tableau ” 


Ug tM, AM oe Mar M4 
De -ENy Pop yy ae b;-y HN -1 
Le +- ip L Si 6 08! 7 ie be +t;_, 


Chio seeks, of course, to express its determinant as a sum of 
determinants with monomial elements, and thereafter applies his 
result to particular cases. 
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The first matter of real interest is reached on p. 11, where the 
following theorem is given: ‘Soient s la résultante de Vordre i 
formée avec les termes du tubleaw 


eke Tk Bg 
be be eee 
Ro) ae 


et 8” résultante de Vordre i—1 formée avec les termes convpris 
dans le tableaw 


S(+a,b,) S(+a)),.) ... S(+a,b;,_,) 
S(+a ce) S(+zqe,) ~... S(aye-1) 
Sib 1) S(aQql) . . . SC tMols_1). 


La résultante s” sera égale & s, aw facteur pres a), en sorte 
qwon aura s”=a),” 8.” 

This is one form of the theorem afterwards well known as 
effecting the transformation of any determinant into one of the 
next lower order. It may be viewed as a case of Hermite’s 
result of the year 1849. 

On p. 17 particular cases cease to be considered, and the 
multiplication of an array of 7 rows and 2 columns by a similar 
array is taken up, with a result in accordance with that arrived 
at by Binet and Cauchy in 1812. From this result, by specialisa- 
tion, the ordinary multiplication-theorem is then deduced, and 
with it (Chio’s “théoréme ix.”) the first part of the memoir closes. 

The second part, which begins on p. 23, concerns the solving 
of a set of 2n equations of a type which will be sufficiently 
specified by giving the set where n =3, namely, 


e +y +2 = e 
né +yn +26 = 
ue Fut ust = i 


nf yn Bh of8 = 
The connection of this with what ee consists in the fact, 
arrived at by Sylvester in his solution of the problem of the 
canonisation of the quintic, that &€ y, € are then the roots of 
the equation in w 
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d,—od, d,—wd, d,— ws 
d,—wd, d,—wd, d,—wd, | = 0. 
d,— wd, d;— wel, d,— wd, 


SPOTTISWOODE, W. (1853). 


[Elementary theorems relating to determinants. Second edition, 
rewritten and much enlarged by the author. Crelle’s 
Journal, li. pp. 209-271, 328-381.] 


A more correct description of Spottiswoode’s second edition 
would be rearranged, purtly rewritten, and much enlarged, the 
majority of the titles of the old sections or chapters occurring 
again but in a different order, the majority of the sections being 
enlarged, and two or three new sections being inserted. Although 
the total increase of matter is from 71 pages to 117, there is com- 
paratively little to be noted concerning general determinants. 

In §2, which bears the title “ Addition and Subtraction of 
Determinants,” the following appears (p. 232) for the first 
time :—THEOREM ix. The sum of two determinants in which i 
rows (on a certain level) are respectively equal, 1s equal to the 
determinant whose i” minors on the aforesaid level are identical 
with the corresponding i” minors of each of the two given 
determinants, and whose (n—i)” complementary minors are 
respectively the sum, of the complementary minors of the given 
determinants. No instance is given where the two determinants 
have more than one row different. 

In $4, which deals with the multiplication of determinants, 
much space (pp. 238-248) is given to Sylvester’s theorem of 
1852 (October). Spottiswoode’s own mode of treating the subject 
is to begin apparently with the two factors and arrive at the 
product, whereas in reality the opposite is the case. For 
example, his proof that 


Gees 6c Gwe 7, Come Gla0a e Dae o 
ai b’ ron 4 a fom y = aa aa’ Cas b” Za 
Mr 6” Mt ZA B’ y” 8 ox B" 
Yee XY eaerey 
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essentially consists in expanding the right-hand determinant in 
terms of minors formed from the first three rows and minors 
formed from the last two rows. His other fresh proof is 
dependent on the connection between determinants and simul- 
taneous linear equations. Taking the two sets of equations 
at+a'yta"z = Uy | au, thu, +e, = a 
Bet By+B"2 = Uy WU, +b'U, +6, = Ve 5 
yetyyty’s = Us | WU, +0 Un +6 Us | 
and substituting for w,, w,:, Ws, in the second set and solving, 
there is obtained for « an expression whose denominator is 
known to be 


I 
is 
wo 


a al a’ 
Get LEE foley 7 bie): 
a” us c Y y y 
In the second place, by substituting for w, only there is obtained 
aax +aa'y +aa"z +bu, +cu, = 2, 
wax +a/a’y +a'a"z2 +b, +e, = "| 


a’ar+a’a'y+a"a"2+b'u,+e"Uu, = V3} 


Bu+ Byt Bre- wm  =0 
ye+ yyt y2 — u=O0/], 
whence comes for # an expression whose denominator is 
Comrraernd | Bh c 
oa VO’ Fob A ct 
Oe mae 0 Cm 0e meee 
65s eee 
Wee al An ee 


A comparison of the two denominators is supposed to establish 
the desired result; but, although the dropping of the two 
negative units in the five-line determinant is quite justifiable, no 
allusion is made to it. It may be added that Sylvester’s umbral 
notation is used throughout in dealing with the subjects just 
referred to, 

Lage, eer) (11) (12) een) | 

Lie 8a | MPG 2 ae (22 ae 


| (a) (n2) ; : Cas 
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being used for one of the two determinants, and 


te y aires rae CHD ere eee Be Liey: 
(re ee ee ty (20a nee (20) 
CONN ie CPA rel 
for the other. The reading is thus rendered tiresome, and in- 
accurate printing exaggerates the trouble. 
In §8 (pp. 335-337) Sylvester’s proposition of the year 1850 


regarding the vanishing of the minors of a non-quadrate matrix 
is attempted to be proved. The matrix being, for example, 


i EZ S elds 16 17 

2 22 23 24 25 2G es, A i Re buttien| 
31. 32 33 34 35 36 37 1234 

41 42 43 44 45 46 47 


and {rstw} being the determinant whose columns are identical 
with the 7, st», | w® columns of the matrix, it is required to 
show that if the minors {1234}, {1235}, {1236}, {1237} vanish, 
the thirty-one other four-line minors of the matrix must vanish 
also. In support of this Spottiswoode says truly enough that if 


Nel A OW) 


=e he ca pea 
934)’ lis4s’ 124/’ las!’ 


we know that 

{1234} = 14-A + 24-B + 34-C + 44-D, 

{1235} = 15-A + 25-B + 35-C + 45-D, 

{1236} = 16-A + 26-B + 36-C + 46-D, 

{1237} 17 -Al+ 27-B + 87-Ct 47-D; 
but then to this he merely adds, “and, if these vanish, it is 
obvious that by direct elimination all the others may be at once 
deduced.” He notes in addition that in the case of the matrix 


1 2d dind 10} ee dh als Aga gle 
We 91 22 23 24 ... In 


the vanishing of 


{ish aah Gia» Ua 


stand for 
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if brought about by the vanishing of 11 and 21 will not ensure 
the vanishing of the other 2-line minors of the matrix; but he 
does not see that the vanishing of {1234}, {1235}, {1236}, {1237} 
in the previous example, if brought about by the vanishing of 
A, B, C, D, will be equally ineffectual. 


GRASSMANN [H.] (1854, February, April). 


[Sur les différents genres de multiplication. Crelle’s Jowrn., 
xlix. pp. 123-141.] 
[Extrait d’un mémoire de M. Grassmann. Comptes rendus.. . 
Acad. des Sci. (Paris), xxxviii. pp. 743-744. ] 


Grassmann, having become aware of Cauchy’s three communi- 
cations to the French Academy in January of 1853, claims that 
the principles there established and the results deduced are 
absolutely the same as those published by himself in 1844. He 
says (p. 127), “Les clefs algébriques de M. Cauchy ne sont au 
fond que les unités relatives; et ses facteurs symboliques con- 
viennent, du moins dans un certain rapport, aux quantités 
extensives telles que je les ai définies. La différence ne consiste 
qu’en ce que M. Cauchy regarde les clefs algébriques seulement 
comme un moyen pour résoudre divers problemes de l’analyse et 
de la mécanique et qui, les problémes étant résolus, disparaissent, 
tandis que d’aprés les principes établis par moi, on est en état, a 
chaque pas du procédé, d’attribuer une signification indépendante 
aux unités relatives et aux quantités qui en sont composées, 
quelle que soit d’ailleurs la marche que l'on suive.” 


MAJO, L. DE (1854, March). 


[Metodi e formole generali per |’ eliminazione nelle equazioni 
di primo grado. Memorie ... Accad. delle Sci. (Napoli), 
i. pp. 101-116.] 

This is a carefully written but curiously belated exposition, 
the author apparently being quite out of touch with the writers 
of his own time, and possibly not familiar with any of the older 
writers save Cramer, Bezout, and Hindenburg. In the first six 
pages he defines “il polinomio P,,(a@,b.¢3 ... 8m)” after the fashion 
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of Bezout (1764), and gives one or two very elementary properties 
of it. The remaining ten pages are occupied with simultaneous 
linear equations, and are notable as containing (s§ 15-19) a clear 
exposition of Bezout’s peculiar rule-of-thumb process of 1779. 
Herein lies the value of the paper, Majo being not only the first 
since Hindenburg to recall attention to a neglected process of 
real practical value, but also the first to give (§ 16) a reason for 
its validity. 


CAYLEY, A. (1854, May). 
[Remarques sur la notation des fonctions algébriques. C'relle’s 


Journal, |. pp. 282-285; or Collected Math. Papers, ii. 
pp. 185-188.] 


The notation referred to is that of matrices, and is exemplified by 


( a a, as ) 
| B. By Bs 
CARL SE LA: 
a matrix being defined as a system of quantities arranged in 
the form of a square, but otherwise quite independent. With 
its help the set of equations 
é = aa+ayy+ay2 
on = batbiy +b3z 
C = C@+e,y + 6,2 


> 


lI 


may, he says, be written in the form 


Cine Gan as a, WY, 2), 
b, b, b, 


C, Cy © 


and consequently the solution of the set in the form 


Matas (GA, 76, Amstic): 
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The latter matrix he calls the inverse of the former, and is 
naturally led to propose that it be denoted by 
(a, aM a, )~? 
gions aga 


Ose Cat Gn 


Next, supposing that along with the original set there exists the set 
maryee == (Oo, eos Meek eee 
B, Be Bs 
Vig y tears 
so that by substitution €, 7, € are expressible in terms Osada kuna 
Cayley is led by comparison of the old and the new notations to 
the conception of the product of two matrices, and to the use of 
CG thd dG bers Gouna) 
b, by bs B, By Bs 


Cr tCoueeCe ally ieny 2 ome y 8 


for 
( (ayy § a Byy1) (AyAq%3 h A,Bo72) (44a 8 asBsy3) ) 
(d, bs bs a,Byy;) (b, bobs }a, 8,72) (b, bbs " asBgy3) 
(€, C2 C38 a,Byy1) (C1 CC agPsY2) (CC2€3% asBsyz3) |- 


Lastly, he explains his related notations for lineo-linear functions 
and quantics.* These we need only exemplify by saying that 


(a, a, a térn Chm y, 2), Garth giamymey 


by Fopee be ERS x 2 

7 Ws Wa 5 Leelee 
are made to stand for 
(a,E+a n+ 4,6) x 


+(b,€+bn+b,Qy and aa*+by?+c2?4+2fyz+2gzu+ 2hay 
+(C,E+ Cont ¢,¢)2 


respectively, and that the latter is also denoted by 
(a, b, & fg, h¥a, y, 2), 


*Cayley’s first memoir on quantics was presented to the Royal Society of 
London on 20th April, and this paper on the notation of matrices is the tirst 


of five which appeared together in Crelle’s Journal with the date 24th May 
affixed by the author. 
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and the binary cubics 
aa® + 3ba*’y + 8cay? + dy?, ax + ba’y + cay? + dy? 
by (a, 0G a ha,-y)°, CCM 


respectively. 

We may suggest for consideration in passing the following order 
of ideas, as leading up to Cayley’s contracted mode of writing 
a set of linear equations. First, a row of separate quantities, eg. 
(a, b, ¢,... ); second, the statement of the identity of two rows, 
PU EOC ee) — le Pee ee) OL SIMPLY, 0, Cn. a. Yarns 5 
third, the so-called product of two rows, e.g. (a, b, ¢,...8@, Y, ---)3 
fourth, a square of separate quantities, z.e. a matrix; fifth, the 
result of multiplying a matrix and a row being a row. It is 
unfortunate that, from the point of view of notation merely, 
this does not at once suggest, in the sixth place, the result of 
multiplying two matrices, where, as Cayley is careful to point 
out, the multiplication is row-by-column and not row-by-row. 


BRIOSCHI, F. (1854). 


[La TEoRICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA- 
ZIONI; del Dr. Francesco Brioschi; viii+116 pp.; Pavia. 
Translation into French, by Combescure ; ix +216 pp.; Paris, 
1856. Translation into German, by Schellbach; vii+102 pp.; 
Berlin, 1856. ] 


This, the second separately-published text-book on deter- 
minants, is mainly on the same lines as the first, but is marked 
by greater attention to verbal and logical accuracy. It consists 
of an historical preface and eleven short chapters or sections, 
seven of the latter being devoted to determinants in general, 
and the remaining four to special forms. 

Sylvester's umbral notation is given in the form 


ha, a) Aras | 


but is not afterwards employed. The same author’s term 
“minor” (minore) is adopted, this being represented in the 
French translation by “ mineur,” and in the German by “ Unter- 
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determinante.” “Complete” is used as opposed to “minor,” and 
“principal minor” for what nowadays we call “ coaxial.” 

Conspicuously frequent use is made of differentiation in the 
specification of minors; and it is well to note that, though 
the work in this way becomes cumbrous, there is a certain 
effectiveness attained by the usage. Thus, A standing for 
X( 14,99 +++ Gyn) Brioschi, like Jacobi, obtains 


oA CA eA 
——| = 0 ———— +.... = 
On SF. Ody, Oye 1 Gon Oly Oty 
oA OA CA 
= eo ) SIS Bs ae 
(me Mer Obi ; a + Gen OA Olen 
oA CA A 
aa,, = 155, Oa, | "de, Ota if 0 
and then, by using the multipliers a,,, @,.,..., @, and adding, 
finds 
Catia CON Que abe las ON e Grant Opn | eee 
Ds, Ugg | Oy, Ogg Be Ogg | OL, Olb3 ¥ Us.n—1 Aen | Oy OMe 


which is Laplace’s expansion-theorem for the case where the 
minors of one set are of the second order. The remaining cases, 
he says, can be established in the same way. 

Again, having proved the multiplication-theorem (row-by-row) 


PQ = R, 
where 
P(e, Meg) wa Candee Qaee Nite, Usain One 
Reva Gece oe Coe), 


he obtains by differentiation with respect to elements of P, 


oP = oR OR oR 
aoa ee Be, Ou + 30,40 +...+ 5G, bm (1) 
oP big bus eR : 
Soe » > vy | BoryBOna’ (2) 
ys oe x y Divas ae OC yy OC ox 


and by twice differentiating with respect to an element of P and 
an element of Q, 
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ne Ons 


oP Se - > S 

Cdr O04) ToOin,/CD3,; i pee, eau 
Taking n=4 and 7, s, p, c=1, 2, 3, 4, we can best illustrate these 
by writing them thus :— 


PR 
Cry OCpx 


(3) 


— | a, gg My] | O41 Dog Bg Oya | Bis, bas bse Das 
a1 Co9 Co3 Cog 
| C31 Cso Cag Coa 
Cy, Cag C43 Cae | 
Bio Coe Ces yu) >, - (1) 


Any hag | > | O41 Doo Ogg Day] = | Bry Dae Day Dae 


Cy, a9 C3 Coa 


Big Dog Bag Ogg 

Cy, Can Cas Cae 
= — | Dyg Do, |+ | Cog Cu] +----, (2) 
Bis Doo bss — | B14 Bq Dy 


ll 


| ny (gg Bey | | Aqy gy Hag | 


Co CMU CaCae the C 
NOs; OsOd, Vee Oyy-DosO az ot Woe. ng Spa 21 C29 Ue Cog 
C31 Cgq Ug4 gq Ca, Cao Ago Cag 
Cy, Cyn Ug Cas Cqy Cg bay Cay 
/ 
= —|d,, big |+| Cp Ca | +. --- (3’) 


The right-hand member of (1) is equivalent to a direction to 
substitute for the r** row of R the s column of Q: similarly, 
the right-hand member of (2) is a direction, though not so 
evident, to substitute for the vr and p™ rows of R the s and o 
columns of Q; and it is clear that (1) and (2) are but the first 
two identities of many. On the other hand, (3) is quite diverse 
in character, being got by the combination of two results 
analogous to (2). This is best brought out by noting that in 
the examples the right-hand members of (1’) and (2’) are got 
by multiplying 
1 : . ; | 
Be, Aen Ugg ay 
Qs, Ugg gg Agy : : : 1 


Gy, Uy Ag Ugg Ug, Aggy AUgg Any 
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respectively by |D,, by. bss b44|; and that similarly the two four- 
line determinants on the right of (3) are got by multiplying 

1 Eanes by Oy yg Ong | 
by, Dap bag Dog | 


Oey Oey es ee 5, 


As, Ago Agg Agy : , : i 
Ds, gn Msg Lag | Dg Dyp gg Ogg | 
and 
1 by Dp yg Oya | 
Go, eg Ugg Ao Boy By ag Dag | 


By, yy Nag Uy by Oy Og Oy | 
It should be carefully noted also that, while in (2) the number of 
terms in the development is }n(n—1), in (3) the number is 
(n—1). 

Lastly, putting 


oP oP oP 

os a bisa Se AG p Ons, = Hy 
oP oP oP 

bisa am ona. geet ar bona = Hp 
oP els oP 

Ome t Ona, ecg keane ban = Hy 


so that H,, stands for what P becomes when its r" row is re- 
placed by the s** row of Q, and using the multipliers 0Q/0b,,, 


0Q/Ob,,,... . , 0Q/Ob,, prior to addition, Brioschi obtains 
ant? oQ oQ eQ 
Q aa, i Bnap 2 Has oe sitchen ce 
and similarly 
cles OQ oQ A) 
Ba one alan Rea tel 
ae eo 2Q 2Q. 0Q. 
comes Hsp a 12 4 Fates Wiebsoh 
With this derived set of equations the multipliers a, @,.,. ++ Grn 


are then used, and addition performed, the result being Sylvester’s 
theorem of 1839, namely, 
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Ore ee et K oat eet HK, 
where K,, stands for what Q becomes when its s** row is re- 
placed by the rv row of P.* 

In his treatment of the minors of the adjugate determinant 
Brioschi (pp. 36-39) closely follows Spottiswoode ; that is to say, 
from a set of linear equations he derives one result, then from 
the adjugate set another result, and finally draws a deduction 
from a comparison of the two. His thus obtained extension 
of Spottiswoode’s theorem is open to the same criticism as 
Spottiswoode’s extension of Jacobi’s. 

The section (§ 7) on “ determinanti di determinanti” is founded 
on Cauchy, and contains known extensions of two or three 
theorems above given in the notation of differentiation. 


CANTOR [M. B.] (1855, March). 


[Théoréme sur les déterminants Cramériens. Nouv. Annales de 
Math. (1), xiv. pp. 113-114,] 


The theorem in question may be formulated thus—If the 
permutations of 1, 2,3,...n be arranged in order of magnitude 
as if they were integral numbers, the sign of the k™ permutation 
is independent of n. Reference is appropriately made to Reiss’ 
paper of 1825, but the theorem is virtually contained in Hinder- 
burg’s rule of the year 1784. 

Another author who dealt with the ‘rule of signs’ in this 
year was Mainardi; his paper is referred to along with a kindred 
one by Zehfuss of the year 1858. 


* Brioschi does not note the independent importance of his second set of 
equations, which may he condensed into 


yes =H CO eee 0Q 
Obes 


COrs a Obis 
and which, when 7, s=1, 1 and n=3, is 


By By Bs 
by by bs 
Cy Cy Cy 


G) Ap dg 
By By Bs | - 
Th TREE | 


This, however, may be viewed also as a case of Sylvester’s theorem, namely, 
where the first row of P is 1, 0, 0. 


Cin Gy Ce 
b, by bg 
Q Me & 


v1 Y2 Ys 
(5 lay Why le 
Cy Cy Cg 


A, a3 
Y2 V3 


By Bs 
Y2 Y3 


by bg 
Cy C3 


= 6 . al 
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CAUCHY, A. L. (1856, Feb.). 


[Sur une formule trés-simple et trés-général . .. . Comptes rendus 
.... Acad. des Sci. (Paris), xlii. pp. 366-374; or (Huvres 
convpletes (1), xii. pp. 802-311. ] 

The main theorem concerns the set of equations 


r=n 


Wp, + A,ypXo ge ete bpm hm = u, 
r=1 


where the number m of unknowns is greater than the number 7 
of equations, and the other theorem deals with the case of this 
where the w’s all vanish. The weapons employed in the discussion 
are the ‘produit symbolique’ of the w’s and ‘clefs algébriques,’ or 
‘clefs anastrophiques’ as they are now called. The paper may be 
compared with Sylvester’s of the year 1839 on ‘the derivation of 
coexistence.’ 


HERMITE, C. (1856). 


[Sur la théorie des polynomes homogénes du second degré. Note 
vi. (pp. 154-190) of Programme .... d’ Arithmétique, d’Al- 
gebre et de Géométrie Analytique, .... par MM. Gerono et 
Roguet: 4° éd. 215 pp. Paris.] 


This note of thirty-seven pages, which is said to be ‘d’aprés 
M. Hermite, consists of five sections, the first of which (pp. 
154-157) deals expressly and the others incidentally with dé- 
terminants. The latter sections concern the invariance of the 
discriminant (called ‘the invariant’), orthogonal transformation, 
etc., and are simply but suggestively written. 


HEGER, I. (1856, July). 


[Ueber die Auflésung eines Systemes von mehreren unbestimmten 
Gleichungen des ersten Grades in ganzen Zahlen. Denkschr. 
d. k. Akad. d. Wiss. (Wien): math.-naturw. Cl., xiv. (2), 
pp. 1-122.] 


Although in this lengthy paper the vanishing of the deter- 
minants of a 2-by-n array is repeatedly under consideration 
(e.g. § 24, p. 87), nothing new on the subject presents itself. 
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SCHLOMILCH, 0. (1856). 


[Brioschi’s Theorie der Determinante und ihre hauptsichlichsten 
Anwendungen. Zeitschrift f. Math. u. Phys. I. Litera- 
turzertung, pp. 80-87.] 


After a faithful account of Schellbach’s translation of Brioschi’s 
text-book, Schlomilch inveighs against the adoption of “die 
miserable englische Terminologie,” instancing Unterdeterminante, 
Determinante mit reciproken Llementen, and Hessian, for the 
last of which he proposes to substitute “ Inflexionsdeterminante.” 


RUBINI, R. (1857, May). 


[Applicazione della teorica dei determinanti. Annala de Sct. 
mat. e fis., vill. pp. 179-200.] 


This resembles Chio’s paper of 1853, having the same funda- 
mental theorem, but different illustrative examples. In the mere 
enunciation of the theorem Rubini is the more successful. Taking 
the n-line determinant whose element in the place 7,8 is a,,+0,., 
and denoting by A the determinant of the a’s, and by A, a 
determinant obtainable from A on substituting for r columns of 
a’s the corresponding r columns of b’s, he writes the expansion in 
the form 

A+3A,+2A,+....+2A,,+4n- 


BELLAVITIS, G. (1857, June). 


[Sposizione elementare della teorica dei determinante. Memorie 
... Istituto Veneto, ... vii. pp. 67-144.] 


Notwithstanding its place of publication, this writing of 
Bellavitis’ is exactly what its title implies; and as a text-book 
it could scarcely have failed to be useful, so simple and clear 
is it in style. It consists of two chapters, one on determinants 
in general (pp. 3-30), and one on special forms (pp. 30-72): a 
note of six pages on permutations appears as an appendix. 

To Bellavitis we owe the modification of Laplace’s notation 
which is now in common use. The passage introducing it is: 
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“Quando gli elementi sieno indicati in modo che chiaramente 
apparisca la loro formazione, noi porremo tra le due | i soli 
elementi della diagonale (intendendo sempre per diagonale 
quella da sinistra verso destra descendendo). Cosi 


|a,bocg ..--| equivaler’da la, db, 
Ces Use te 
dz bs Cs 
I : x i] 
kan aes equivalera a | ae a — OC, | 
| I id 
Tansee. 


> 


Throughout the exposition this notation is employed. “ Riga’ 
he uses either for a “fila orizzontale” or a “fila verticale,”’ and 
“eolonna” for a “fila perpendicolare a quella che s'intese per 
riga.” 

Two well-known developments he specifies thus :— 


(~) ) (~) 
| QibsCe ss = (tage t+ Oigp, + 1G 9, + a8 ) (et, 0.0.0 ee 
3 2 2 
| a,b,¢5 Sistas hy | = (gg + eebiaaapt salsa STE) 
C2 oz 
tao ob eats ata egele 
o2 o2 
+4055 ap, + ue +hvza-ap) | D.C, ame 


In reference to determinants with binomial elements (§ 13) he 
says: “Compiendo questo sviluppo si ottiene la formula 
[ata bo+ By estys| = |e by eg| +] yb yg/+]¢y Be eg|+] 41 Be ¥s 
+| a by ¢3| + | a by yg! t+] ay By es| +] a, Be ¥s 
che @ facile da tenersi a memoria per la sua perfetta analogia 
collo sviluppo del prodotto di tre binomii.” 

After giving a sufficient condition for the vanishing of a 
determinant, he enunciates (§ 15) the converse, namely, When a 
determinant vanishes, one of the rows is equal to a sum of 
multiples of the other rows, basing its validity on the fact that 
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the multipliers referred to can actually be found by solving a 
set of simultaneous linear equations. 

The multiplication-theorem for determinants A,, A, of the third 
order he seeks to establish (§ 31) by partitioning the product- 
determinant into twenty-seven determinants, and showing that 
the sum of the six which do not vanish is A, A,. 

Chio’s theorem of 1853 is introduced (§ 38) by noting that the 


resultant of Lb 0 ao 
may be viewed as the resultant of 
|a, bly + [a %| = 0) 
Ja, bs|y + [ay ¢3| = of, 
and that therefore 
Cle taney must be a multiple of |a, b, ¢s|. 
[a 3] | a, ¢s| we 
That it is so he proves by diminishing the 2nd and 3rd columns 
of | a, b, ¢3 | by 6,/a, times the 1st column and c,/a, times the 
1st column respectively. Further, he points out (§§39, 40) a 
practical application, namely, in evaluating a determinant whose 
elements are given in figures. 

The adjugate determinant (unfortunately renamed aussociuto) 
is dealt with ($$ 55-58) in connection with the solution of a set 
of simultaneous linear equations, the special cases being con- 
sidered where the determinant of the set is 1 and 0. In the 
former special case he notes the theorem, The adjugate of the 
product of two unit determinants is identical vn all cts elements 
with the product of the adjugates of tie said determinants ; 
* and in the latter the theorem all but reached by Jacobi in 1835 
and 1841, In a zero determinant the cofuctors of the elements of 
a row are proportional to the cofactors of the elements of uny 
other row. 

Cauchy’s “clefs algébriques ” (chiuvi algebrache) are expounded 
at some length (§§ 81-88). 

In the last three paragraphs he draws attention to the existence 
of expressions which may be viewed as “determinanti simbolici,” 
his first kind being those in which symbols of differentiation take 
the place of elements; e.g. the negative of the expression 
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0Q oR oR OP oP _oQ 
Pe-F) +05) + BG, = 
whose vanishing is the condition for the derivability of the 


equation 
Pox + Qoy + Roz = 0 


from a single primitive, is denoted by 
te) 
Pee 
—a notation which is even less satisfactory than that for which 
it is a contraction, namely, 


fe) 
Ewa ae 

fe) 
QQ 

(6) 
Ruger i Rsh 


The other kind of expressions originated with Binet, who in 
1812 gave the identities 


Lab’ == LYaxb — Lab, 
Sab’e” = Dadbdc + 2abe — Sadbe — VbYea — YVeLab; 


but in this case, though the close resemblance of the right-hand 
expressions to the developments of axisymmetric determinants 
is pointed out, no notation founded on the fact is suggested. 

As an appendix there is a note on permutations, explaining 
circular substitutions, interchanges (alternazioni), inversions of 
order (?ovesciamenti Uordine), and their relations to one another. 
Cauchy’s sign-rule depending on the number of circular sub- 
stitutions is replaced by a simpler rule, which requires the 
counting of only the even circular substitutions. Thus the 
permutation 3265417 being got from the standard permutation 
1234567 by means of the circular substitutions 


(316), (2), (54), (7), 


and only one of these being even, the sign of 3265417 is (—)1 
Bellavitis’ enunciation is: “Jl numero delle alternazioni, con 
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cut wna disposizione pud mutarsi in un altra é pari o dispari 
unsreme col numero di tutte le sostituzioni binomie, quadrinomie, 


sestunomie, ecc. che occorrono per passare da una disposizione 
all’ altra.” . 


BALTZER, R. (1857). 


(THEORIE UND ANWENDUNG DER DETERMINANTEN, mit Beziehung 
auf die Originalquellen, dargestellt von Dr. Richard Baltzer 
. .) Vi+129 pp.; Leipzig. French translation by J. Houel, 

xli+ 235 pp.; Paris, 1861.] 


The good qualities spoken of above as belonging to Brioschi’s 
text-book are still more conspicuous in the German text-book 
of three years later, and the historical footnotes in Baltzer’s give 
it a special additional value. The theory is dealt with in eight 
little chapters or sections, and the so-called applications in ten ; 
several of the latter, however, might quite well have been classed 
with the former, as they are merely concerned with determinants 
of special form. 

The first section corresponds closely in subject with Bellavitis’ 
appendix: and in connection therewith may be noted Baltzer’s 
remark (§2,3) that any term got from the diagonal term by 
substituting k,, k,,..., ky for the second suffiwes 1,2,...,n 
may also be got by substituting 1,2,..., n for k,, ky, ..., ky 
in the set of first suffixes. 

Brioschi’s mode of proving Sylvester’s theorem of 1839 is 
improved upon (§3,11) by taking Q one order lower than P, 


and using the multipliers 0Q/0b,,, 0Q/0b,,, ..., 0Q/0b,-1, on 
the identities 
oP oP Cleo 
“130, + “1230, 5 +...e4+ “in Sa, == 0 
oP (oli¢ li 
— oe) 
2136, 5 Si 9 fk aol a “on Sa, ( 
oP oP ce) ho 
Gn-L Bq, a m-L2Bq fe + y-1 "Sa, 0 ; 
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the result of addition then being 


aQ aQ 2Q \ oP 
(onsg tng + ALD 0 AP Ol 13h, =) oa 
0Q 3Q Awe) 
+ (cuesp t+ eaap + Be grate a ) a 
2Q 0Q 3Q ) oP 

eT ee Re —— = 0, 
+ (tagp +455, + Tn-1n Bh 5) Gtlnn, 


which, if we bear in mind what single determinants the ex- 
pressions in brackets stand for, is seen to be Sylvester’s theorem 
in its alternative form as the assertion of the vanishing of an 
ageregate of products of pairs of determinants. 

Of Jacobi’s theorem regarding any coaxial minor of the 
adjugate an obvious extension is made (§ 7,2), namely, Any m” 
order minor of the adjugate of any determinant A is equal to 
the product obtained by multiplying the cofactor of the corre- 
sponding minor in A by A". The mode of proof followed in 
Cayley’s of 1843. 

The theorem formulated by Bellavitis regarding a zero deter- 
minant is appropriately based (§7,5) on the vanishing of the 
two-line minors of the adjugate determinant—a course suggested 
by what Lebesgue did in 1837. 

Cayley’s development of 1847 is well stated (§ 8, 6) in the form 

D + Ya,,D, + LayaeDy, + Ve ieGy Digg + - . - A GyyMoQ- - + Anns 
where D is what the given determinant becomes when all its 
diagonal elements are made 0, and D,,,,, is the minor of D got 
by deleting the 2, h",... rows and the ath jth... columns; and 


the proof consists in showing that no term is thus neglected or 
repeated. 


NEWMAN, F. (1857). 
[On determinants, better called eliminants. Proceedings Roy. 
Soc. London, viii. pp. 426-481; or Philos. Magazine (4), 
Klv. p. 392.] 
The author’s object was merely to recommend the introduction 
of the subject into elementary text-books. 
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DEL GROSSO, R. (1857). 


[Sulla regola secondo la quale debbono procedere i segni nello 
sviluppo d’un determinante in prodotti di determinanti 
minori. Rendic.... Accad. Pontaniana (Napoli), Ann. v. 
pp. 196-198. See also pp. 198-206.] 


When a determinant is expressed in accordance with Laplace's 
theorem as an aggregate of products of complementary minors, 
Del Grosso directs that the sign of any product is to be (—1), 
where o is the sum of the odd row-numbers and odd column- 
numbers of one of the factors. The rule is not stated with 
sufficient care, and the author in reaching it concludes too 
hastily that the simplest case is all that need be established. 


JANNI, G. (1858). 


[SaGGio DI UNA TEORICA ELEMENTARE DE’ DETERMINANTI, del 
Sacerdote Giuseppe Janni.... 40 pp. Napoli.] 


Janni’s professed object was to make determinants more readily 
accessible, previous text-books having, he says, either totally 
neglected demonstrations or used those of great difficulty. He 
speaks of the work as the first of a series, and its contents 
certainly look like the first five chapters of a text-book planned 
on a fairly large scale. The theorems, twenty-three in number, 
are carefully enunciated and are printed in italics; but, although 
the proofs receive every attention, it is very doubtful whether 
the object aimed at was to any extent accomplished. There is 
at any rate nothing sufficiently fresh in the treatment to warrant 
attention here. 


ZEHFUSS, G. (1858). 


[Ueber die Auflésung der linearen endlichen Differenzengleich- 
ungen mit variabeln Coefficienten. Zeitschrift f. Math. wu. 


Phys., iii. pp. 175-177.] 


His solution suggests to Zehfuss the remark (p. 177) that every 
determinant can be expressed as a multiple integral. It will 
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suffice to give the result in the case of a determinant of the 4th 
order. Denoting cos 270+ —I1 sin 270 by 1%, and putting P for 
2181718 (18 —1%)(1?—1*)(15— 1%) (1 — 1°)(1” — 1)(1? — 1°) 
and Q for 
(a,1~* +b,1-* +¢,177 +d,1~°) 

X (1 ~™*-+b,17*% +6,1- 7-1 >”) 

x (aglarit bilaeaesle Zell > S) 

Xi(ajla +b lesbo, la pel oop 
Zehfuss says that 


7 
Ti abcd, = | \) | PQ dad@ dy dé. 
verry 
He does not, however, note in passing that 


| ie yi fia bea pt haope BA 
1*4 17 177 17 
1° 18 ihe 1° 


jee 1% {* 1% I. 


BELLAVITIS, G. (1858, June). 


[Studii sulle Memorie pubblicate dal Prof. Mainardi negli Atti 
del’ i. r. Istituto Lombardo, vol. i, 1855, p. 90. Attr... 
Istituto Veneto... An. 1857-58, pp. 623-629. ] 


One note (p. 627), closely following Sylvester’s paper of 1840, 
points out that if the equations 


at+bx + ca 4 
a+ Bu + yx? + dx? = 0 


have a common root, it is given by the equation 


a+bx ce 
a+Pe y 6|=0; 
ax b e¢ 


and if the equations 


atbe + cx? + da 0) 
a+ Ba + yu? + da + ext = 0J 
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have two common roots, these roots are given by the equation* 


atbe +ca d 
a+ Ba + yx? 6 ¢ |= 0. 
ax+ ba? ¢ dd 


Another note (pp. 627-628), in view of Mainardi’s ‘regola’ 
above referred to, very properly draws attention to the rule 
given in the appendix to Bellavitis’ Sposizione of 1857. 


ZEHFUSS, G. (1858): MAINARDI, G. (1855). 


[Ueber die Zeichen der einzelnen Glieder einer Determinante. 
Zeitschrift f. Math. wu. Phys., iii. pp. 249-250.] 

[Una regola per attribuire il segno proprio ad ogni parte di un 
determinante numerico. Atti... Istituto Lombardo (Milano), 
i. pp. 105-106. ] 

Neither of these communications is of importance. Zehfuss, 
using the recurrent law of formation and giving “dérangement ” 
the very opposite of its original meaning, so that the principal 
term of an n-line determinant has $n(n—1) derangements, seeks 
to show that the sign of any other term having « derangements 
is (—1)i@-D-#, 

Mainardi, employing Cauchy’s “clefs algébriques,” finds him- 
self also face to face with derangements, and seriously advises 
that in counting them we should say, not 1, 2, 3, 4, 5,... , but 
1, 2,1, 2,1,..., the sign being — or + according as we end with 
1 or 2. 


GALLENKAMP, W. (1858). 


[Die einfachsten Eigenschaften und Anwendungen der. Deter- 
minanten. 12 pp. Sch. Progr. Duisburg.] 


A workmanlike twelve-page exposition. 


*No reference is made by either Sylvester or Bellavitis to the two other 
similarly derivable quadratics 
b+cat+dxa a. 
a+ba+ca? . a 
Btryxc+ 6x? a e€ 


c+ dx CeO 
b+ca+da® . a 
y+ dxu+ex® a B 


= (I) e=nOE 
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SPERLING, I. (1858). 
[Teorija opredélitelej i eja vaznéjsija prilozenija. Culna st 
Petersburg. ] 
This dissertation I have failed to see. In English the title is, 
The Theory of Determinants and its most important applications, 


The letters used here in transliterating the Russian title have 
German values. 


ZEHFUSS, G. (1858). 


[Ueber eine gewisse Determinante. Zeitschrift f. Math. wu. 
Phys., iii. pp. 298-301.] 
From two sets of simultaneous linear equations 
ae+by+eze+d,w=0 (r=1,2,3,4) 
by + vy’ = 0 (r=1,2) 
there arises by multiplication a set of eight equations in 
LO, Ye, 26, we, ay, yy, zy, wy; 
whose determinant, A say, must contain as factors the deter- 


minants D,, D, of the original sets. This observation leads 
Zehfuss to consider generally such determinants as 


Ay, yy, Oy Oy, Cm, Cy Ay, ayy, 
yoy Ave Ditty By yg Cy Aytg yy 
Cofty gv Dypty yyy Copy Cy Ag, yy 
Caflo U2 Doty Davy Cosy Cyy Aggy 
UsMy gy Oyo Bary Cg gry gy gy 
Astle Ugly Datta DgYy Caf Cgn Agha Ag 
yy yy Dye yyy, yey Og, yy yy 
Mya Ayo Oye Dyry ya CY Ugh, yy 


where the elements of D, are repeated 4? times and each time are 
associated with a different element of D,. Multiplying the first 
and second columns by 0D,/0u,, the third and fourth by 0D,/2b,, 
the fifth and sixth by oD,/oc,, the seventh and eighth by 
oD,/od,, and performing two additions we obtain 
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AN ued S10 ON Dyce RN Sue mT A ieee es 
Daye Cue ee Ove ; 
? UN Aen 
Ditigt ethos ave 
Dithseen. oly Ove 
Datta aswel ds, 
0,0, =P. cteaed at 
On era ee oe Re 
2 
a Coy ee day 
Ou, ahs CED 
Dita ope Os 


But since the six-line determinant here is formed from 0D,/2a, 
and D, just as D4. is formed from D, and D,, it follows that 


(gee 
(DAD; Conyh 
62 = Dir g aD. Cab dy, 
Oat, Oa, Ob, CyMhy ++ es AyVy 
OTE ec 5 ONE 
NO BOE | 
and ultimately ( eid), 
aN (D)2D; Oa, ob, Oe 4 
122 (Bey sash nin ( . eb; 2? 
Oa, OW, Ob, OC, = 
= (D,)?Do*. 


Had the orders of the original determinants been other than the 
4» and 2"¢ the result which would have been reached by an 
exactly similar process is readily foreseen. The general result 
we may formulate for ourselves as follows:—Jf P and Q be 
determinants of the p™ and q” orders respectively ; and uf P's 
array of elements be written q? times, namely, q times in each 
of q rows, thus forming a grand array of pq rows and pq 
columns; and if every element of each of the sub-arrays be 
multiplied by one and the same element of Q, the multiplier vn 
the case of the sub-array in the place h,k being the element 
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which occupies the corresponding place in Q; then the deter- 
minant of the grand array is equal to P%Q?. 


SIMERKA, W. (1858). 


[Bestimmte Gleichungen des ersten Grades mit n Unbekannten 
gelost mittels der Permutationslehre. Sitzwngsb. ... Acad. 
d. Wiss, (Wien), xxxiii. pp. 277-281. ] 


The contents of this simply-written paper are quite in accord 
with the title. The author writes as if nothing had ever 
previously been done on the subject. The common denominator 
of the value of the a’s in 


r=n 


Dp Ole FH 20 TF Anglin = a} 


r=1 


he denotes by Bla, Gee Ok 


CASORATI, F. (1858, September). 


[Intorno ad alcuni punti della teoria dei minimi quadrati. 
Annali di Mat., i. pp. 829-348. ] 


The title here refers only to the latter half of the paper, the 
other half being concerned with an auxiliary series of theorems 
on the product-determinant. The first of these theorems is 
avowedly old, being that which concerns the so-called product C 
of two non-quadrate arrays 


Gy, Ay Ug +++ Ay, by. TO ei: Maas Oy 
ers) Ong Cnuiee ome Ba DAME OF eo ah OR 
Ami Cling Ong oi 88 Onn> Deut Dns Denk +2 ¢ Dies 


where 1 >m. The second, though not so spoken of, is only 
new in form, and concerns any primary minor of C. Unfortu- 
nately, Casorati does not observe that any primary minor of C 
is a determinant formed exactly like C after omitting a row 
from the first array and a row from the second, and that 
therefore his second theorem is unnecessary. Further, his mode 


of procedure leads him to an expression for a multiple of the 
minor, namely, for 
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oC 
= ie ky 
(n—m+ ag. 


and making an oversight similar to Hesse’s of 1853, he does not 
divide both sides by n—m+1. 
His third theorem, 


aC _ 2 WC , 0 eC aC 
Oe uO, 5 0g O0.o rire. oh | OG, 40S, 


is more worthy of note. The proof of it depends essentially on 
substituting for C in the first factor of each term of the right- 
hand member its equivalent, 


oC oC oC 
Se spiel dak eG oir nek 


in which, it is important to note, the differential-quotients are 


necessarily all independent of a, @,.,.... The said right-hand 
member can then be transformed into 
oC oC oC AO, 
5p, (bug +On s+ 5 bbe ) 
oC oC oC oC 
1 Obs (61 OC “a0 OC yo i ie bas) 
oC oC oC oC 
+b Aliseoeck mag tani chloe)? 


which, if addition be performed columnwise, becomes 
io) 
tee ah Oct e170; 
because of the fact that the theorem 
oC oC Ook at {" = 8 

Cina Gass thie xt Seals? UG when pains 
holds in reference to the a’s and b’s as well as to the c’s—a fact 
which should be noted for other purposes, and which is readily 


seen to be justifiable if we view C in its composite form AB and 
bear in mind that the operation 


6) 6) 6) 
ee aaecs eum ¢3 Nae a 
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when performed on a homogeneous linear function of ab joie 
is equivalent to a substitution. 

The case where the two given arrays are identical is formu- 
lated, due care being taken with the differential-quotients because 
of C becoming axisymmetric. 

We have only to add that the form in which this new theorem 
of Casorati’s is stated obscures to some extent its significance. 
If we write the case of AB=C where m=8, n=4 in the form 


Gi ds Us Oy Fg liad dled Lal Lam Lan 
b, b, b, b, |}. m, m, m, mz, | =| Zbl Lom Lbn 
Cty 6 Cg” ee. Ny Wig Te Te, Xel Xem en |, 


then, freed from all reference to differentiation, the theorem for 
the case r= 2, s=3 is 


dYal Sam Lan 


—|Sbl Thm Lbn|- =o ate 
Xel Tem Xen 
Lal Tam Lan| | Zal Lam a, Lal Lam LTan| | Lal Lam ay 
lL om,  |°|2bl Zbm b,/+] , m, ny, || Zbl Thm by 
Yel Tem Ten | | Xel Lem ce, Yel Yem Len | | Xel Lem Cy 
Lal Lam Lan | |Xal Lam a, Lal Lam Yan| | Xal Zam a, 
l, Mg Mz, |*|2bl Lom b+] , m vy |-| Zbl Lom 
Xel Tem Xen | |Xeb em ce, Xel Lem Xen | | Xcel Tem 


Further, no change but substitution is necessary on passing to 
the case where the two original arrays are identical. 


SALMON, G. (1859). 


[LESSONS INTRODUCTORY TO THE MODERN HIGHER ALGEBRA. By 
the Rev. George Salmon, A.M.... xii+147 pp. Dublin.] 
The first three lessons (pp. 1-18) of this historically interesting 
text-book are devoted to an elementary exposition of deter- 
minants. The only fresh matter (§ 20) concerns the determinant 
formed from 
a, b, a, By 


dy de dz By 
dg by ||, ag Bs 
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by row-by-row multiplication. This is shown to vanish, not by 
pointing out that it contains at least one zero determinant of 
the third order as a factor, but by partitioning it into eight 
determinants with monomial elements, and showing that all the 
eight vanish.* 

Unfortunately, for terms of a determinant the word “elements ” 
is used, and for adjugate the word “reciprocal,” although the 
elements of the adjugate are spoken of as the “inverse con- 
stituents.” 


SPERLING, J. F. DE (1860, April). 


{Note sur un théoréme de M. Sylvester relatif 4 la transforma- 
tion du produit de déterminants du méme ordre. Journ. 


(de Inowville) de Math... . (2), v. pp. 121-126.] 


This is a carefully formulated proof of Sylvester’s theorem 
of 1839 and the extended theorem of 1851, the lines followed 
being those suggested and illustrated by Cayley in 1843. Un- 
fortunately, however, instead of extending Cayley’s method to 
prove directly and at once the generalisation of 1851, Sperling 
repeats Cayley’s proof of the simpler theorem, and then uses 
the method of so-called mathematical induction to arrive at the 
generalisation. 

The two determinants whose product is the subject of discus- 


*Tn using the notation || || he is not more explicit than its author, Cayley. 
If it were explained that 
GQ) a, as 
| by by ds 
stands for chiles lie Cates Ig |eetylors |Ip 


it would readily follow that the statement 


| My As 
=) 
b, by by 
was short for (er ols nds Ip oxy l=) O) We 
and that @ dg ay 


Gh Oh i 


b, by b, is 


B, Pz Bs 


was short for 
(| 422 |, | a, bs |, | aad | % | a1 Bol, | a, Bs |, | 2,851), 
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sion being | a4, Mp + - + Ayn | ANA |b,, bop. - + Ban |, Or, Say, A and B, 
he forms the determinant 
CG ct, Ci so ee : Oe ae) ie POnn Org eee 
Ag, gg +++ C2, n—m Chan, Da, Dae «++ Dan 
Char Unwtres Lin ease : ae eet eee en ie i haa 6 ee 
Ay, n-m+1 A1,n—mt2 +++ + U,n-1 Cn Bi Diz... Din 
Ae, n-mti 42,n-m+2 +++ + F2,n-1 Fen bey Ors » Ogg 
Qn, n—m+1 An, n-m42*++° Un, n-1 Cnn Ds a * dae bg ? 


which, he says, is seen to vanish on trying to find Laplace’s 
expansion of it in terms of minors formed from the last n+1 
columns and the minors that are complementary of those. 
Then, noting that the like outcome is not met with when 
the boundary-line necessary for the application of the said 
expansion-theorem is horizontal and bisects the determinant, 
he sets about obtaining the terms of the latter development in 
orderly fashion. Clearly, the first factors of those terms are 
all alike as regards their first n--m columns, but the remaining 
m columns may include another column of @’s or may not. 
Making a separation of the terms in accordance with this dis- 
tinction, and calling the one aggregate &,,_,; and the other &,,, 
where the suffix corresponds with the number of columns of b’s 
appearing in each first factor, and therefore also with the 
number of columns of a’s appearing in each second factor, 
Sperling gives evidence that &,,_, is Sylvester’s expansion for 
| yy Mog». Gy», || Dy, Dog... by, | When in the formation of it there 
is an interchange of m—1 columns, that &,, is the corresponding 
expansion due to an interchange of m columns, and that the two 
>’s occur with different signs. The conclusion is thus reached 
that, if we have previously proved the identity AB = &,,_,, the 
identity AB = &,, must follow. 

It is important to note in passing that if Sperling had put 
zeros fOr Qin, Con» +++ > Gn, In the second half of his 2n-line 
determinant, its value then would have been, when obtained 
in one way, (—1)™~-1AB, and in another, (—1)"-!,,.. He would 
thus have made the natural extension of Cayley’s simple proof. 


CHAPTER III. 
AXISYMMETRIC DETERMINANTS, FROM 1841 To 1860. 


UNDER the heading of axisymmetric determinants in our first 
volume a reminder ought to have been given that the determinant 
of the set of linear equations reached by Bezout in his so-called 
abridged method for eliminating the unknown between two 
equations of the same degree is axisymmetric, the first appearance 
of this special form being consequently thrown back to the year 
1764 (see p. 317 of Bezout’s Recherches ...). Further, it should 
naturally thereafter have been recalled that the said axisymmetry 
had been discussed by Jacobi in 1835 (see History, i. p. 214, 
pp. 485-487) and by Cauchy in 1840 (see History, i. pp. 242-243). 


CAYLEY, A. (1841, May). 


[On a theorem in the geometry of position. Cambridge Math. 
Journ., ii. pp. 267-271 ; or Collected Math. Papers, i. pp. 1—-4.] 


A general account has already been given of this interesting 
paper—interesting as regards the subject, and interesting as being 
the author’s first ‘prentice effort. All that remains to be noticed 
here is what may be called Cayley’s series of vanishing axisym- 
metric determinants. These we may write in the short form 


(Zo (&)g 1 

(© )or . (X)og 1 

(%)s;  (X)g0 . 1 
1 1 iL aa. 
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(2y)2 (€Y)3 (Y¥)y 1 
(@Y )oy . (ZY)og (Y)og 1 
(Ys (@Y)g0 : (xy)zg 1 
(ey) ("Ys (Yas 1 
1 1 il 1 mth 


(2YZ)2 (@YZ)3 (YZ)r4 (YZ)15 
(@YZ)og  (®Y2)ox (LYZ)os 


1 

(LYZ)o4 1 
(LYZ)34 (xyz), 1 
1 

] 


(xYZ)s, (LYZ)s0 . 
(yZ)g, (€YZ)yq (LYZ)as . 
(xyz), (®Y2)s2 (®YZ)5g (LY2) 54 . 

1 ik Ul il il se lle 


(LYZ)as 


if we put 
(t). fordta-e.)* 
(Cy )re for (&%,— as)? +(Yr— Ys)” 
(xyZ)re for (2%,— 2.) + (Yr— Ys) + (Sr — 2)", 


The fact that they are identically equal to zero is established by 
showing that each one is resolvable into two factors, of which 
one or both vanish; for example, that the first is equal to 


0° 2a, el Longe? 91 a" 
°"— Zoic wee Bh é Pie. ee 
Do gp — sa ok eae Le nes 

1 E am lagged Wa 


where, for the moment, we use xX,, to indicate row-by-row 
multiplication. 

It should be noted that not more than three of the series are 
contemplated by Cayley, as he viewed the identities mainly on 
their geometrical side, namely, as giving the relation between the 
distances of three points in a straight line, four points in a plane, 
and five points in three-dimensional space.* 


* To one taking this point of view Sylvester’s paper ‘‘ On Staudt’s theorems... .” 
will be of interest. See Philos. Magazine, iv. (1852), pp. 335-345; or Collected 
Math. Papers, i. pp. 382-391. 
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MOON, R. (1842). 
[On elimination. Cambridge Math. Jowrn., iii. pp. 183-184.] 
What is here given is a rule-of-thumb for obtaining the de- 
velopment of any one of Bezout’s condensed eliminants from the 
preceding one, the exposition being continued so far as to give 
the eliminant, R,, say, of 
act + ba? + ca? +dxa+e 0 
act + Bar + ya? + dx +e = 0 


in the form 


{f(ae)}* + {flay)} {f(ee) PP +..--, 


where f(ae), f(ay),.... stand for ae — ae, ay — ac,.... 


In a note covering the same ground but free of anything 
empirical, Salmon drew attention ten years later to the existence 
of three or four incorrect terms in Moon’s last expansion. (See 
Higher Plane Curves, pp. 293-294.) 


HESSE, O. (1844, Jan.). 


[Ueber die Elimination der Variabeln aus drei algebraischen 
Gleichungen vom zweiten Grade mit zwei Variabeln. 
Crelle’s Jowrnal, xxviii. pp. 68-96 ; or Werke, pp. 89-122.] 


In this paper there appears the first reference to the special 
form of determinant which has for its elements the second 
differential-quotients of a function, and which consequently 
is axisymmetric. On account of its importance this form falls 
to be dealt with separately: we merely note here that Hesse 
himself viewed it as a special form of Jacobian, namely, the 
Jacobian whose originating functions are the first differential- 
quotients of a single function, and that he called it the determs- 
nant of this single function, a practice which, when the function 
is quadratic, is not at variance with that introduced by Gauss. 

For full information the reader is referred to Chapter XIII. 
of the present volume. 
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CAYLEY, A. (1846). 


[Note on the maxima and minima of functions of three variables. 
Cambridge and Dub. Math. Journ., i. pp. 74-75 ; or Collected 
Math. Papers, i. pp. 228-229.] 


Using A to stand for the determinant 


ah g 
nD ey 
gs Xe 


we may formulate Cayley’s first theorem by saying that if 
(a+b+c)A and A+B+C be positive, then aA, bA, cA, A, B, C 
are all positive. By way of proof it is noted that the equation 


A—« H G 
H B—-2 F = 0, 
G F C-2z 
1.6. x? — (A+B+C)a? + (a+b+c)Ax — A? = 0, 


has by reason of the data all its roots positive: that therefore 
the roots of the equations 


bea H B-2 F 


F C—2 


C—a G 
G A—2z 


1.0. a —(A+B)xa+cA = 0, a —(B+C)a + aA=0, 
a —(C+A)x+ bA = 0, 


H B-«2 = 0, 


«| 


8 


on account of Cauchy’s localisation of them in relation to the 
roots of the previous equation, must also be positive; and 
consequently that 


A+B, B+C, C+A, cA, aA, bA 


must be positive. This last is essentially what was to be 
proved; because, for example, to say that A+B and cA are 
positive implies that A+B and AB are positive, and therefore 
that A and B are positive. 


Cayley also puts on record the theorem that the equation in « 
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A-aa H-ah G—ag 
H-ah B-axb F-af |=0 
G-ag F-af C—2e 
has all its roots real if either of the quadrics 
Ax? + By? + C2? +2Fyz + 2Gz2a + 2Hay, 
ax? + by? + 2? + 2fyz + 22x + Qhay, 


remain constant as to sign. 


CAYLEY, A. (1846). 


[Probleme de géométrie analytique. Crelle’s Journal, xxxi. 
pp. 227-230; or Collected Math. Papers, i. pp. 329-331.] 


The problem in question depends on an algebraic identity 
which, after a little examination, is seen to be a property of 
axisymmetric determinants. Cayley writes the identity in the 
form 


Fiyp(U + V?)- K(U) — Fyp(U)- K(0+V?) = {F,,(U)}? 
where 


U = Aa? + By?+ Cz? + 2Fyz4+ 2Gzu4+ 2Hay + 2Law + 2Myw+ 2Nzw-+ Pw%, 
V=ar+Byt+yz+du, 


£ hha G62 jo 
aah oe ome Ad HG Gaol; 
K(U)y = P,(U)=|8 H B FM 
One Ee ae G F CN 

T= Mean lp u ‘i 

, Sal LeNe@ P 


and P,,(U) is what is obtained from P,,(U) on changing a, £, y, 
6 into &, y, & » respectively: but freed of all fresh notation it is 
nothing more nor less than 


sa " ¢ 4 AT RL A 
€ A+da? H+a8 G+tay L-+ad ser i A 
» H+Ba B+S F+By M+83|.10 bo 
€ Gtya F+y8B C+y? N+ye] | M NP 


o L+éa M+68 N+éy P +62 
M.D. II. H 
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é ss S . A+a@ H+aB Gtay L-+ad 
Saree kt H+Ba B+? F+By M+ e 
é G@ F GN G+ya F+y6 C+y’ Noe 
oS Bri teen? |L+éa M+68 N+éy P+0& 
oa: 

G Ameri 

=| 68 H bl hae 

oy Gaal ean 

aed Bo ile OR 


Nothing is said about the mode of proving it.* 


“H (1)” (1846, Noy.). 
[Mathematical notes, ii. Camb. and Dublin Math. Journ., 
i. p. 286.] 


A correspondent signing himself as above puts on record with- 
out proof two identities which, when the notation of determinants 
is used, may be written in the form 


aa’—bb’—cc’ = ab’ +- ba’ ca tac 
ab’+ba’ bb’ —ee’'— aw — be’ +.cb’ | = (a? +0? + 0°) - (aa’ + bb’ +c’) 
cw’ +ac be’+cb’  ca’—aa’—bb' | -(a? +b? +0?) 
*Tf we note that the first determinant can be written in the form 
-1 cms fy O 
Jes. & yal See 
af A OG au 
“| @ » HB FM 
NP ae key A LO Nh 
fe) AO, SAN Ie el 
and the fourth in the form 
EO Em yt) 
a AS EL Ge 
-| Bp HBFM 
potry Gu it GaN 
oF LU. vLENe Pe 


light dawns at once, for the last three determinants of the identity are then seen 
to be principal minors of the first, and the identity itself to be a case of Jacobi’s 
theorem regarding a minor of the adjugate. 
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and 
2aa’ ab’+ba’ ca’+ac’ 

ab’ + ba’ 2bb’ be’+ceb’ | = 0. 

ca +ac be’ +cb’ 2cc’ 
It is seen that both determinants are axisymmetric, that the 
second is expressible as the product of two vanishing deter- 
minants, and that the first is formable from the second by 
subtracting aw’ + bb’ + cc’ from each diagonal element,—a fact 
which, taken along with the vanishing of the second, shows that 
aw + bb’ + cc’ is a factor of the first. 


CAYLEY, A. (1847). 


[Note sur les hyperdéterminants. OCrelle’s Journal, xxxiv. 
pp. 148-152; or Collected Math. Papers, i. pp. 352-355.] 
The second paragraph of this note concerns the expression 
6abed + 3b?c? — a®d? — 4ac? — 4b%d, or V say, 
soon afterwards (1851) to be called the “discriminant” of the 
binary cubic 
aa + 3ba’y + 3cxy” + ¥?; 

and Cayley’s proposition is that the determinant whose elements 
are the second differential-quotients of V with respect to a, b, 
c, d, namely, the axisymmetric determinant 


— 2d? 6cd 6bd—12c? 6be—4ad 
6cd 6c?—24bd 6ad+12be 6ace—126? 
6bd—12c? 6ad+12be 6b?—24ac 6ab 
6bc—4ad 6ac—126? 6ab — 2a, 


is a numerical multiple of V%. As a matter of fact he says the 
multiplier is 3; but this is because, instead of writing the deter- 
minant as here, he removes from it the factors 2, 6,6, 2. A veri- 
ficatory proof, unsatisfactory to himself, is given, the determinant 
being as a preliminary again altered into a multiple (by 6*) of 
| a ab 2b?—ac  38be—2ad 
ab 4ac—1b? 3be+}tad 2c?—bd 
2b?-—ac 2be+iad 4bd—ie? cad 
Bbe—2ad =. 2c? — bd. ed 0 
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i a ab ac—38r ad+9q | 
ba B+2r be-q bd—3p 
ca—38r cb-q c+2p cd 
da+9q db—3p de a Seite 
where 
va 3(bd—c*), = 3(be—ad), r= 3(ac—0?), 


the last change being probably due to the fact that it was 
known that 
V eee 9) 


and that verification would thus be easier. 


CAYLEY, A. (1848). 
[On geometrical reciprocity. Cambridge and Dub. Math. Journ., 
iii. pp. 173-179; or Collected Math. Papers, i. pp. 377-382. ] 
Incidentally Cayley gives the identity 
ioe ee ” ¢ 
£28 a+b a’+te 
7» W+b 2 b’4+e 
¢ a’ +e bee De” 


a ecru ce eh ahs { an? +b’y?+c'2+(b" +c)yz+(e+a")\za+(a'+ bay} 
Levee 4 anna! 28 -_ [ x(ab" —a’"b+a’c—ac’)+y(b’e—be' +b’a’ —b’a") 
ConOe C: +2(c"a’— ca” +cb” —0"b) f 

where 


f=ax+ayt+a'z, n=be+by+b’2z, €=cat+cyte’z. 


No proof is adduced, and it is not noted that, when the 
determinant | ab’c’| is axisymmetric, the expression in rect- 
angular brackets vanishes, and the identity becomes in later 
notation 


= Giin Gbeeio Akg spe = Mente 
batt hog h Shafairra. hang | a 
7m hie beep gvijfudete hvbofly 
Co 7 ac J oii —eae 2 
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where E, tC Rel a0; y, 2h h g ) 
pany 
ee 


This particular result, we may note, is easily verified by per- 
forming on the four-line determinant the operation 


row, — “row, — yrow, — ZTOW,. 


SYLVESTER, J. J. (1850, Aug.). 


[On the intersections, contacts and other correlations of two 
conics expressed by indeterminate co-ordinates. Cambridge 
and Dublin Math. Journ., v. pp. 262-282; or Collected 
Math. Papers, i. pp. 119-137.] 


In this paper an important property of axisymmetric deter- 
minants is incidentally brought to notice; but, unfortunately, 
the author’s intended statement is almost hidden through want 
of care. He says (p. 270) that the determinant 


A OEIG CAS eal 
CB aA a om, 
Bess BOmi 


1A 4 ett: We Owls 
where 
A= be-a?, B= ca—b% C= ab-c?, 
N’=—V’e+aa, B=—-ca+bl, C=-adb’+ee, 


is “the product of the determinant 


ia 02 0 
ame ames. 
PU ane 


by the quantity 
al?+bm?2+en2—2a’mn — 2bTn — 2clm.” 
Now the said four-line determinant is not resolvable unless 
A’, B’, C’ be changed in sign, and even then the second factor 
is not as printed, but is 
—(al?+bm?+ecn? + 2a'mn + 2b'nl + 2c'lm). 
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The theorem, in fact, may be viewed as giving an expression for 
the product of a ternary quadrie by its discriminant; and at 
a later date might have been written* 


QO SS 
Qype 
eto = 


No proof is given by Sylvester; but in a footnote we are told 
that it depends on “a theorem given by M. Cauchy, and which 
is included as a particular case in a theorem of my own, relatmg 
to compound determinants.” What theorem of Cauchy’s is thus 
referred to it is not easy to say. One would think that the 
most natural proceeding would be to show that the coefficients 
of a, y?,... on the one side are identical with those on the 
other; and, in this case, the names to be mentioned would be 
Lagrange and Jacobi. 

In a postscript Sylvester enunciates a theorem connected with 
the linear transformation of an n-ary quadric; and as this 
concerns the “determinant” of the quadric, or what a year later 
he named the “discriminant,” it necessarily involves a property 
of axisymmetric determinants. His wording (p. 281) is:—Let 
U be a quadratic function of any number of letters x, @,..., &,; 
and let any number r of linear equations of the general form 

Dp hy + Cay lg Fd. + Dy Xe = 0 
be instituted between them; and by means of these equations 
let U be expressed as a function of any n—r of the given 


letters, say of %,1,, Tig, ..., ®, and let U so expressed be 
called M. Let 


Chip + Ao, Xe +... + An Dn 


*A comparison of this with a result just obtained from Cayley (1848) gives 
the curious identity 


where £, 7, ¢ = (a, y,z ) and, as usual, A = be—f%, ... 
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be called L,. Then the determinant of M in respect to the 
n—r letters above given is equal to the determinant of 

U4 Lyaais + Let, t+... + Leon, 
considered as a function of the n+7 letters 
hy i RE Doe 


divided by the square of the determinant 


oP) 


Cy Oates re 
Oyo ony) . . . Ons 
Cea ee kot Cre 


As regards this we have to remark (1) that again no proof is 
offered, and (2) that the discriminant of 


UstLaiwit...+ La, 


is easily got by “bordering” the discriminant of U. Taking the 
case where U is 


aa + by? + 62? + dw + 2fyz+ 2gza+ 2hay + 2paw + 2qyw-t 2rzw 


with the discriminant 


Oe TVG 7 
be Om ie 6G 
g fier 
Vi eels TCO 


and where the linear equations serving to eliminate a, y from 
U are 

Myo + ogy + Hye + yw = 0 

Ve + voy + ¥,e + VW = 0, 
we have, according to Sylvester, the discriminant of the altered 
U equal to 


G@h g Pp wy Yy 

hob f q@ My % 

g f ¢ T Mg vy = | yr |? 
Dei TA DAYS 

Hameo ny sats 

Vie Uae Veaetlg 
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SYLVESTER, J. J. (1852, July). 


[A demonstration of the theorem that every homogeneous 
quadratic polynomial is reducible by real orthogonal sub- 
stitutions to the form of a sum of positive and negative 
squares. Philos. Magazine (4), iv. pp. 138-142; or Collected 
Math. Papers, i. pp. 378-381. ] 


What is really proved here is the important proposition in 
the theory of orthogonants regarding the reality of the roots 
of Lagrange’s determinantal equation, or, as it was then called, 
the equation of the secular inequalities. Our present interest in 
the demonstration, however, lies merely in the fact that it is 
based on two properties of axisymmetric determinants which it 
is desirable to isolate and to have more carefully formulated 
than it was Sylvester's wont to do. They are— 

(1) If |(11) (22)....(un)| be axisymmetric, and the result 
of multiplying it by itself be |[11] [22].... [mn]|; and if f(x) 
be the determinant got from the former by adding x to each 
element of the principal diagonal, and F() the determinant got 
similarly from the latter ; then 


S(@)-f(-2) = F(-2"). 


(2) If F(a) be expanded and arranged according to descending 
powers of z, so that 


Ba) = of + Cat-2 t Cot 8 at Ca 


then C,. is the sum of the squares of all the r-line minors of the 
original determinant, it being understood that the one-line minors 
are the elements and the n-line minor the determinant itself. 

Both are taken for granted,—a liberty which is not so de- 
fensible in the second case as in the first; for C, is at the outset 
obtained merely as the sum of the r-line coaxial minors of 
|[11] [22] ....[mm]], and use must thus be latently made of the 
not quite self-evident theorem that if A be an awisymmetric 
determinant, the swm of the r-line coawial minors of A? is 
the sum of the squares of all the r-line minors of A. As an 
illustration of the whole, let us take the case where the given 
determinant and its square are 
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Ce ng LER} 
ee Def and R M P 
Gers ge Oe PALN, 


and where therefore 
Gk, © V+h+g? aht+hb+gf agt+thf+ge 
M P W+b4+/% hgtobft+fe 
y] ty ace. 
We have then 


ate h g a-x h g |L-a2? R Quy 
h b+a f hoe Sf R M-—2a P | 
g f ete g f cta Qi. Puts N —o* | 
aha 

L | 
— a? + o(L+M+N) — x (amt out px) + RM P 
J Om Caae 


ah? lag? |hg? 


—a+at( a+h?+g"?) —2 + + +iahg| 
h 
Reseed ee 
2 2 2 
ing tf tare synapse gfe 
CM! hivaee Oa! Bice Abe eis 
Ho zi tlpel tye 


The fact that the coefficients here are negative and positive 
alternately is what Sylvester utilises for his main purpose, 
application being made of Descartes’ rule of signs. 


SYLVESTER, J. J. (1852, Oct.). 


{On Staudt’s theorems concerning the contents of polygons and 
polyhedrons, with a note on a new and resembling class 
of theorems. Philos. Magazine (4), iv. pp. 385-345; or 
Collected Math. Papers, i. pp. 382-391. ] 

As an illustration of his mode of expressing the product of two 
determinants of the n™ order as a determinant of the (n+1)"" 
order, Sylvester gives the identity 
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| aye Eien 
| @ Yo % 1 | oa fim 4G 
fz, Ys 2% XI | Es m3 3 
RY mace ees ie a he 


| 2r,E, Day& LyEs WE, 
LHF, UWE, Da.~, Wek, 
SarxE, Les, LasE, Lyk, 


ies 2H f, jE, LwH,E, 


re ee 


i 1 1 1 


where >a,€, is put for 7,€,+Y,),+2,€,. Then performing on the 
last determinant the operations which we may denote by 
row, —$2@,?-row;, Yrow,—4$2@,”-row;, 
col, —$€,?-col,, col, —4$X€,"-col;, 

he obtains 

2(a@,—€) 2@,—-&) 2e@,—s&) 2a,-&,)" 
X(®_—&)?  U(e— Eo)” U(a,— Es)? D(a,— &4)? 
X(a,—&,? Z(e—&)? Ue,—) TZoes—F)? 
X(%—-&) Ue-f) Uae—&) 2ae,—&)P 

1 1 1 1 : 

so that, if @,, y,, % and €,, ,, € be rectangular co-ordinates of 
points in space, the result reached gives an expression for thirty- 
six times the product of the volumes of two tetrahedrons in 
terms of the distances of the angular points of the one from the 
angular points of the other. By proceeding to the case where 
the two tetrahedrons are coincident, and thence to the case 
where the four remaining points are situated in the same plane, 


we reach Cayley’s relation connecting the mutual distances of 
four such points. 


| 
o|— 


a oo 


It is thus seen that whereas Cayley’s vanishing axisymmetric 
determinant was originally got as a multiple of a peculiarly 
obtained square of the determinant 


Le, teenth Osigk 
| LaPeer aL) vad | 
| Cia: eek i) oA | 
brdlOy ths By vient marl 
1. OytOeh0 5e0 na 


AXISYMMETRIC DETERMINANTS (SYLVESTER, 1852) 123 


Sylvester arrives at it by squaring 


iy RY ae I 

® Yo O 1) 
tz; Yz3 9 1 | 
GY; Oh 


in a special fashion, and then performing certain transformations 
on the result. 


SYLVESTER, J. J. (1852, Nov.). 


[Sur une propriété nouvelle de léquation qui sert 4 déterminer 
les inégalités séculaires des planetes. Nouv. Annales de 
Math. xi. pp. 434-440; or Collected Math. Papers, i. pp. 
364-366. ] 


This paper of composite authorship probably originated in a 
letter from Sylvester giving his theorem and demonstration, 
with a remark or two additional. To these, which were made 
§§ 7, 7’, 8, the editor prefixed an introduction ($§§ 1-6) on 
determinants and determinant-multiplication.* 

The theorem is an extension of one which is the basis of his 
paper in the Philosophical Magazine of the same year, and may 
be shortly enunciated as follows: Jf |(11) (22)...(mn)| be 
axisymmetric and have |[11][22]...[nn]] for its p™ power, 
then the roots of the equation 


tO a [1n] 
poe (22) ee | 270 | 0 
spre pe Upay al Afri] we 
are the p” powers of the roots of the equation 
(11) — 2 1 2)) 5 Bn a (17) 
(CAB - KOLA ES es (27) 0. 
sii) de uc2) a bese (no) = 


*In the Coll. Math. Papers §§ 1-6 are omitted, and §§ 7, 7’, 8 are numbered. 
§§ 6, 7, 8. The theorem of the original § 6 is incorrect. 
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The “demonstration” leaves a good deal to be desired. In effect 
it amounts to saying that if &, &,..., @ be the p™ roots of 
unity, and D,, the determinant got from |(11) (22)... (nm)| by 
subtracting ¢,,7 from each of the diagonal elements, then 


D, D,D,..: De= | [11] —a [12] NE [1n] 
[21] [22] ane. .anad [2n] 
[n1] [n2] .. +. [nn]—aP? 
Now it is well known that the multiplication of D,, D,,..., Dp 


enables us to arrive at the equation whose roots are the p'" powers 
in question, but this and Sylvester’s statement are not by any 
means identical. The separate points to be established are 
(1) that the element in the r row and s column of the 
determinant which is the product of D,, D,, ..., D, consists 
of [vs] and a tail of other terms, (2) that this tail vanishes in 
the case of every non-diagonal element, (3) that in the case of 
the diagonal elements it reduces to —#?; and Sylvester’s only 
justificatory statements are that the product of the p determinants 
is independent of the order in which they are taken, and that 
all the terms containing a ¢ in any other power than the p* will 
vanish. 

Another true proposition made on insufficient foundation is 
that the p™ power of an axisymmetric determinant is itself 
axisymmetric. The foundation here is the incorrect proposition 
of § 6. 


CAYLEY, A. (1852, Dec.). 


[On the rationalisation of certain algebraical questions. Cambridge 
and Dub. Math, Journ., viii. pp. 97-101; or Collected Math. 
Papers, ii. pp. 40-44.) 


The equations first considered are of the type 
at+bt4+ot+ aoe ete 


and the fresh departure consists in viewing such an equation as 
the outcome of the set of equations 


etyt+z+...=0, @=a, y®=b, 2=c, 


AXISYMMETRIC DETERMINANTS (CAYLEY, 1852) 125 


Taking the case where the number of variables in the set is 
three, Cayley operates on the equation «+y+z=0 with the 
multipliers 1, yz, zx, wy, thus obtaining with the help of the 
other equations a set from which the variables a, y, z, xyz may 
be eliminated, with the result* 


Liamel ost. 
1 € 7 Oiled 
eon eles 
Oa 


Also and, so to say, conversely he operates with the multipliers 
x, Y, 2, xyz, and eliminates 1, yz, zx, xy, with the result 


a 
a pl 
pattie tor =a 
@ We 


Similarly, when there are four variables, the multipliers are 
1, YZ, 2, xy, cw, YU, Zw, LYyZU, 

and the eliminands 
L, Y, 2 W, YZwW, Zwe, wey, LyZ, 


or vice versa; but in this case the two resultants are not 
essentially distinct, the one being derivable from the other by 
mere transference of lines. Cayley then adds, “And in general 
for any even number of quadratic radicals the two forms are not 
essentially distinct,t but may be derived from each other by 
interchanging lines and columns, while for an odd number of 
quadratic radicals the two forms cannot be so derived from each 
other, but are essentially distinct.” 
The equations next dealt with are of the type 


DALE pile 0) 


* Already thus formed by Cayley in his first paper of all (1841). 


+ Observe that, although Cayley considers the two determinants of the previous 
case to be essentially distinct, the second is derivable from the first by multiplying 
the columns by abc, a, b, c respectively, and then dividing the rows by 1, be, ca, 


ab respectively. 
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Sylvester having suggested the extension of the process. Taking 
the case of three variables, that is to say, when the set of 
equations is 
a+tyt+z2=0, #@=a, y=b, 2=6, 
he first uses the multipliers 
1, wyz, wy?2?, ate, ya, 27y, ay, y*Z, 2m, 
the eliminands then being 


p 2 Bq 2 « 
e, y, 2, y*2", w yz, y2n, Pay, 2a*, ory"; 


next he uses the said eliminands as multipliers, the new 
eliminands being 


2 


De Uy 2, Yee ey ey ot, Yen haw 

and finally using the new eliminands as multipliers, he eliminates 
1, wyz, ays", mz, yn, ay, ay, ys, Za; 

that is to say, the first set of multipliers. Only in the case of 

the second elimination is the determinant axisymmetric, namely, 


GF TORT TO 
Cc a ms 
Ge ee 
Hub eicha a” eel 
Ce eek 1 
re Cen | 
fee he io | 
Lee ae 
le Dae 


which must thus be equal to (a+b+c)'—27abe. In the two 
other cases the determinants are not essentially distinct,* the 
rows of the one being columns of the other; and this is said 
to be true of two of the three forms whatever be the number 
of variables. 


*Cayley fails to notice, however, that each of these is readily transformable 
into the second. Thus, taking his first form, we have only to multiply the 4th, 
8th, 9th columns of it by a, and divide the 2nd, 4th, 7th rows by a, when we 


obtain a determinant which by mere permutation of the rows by 2345678 


741936852 
and subsequently of the columns ¢ 2345678 3) 


len 165498732 becomes identical with the 
axisymmetric form. 
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SYLVESTER, J. J. (1853, March). 


[On the relation between the volume of a tetrahedron and the 
product of the sixteen algebraical values of its superficies. 
Cambridge and Dub. Math. Journ., viii. pp. 171-178; or 
Nouv. Annales de Math., xii. pp. 203-209; or Collected 
Math. Papers, i. pp. 404-410. ] 

Denoting the vertices of a tetrahedron by a, b, ¢, d, its volume 
in terms of the edges by V, and the areas of its faces by }VF, 

1/G, iJVH, 4/K, we know that 


AV?=  (be)*(da)?{ (car)?-+ (db)? + (ab) + (ed)? — (be)*— (da?} 
+ (car)*(db)? { (ab)?+ (ed)? + (be) + (day? — (ca) — (db)? \ 
+ (ab)2(ed)?{ (be) + (day? + (ca)? + (db) —(ab?—(ed)?} 


— (be)*(cea)*(ab)? — (bc)? (db)?(ed)? — (ca)*(cd)? (da)? — (ab)?(da)?(dby? 
=) Wesay, 


id 

= —(be)* —(cd)* —(db)* + 2(cd)?(db)? + 2(db)y? (be? + 2(be)*(ed 

= —(ac)t—(cd)* — (da)! + 2(cd)?(da)’ + 2(da)?(ae? + 2(ae)(edy? 

= —(ab)— (bd) — (da)! + 2(bd)?(da)? + 2(da)*(ab)? + 2(ab)?(bd)? 

= —(ab)!—(be)* —(ca)* +2(bc)P? (cay? +2(ca)’(ab)? +2(ab)?(be). 
With this notation Sylvester points out that the condition for 
the vanishing of the surface of the tetrahedron is 


VF +JG4+VH+VK = 0, 
and that this when freed of root-signs is 


SF — 4 FG + 6 FG? + 4>/F°GH — 40FGHK = 0, 


or say 


NE—*0; 
where N consequently is of the eighth degree in the, squared 
edges. His reasoning then is that as the vanishing of the 
surface and the vanishing of the volume are necessarily coinci- 
dent, it follows that W, having no rational factors, must itself 
be a factor of N; and that, W being of the third degree in the 
squared edges, the quotient N/W must be of the fifth degree. 
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Relying on this he proceeds to determine the quotient by 
considering the cases where (1) ab=O0=cd, (2) ab=O0=ae, 
(3) ab=ac=ad=be=bd=cd=1, his result being 


(da)*+(db)*+ (de) 
Sy(ab)y(be2(ca)?} — {(da)?+ (db)? + (de}* {(abP+ (be)? +(ca)*} 
+(ab)(be? + (be)*(ca) + (ca(ab)? 
+2>)(ab)?(be)*(cd )>(da (ae), 


where there are four expressions under the first } and six under 
the second ; or 


(da)! + (db)! + (de)* 


T(aby(be)e(eae] ~ (da? + + (dey }{(ab)?+ oy*-+ (ea? 
+(da)?(db)y? + (db)? (de) + (de)?(day 
+(ab)?(be)? + (be)? (ca)? + (ea)?(ab)? 


where there are four expressions under the 2, one corresponding 
to each face. 

Although there is no explicit mention here of determinants, it 
being unnecessary, it has now to be noted that Sylvester had the 
determinant-form of W before him throughout: he even says 
that he had tried to express the quotient as a determinant, but 
had been unsuccessful. Without further restriction, then, as 
to form, his proposition is Jf F, G, H, K be the comple- 
mentary minors of the elements in the places 11, 22, 33, 44 of 
the determinant 


(ab? (acr (ad 1 
(aye =. (bc? (bd)? 1 
(aa) (oar ' 1 
(ad)? (bd) (ed)? : 1 
1 1 1 il 


(cd) or 2W say, 


then the result of rationalising 

JF +/G4+ JH + JK 
is divisible by W. This is not all, however; for Sylvester 
having noted the analogous case connected with the relation 
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between the perimeter and area of a triangle, namely, the fact 
that 


(apy Sacye= L 


pee) Sroayriat ers 
rs (be)? OF | se Dabyt-2 DeaHyroo? 
il il 1 


is a divisor of the result of rationalising 

/2(bce?? + J2(cay? + /2(aby 
where the radicands are the complementary minors of the 
elements in the places 11, 22, 33 of the determinant, boldly 
extends the proposition (without proof) to any triangular 
number of arbitrary quantities, taking occasion also to point 
out that when we leave geometry (ab), (ac),.... may be written 


foray. acy re... 


HESSE, O. (1853, April). 
[Ueber Determinanten und ihre Anwendung in der Geometrie, 


insbesondere auf Curven vierter Ordnung. Crelle’s Jowrnal, 
xlix. pp. 243-264; or Werke, pp. 319-343. ] 


The main subject of the first half of Hesse’s paper (pp. 243-253) 
is a property of axisymmetric determinants required for the 
establishment of the geometrical results contained in the second 
half. In the first three pages he considers the relations between 
the minors of two general determinants A, B, and the minors of 
their product C; or, as he unfortunately feels himself compelled 
to put it, “wie die partiellen Differential-quotienten der Deter- 
minante C nach ihren Elementen ¢ genommen durch die 
partiellen Differential-quotienten der Factoren A und B nach 
ihren Elementen genommen sich ausdriicken lassen.” What 
follows thereafter may be described as the establishment of the 


simple identity 
oT 


2 
Uy, Uy %) |4Uun Ure VN Uy, Uyg Oy 
V1 Y2 


We, Wag Ag} | Mo Usg Yo} — | Ue YUo2 %| = 
ay a, 0 YA Y, 9 %1 2 9 


> 
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where U,; =U, by multiplying together 


a aw G5 


Phi Oe: 


bs Uye has? oe 
> 


Ug, Ure |» = Tel 


in row-by-row fashion; and then the generalisation of this 
identity in two different directions. 

The first generalisation consists in the proposition that the 
two-line axisymmetric determinant 


2 
Uy, Ujyg +++ Un %) |Un Une +--+ Un Vi Uy Uy +++ Un % 
Unt Ung Us Ca Unn an Uni Ung Beees Unn Yn Uni Une P2958 Unn an 
tae, see, OD Villy se ery ad yp ygn WD 70 


where %,, = U,,, contains 


Oey OR ce a iby, 
Ud, Uo . . . Uon 
Un Ung +++ Unn 


as a factor, and that the cofactor is an integral homogeneous 
function of the a’s and likewise of the y's. The case where n 
is equal to 3 is treated as follows. The determinant 


Uy Up Ug % 
Us, Urq Usz Ag 
Us, Us, Us3 Og 
Vilsack BA 


having U,=U., 18 introduced and denoted by B, with the 


result that the two-line determinant in question is represent- 
able by 


ob OB OB oB OB oB 
On tT oy, Ty, * 2a," 2a, 


ob OB OB OB OB OB 
Oy,7) ar dy, ?? rr 5 ye 3a, 7 3a, ?? th Oa, Y3 


and its predicated factor by 0B/06. It is then pointed out that 
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the former is the differential-quotient of the product of the two 
determinants 


0B 0B 0B Carat 

Oy, OY, Oys pm came 

oB 0B OB V1 2 Ys 

0a, Oa, Oa, 

ie ie Pi, | ey! Nx. Ny |: 


called M and N, taken with respect to m,n, +m n,+m ng; and 


that consequently it is equal to 
OMoN ol ON om, ON 
Se eR a PIL ay (=) 
mM, ON, OM, ON, OMs ON; 


Since, however, we have 


oB OB OB oB 
—— Uy, + Uy + Ue + a, = 0, 
Oy, 11 OYo 12 OY: 13 Ge) al 
and other similar identities, it follows that 
°©B oB OB 
2B Oy, C2 Ys “nu Sha hs 
M- 36 ve. | 0B CB OB | - Ug, Ugg Ugg 
OG, = @a,- ' Ca, 
Tele Wes OB 5 AROS a 
Ob. . ) 3) 
3B Ch = 3B V1 UM, + UyyMy + U3 
OB i) 
= 5 Spy a bien apy? UM, + Ug91No + Ugg Nz 
oB OB 
~3B°8 ~3B%3 UgyM + UgeMe + Uggs | 5 


Ay Vy Uy MH UyyMy + Uy3M 
M = FB | a, Ye Ua My UggMet UogMs | = ae SAE 
Az V3 Way My H Ugg My 1 UggMs 
The expression (@) then becomes 
OB { ic Pata nO Lp CNB: fy Clk al 
aB \ om, on, © Om, On, Om, On, J> 


and all that remains is the evaluation of the bracketed factor 
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after the equivalents of P and N have been substituted therein. 
The final result is 


Uy, Uy Uys |* {us (agy3— Gg'¥2)” + Ugo (agy1 — O13) + Usg (ayY¥2— 4271)” 
Us, Ugg Ung + (Ugg + Ugo) (agy1 — 413) (a1¥2— 4271) 
dL peewee ten + (Us + Uy3)(ayY2— a1) (G23 — As¥2) 

+ (Uy. + Usy) (aa¥g — O32) (A371 — 4173) 


The case where n=4 is similarly dealt with; but as it is neces- 
sarily more complicated, it is not carried quite so far, the cofactor 
Of | U4 Usy Uez Uyy| being merely stated to be of the desired form 
and easily calculable. “Sie hat aber zu viele Glieder, um sie 
berechnet hinzuschreiben.” The general proposition, as above 
given, is then formally enunciated. 

The other generalisation made of the case where n=2 is to 
the effect that the product of an axisymmetric determinant 
by the square of any other determinant is expressible as an 
axisymmetric determinant. In connection with this the 
interesting point is the notation used for the elements of the 
product-determinants. Since the differential-quotient of 


2 2 2 
Hue, Fb ts se FU gg + 2U 0, 8ot s,s 1, 
OnE (Gj, Bxju~ At, gay, 
with respect to x, is 
Uy p+ Ugp@at . . . FUpplyp t+... +UnyLn 


the result of annexing q as a second suffix to the a’s in this 
may be suitably denoted by 


F'(apq) 5 
so that in accordance with this the product of 


ah; (ils ihe. see. Oi en Oh. ba cya 
Sigs Whey BO es 1 Blas aa ig Wen Lote ok FoR 
Uni Ung + + + + Unn [Una = War Lin Un + +++ Lng 
will be F(a,) ¥F Fr’ 
rT (Wy)... (@n1) 


E’(@yp)  F'(ateg) «2. F'(0tqg) 


F'(X1n) F’ (on) . FG) 
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“‘ Multiplicirt man diese Determinante nochmals mit der vorhergehenden 
und setzt : 


Pe , / i: - 
ye as pF (1) + WopH (oq) + Pe Huge lt (2ng)s 
so erhailt man 
Uy Uj +--+ Un Sag Wn Foe Me 1 Kiely 2. Ti, 
Vin, Ws ooo Wie Vag oilag taen oat yp NO Ba oe ae EE 
Uni Ung + +» Unn Un Ton + + » nn F nl Fa as F mn |* 


Da aber F,,, =F, ist, so ist die letzte Determinante wieder symmetrisch.” 


BRIOSCHI, F. (1853, July). 


[Sur une propriété d’un produit de facteurs linéaires. Cumbridge 
and Dub. Math. Jowrn., ix. pp. 187-144; or Opere mat., v. 
pp. 121-128.] 


This paper of Brioschi’s is avowedly an outcome of Cayley’s 
“On the rationalisation of certain algebraical equations,” published 
two months earlier. Starting with the equation «+y+z=0, 
and using on it the multipliers 1, yz, zv, wy in succession, he 
obtains 


Copy 4s = 0 
eyz + +2y+y%.z2 = 0 
xyz + 2.x +02 = 0 
vyz + yw + vy = 0 
whence on elimination of xyz, x, y, z there results 
1 eth e al 
1 oe 
) = a pie A say ; 
Py Tg 


and as this equation has its origin in the equation x+y+z=0, 
he concludes that the determinant A must have «+y-+z for a 
factor. Then, since any one of the three other equations 


aty—z=0, «-y+z2=0, -—a#+yt+2=0 
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gives rise to the same result, it is easily seen how he reaches 
the identity 


le la 
| Wager ie Zt 
1 oe ge | = @tyt2@ty—)@—-yt2)(-2ty +2). 
Ley 


An alternative form of A is introduced by the words “ Observons 
qu’on a évidemment* 


ne & Lone x Yy z an foe (  Yons 
aye? | oe . aay yraz x pm 
Yat opis Eogg y 2 x 

z yar xyz 2 \¥ & 


Similarly from the equation «+y+z+w=O0 or any one of its 
seven relatives by using the multipliers 


1, zw, yw, LW, zy, Ze, YR, LYZW 
and eliminating 
LYS, LYW, WZW, Y2W, w, Y, 2, W 


there is obtained the result 


ek SP al 
uf . wt 2 
1 Lee far y? 
see Ja w , oe 
1 1 eye 
Le ee eo es a 
1 Tae bo ps oe 
we 2 y? a 


= (at+yt+2+w):(—@t+y+2e+w)(e—yte+u)(e+y—z+w)(e@+y+2—-w) 
‘(—w—-y+2+w)(-@+y—-2+w)(-a+y+z2—w), 


*It would seem preferable to multiply the columns of A in order by ayz, x, y, z, 
the quantities just eliminated ; and then divide the rows by the multipliers 1, 
yz, 2, xy used in obtaining the set of equations. The advantage of this method 
would be still greater in the next case. 
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an alternative form being stated to be the axisymmetric deter- 


minant 
aa) malta 
amy Ww 2 
x Zz w y 
y 2 w x 
x w zy 
y w z a 
Ce ee 
Wi 2 ¥Y @ 
The general theorem is then formulated as follows: “Si en 
général on consideére n éléments @,, #,,..., £,, en posant 
Xp each Latin oe 2,5 


et en désignant par 


Px (Leo. ae, 70) | 


le produit des facteurs linéaires qu’on deduit de X, en changeant 


les signes a m des éléments @,, %p, . . 
, ins |X,(1,:2,38,..0., $(2—1)| = 


XK, | X,(1)| «| X2C1; 2)| 


et pour 7” pair 
2 : | XE) | - | X,(1,2) 


ot le symbole 


ene 


Xelez ee Sl 2) nt L238 


RECO an) 


“7 $2) 


dénote que dans ce produit |’élément x, entre toujours parmi les 


éléments auxquels on a changé de signe. 


Le déterminant A 


résultera de la multiplication successive de l’équation X,=0 par 


Punité, et par chacune des combinaisons deux a deux, quatre a 


LY 


quatre,...,(n—1)&(n—1) si n est impair: n a 7 si n est pair, 
”? 


des éléments @,, 9, . 

In addition, it is shown under this head that the number of 
equations in the set which originates the determinant is 2”7}, 
and, a little unnecessarily, that the number of linear factors in 


the product is the same. It is also noted that if a, 2,.. 


Sm 9 


Rs 


+> Uy 


be quadratic radicals, the product of the linear factors is 


rational. 


., &,; en aura pour 7 impair 


a 


| 
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Following Cayley’s paper still further, Brioschi similarly 
makes clear that one of the nine-line determinants there 
obtained, namely 


war Lem aes 
1 Bie | 28 
it Z° : 
lee ye 
1 teen y? 
1 ee) | a8 
1 1 x 
pe ip 


may be viewed as originating in any one of the nine equations 


e- yt 2=0, e+ ytar=0, e+ y+ fe= 0, 
e+ay+Bz=0, e«+ay+ 2=0, #«4+6By+ 2=0, 
e+ Bytaz =0, o@+ y+ 2=0, Bat y+ 2=0, 


where a, 8 are the imaginary cube roots of unity, and could thus 
be shown to be equal to the product of the nine left-hand 
members of those equations. 


SPOTTISWOODE (1851, 1853). 


[Elementary theorems relating to determinants. Second edition, 
rewritten and much enlarged by the author.  Orelle’s 
Journal, li. pp. 209-271, 828-381.] 


The information given by Spottiswoode regarding axisym- 
metric determinants appears under a variety of headings. What 
little the first edition contained (pp. 33-34) as a part of § vi 
on “Inverse Systems” is placed in the second edition under 
“Compound Determinants” (pp. 368-872). Sylvester’s mode of 
reaching Cayley’s determinants connected with the mutual 
distances of points is given under “ Multiplication ” (pp. 250-53) ; 
and the chapter or “section” (§ iv.) on “ Homogeneous Functions,” 
which of course has to deal with quadrics, goes so far as to 
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assign the name determinant of a quadratic form to any deter- 
minant possessed of axisymmetry.* (See pp. 329, 336.) 

That the mere number of available coefficients in a quantic 
may suggest a form of determinant which has no connection 
with the properties of the said quantic is enforced when in the 
same chapter (pp. 331-333) the ternary quantic is reached, and 
it is pointed out that the number of coefficients, $(1+1)(n+2), 
is the same as in the case of the (n+1)-ary quadric. Thus the 
axisymmetric determinant 


which is formed from the coefficients of the ternary cubic 

ae+byr+c2+3( fyr2+geuthayt+fyet+g'cu t+ hay") + bhayz 

is “foreign to the nature of that function” although intimately 

associated with the properties of the quaternary quadric 

ax? + by® + cz? + kw? + 2( fyzt+tgzethayt+fawt+gywth zw). 
The most interesting matter, however, is found in the last 


section of all, § 11, the contents of which are miscellaneous. 
There, on pages 376-380, the determinants 


peer Gr a, eae Or, eee Fhe 
Oe De 1 Ovaud ony: oleh 
Cali 1 PRE: RE 
he, Us A Sas i ple Cy 
a a Dake, 1 
Ga NU Cake ee og ek. 5 


are considered, but, to one’s regret, only with reference to the 
ease where |a@,b,c,| is an orthogonant. The first of the two 
determinants is given in the form 


Leads ba = 62 + (a,b, — ab)? ; 


* With this view in one’s mind, the occurrence of particular axisymmetric 
determinants might suggest the construction of fresh quadratic forms. The 
form known as a Bezoutiant is actually defined in this way, the axisymmetric 
determinant then being Bezout’s condensed eliminant of two equations of like 
degree. (See above, p. 109, and below, p. 138.) 
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and similar non-determinant forms are given for the whole of 
the thirty-six primary minors and for the first fifteen of the 
secondary minors of the second determinant. ‘Thus, the primary 
minors which are the cofactors of the elements in the places 
(1,1), (1,3), (1,5) are 
1—b,? —b,? — bg? — e,? — 65? — 5? + (By¢g — bala)? + (636, — 0403)? + (bye, — b5¢,)”, 
(,¢, + Ay¢, + 450,)(1 — b,? — b,? — bg?) + (yey + bg6 + b3Cg) (4b, + gb + As)3), 
| @ybo¢g| + | byes | — a(1 — by? — b,? — bg? — 0,2 — 64? — ¢g”) — b, (44), + Gyb2 + ass) 
Cy (A,Cy + Mgly + M33), 
all the others being similar in form to one or other of these 
three ; and in like manner the secondary minors are exemplified 
by 1 —¢2— 62 — 6,2, 
— (be, + b9C, + byes), 
— be? 04? — 057) + €,(b,0, + by¢2 +525), 
014 (D,C, + b,¢,+ bye) — b, (CA, + Cady + C34), 
— ¢,| @b,¢g| + | ds |. 


CAYLEY, A. (1853*). 

[Note sur la méthode d’élimination de Bezout. Ovrelle’s Journ., 
hii. pp. 366-867 ; or Collected Math. Papers, iv. pp. 38-89.] 
The determinant, to which Bezout’s so-called ‘abridged method ’ 

leads, we have already seen dealt with by Jacobi (1835) and 

Cauchy (1840).+ Cayley’s noteworthy contribution to it is con- 

tained in a single sentence, namely, “ Pour éliminer les variables 

x, y entre deux équations du nim degré 


(GQ. te Nees y)” = 0) 
(Qin. xed Beat) ee OJ 
on n’a qu’a former l’équation identique 
(a, 2. 0@, Yr, OA, BR) lO ads ad Me Wt (Giles Miele 
pa — ry 


*The author’s date is April 1855; but the rule was published as Cayley’s by 
Sylvester in 1853. See §62 of the memoir ‘On a theory of the syzygetic rela- 
tions .. .’; and note also that Sylvester there first introduced the closely related 
idea of the Bezoutiant. (See footnote on p. 137 above.) 


+See History, i. pp. 214, 248, 485-7. 
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( Aoo Ao OG? U, n-1 § a, gp) pian (A, Oe us 
— | On es Ah, n-1 
An-1,0 An-1,1 ese ie An-1,n-1 


le résultat de l’élimination sera 


Ao U1 Mo, n-1 
Ar Ay, Ay, n-1 0.” 
An-1,0 Un-1,1 -:> Cn-1,n-1 


Instead of paraphrasing this by means of a more familiar 
notation, as the editor of Crelle found it necessary to do, it will 
be better to apply it to a simple case, namely, where the given 
equations are 
at? + A + a,e + a = 0 
be? + ba? + ba +b, = OJ, 
being careful to proceed in such a way as also to justify the 
‘rule. Beginning with 
Ata eta? +a? aytay tay? +agy? 
byt byt byx? + dyn? — by + dyy + day? + bgy? 
which vanishes for all values of y, we change it into 
[a Bol +laobily + abel y? + |aobs|y? 
Oy ee yO Oye ee He me ee (ye), 
then into 


co (y — 2), 


| ab, | + | Updo | (y+x) + | Ugds|(y? + ye+x") 
+ | tb, | ey + |a,b,| ey (y+) 
+ | dab, | xy”, 
and finally into 


1 x a 
| ah, | | Abs | | yds | | 
| db. | | Ugb3| + | 1D. | | @y53| | ¥ 
| abs | | 215 | | agbs | y, 


where the elements of the square array are those of Bezout’s 
condensed eliminant, as we have already found in a footnote 
when dealing with Jacobi’s paper of 1835. 
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BRIOSCHI, F. (1854, March). 


[La TeorIcA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA- 
ZIONI. viii+116 pp. Pavia.] 


Unlike Spottiswoode, Brioschi in methodical manner defines 
“un determinante simmetrico,” and gives four known properties 
expressed in clear language, all within the space of one page 


(p. 70). 


BRIOSCHI, F. (1854, Dec.; 1855, Apr.). 


[Sur quelques questions de la géométrie de position. Crelle’s 
Journal, |. pp. 283-238 ; or Opere mat., v. pp. 259-265.] 
[Relations de distance entre des poimts. Nouv. Annales de 
Math., xiv. pp. 172-173; or Opere mat., v. pp. 128-124.] 


The first title here recalls that of Cayley’s maiden effort; 
and, as a matter of fact, the paper of 1854 had its origin in the 
paper of 1841. Cayley, it will be remembered, obtained the 
relation connecting the mutual distances of five points in space 
by multiplying the two determinants 


Sy 2) eS ee. =e , 4 Sp 2 
2, 20, 2y, 22, 2w, 1 Lay Ye ae 
2a,” —2e, —2y, —22, —2w, 1 ity olygtiend woptleie 
‘re i Lae See 
Les 27, —2y, —22, —2u, 1 1s VervYou Seri tle elae 
1 j be ly 


the first of which is —16 times the second, and then putting the 
w’s equal to zero. Brioschi now follows on the same lines, 
but with an interesting difference. Having shown that the 
determinant 


Py +e, (%— 2)? + (Y_g— YP, —4,)" A —22, —2y, —2z, 
see : Comm +We- wy te 2y)* syn 2a, — 2Y2 in. 


a, si Lag o ie ye? cing erat 1. —22, ayy: as 
il i 


vanishes identically, the simple fact being that the second 
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column is a sum of multiples of the other columns, he multiplies 
it by 4 of itself, namely by 


1 2(a%—a%)? Ler % yy % 
1 Z(@g— 2)? Lay? Wy Yo % 


1 2a—a,)? Lae ws Ys 2s 


ul 1 
and, putting d,,, ... for 3(w,—2,)*, ..., obtains the relation 
de,” Ag dg tay ..- Ages tdys Ag+ 
dey leo + dy, gg” Paice Ugg gs + dy, gg t+ 
Ag des ty, Agedgs tos - - - Ags” des +1 
dg +1 dyt+l L OR dggz+1 1 ; 


which degenerates into Cayley’s result when we put 


Les Yer %e FM Yar Pv 
and make certain easy transformations. 
In a similar manner the relation between the distances of 
five points on an ellipsoid is found, and the relation “entre les 
plus courtes distances respectives et les inclinaisons mutuelles de 


sept lignes quelconques.” 
The second paper contains nothing new. 


FERRERS, N. M. (1855, Dec.). 


[Two elementary theorems in determinants. Quarterly Journ. 
of Math., i. p. 364; or Nowy. Annales de Math, xvi. pp. 


402-403, xvii. pp. 190-191.] 


The first theorem referred to is 


1 1 1 
1 l+a, 1 
1 1 PAGS me 1 == Ag... Un; 
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the proof being dependent on the fact that, if any one of the a’s 
be put equal to 0, the determinant vanishes. The second is 


ictag. jal hee ea al 
lot tera ee | eee 
1 TP ia: et 
1 1 Win ed eB 


= AM... .An Go ee +2), 
which is made to rest mainly on the fact that if any one of the 
ws be put equal to 0 the determinant takes the form of the 
preceding determinant. Note is taken that Sylvester’s theorem 
on p. 55 of the same volume is a special case of this second 
result. 


BRUNO, F. FAA DI (1855, Dec.). 


[Addizione alla nota inserita nel fascicolo di ottobre ultimo. 
Annali di Sci. mat. e fis., vi. pp. 476-4793 or § vi. of his 
THEORIE GENERALE DE L’ELIMINATION, x+224 pp., Paris, 
1859.] 


The note referred to in the title professed to be “Sulle 
funzioni simmetriche delle radici di un’ equazione,” and contained, 
besides other things, the final expansions of the resultants of two 
quadrics, two cubics, and two quartics. The “addizione,” on the 
other hand, draws attention to the axisymmetric determinants 
which represent those resultants, the author being apparently 
unaware that Jacobi had already done this in 1835 and Cauchy 
in 1840. His rule of formation is the same as Sylvester’s of 
1853 (June).* 

In his “ Théorie Générale de Elimination” the matter is gone 
into in greater detail, the rule of formation occupying a full 
page (pp. 55-56). He there also devotes a section (§ix. pp. 66, 
67) to an account of Jacobi’s relations between the elements of 
Bezout’s condensed eliminant. 


*See our chapter on Persymmetric Determinants. 
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BRIOSCHI, F. (1856, Jan.). 


[Sur une nouvelle propriété du resultant de deux équations 
algébriques. Crelle’s Journ., lili. pp. 372-376; or Opere 
mat., V. pp. 277-282. ] 


Bezout’s condensed eliminant of the equations 
age” +ae71+...+a, = 0 
boa + Oe... + = 0 


being denoted by |8,, Bo. --- Bnn|, or B say, the new property 
referred to is 


r=n 5B 
D Pu Ou, == —(n—m+ iL ore, B. 
r=1 


The proof given is of no interest in connection with the theory 
of determinants. 


CAYLEY, A. (1856, March). 
[Note upon a result of elimination. Philos. Magazine (4), x1. 
pp. 878-879 ; or Collected Math. Papers, iii. pp. 214-215.] 
If the quadric 
an? + by? + cz? + 2fyz+ 2gzu + 2hay 
have a linear factor, év+yny+¢z say, it must vanish identically 
where we make the substitution 


v,Y,%= BS—yn, yé—af, an— BE, 
where a, 8, y are any quantities whatever ; and consequently the 
co-factors of a2, 6%,...in the result must vanish,—that is to 
say, we must have 


cn? + bE? — 2fn€g =) 

of? + at? — 296 a! 
bé? + ar? — 2h& = 0 

— 2fé? — Qan€ + 2héé + 2gé = 0 
— 2yn? + 2hng — 2bf€ + 2f& = 0 

— 2h? + 2on§ + 2fGE — 2cén = 0 
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and therefore 


C beer 2h as 
c : a webster ells 
a : : . —2h 
th, 
— Of —2a 2h 2g 
— 2g 2h —2b 2 


ie Ms . —2h 2% 2f —2e 
or, say, 8A=0. 
But on account of the breaking up of the quadric into linear 
factors the discriminant must likewise vanish. It is thus 


suggested that the discriminant is a factor of A; and by actual 
trial it is found that 


a hergi}? 
ke = 2 oe 
Gis Le 


It has only in addition to be recalled that A originally made its 
appearance in Sylvester’s second paper on dialytic elimination. 


BRUNO, F. FAA DI (1857, April). 


[Sopra il volume della piramide triangolare. Annali di Sci. mat. 
é fis., Vill. pp. 77-78. ] 
With an eye on Sylvester’s paper of October 1852, Fad di 


Bruno first expresses the volume (V) of a tetrahedron in the 
form . 


GB Yi Yn 1 | 

b| %—% Y-Ys %—%s | 

Wy — ye Yir- Yn —% | 
and then by squaring obtains the result 

2d." yg! + yg? — dys? dy? + dy? — dade 

288V" = | dy’ + dys — dos" Pays” dys’ + dy? — dae 
yg? + dy? — dey? dys? + dy? — da? 2d,,? 
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as a consequence of the relation 


2D (a, —2X_)(,— 3) = Dior any da, aaa DG. — Hy)”. 
Another form of the relation between the mutual distances of 
four points in a plane is thus brought to light. 


RUBINI, R. (1857). 


[Applicazione della teorica dei determinanti. Annali di Sci. mat. 
é fis., vill. pp. 179-200.] 


Rubini starts with the theorem which expresses a determinant 
with binomial elements as a sum of determinants with monomial 
elements, and then considers a long series of special cases. 
Among these Ferrers’ theorems of the year 1855 occupy the 
first place (§§ 2, 3, pp. 181-184). 


BELLAVITIS, G. (1857, June). 


{Sposizione elementare della teorica dei determinanti. Memorie 
.... Istituto Veneto .... vil. pp. 67-144. ] 


Besides the paragraphs (S§ 42, 43, 44) specifically devoted in the 
second half of the exposition to axisymmetric determinants, there 
are two others (§$ 9, 85) connected with the same subject in the 
first half. One of the latter (§ 35) draws attention to the fact 
that any coaxial minor of the axisymmetric determinant which 
is the square of a determinant is expressible as a sum of squares. 
What is new in the former is the definite reference to determinants 
which are doubly axisymmetric (“doppiamente simmetrici”), 
the examples given being * 


20 @ pb ¢ “a ote a 
ae aR oe au; Cope ee. be beac 
6. Bb, ort, | eed: tab 


ee AU st |i 


* The third, by reason of its central two-line minor, which might have been 
is more specialised than a doubly axisymmetric determinant. 


a6 
6a)’ 
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the last of which is noted as being equal to 
—(a+b+c—d)(a+b—c+d)(a—b+ce+d)(—a+b+c+d), 
whereas in reality it is equal to 


(a+b+c+d)(a+b—c—d)(a—b+e—d)(a—b—c+d). 


BALTZER, R. (1857). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN, mit... . - 
vi+129 pp. Leipzig, 1857.] 


In five different sections ($3, 8, 9; §5, 2; §6, 2, 5; $7, 5; 

§ 18, 12) Baltzer gives attention to determinants whose elements 
iz» Ag are identical. In §3 he notes that conjugate minors are 
equal, and proves Jacobi’s theorem regarding the differential- 
quotient of a determinant with respect to a non-diagonal element 
by using the fact that if w be a function of a and y, and y be a 
function of a, then 

du ow , ow dy 

Waraiipan eeu 
the whole matter being 


CAS iy Obj 
Od, Ay + Ansa, 
where it will be observed 0's only are employed. In §7, 5 is 
given the result which we have already seen in Lebesgue’s paper 


of 1837, namely, that for a vanishing axisymmetric determinant 


= Ay + Ay = 2Ag, 


Ay = VAgAn 
and there is thence deduced 
Ay PART ARM B= Af Any Aes awe 


Lastly, in §18, 12 he applies this to Cayley’s vanishing determi- 
nants of the year 1841; for example, to the determinant 


Lt afl oS 1 


1 dry dhs dy, 
1 diy ‘ dys yg 
1 dys yg & As, 


This being equal to zero, if we write [7,s] for the cofactor of the 
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element in the place (7, s), we have of course 


(12) 3 (14) + (15), =. 0, 


and consequently also 


/[22] + V[83] + V[44] + V[55] = 0, 


—a result hitherto only obtained independently from geometry.* 


BORCHARDT, C. W. (1859, May). 


[Ueber eine der Interpolation entsprechende Darstellung der 
Eliminations-Resultante. Crelle’s Journ., lvii. pp. 111-121; 
or Monatsb. d. Akad. d. Wiss. (Berlin), pp. 376-388; or 
Gesammelte Werke, pp. 183-144; also abstract in Annali 
di Mat...., ii. pp. 262-264.] 


Following a suggestion of Rosenhain’s, Borchardt seeks to 
obtain an expression for the resultant of two equations of the 
n® degree p(x) = 0, W(a) = 0 in terms of the values} which 
g(x) and v(x) assume when @ receives any n+1 values 
IR fo Meo corye ek 

* Baltzer gives (p. 20) Cayley’s determinant form for 
— (NatNb+Ne)-(-Na+Nb+Ne) -(Na-Nb+Ne)- (Na +n/b -No), 


placing in front of it what looks like a generalisation, namely 


a Of Gy 
ay . C2 by 
b, Co . Ag 
@, ly Gs «4 ls 


but is not really such. We can easily show that if a, b,, ¢ be multiplied and 
ag, by, Co be divided by x, y, z respectively, the determinant is unaltered ; 
consequently it 


QA, dyby C4Cg ees all 1 1 : Naat Nbibe Neren 
EC eel alia V1. weit, Byba-| | eit a Ne Vda x 
a a aah OR ~ | Nob, es rs 
TOG aes Renee Wo bi0s Oye ces Nee, Nobby Nayae 


+He does not mean in terms of these alone, but in terms of these and 


Ap, My, ++ + An 
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The basis of his procedure is Cayley’s result that 


@) oy) |+Qq-a) = 
wie) VY) m 
D : 

ase? 


where D is the array of Bezout’s condensed eliminant |D]. 
Denoting the left-hand member of this by F(a, y) or F(y, 2), 
we see that 

1 xa SRS rea 1 apeins 1 FE (aj,'y,) (aq, ys) Se ee 


n-1 


Lie .|DJ- ne Ye ey" =| Cm) PRL ys) - ate 


A ee yt i yo iy Se F (2,4) Fey) Etsy 
QD |= F(a, 0,). Fay, a.) vee Fag, ,) | | Qy dy eae Bes: 


which, were it not for the illusory elements F(a,,a,) in the 
diagonal, might be viewed as constituting a solution of the 
problem. 
To obtain unobjectionable expressions for these, the interpola- 
tional forms of ¢(x), y(@) are necessarily taken, namely 
(Gn) - f(a) : S) f(@) (a= a, ) 


p(ao) + f(@) - A 
Fla) (e= a) + Flan) @=ay) YL Play #0 


Va): f@) 5g Wa) FO, SF@Me= a) 


F’ (aa) : (x —s An) ne at (ae (a;) Wy (a;), 


i=0 


Ff (a)° (a@— ay) 


where f(w) stands for (w—a))(w—a,)...(@—a,). The resulting 
expression for F(a, y), 


J (a) |(a2= 4) lex) faa a Paty a) f(@)/(a= 2) 4 ( 
Soe (0) SA vee - ae (0) Tene 


is then developed with a view to the actual performance of 
the division by y—a. Each of the two multiplications in the 
numerator gives (n+1)* terms; but, as the product of any term 
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of ¢(a) by the corresponding term of y(y) is cancelled by the 
product of the corresponding terms of ¢(y) and v(x), the 
number of terms then remaining is 


2(n+1?P—2(n+1), te 2n(n+1). 


Next, taking the product of the (r+1)" term of ¢(#) by the 
(s+1)" of W(y) and subtracting the product of the (r+1)™ of 
~(y) by the (s+1)™ of (a), we have 


ROT Be LS a) — LOY 80) (a) FMC 80 (a), 


5 Fey Fp oO) WA) | 1 2 1 \ 
 ~P(a)- Fla) \a=a)yna) Yra)@ra)s” 
ne. F(a)- Ty): b(a,) + We (as). (y —&)(ap— a5) 


I (ar) F (4s) ‘(w= 4,)(@— as)(Y — ay) (Y — as) 

in which y—z is a visible factor. From this, by the mere inter- 
change of r and s, we secure the combination of another pair of 
terms; and by adding the two results we see that F(a, y) or 
F(y, x) can be expressed as a sum of $n(72+1) terms of the form 


Ay — As 


S@) FY) 
Fa) Far Pa) Va) — $4) V8) ea eaay sayy =a) 


the individual terms of the sum being got by giving 7, s the values 


> 


ON La) erence Wy oh 
A eecmiameny eetec rt Le) 
u—1, vn. 


We thus arrive at 


NL (as Gos (ane te 
a oe Fe) FO) @= a Om Oy 


r,s=0,1; 


and so see that if a be put equal to one of the a’s, say a,;, all the 
terms under = which have r and s both different from 2 must 
vanish because of the presence of the first factor of the numerator. 
We have only therefore to consider the terms got by putting 


Pages, OF Bet aid), (ls tad deli fens 
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and thus have 
r,s =i, t+1; 


GG) Faq, a): (@— ay? 
F(a,, a) = f (ar)* F(a): (a; —a;) (a; —a;) 


ere =4, 024, Losey ty, 4 —k 


What was desired has thus been fully attained; it happens, 
however, that because of the peculiar constitution of this ex- 
pression for F(a,, a,), it being such that 


Hlas-ea— %) : _ F(a, as) 
F(a) -F(a;) KOK J ‘(as)’ 


we can proceed a little further ae nae |D| into a more elegant 
form. ‘Thus, dividing the rows of 


| F(a,,a,)-F(a,,a,)-... F(an, an) | 


by f(a,), f(a), -.., f(a,) respectively, and thereafter the 
columns by the same, we have, on putting 


(vs) for F(a,,a,)/f(ar)-f’(as), 
pj = DAD... Com | (Flay fled Fed? 


Ps Rr ie 


== |(11) (22)... . (nn) i ‘alat free Chasity 
where 


(ii) = —{(0) + (I) +... + Gi-D) + GiFD 4... 4+ Gin} 


that is to say, where each diagonal element (27) with its sign 
changed is equal to the sum of all the other elements of its row 
together with the additional element (20). 

Borchardt’s treatment of this peculiar axisymmetric deter- 
minant is dealt with elsewhere. (See Chapter XVI. under 
Unisignants.) Meanwhile a remark incidentally made (p. 114) 
should be noted, namely, that Any axisymmetric determinant 


having the sum of every row equal to zero has all its primary 
minors equal. 
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CAYLEY, A. (1859, June). 


{Note on the value of certain determinants, the terms of which 
are the squared distances of points in a plane or in space. 
Quart. Journ. of Math., iii. pp. 275-277; or Collected Math. 
Papers, iv. pp. 460-462. ] 


The determinants referred to are those occurring in his first 
paper of the year 1841; but the expansions of them which are 
given do not assume that 12=21, ete. Sylvester’s related paper 
of March 1853 is also referred to, the 2W of which is put in the 
form 


Rete fig Of 
c on ap 1 
b a pik 
vp ee a | 
Tee Lee . 


with the result that Q takes the form 
a2b2¢2 ge — g* a ht +9°h? +h2f2 + f2g? de 522 + ca? ak a2h2 — Ge +9 ae h?) (a? ce 62 + c?)} 
_a2g?h? { ft + 4+ ct + B22 + c2f? + £20? + gh? + hea + ag? — (f2 +02 +02) (a2 +92 + h2)} 
E b2h2f? { g' = ct ae at as c2a2 2's ag? - ge ae h2f2 + fb? ge b2h2 — (9? 25 ¢c?2 a a?) (0? ats h2 + f?)} 
i cfg? {h4 + at ae bt a a2b2 + 62h2 =f h2q2 + f?¢? ae gee Se Es ts = (h? ee a? 4e b?) (c? +f? fh 7°)}. 


SALMON, G. (1859, July). 


[On the relation which connects the mutual distances of five 
points in space. Quart. Journ. of Math., iii. pp. 282-288.] 


Salmon starts from the elimination of a, b,c from the set of 
trigonometrical equations 


a = beosC + ccosB 
b ccos A + acosC 
c = acosB+ beosA 


I 


and proceeding to similar eliminants of higher order reaches 
Cayley’s results of 1841 and others related to them. The 
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interest of the paper is mainly geometrical, Use is made of 
the proposition that if the quadric 
ax? + by? + cz? + dw 
+ Qlyz + 2mze + 2naxy + 2Zpaew + 2qyw + 2rew 
be increased by (aw+Byt+y2z+6wy’, the discriminant 


an m p 


Deal sg 

eA FEC ear 

D3 21 0. 

is increased by * 

=A i i Aa 
la, ds 1 Une Dp 
Gy % 0 Geta ag 
Ly. m a 
oe Kae Ghee ad 


SALMON, G. (1859). 


[Lessons INTRODUCTORY TO THE MopERN HIGHER ALGEBRA. 
xli+147 pp. Dublin.] 


The evectant (or first evectant) of an invariant I of a quantic 
(G70, 0, 42.00, Y, z ...)* bern 


(Se Se feng, 


*The new discriminant being 
a@+a2 n+aB mtay ptad | 
n+a8 b+ 67 1 +By q+ fd 
m+ay 1 +By c+ r+y¥d 
ptad gq+pi r+yd d4+d? 
is easily seen to be equal to 


2 
= 
= 

Sa o 


= 
a 
Be ny tsa 
y 


») Loh git hr saai; 
and therefore to be separable into the two expressions referred to, 
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it is readily seen that, in the special case where n =2 and where 
therefore I is the discriminant of the quantic, the evectant is 
expressible as an axisymmetric determinant, namely, that ob- 
tained by ‘bordering’ the discriminant by the contragredient 
variables ; for example, taking the ternary quadric 


ayes 


alte 


Ee ie ot 
Caaates 


we have for the evectant of its discriminant 


fal nk Si co tae, 
Eta GaplalG 
nibliog Oa. ts 
CoG ntiy'dded 


In recalling this fact at the beginning of his Fifteenth Lesson 
and a further fact regarding the form of the evectant of a 
discriminant which vanishes, Salmon digresses for a moment to 
put on record ($155) an implicated property of axisymmetric 
determinants, namely, that 7f the cofactor of the element in 
the place (1,1) of an axisymmetric determinant vanishes, the 
determinant is expressible as ‘a perfect square, his meaning 
being, the square of a linear function of the elements of the 
jirst row. 


Sy RS 


It is not uninteresting to observe here that this unpretentious 
but important manual of Salmon’s and the very useful Théorie 
Générale de V Elimination of Fad di Bruno above and elsewhere 
referred to appeared almost simultaneously in the year 1859, 
and that the one was dedicated to Cayley and Sylvester and 
the other to Cayley. 


CHAPTER IV. 
ALTERNANTS, FROM 1832 To 1860. 


Nore ought to be taken of the fact that the first three papers 
here to be dealt with, namely, the papers by Murphy (1832), 
Binet (1837), and Haedenkamp (1841) belong to the previous 
period. Nothing, however, appearing in the former chapter on 
the subject requires modification on that account. 

Further, as exaggerated statements regarding Vandermonde’s 
contribution to the subject have been widely accepted, it seems 
desirable to point out the exact foundation on which such state- 
ments rest. In a paper* read in November 1770 Vandermonde 
says (p. 369), “Or a@b+b’c+Ca—a’c—b’a—cb, qui égale 
(a—b)(a—c)(b—c) a pour carré att?+....” This is the whole 
matter.t 


MURPHY, R. (1832, Nov.). 


[On elimination between an indefinite number of unknown quan- 
tities. Transac. Cambridge Philos. Soc., v. pp. 65-76.] 


Murphy’s third example in illustration of his method is the 
set of equations 


Da a Rg cee See eee 


1+ 20, + 24, +....4+ 2% = 
1+ 3z,+ Sy +....+ 3%, = 0) 


) 


1+ nm, + nm, +....+7"%, = 0 


*“VANDERMONDE, N. Mémoire sur la résolution des équations. Mém. del’ Acad. 
des Sci. (Paris), Année 1771, pp. 365-416. 


+See Nouv, Annales de Math., xix. p. 181 footnote. 
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which he neatly and easily solves, giving the value of w,, and 
thus in effect evaluating 


Lied ek mnpeeeel: I! at ANonOee | Pie lac et eta ced | 
hey 2 oho s. E2F SOO nL: fa On D222, 2” 
Ce) 1 ERs, er SLA Sth ay. (ehneyes | By 82 . 3” 
1 708 GOES GI ia ie Oe GOS 65 AO 


His connection with our subject is thus seen to be similar to Prony’s. 

It should be carefully noted, however, in passing, that Prony’s 
set of equations is not the same as Murphy’s, the determinant of 
the one being conjugate to that of the other.* When the use of 
determinants is debarred or avoided, this difference is far from 
unimportant,—a fact which might readily be surmised from the 
present instance, since Murphy’s mode of procedure, though 
strikingly effective upon his own set, is quite inapplicable 
to Prony’s. It should also be observed that the solution 
of Murphy’s set is not essentially different from the solution of 
the familiar interpolation-problem to determine ay, dy,...., Up 
so that a,+a,v+a,u?+...+a,0"-! or y may have the values 
Ys Yor d00 Yn When x has the valwes 01, %,,~.», Cy respec: 
tively,—a problem which had been solved in one way by 
Newton (1687), in another way by Lagrange (1795), and in a 
third way to a certain.extent by Cauchy (1812).7 


* The two sets of equations are 


rn 
Oty, + Ota +... + ax, = w\ (I) 

and r=n 
jx, + agg +... + arn, = tt, (J) 


The former is substantially the set of the interpolation-problem which goes back 
to Newton, and which may therefore for distinction’s sake be associated with 
his name: the latter being first found solved by Lagrange (Recherches sur les 
suites récurrentes ... Mém. de l’acad. de Berlin, 1775, pp. 183-272; 1792, 
pp. 247-257: or @uvres completes, iv. pp. 149-251; v. pp. 625-641) may be 
called Lagrange’s set, provided we remember that he also gave a solution of 
the other. The first to deal with both of them in more or less general form 
by means of determinants was Cauchy (1812)—see also his Reswmés Analytiques, 
p. 19, ... 4° Turin, 1834—but in saying so a mental reservation must be 
made in view of Cramer’s mode (1750) of continuing Newton’s work. 

+Newton, Principia, lib. iii. lemma v.: also Arithmetica Universalis, 
probl. Ixi. Lagrancr, Journ. de Véc. polyt., ii. cah. 8, 9, pp. 276, 277; or 
C@uvres completes, vii. pp. 285, 286. Caucuy, Journ. de i’éc. polyt., x. 
cah. 17, pp. 73-74; or @uvres completes, 2° sér. i. pp. 133-134. 
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BINET, [J. P. M.] (1837). 


[Observations sur des théoremes de Géométrie, énoncées page 
160 de ce volume et page 222 du volume précédent. 
Journ. (de Liouville) de Math., ii. pp. 248-252; or, in 
abstract, Nouv. Annales de Math., v. pp. 164, 165.] 


The main object of this short paper of Binet’s was to draw 
attention to the fact that a theorem regarding homofocal surfaces 
which Lamé had just published was originally given by Binet in 
1811. He thus has occasion to say that the form under which he 
had considered the equation of homofocal surfaces was 

a> b? ce 
Ke AWK B gies Cuneaes 
where «, b, c are the co-ordinates of any point on the surface, 
A, B, C are positive constants such that A>B>C, and K is a 
quantity which may be of any magnitude greater than C. And 
as Lamé had obtained expressions for the co-ordinates in terms of 
three values given to K, Binet intimates that many years before 
he had not only done the same but had extended the solution to 
the case of m equations. It is this purely algebraical problem 


which is of interest to us, and fortunately Binet gives it in full. 
Taking the set of equations in the form 


“ l 


) 6) 
KA.7 Kanone SE hn bite ctl 
a ary h C 
Kj As Kp Hash, i oo ta iteletetet 
a b Cc 


Rsera sas K,—B a K,—C aM a meek 


he introduces, for temporary purposes, two functions, F(a), T(), 
the former being 


(w— A)(~—B)(w—C) 


© (Be, fe), o 


and therefore of the n“” degree, and the latter being any integral 
function of a degree less than n. He then recalls the fact that 
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J(©)+ F(a) can be partitioned into-n fractions having «a—A,«—B, 
«—C,... for denominators, the result as given by Euler being 
Fic: anain Cayiah splbes (Bat Hauer 9( Gym ar 
F(x) (w—A)f'(A) © (@—B)f(B) © @-C)F(C) 
Substituting successively K, K,, K,,... for @ in this, a set of 


equations is obtained from which it is seen that the solution 
of the set 


- B ¢ mies 
ait ie ttm _ f(®K) 
Kaa KB REC ga al (Rey 

2 c _ A(R) 
af pte). fA) 

F(A) ~ (A=B)(A-O)(A=D).. 
beh PE) 7(B) 


miGe tt b =A (b= OB Dr ine. 


Now the set of equations here solved is more general than that 
with which we started, the latter being the particular case of the 


former where 
ACL ie g His) ones 


HR feet CRT Assist 
To effect this specialisation it is only necessary to make the 
arbitrary function f(#) equal to 
(a#—A)(a—B)(a—C).... — (w—K)(#—K,)@—-K,).... 
or equal to 
F(a) — f(x) say ; 
(where, be it observed, the condition as to the degree of f(x) is 
fulfilled); for then, since f(#) vanishes when’#=K, Ki, Ke,’.-.. 
we have 


f(K) = F(R), f(K,) = F(R), AK.) = FR) « 


The corresponding change in the values of the unknowns is easily 
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made: for example, in the case of a, we have only to substitute 

F(A)—f(A),—or, what is the same thing, —f(A),—for f(A) in 

the numerator, the result being 

(A—K)(A—K,)(A—K,).... 
(A—B)(A—C). 


We have thus as Binet’s theorem :— 


i — 


The solution of the set of equations 


xy ay Xs = 
+ +....¢7",7 =1 
Pepe Sak b, — Br 


+....+¢7— = 1 
iB, * TB * TB, b,— Bn 


in hie “ho 
bah ea Babee Bae Pare 


Ps ary «ae (8, —)(8;— by) TOR. g (8, — 6,) 
: (eed 229 ES io at = 
= (B,—6,)(B,— by) oases (By — by) 

(B,—B;) of ss (Ce Bads 


48 


tl, = 


the binomial factors of the numerator in the case of x, being 
got by subtracting from 6, all the b’s in succession, and the 
similar factors of the denominator by subtracting from B, all 
the other 3's. 

Remembering that Binet had originally been an expert in 
working with determinants, it is not a little curious to note that 
he did not compare with these expressions for 2,, 2, ce; 
the expressions in terms of determinants, viz— 


1 (b,—8,)-* «+ (b,—8,)-*| + (b, = chin (b, teat prin ~§,)i 
1 (b, — By)~* “ree (,— Soe (°. el (b, Ba) : Or ~ Bn) 


1 bp— Bi)! «+ (by Bd [bg 8)! Gy B22 «0, BN 


Le =. 


Had he done so he would undoubtedly have reached a result 
which was not brought to light until four years later by Cauchy. 
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HAEDENKAMP, H. (1841). 


[Ueber Transformation vielfacher Integrale. Crelle’s Journ., 
Xxli. pp. 184-192.*] 


The transformation referred to in the title has its origin in a 
special equation of the n"" degree in y, viz.— 


2, Xo wx 
i +....+—*- 2=1; 
ee a a,—Y 
and, as Haedenkamp gives the values of 2,, 7,...,%, in terms 
of the ” roots ¥,, Y2,.-., Y, of this equation he may of course 


be viewed as having solved the set of linear equations— 


L, le a“ 

“fp +....t+ i ih, 
OY, We YN An Y1 
be as x 

ae +eeee tH me 1 
A,—- Ye = Ag—- 42 On — Yo 


which Binet had explicitly dealt with four years before. 


BORCHARDT, C. W. (1845, Jan.). 


[Neue Kigenschaft der Gleichung, mit deren Hiilfe man die 
secularen Stérungen der Planeten bestimmt. Crelle’s 
Journ., xxx. pp. 38-45; or, in extended form, Journ. 
(de Liouville) de Math., xii. pp. 50-67; or Gesammelte 
Werke, pp. 8-13.] 


For the present this paper is only noteworthy as containing 
the square of the difference-product in the form of a determinant 
of the particular type soon after to be named “persymmetric ” 
by Sylvester. M being used to stand for 


(pag, 2 ge 


*See also Crelle’s Journ., xxv. pp. 178-183 (1842), and Grumert’s Archiv d. 
Math. u. Phys., xxiii. pp. 235, 236 (1854). 


160 HISTORY OF THE THEORY OF DETERMINANTS 


Borchardt says “Es wird also M die Determinante aus dem 
System 


So 8, 82 8n-1 
8) 8, 83 8, 

Sp 8, 84 Sn44 
8-1 118m GSapiees™ & S2n-2 


wo 
eV pal pela oes a! ey ee 


ROSENHAIN, G. (1845, Sept). 


[Neue Darstellung der Resultante der Elimination von z aus 
zwei algebraische Gleichungen f(7)=0 und ¢(z)=0,.... 
Crelle’'s Jowrn., xxx. pp. 157-165. ] 


Although the subject of alternating functions is incidentally 
dealt with in Rosenhain’s paper (p. 161), nothing of importance 
occurs. The identity * 


+ + 4 r=m-4, cee 
C (a,; Uo, +++ 5 Ly) ze 4 (a,, Ug, +++ 5 ce) ; 4 (Gm4i> Untersees Gy) - II (a,—a, 
$21; 2.59 5 ie 


appears in the form 


II (a,, (2, a Se (by) oa II(q,, (ly, sate tS fia ks T1(On4i On+2> | Oy)" Me cons 


where the mode of denoting the rectangular array of differences 
cannot be commended. 


* A still better form for the right-hand member is 


} reem+ligs.» n } 
¢ (a, Oy ee) Cm) : IT (a,—a,) “¢ (Gm419 Am+29 ++ +9 a,,) 
a=1,2,...,m 


where the suffixes are seen to run twice from 1 ton. Another identity, just as 
worthy of note, is 


O(a, Gants th) Cla, wee Ge) ‘Ih (a, a) aa Ch Gots ets ek 
The one is exemplified by the partition Preis me 
y—, Ay- ay Qy-Q, As-G, Mg-ay 
Ag = Ug 7 Ag— Aq Ag— Aq (Ag hy 


the other when instead of this the right-to-left dotted line is made to separate 
the third row of differences from the second. The former is that to which we 
have drawn attention when dealing with Jacobi’s memoir of 1841. 
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What the title refers to is a new variant of a form of the 
resultant given by Euler in 1748, namely, the variant 


C7(B,, fee teigey oP Gy, Ap, +. An) + Gites: Be,-.- > Bn): Ca, Gy, ++. 5 An), 
where the a’s are the roots of f(z)=0 and the #’s the roots of 
$(2)=0. 


STURM, R. (1845); TERQUEM, O. (1846). 
[Cours d’analyse de l’Ecole Polytechnique. 4to, lithogr., Paris.*] 


[Sur la résolution d’une certaine classe d’équations a plusieurs 
inconnues du premier degré. Nowv. Annales de Math, v. 


pp. 67-68, 162-165.] 


Employing the method of “undetermined multipliers” Sturm 

here supplies the want lett by Prony, namely the solution of 
ae, + ate, +...+a'", = a Det 

The said method may be generally described as making the solu- 
tion of a set of m equations dependent on the solution of a set of 
n—1 equations, the latter set being related to the former in 
having its determinant conjugate to a primary minor of the 
determinant of the other set. Thus the given set being 


Oe + Ugly + M3%, + Uh, = Os 
bye, + byt, + by, + Oy, = bs 
C10, + Cy + Cog + Ok, = Ce 


dx, + dx, + det, + dye, 


lI 
Q 
on 


we conclude therefrom that the equation 
(a, FAD, + uc, +d) a, + (dgtAdy+ peg t+vd,)@y + +--+. 
= da; + Ab, + we; + rds 

holds for all values of \, «, v; and in order to obtain the value of 
x,, we have to solve the set 

Uy + A + Cy + dy = 0 

(tg + bsrX + Co, + dgy = () jee 

, + dA + eu + dy = 0 


*Not the posthumous book with this title edited by Prouhet and published 
in 1857. 
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where the determinant of the coefficients of the unknowns is the 
conjugate of the complementary minor of a, in |a,b,c,d,|. With 
this fact in view, and along with it the nature of the relation of 
Murphy's set to Prony’s, it will be readily seen that both sets 
appear in Sturm’s procedure. 
Terquem follows Sturm, and extends his method to the set of 
nm equations 
+0. +2@ +..-+& = 
Ant, +: 1.%g, + Agts +o. . + O08, = 
ax, + 2 dy, + Ugly +... + Any 
a°a, + B ayaa + sty +... + Gn, 


o 


I] 


bo 


SSeS oe 
-_ 


i) 


where the coefficients of x, are the differential-quotients of the 
corresponding coefficients of x, The possibility of this solution 
rests on selecting x, as the first unknown to be determined, and 
on the set being thus reducible to one of the previous type. 


CAYLEY, A. (1846, Aug.). 


[Note sur les fonctions de M. Sturm. Journ. (de Liouville) de 
Math., xi. pp. 297-299; Collected Math. Papers, i. pp. 
306-308. | 

The functions referred to, which are really Sylvester’s substi- 
tutes * for Sturm’s functions, are introduced in the form— 


f(a) = (@—a,)(w—a,)(e—ay) «.. (way) 
Ai(@) 2 (%@—My)(%—A3)(G— Ay) .... 
f(a) = D(a,—a,)*.(w—ag)(@— G4)... 


fg(@) = ZX (a, —Gy)?(4y— Ag)"(Ag— 4," (W— Ay)». 


pz 
ful) = 1) 5 2 Ey Ge eee Sey 


*SyLVESTER. On rational derivation from equations of existence,..,.. 
Philos. Mag., xv. (1839), pp. 428-435: Collected Math. Papers, i. pp. 40-46. 


Sturm. Démonstration d’un théoréme d’algébre de M. Sylvester. Journ. 
(de Liouville) de Math., vii. (1842), pp. 356-368. 
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where P stands for the difference-product of a,, ,,..., Gm, Or 
for what Sylvester afterwards denoted by Ba, Boop en Umm hc 
and the problem is professedly to express fin(a) “ par les coeffi- 
cients de f(«),” but in reality to express it as a series arranged 
according to descending powers of a. 

This is accomplished by partitioning P/(w—a,)(w—a,)... 
(*—Gm) into an aggregate of fractions having «—a,,7%—dy,,... 
for denominators,* namely, 


(-—)"" Ea, Ap» heres Gm) = E(ao, Ag, +s Oe) Om) 
(w@—a,)(w—a,) ... (©—Am) L— Ay 
= &(a,, Ganacsy ln) a 
L— Oy 


so that the coefficient of 2-” is seen to be 
aE (as, Gass han. Oa) = aE (a, Cais -cim ig Mesut ore 
and therefore to be 


2 m—2 r—1 
1 oc enki a ol a 


2 m—2 r—1 
(—yr La as RRS Sa th as 
2 m—-2 r-1 
DO One wae Oe eens 


where @,, M,,--+;@m are the first m a’s_ chosen from 
LPR RR OC Sian 

Multiplying both sides by P and performing the requisite 
summation we find that the coefficient of x-” in f,,(x) + f(a) is 


So Simphe os Sma ee) Span 

8 8 Bho or shes § 

2 eT a OF EA ayeStys 
Sm—1 8m +++ Sam-s3 Sr4+m-2 |? 


where s, is the sum of the g™ powers of all the a’s; in other 
words, that 


THCY Sy pat" Naga Pea Wane 
*It may be noted in this connection that 
Ga, Bg, +225 Gn) +P (ax) = eS ihe GE C2 Qa, s+ +5 Ak-1; Oktly » 2 «3 On) 


if p(x) = (w—a)(w@—ao) ... (V— Ay). 


164 HISTORY OF THE THEORY OF DETERMINANTS 


It only remains now to multiply by f(x) in the form 


ge" — pc" 1+ pe — ..... 
obtaining 
Im) a ie Nai him i geet (Vi Vana) 
rim one OY eu —PiVint+poV m-1) 
and then to condense the coefficients—an easy operation, since 
all the V’s are identical save in their last columns: for example 


Migs —PVn + De View? EL) 8; «++ Sm-2 Simi —Pi8m +P8m-1 
8; 8g +++ Sm-1 Sm+2 — Pi8m41 + Po8m 
Sm—1 8m +++ Som-3 Sam — P182m—1 + P28em-2 


CHELINI, D. (1846); LIOUVILLE, J. (1846). 


[Determinazione geometrica in coordinate ellittiche .. . . Raccolta 
sci. di Palomba, ii. pp. 109-113, 126-131; see also v. pp. 
227-263, 333-374. | 

[Sur une classe d’équations du premier degré. Journ. (de. 
Liouville) de Math., xi. pp. 466-467 ; or Nowv. Annales de 
Math., vi. pp. 129-131; or Archiv d. Math. w. Phys., xxii. 
pp. 226-228. | 


The set of equations referred to is that dealt with by Binet in 
1837. Chelini and Liouville arrived at a new solution, much 
simpler than Binet’s, and related to that used by Murphy in 1832 
in solving other sets of linear equations. 


GRUNERT, J. A. (1847). 


[ Vollstiindige independente Auflésung der » Gleichungen der 
ersten Grades ... Archiv d. Math. u. Phys., x. pp. 284-802.] 


The equations are 


A, + A,a,-+-A,a.-++ Pisa +A,an =a ie 


Om os 


that is to say, are of the type to which Murphy’s belong, and 
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with which a problem in interpolation is connected; and the 
solution, rather tardily reached (p. 301), is 


m 
K @spndss- iat. 5d 
(-1)"A i = 9g» 4g, A4> » Un a 
ee ( Gorda) (p-iG,) (Gia, )iey w(G, — Gq) 
m 
cn K(a,, gy Cig oa, navy) Ons s 
(itz — 04) (G_, — a5) (a,—a,)..- (Gg—4,)” 
m 
ae K(qa, Ag, Agr + ++ 9 An a 
(a3 — a) (a3 — ag) (ag — a4) sens (as O,) : 
= 
m 
eke K(a,, Ap, Ag, +e oy &n-1) P 
(Gn — 0) (Gy — Oy)(y, — Gg) SS) (Gn — On-1) pi 


where by K is denoted “die mte Klasse der Kombinationen 
ohne Wiederholungen.” 


ROSENHAIN, G. (1849). 


[Auszug mehrerer Schreiben .... iiber die hyperelliptischen 
Transcendenten. No. IV. Crelle’s Journ., xl. pp. 347-860.] 


In the course of.an investigation regarding the relation between 
two Abelian integrals Rosenhain is brought up against the 
determinant 


already dealt with by Cauchy in 1841, and afterwards known as 
“Cauchy’s double alternant.” The multiple integrals in question 
have to suffer transformation of the variables, and as a pre- 
liminary it is ascertained that the Jacobian [not yet so called] 


OX, OW, ONgsspy om a 1 Gal i tidy vd 
nS: Ot, Ot," ° Oty ae a hg fp Ogee shi ores a8 
and 

Oty) Obey Oln—1 1 Ul 1 

ee eee gD) > ck . ee 
a ~~ OM, Ody by 1 2 ps t,—a, t,—ay tn—-1— Bn -1 
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where C and D are specified functions of the a’s and ts. From 
this by a it follows that 


1 1 V re 
(D# t;— a “tay eb eehgey = ya CD’ 


and thence ultimately that 


1 1 1 
SS ot é, =f . Eas oe ee i 1—Ap-} 
nn in YTT (a, - “Gg, ++ 5 Oni)? IG, te, - - - » tes) 
Pa) * (a2) - - - H(n-1) 


where He) = C-hyE=G) eae 


There is then added a simple verificatory proof which consists 
in noting (1) the double alternating character of the function * 


at l 1 1 ; 
$(a1)+ $(42) - + Pua)" + PG hoa, SG 1 


Lom nat 


(2) its degree in any one of the a’s or t’s; (3) the sign of any one 
of its terms. The exact words are— 


“Der Beweis der obigen Formel ergiebt sich durch die Betrachtung, 
dass 


(a) -P(a) -. +. P(a,4)° >) + “2 peat: 


t—a, Pi = byl = Gq 


eine ganze rationale alternirende Function esti in Bezug auf die 
n—1 Grossen ¢, als auch in Bezug auf die n—1 Gréssen a,, ist. Es 
iibersteigt aber in dieser Function weder eine der Gréssen ¢, noch eine 


*The product $(a;).¢(ag)... o(an-;) is arrangeable as a square array of 
binomial factors, being in fact, save as to sign, the product of all the denomi- 
1ators in the double alternant, and is thus seen to be symmetrical with respect 
both to the a’s and to the ¢’s. If therefore we multiply each row of the alternant 
by the product of the denomiuntors of the row, or each column by the product of 
the denominators of the column, we multiply the alternant by 

( = 1)("-1("-2) g (a,) -b(ay) . . . @(an—1). 
The two determinants thus resulting have elements which are the product of 
2 —2 binomial factors, and are equal to 
(= Pa tie 7a, do, ‘84,9 Ay 1): Il (4, toy Tie ins 1). 
Tf, oa the other hand, we multiply each element 1/( ary of the alternant by 
n— n— 


a, —t, we obtain the product of the two II’s as reached by the ordinary 
multiplication-theorem of determinants, 
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der Grossen a,, den (n—2)ten Grad: daher ist sie nicht bloss durch 
das Product 

II (a,, Boy sey On—1) i‘ IT, te, CB Oar) tn) 


theilbar, sondern, abgesehen vom Zeichen, diesem Producte selbst 
gleich, da ihre einzelnen Terme keine andern Zahlencoefficienten haben, 
als + 1. Da nun die Determinante positiv sein soll, so musste rechts 


vom Gleichheitszeichen noch der Factor (- lyre ”  hinzugefiigt 
werden.” 


CAYLEY, A. (1853). 


[Note on the transformation of a trigonometrical expression. 
Cambridge and Dublin Math. Journ., ix. pp. 61, 62; or 
Collected Math. Papers, ii. pp. 45, 46.] 


In order to show that the vanishing of the alternating 
function . 
1 a2 (a+a)J/e+a) 


1 y (at+y)ve+y) 
1 2 (a+z)Vc+z) 
implies the vanishing of 


_; /a-e 
rs o+2 


i eee a 
tan foes + tan 


the determinant is proved to contain the factor 


a+ ape + [te - Vee ose 


with the cofactor 


c+a)i(e+ Retz) a—c 
an ery | . ie C+ax 
bat 
Very c+y 

| 


1 Vo a—c 
c+2z c+2Z 


ai 4—C a—c a—c 
This is done by writing &€ y, ¢ for VS aay az 
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respectively,* and so changing the given determinant into 


1 (a—c)(1+é-2) (a—0)(E1+€-8) 
L (a—e)(l+n-2) (a—0)!(y71 +079) 
1 (a—e)1+¢-*) (a—0)?(E-1+ €%) |, 
thence into 
CRN atest ee ae tained S25! 
Pp Pty w+ 
lpStosteoas S tI, 
and finally into 


= (a—c)? - 8-3 6-3 


ee hei 


1 
1 2 
1 


mz MH 


2 / 


mo x 


BRIOSCHI, F. (1854). 


[La Treorica DEL DETERMINANTI, E LE SUE PRINCIPALI APPLI- 
CAZIONI. viii+116 pp. Pavia.] 


Brioschi devotes the 9th section of his text-book (pp. 73-84) 
to “determinanti delle radici delle equazioni algebriche,” viewing 
the difference-product and its allies as arising when the roots of 
the equation 


oA, att A oom 2 +. Ae + Ay = 0 


are substituted for w, and the values of A A 


vipa s WARE! Ws 


*Tt is simpler still to express the given determinant in terms of alternants 
having Ne+z, Ne+y, Nc+z for variables. Thus the given determinant 


thy gy (c+yta-—c)Ne+y 


Ue ar) eycacaNy 


z (c+z+a-c)Ne+z |, 


1 
=|1 c+aw (ct+a)Ne+a| + (a—-c)|1 ct+a Ve+x 
l c+y (cet+y)Ne+y l c+y Ne+y 
1 c+z (c+2)Nc+z 1 ctz Ne+z ; 
=|1 w? pel - (a-c)|1 mw p®] say, 
1 py 2 lo» vw 
De Caer? to ee 
=|l m #/-{u+ro+gu-(a-c)}. 
l1 » » 
Lee Sue? 
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be determined from the n equations thus resulting. His proof, 
obtained in this way, that the common denominator of the A’s is 
resolvable into binomial factors is not of consequence. It is 
more important to note that, as an alternative, he proceeds 
“facendo uso di sole proprieta dei determinanti,” obtaining in 
the first place 


1 1a ; 
a, a, a, ae hy aaa 
: a a a? — Cape Coe os Coes a Cael a ow 
ee tae eae 
n-1 a?-} ifivn: q’ | ee Tee Oe or Ce 
2 n 
from which he removes the factors a,—a,, a,—a;,...; then 


repeating the first set of operations he removes the factors a,—az, 
Q@.g—@,,..., and so on. 

After this an application is made to the solution of a set of 
linear equations which differs from Prony’s set by having 
2, 2, 2°,...% place of 2, z,, 2,,...,and where therefore, as 
Cauchy in 1812 had pointed out, the numerators of the un- 
knowns, as well as the common denominator, are resolvable into 
binomial factors. Borchardt’s and Cayley’s persymmetric 
determinants in 8, s,, &,..-, got by multiplication, are also 
given. The remaining pages (77-84) contain illustrations. 


JOACHIMSTHAL, F. (1854, May). 


[Bemerkungen iiber den Sturm’schen Satz. Crelle’s Journ., 
xlviii. pp. 386-416. ]} 
In the course of his investigations Joachimsthal evaluates (§ 5) 
the determinant 


wheres, =ai+a%+e% Using the fact that by reason of the 
trinomial elements the determinant is partitionable into twenty- 
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seven determinants with monomial elements, he shows next that 
all of the twenty-seven except six vanish; that the six contain 
the common factor 
(x—2,)(w—@,)(@— ag) . (#3 —@y) (3 — ®q) (Hy — 2) 5 
that the aggregate of the cofactors is 
aig, — 290, + 030, — U{l, + IL, — Li, 
or 


(x3 inl £y)(Xz ons ®y) (Ly ia 2%) ) 


and that therefore finally the given determinant is equal to 


{ (a —%1)(®3— Ly) (Ly — x,)} . (2@—2,)(@ —X_)(X — X53). 


This is followed by the assertion that if s, were made to stand 
for si+si+...+s% the determinant could be partitioned into n* 
determinants, of which n(n—1)(m—2) would be non-evanescent ; 
and that these could be grouped into sets of six and condensed, 
the ultimate result being 


ee ee eral 
Sil Soceate ia 2 
8 8 8, a => {(2, — #y)( #3 — #,)(— x,)} (X —X,(@ — X_)(X — Ws). 


3 
Bou On ae on 


A large generalisation is then made, the exact words being 
“Genau eben so beweist man folgenden allgemeinen Satz: 


Bezeichnet man die Potenzsumme a+ 0+ “Fe wf durch s;; 
ferner das Quadrat des Productes, welches aus den 44(i—1) 
Differenzen der 7 Grossen @,, 2, ..., x; gebildet ist, durch 
O(@,, Lp, +. +, %), 80 ist 

8) 8 8% Sa ll 

cr tS r, v 

8, 8 8 hipaa 2 = >10 (ay, Gg)... 0) (@—m,) -.. (ate 


ois aye eR ee Lee Rel eee Lame: 
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n(n—1)...n-a+l]1) 
Wie ore 


wo die rechte Seite eine Summe von 
ahnlich gebildeten Glieder enthalt.” 

The known result (Cayley’s) obtained from this by equating 
coefficients of «* is pointed out: also the extension 


Sessis LS Meets, a rl 

Si Sy S, a) yaiton te Sa aw so 

oe Oy OHO. MESH Sita = Date: pe Sal O(a ne hohe) 
yaaa). Hin exarys bepistic (4a, )(@ ~My)... (Ba) 
io open yaw 5. eS Seer ee 


where 8S, = «a + ea5+...+e,x%. It may be noted that the 
reason for discussing such determinants is that the series of them 
obtained by giving a the values n, n—1, n—2,...,2, 1, 0 is 
put forward (p. 400) as a substitute for Sturm’s series of 
functions.* 

Towards the end of the paper (§ 17, p. 414) the determinant 


$B (at)? vee. (yb) 

Sih ~1 -1 
(a, +),) (a+ 6) pean (yn) or A, say, 
(GODS ast bs) sme (tnt DRE, 


is evaluated. The process consists at the outset in subtracting 
the first column from each column after the first, removing the 
factor 

(b, = b)(6, — 53) Ot it (O;—=0,) ; 

(a, +5,)(do+,).. - (a, +0;) 


and writing the cofactor in the form 


1 (a, +65)" Bes SA (a,+ Ds)oe 
1 (y+ 6,)~ ey Site (a,+ ee 


‘a Lista tel shales eee. ss) 6, %o), eo Mel eis sp aie 


Le Onn Us a ie mabenlGa Pa) 


The latter determinant is then transformed by subtracting the 


*In this connection papers by Cayley (1846) and Borchardt (1845) are referred 
to by Joachimsthal, but no mention is made of Sylvester’s (1839). 
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first row from each row after the first, when it is found that the 
factor 


(44 — %) (4 — Gs) - - - (41 = Gn) 
(a, +6,)(4, +b)... (4, + bn) 


can be removed, and that the cofactor is a determinant similar to 
the original but of the (n—1)™ order, namely, the determinant 
which is the cofactor of the element in the place (1, 1) of the 
original. The final result thus obtained agrees with Cauchy’s 
save in having no sign-factor, the latter being only necessary 
when the b’s are all made negative. 


BRIOSCHI, F. (1854, Oct.). 


(Intorno ad alcune formole per la risoluzione delle equazioni 
algebriche. Annali di Sci. mat. e fis., v. pp. 416-421 ; also 
reprinted as half (§2) of the last note in the French trans- 
lation of Brioschi’s text-book ; or Opere mat.,i pp. 157-161.] 


All that occurs in this paper in connection with our subject is 
the statement 


8 & ef 
epilt a Senna 
et “Ag pa 8 83 Sn aw" 
Oa” -1 P 
eg Ce ot oe 
1 xv eet aa | 


where A is the determinant-form of the difference-product of 
@1, @,...,@,. No explanation of the statement is given, nor 
the mode of arriving at it. All is made clear, however, if we 
note first that by # on the right hand is meant any « chosen at 
will from the set #,, #,,...,,: second that the differential- 
quotient on the left is intended to stand for the cofactor of the 
(n—1) power of that particular 2 in A, and therefore merely 
denotes the difference-product of a certain n—1 of the a’s. 
What the statement thus gives us is an alternative form for the 
square of the difference-product of n—1 quantities. 
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If we use column-by-column multiplication, and put s, for 
a” +B" + y"+ 6", we clearly have 


oy geet Sl i RE es. - 
Sin nent Hanes et i Bd 
ence SS a iia oad 
py Gee eer is Me watwnas ch a3 
WEA tesg? 2 
eee me 
Ur CeO er, 


and so the result is established. It will be observed that the 
chosen letter 6 which occurs most conspicuously in the new form 
thus obtained for ¢(a,y,6) is one which the expression is quite 
independent of. Further, by performing on this new form the 
operations 
col,—col,, col,— Gcol,, col,—B? col, 
we return to the more natural form 
3 aty+é a@+y?+e 
CeO peat yito ne ty 400 a yo 
| aet+y+o P+yi+ at+y*+064 


BORCHARDT, OC. W. (1855, March). 


[Bestimmung der symmetrischen Verbindungen vermittelst ihrer 
erzeugenden Funktion. Monatsb..... Akad. d. Wiss. (Ber- 
lin), 1855, pp. 165-171; Crelle’s Jowrn., li. pp. 193-198 ; 
Gesammelte Werke, pp. 97-105. ] 


The generating function in question is 


eee tal 
t—a t,-a tn— On 


or T say, the sign of summation being meant to indicate that of 
the two series of elements the one is to remain unaltered and the 
other is to be permuted in every possible way. The development 
of this function according to descending powers of ¢, t,, f,,..., t, 
leads to those simplest types of integral symmetric functions of 
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a, G4, d,..., 4, Which originate by permutation from a single 
product of integral powers of the said variables. The determina- 
tion of such functions is thus reduced to the problem of trans- 
forming T so as to have no longer occurring therein the single 
elements a, a,,a,,..., a,, but instead those combinatory sums 
of them which are the coefficients of the powers of z in the 
development of (z—a)(z—a,)(2—a,) .. . (2—,) or f(z) say: 

Without further preparatory statement the announcement is 
made that the solution is readily reached when the relation ofel 
to the determinants 


1 1 1 
- : Sra? Fah ee 
py — —ayY (ha) (tn — an)” 
is known, namely, the relation 
D=T-A. 
In proof of this relation it is pointed out that 


{ f(t) sf (eat tahseral tay oo 


being an integral alternating function both with respect to the 


or D; 


elements ¢, t,, t.,..-, ¢, and with respect to the elements 
d, G;;°G5} . a5 @, 18 exactly divisible by the two difference- 
products 

TL(4, b cskesbivotade eihGe Gia tactaa es 


and that although we cannot with equal promptness tell the 
remaining factor, we are able to determine it from knowing a 
sufficient number of its special values, namely, those values got 
by putting each ¢ equal to one of the a's. Since the number 
of ways in which the n+1 a’s can be taken when repetitions 
are allowed is (n+1)"*+!, this gives us (n+1)"*1 values, of 
which, however, only two are different, namely, the value 
(—1)'"""?. f(a) f'(a,) + f'(ay) ..- f(a,) obtained in the n! cases 
where all the a’s used are different, and the value 0 obtained in 
every other case. The determination, we are told, can be made 
by using an extension of Lagrange’s interpolation-formula, the 
outcome of the work being 
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iD = T.(—1ynerll@ delay sow wile ell omasopsale 3 10;,) 
F(t) -F(4) -Fte) . + -- Ftn) 


which, of course, gives us 
Dray A, 


This relation having been established, Borchardt then proceeds 
in a line or two to use it for the main purpose of his paper. As 
the determinant D, he says, arises out of the determinant A by 
performance of successive differentiation with respect to all the 
variables ¢, t,, t,,...#,, there is obtained at once an alternative 
expression for T, namely, 


Bey Megan 2 ta) nun) (tn) » @ © Cn Lit teenie) 
aa 1a Ka eee) ee ore 


or say rather 


CeO > SITGAL» eG) 
Tes: (—pyen 2 ot, °° ot, f(t): Fh) --- F(tn) 
LUGE tenets) 


FO) Fh) «-» Aen) 


and so the transformation aimed at is accomplished. 


PROUHET, E. (1856, March). 


[Note sur quelques identités. Nouv. Annales de Math., xv. 
pp. 86-91.] 


In order to generalise certain algebraical identities published 
by O. Werner in Grunert’s Archiv, xxi. p. 353, Prouhet first 
establishes the theorem in alternants foreshadowed by Prony and 
Cauchy, and readily derivable from Schweins’ first multiplication- 
theorem. His mode of treatment may be concisely stated as 
follows: 


To say that a, b, ¢, d, e, f are the roots of 


x — pc? + pot — pyx? + py” — py + Py = 0 
implies that 
p, = Za, p, = Lab, ps = Labe, ...; 
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and as it also means that 


— p,a> + pa* —...+ Pg = 0 

i asp amd 3% rg 0 

fi -ph + pelt +P, = 0 

from which we have 
de OG Mg A, A is, Gp Ug Godend 
ples Ue Ae ae os b.Wib; (OS 'D, aut 
te Si ts ip fi 1 Is Is fs fo hi 1 ? 

Oger Cee Og Og 2.dge 1 Gy Gy Ag Gy) ay) I 
rhs bo seby) Us kOe e Us re be. (O27 "De De Ope 


ds 1? Ts Te iy 1 te i I fe ie 1 
it follows that in later notation 
| a®bierdsetf® | + Sit | a®bte2 detf® | = = xa, 


| a%bic2dFe®f6 | + | a®%bic’detf> | = Lab, 
| adic2dte5 £6 | + | a®bie*dPetf® | = Labe, 


with similar results when the alternants are of any other order. 


JOACHIMSTHAL, F. (1856, Sept.). 


[De aequationibus quarti et sexti gradus quae in theoria linearum 
et superficierum secundi gradus occurrunt. Crelle’s Journ., 
lili. pp. 149-172.] 
The problem of finding the normals drawn from an external 
point (€, », €) to the surface 


“ y? 
ata += 
being dependent on the solution of the sixth-degree equation 


nico br? oC ali 
(atuy t OFupt C+up =! 


1 Se 
Di(a, btn) s+ (An Un) a 2HET q 


+ 
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the relation between four of the six roots is evidently 


1 1 1 


G@+uy OFuy?e Cray | 

iE 1 1 1 
(4+Uy)” (6+Uy)? (C+ U2) ay 

1 1 1 l 
(a+u;) (b+u;)? (e+ Us) 

a 1 ou 1 
(atu,P (b+u,)? (e+u,)? 


Joachimsthal knowing this, and having obtained by an entirely 
different process the result 


MI wal ie 
are, +U,)(b + Uz)(C+ Us) a 2G +U;)(b+ Ug) (C+ Uy) 


1 1 é 
PE eR CEN Cee AEs eA 


where the sign of summation refers to permutation of the w’s, 
is naturally led to inquire into the connection between the two 
results, and to extend the inquiry to the higher cases of the same 


kind, including, therefore, the evaluation of the determinant 
1 ‘I 1 1 
i 2, ay ee aa EY o € 1s) 6 [ee END 
(Qy+Uy)? (Gg +%) (dy + Uy) 
1 1 ih 


- cee oye id 
(QU) (dg Uy)” (ly + Uy)” Cred. 


1 1 1 
(Gy +Ungy? (Mat Ung)? (dy U4) 
The investigation of the determinant occupies the fifth and sixth 


sections (pp. 164-169) of his paper, the third and fourth being 
devoted to obtaining the other form of the resultant 


1 


il 
‘3 Peas) toe (Gn +Unss) 


v (Qn-1 a Un-1)(An oe Unt) 
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or, say, 
[12 aes ee 


On multiplying each row of J by the product of all the 
denominators occurring in the row there is obtained a determinant 
V whose r* row consists of elements which are expressible as 
polynomials arranged according to descending powers of w,, the 
index of the highest power of u, being 2n—2 in all the places 
except the last where it is 2n. V, which is equal to 

J aAlA: AS 
if we put 
Ag = (ag tU,)(dst+ Ug)» - +» (e+ Un41), 
can thus be partitioned into (2n—1)"(2n+1) determinants, each 
expressible in the form 


ay a2 an On+1 
Uy, U, Uy, Uy, 

a, tt) ts ey Abe es 

a) ay apr On+1 

Unay Uns 4 Uns Unt 


where a is an integral function of the a’s. Further, V in this 
way is seen to be not of higher order with respect to the w’s than 
the determinant 


= 1 2n-3 2n-2 2n 
ae eee DT Ba ET Wy Uy 
= 1 2n-3 2n-2 2n 
ta (te ee ih ee Uy 
n-1 n n+1 2n-3 2n-2 2n 
Unti Unti Unti +++ Unt Unt Un+ |> 


that is to say, its order-number cannot exceed $n(3n+1); and as 
it is exactly divisible by the difference-product of the w’s, which 
is of the order }n(n+1), it follows that 


V = Aw, Up, > Cees Uaioe, 


where V, is a function whose order-number is not greater than 
n*, Noting now that the other form of the resultant, namely 
[1, 2,..., +1], can by addition be transformed into 
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where U cannot contain any of the differences of the w’s, and in 
its order-number cannot exceed n(n+1)—n, ie. n?, Joachimsthal 
concludes that V, and U can only differ by a factor dependent on 
the a's. He thus has the two results 


ATA oe AS BAG We as 5 Un) V5 
and Vet Ceres, ww Al 2renk onl] 


where ¢ is a rational function of the a’s: and by combining the 
two there is deduced 
ACU eects) 
eater Cae 
J SLL, 2; Badveiriahle saext fuse 
At this stage, we are told, the investigation rested for five years 
until the publication, in 1855, of Borchardt’s paper in the Berlin 
Monatsbericht. Taking a hint from this, Joachimsthal, in order 
to determine ¢, multiplied both sides of this result by the product 
of all the denominators occurring in the diagonal of J, and then 


n 


put u,= —d,, Ug=—My, «.., Uz=—Gy The left-hand side was 
thus changed into 
1 0 ee. 0 0 
0 1 parm 0 0 
0 0 hones i 0 
ith as 1 1 i 
(G+ Unt)” (Ag+ Unti) 1 (A, + Uni)” 
1; the second factor of the right-hand side, being equal to 
(Ay — Unt) (Ue Unt) + + (Un Wnts) ACU, Gor eee s Wn), 


was changed into 
(—1)"(a, + Unt) (Got Unt) «++ (Oy Untr) (- Lye Aa, We Pee, ); 
and the third factor [1, 2,...,2+1]/A,A, ... A, into a fraction 
with the numerator 1 and with the denominator 
(a,— Ap) (4, — Mg). - (4, - An) (Gy +Un4i) 
| (dg — Ay) (lg — 4g)» - (gn) (4g + Unt) 
» (3 — ats m Babes (3 = Ge) (ag +Unti) 


. (Gn Seek aan hee Sieeeairny 
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or 
= ACs Ay 6 + + An)** (Ay +Unti)(det Unti) + + + (n+ Un+1)- 
The result of the whole change was therefore 
S au 

Lars ACh, ie tea ek 

whence it followed that 
€ = (—1A(G,, a} .. « has 

and so the longed-for result was reached 


A (Gy iis gutbetba cA ete ble 
A Boke tin Doig 


Thereupon additional results came with ease. First we are 
told that in a similar manner the determinant got from J by 
changing the second power in the denominator of every element 
into the first power* is found equal to 


re ery 2 Uneadry 98. 241} 


PSV sts De E eA t 
AAAS 


Then “ E combinatione aequationum prodit 


sa See. T a eee Le > 
a, + dy + UW Antu 
WH=Uy, =Ugy = ee ey =Ungi 


Faciendo w,,, = quantitati infinite magnae, aequatio in re- 
lationem a cl. Borchardt inventam transit, scilicet in 


det { : : — \ 
Gch og ey A Kee 5 Al dition’ bait od eo 
det. | Gee (Ft) F tly) (nF tin) 
a,+u A, +U Antu 


U=Uy, =Ug, =. 0) =U 


* Previous suggestions of such a determinant appear in Binet’s paper of 1837 
and Joachimsthal’s of 1854, 
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BELLAVITIS, G. (1857, June). 


[Sposizione elementare della teorica dei determinanti. Memorie 
.... Istituto Veneto ..., vii. pp. 67-144.] 


Bellavitis reaches the subject of the difference-product first in 
§7 and then in §47 of his exposition, and his proof of the 
results dealt with in the preceding year by Prouhet is his 
own and interesting. Denoting the equation whose roots are 
Os Ugo 35 Oye DY 


Ce eh Dt = 0 


and the difference-product of the roots by II, he multiplies both 
sides of the identity 


(a@—4a,)(*%—d,) GO OG (a—4a,,) = oe" —9,0"-14-p0"-*4 — a 


by II; and as the result on the left-hand side is evidently * the 


difference-product of ,, d,..., U,, @, he obtains 
01 n-1on n m-1 
[jase 220, @ | = (0 —pie +o... IIL. 


It only remains then to equate like powers of w and there 


results 
0. 1 2 n-2 


| Gy@2@3. - - - Ont, | = pill, 
m=3-n—1 1 


eae b 
| QyQg . . . Annie | = Pell, 


TS? 29 gt eR | 
| Cy 0sdg near Ones | = <P, Ll. 


He points out also that as an alternative to this we may begin 


with |aja,a;...a, "|, express it as a determinant of the next 
lower order, remove the factors (w—a,), (@—d,),..., (w—a,), 
change the product of these into a—pa”-*+...., and then 


equate coefficients of like powers of « as before. 
Multiplying again by II he has of course 


LOW ehhh gh le LLB, Ce tiaras arte SI DLL®, 


* See footnote to page 163 above. 
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and by changing II on the left into 
E A 1 ere) 0 


(ty Cy pete eae 0 
2 2 2 2 

Ox As Ca ot avai Nae tee tha 0 
ao a | -1 =] 

Of deta; Hee Rot aatpie EO 

i) 0 0 vig .a0e 1 


and twice using the multiplication-theorem there is obtained 


SA eS ee. 8): 8). ase eT 
he SGaeroe ech x Sv SoS 
= n na—-1 
: = (a — py? + ) 
-1 
Chey eee ere . 
i i : ™ Sy-1 Sy, +--+ Son-2 
Sn41 Ge OOM Son -1 x 


a result already reached by Joachimsthal, and which by the 
equatement of like powers of a gives “i coefficienti p espressi da 
rapporti di determinanti di n°'™° grado.” 


BETTI, E. (1857, June). 


[Sur les fonctions symétriques des racines des équations. Crelle’s 
Journ., liv. pp. 98-100; or Opere mat.] 


Betti recalls Borchardt’s result of the ycar 1855, namely, that 
the symmetric function 


Spt pt 


e327 rie 
heh FEET 28S n 


- 


where @,, @, ..., % are the roots of the equation 


0 = a" — Pye) pygen~? — aes 
= f(x) say, 
is the coefficient of t, Soe eh eae a0 ee in the develop- 
ment of 
sl Ola vod ibe) CTS F(tn) re eae ) Jake 5 les ener bo) 
(a1 JMtn) eed eth a 
Il, tate heba) Ot; ot, Gr. T(t,) > f(te) rit by) 


according to descending powers of the ¢’s. He then gives an 
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observation of his own, namely, that the said symmetric function 
is likewise the coefficient of t)@t?47@t? ... ¢7"* in the 


similar development of 
FG)" Ft Ge) fr yA, OF De Ae 
Gate ae east (inl LI7(a,, aa, cee.) ha). 


and by comparison of the two results draws the conclusion that 
if Borchardt’s generating function be denoted by 


7 te Aaa 


and his own after removal of II?(a,, #, ..., &n) from the 
denominator be denoted by 


pa rian are AE) 


the squared difference-product of the w’s is equal to 


(eG, tt 


ea ( , ( ; : 
=(ay+ =(a.+ =a 
ty : ts 7 aes ) 


os 


ee 
{ ( ity er oR agi bs ae +1) 


where the notation used is sufficiently explained by saying that 
in accordance with it the coefficient of «” in the expansion of 
F(z) is denoted by 


BALTZER, R. (1857). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN,.......-. 
vi+129 pp., Leipzig. ] 


The section ($12) dealing with the “ Product aller Differenzen 
von gegebenen Gréssen” belongs to the second part of Baltzer’s 
text-book, that is to say, the part concerning “ applications.” It 
occupies eleven pages, those devoted strictly to alternants being 
the first three (pp. 50-53). 

At the outset he establishes the determinant form for 
the difference-product P(a,,q:)++-»@,): then he gives two 
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determinant-forms for P(a,, as, ---, a,)-P(B,, By, --+» Bn): 
passes thence to the persymmetric determinants in 8), 8, 8), -. +: 
and finally gives Cauchy’s evaluation of the double alternant 
[(a,—B,)7? (a, —B,)-!.. . (a,—8,)71|. The applications, which 
come next, concern the solution of Lagrange’s set of linear 
equations, Sylvester’s transformation of a binary quantic of odd 
degree into canonical form, and the discussion of the equality of 
two roots of the equation a,«"+a,_,a"-'+ ...+a,=0, or say 
f(z)=0, viewed in connection with what, following Salmon, 
he calls the “determinant” of the equation, although Sylvester's 
use of the word “discriminant” is explained a page or two 
later. 

Under this last head an interesting transformation falls to be 
noted. Calling the roots of the said equation a,, a,,--., 4, 
and taking the determinant which is the square of their difference- 
product, namely, 


8 8) Sn-1 
s s 
2 2 
2 * or Z say, 
Sn-1 Bn os Son —2 ’ 


he substitutes for it a determinant of the (2n —2) order 


DP MOP Ae eek, Act) 0) 0 Sac BU 

1 0 0 0 0 
Verret 0 0 0 0 
SS Ose 0 8 8, 8 es 
A el A gE 8 8, 83 8, 
0 8o 8) n-3 u-2 n-1 S2n-4 
89 8, 8% n—-2 ul n Son-3 
8} 8 83 = om 8n-1 Sn S41 CPOE 3 82-2 


where the first 2»—2 rows do not contain an s, and the rows 
following contain all the s’s in descending order from right to left, 
beginning with s,_, in the last place of the (n— 1)" row, with s 

n 
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in the last place of the n™ row, and so on. 


He then multiplies 


every row by a,, and performs the operations which we may 


indicate by 


An-1 
col, + —~col,, 
n 
col, ute a tis = col,, 
ay 
Bole ees eol,, 
Ay, On 
thus obtaining 
Cn An-1 Cyn -2 
0 Cy Dn 1 
0 0 Cy 
/, < q?n-2 = : ‘ f 
= ‘ 
0 AnSo G84 + An - 180 
hySy by 84 + An-180 Si aat 181 + Gy ~28 
DySy US An-181 Ung n—182 F An -251 


and by using Newton’s relations 
Nip = An8p, 


(v— Nags = Up, 84 ae An-180> 


(2 —2)ay-2 a 
(1—-3)dn-3 = 


the elements of the last 


A,82 + Ay, 181 =f An 2805 


a,83 tf: Gn 182 at An 254 a Un—35o> 


nm rows of the right-hand determinant, 


we are told, can be so changed that in each there will occur only 


one of the a’s and that in the first power. 


Thereupon the con- 


clusion is formally announced that the determinant with which 
we started can be expressed as a rational integral function of the 


(2n —2) degree in the quantities 


ay UN An —1 
= = of ope ,) 
Un ; Uy . ‘ Wn 
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and that the said function becomes homogeneous on multiplica- 


tion by a;""*. The actual result is not given, but in the second 
edition (1864) it is stated to be 


Un Un-1 An-2 
0 On G24 
bite 0 0 Qn 
—A-G,. = em er 
0 Ny, (n—1)aQ,-1 - 
Nd, (N—1l)dy_-1 (N—2)aq_2 . 
1 ey ns oe 3A n-3 i dus! Ses 


“eine Determinante (2n—2)ten Grades, bei welcher die m—2 
ersten und die m—1 folgenden Zeilen in Bezug auf die nicht 
verschwindenden Elemente iibereinstimmen.” 

Part of the object which Baltzer had here in view was to 
establish the relation between two forms of the discriminant of 
the given equation ; namely, that obtained by squaring the deter- 
minant-form of the difference-product and that obtained as 
the eliminant of the equations 


I’) — 0, nf (x) —af'(x) = 0, 


or the equations 
2 Ma " n 
5 pln” +hy "Yt. bay") = 0 
a) 
Fy Cath dy sry +. « Hay") = 0 


Now a glance at the final determinant suffices to show that it is 
not the eliminant sought, there being in it three types of rows, 
whereas the two equations giving rise to the said eliminant being 
both of the (n—1)™ degree, the coefficients of the one must occur 
in as many rows of the eliminant as the coefficients of the other. 
Further, since the coefficients of the equation f(#@) = 0 are seen 
to occur in their full number of rows, and those of the other 
equation in the last row only, it is therefore the first n—2 rows 
that need to be changed. The set of operations requisite to 
effect this is 
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N+ LOW, — TOW 2-3, 
Ns TOW. = TOWon-4> 


1 *YOW,_-» — YOW,- 


BRIOSCHI, F. (1857, Oct.). 


my svillippo di un determinante. Annali di Mat., i. pp. 
9-11; or Opere mat., i. pp. 273-275.] 


Brioschi enunciates without proof the proposition that the 
even-ordered determinant 


1 1 1 ] 1 1 
= 4, Gy =a? a, —a, @ =a," "2 -a, ( —4,) 
ft ai 1 1 l 1 
Wy — Gy (Wy =)? %y —My (yg Gy)” "Wy — Gy (Wy — Ay)” 
1 v 1 I 1 1 
Boy — Ly (Loy, = a)” Loy — Ug Cie =)" ce Lon — Un (aq — Wy ’ 


which is seen to be a function of 27 w’s and 7 a’s, is equal to 


eel CRE Re ey of ee Bor) 
P?(4y)* P(g)» » P'(4n) 

where ¢$(”) = (w—2,)(@—a@)...(@—@,). He then obtains 
similar expressions for the principal minors, namely, (1) for the 
cofactor of any element in an odd-numbered column, and (2) 
for the cofactor of any element in an even-numbered column, his 
procedure being to express the minor in question in terms of 
determinants like the original but of the order 21—2 and then 
to make the substitutions. which are thus rendered possible. 


I 


PROUHET, E. (1857, Nov.). 
(Questions 410, 411. Nouv. Annales de Math., (1) xvi. pp. 408, 
404; xvii. pp. 187-190.] 
By reason of the existence of the identity 


2°-leos'a = cos sa+scos(s—2)a+}s(s—l1)cos(s—4)a+.. 
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where the number of terms on the right is s and the last term 
has to be halved when s is odd, it is clear that the determinant 


cosna, cos(n—1)a, cos(n—2)a, ... cos0.ay 
cosna, cos(n—l)a, cos(n—2)a, ... cos0.a, 
cosna, cos(n—I)a, cos(n—2)a, ... cos0.a, 
cOsNa, cos(n—1l)a, cos(n—2)a, ... cos0.ay 


may be transformed into 


2-leos®ay 28 *ebsitas, Zin} cos®~ tapers ses ane 
2*-1 costa, 2"-* cos*-1a, 2°-* cobtala trite Gost, 
2°") cOs"a, = 2" 7" COG" Oy Ba COS Edge Oe 
28-1 cos"d;, -2°=* cos" ="a, 7 2""Gos®#="a, ... cod’ a, 


by increasing the Ist column by multiples of the 8rd, 5th, 
7th,..., the 2nd column by multiples of the 4th, 6th, 8th,... 
and so forth. In this way there is deduced the result 

A, — acer“ eT), 


where A, is the first determinant, and D is the determinant got 
from A, by changing the multipliers of a), a,, a,,... into indices 
of powers of cos ay, COS a,, COS dy, . 
Again by using the similar expansion for 
sin(s+1l)a + sina 


on every element of the determinant 


sn(n+l1l)a, sinna, ... sin ae 
sin(n+l)a, sinna, ... sina 
( yet $ 1 tor, As say, 
sin(n+1)an, sinna, ... sina, ,, 
it is seen that the factors sina, sina,,....can be removed 


from the rows in order, and that the determinant so produced is 


simplifiable into a multiple of D: so that there is obtained the 
second result 


_ 9in(n-1) |: : : 
A; = 2 ‘sin a) Sina, ...sina,-D. 


The two results are Prouhet’s, who set them for proof by others, 
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CAYLEY, A. (1858, Feb.). 


[A fifth memoir upon quantics. Philos. Transac. R. Soc. (London), 
exlviil. pp. 429-460; or Collected Math. Papers, ii. pp. 527- 
557. 


When dealing with the subject of the equivalence of two 
anharmonic ratios, Cayley gives (p. 538) the result 


Ll ata ada uw —w 1 
1 p+s Be |-[o% -o 1 
1 yty yy we —w 1 


(w—a)(u—a’) (v-a)(v-—a’) (wa) (w—a’) 
(u—B)(u—B’) (w—-B)w-B’) (w—B)(w-8B) 
(u-y)(u-y) (w-y)w-y) Ww-y)(w-y) 
This, if we put a’, 8’, y’=a, 8, y, becomes 


. 


(w—a)? (v-a)?? (w—ay Teac aoe lu wv | 
(w— 8)? (v— BY (w—BP|=2/1 B B|-|1 oo 
CE) yo)? ey eye | | ee wea, 


or, in later notation, 
|(u—ayP(v— BRX(w—y!| = 24a B, y)- E(w, v, w). 
Cayley also gives (p. 539) the result 


I ag. “G-- aq ss —s —s 1 
LG OR et gheht. Al 
Le ake w —-—w —u il 
Ie 6 Ooo. ew’ —v —v 1 


(s—a) (s’-a’) (s—8) (s'—- 8’) (s—y) (8 —y’) (8-8) 8) 
(t—a) (t—a’) (t—B) ¢-B’) (t-y) Uy) (t-8) #8) 
(u-a)(u’'—a') (w—B)(w'—B') (u-y)w =v) (w-d)(w'— 6) 
(v-a)(v—a') (WB) -B) W-y)W-y) 8) (0-8) 
which is seen in similar fashion to include the identity 
| (s—ay*(t—BY(u—y)(v— 6)" | = 0. 


These specialisations, however, are not referred to by Cayley. 
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ZEHFUSS, G. (1859). 


[Ueber die Determinante Q, = D+(a)+b9)?(a,+0,)? «-» (An +b,)”. 
Zeitschrift f. Math. uw. Phys., iv. pp. 233-236.] 


Zehfuss having drawn attention to the known results when 
p=-—land p= —2, and having asserted that there are no similar 
simple results when p is less than —2, confines himself to the 
cases where p is a positive integer. He first shows in the usual 
way that Q, is divisible by the difference-product of a, ay, ...,@, 
and by the difference-product of b),b,,...,6,. Then he points 
out that Q, is of the p™ degree in a, while the difference- 
product of a), a,,..., 4, is of the n degree, and thence draws 
the conclusion 


if p<n 8 Yeh PU 
giving the example deduced above from Cayley, 
DH (Ay + by)"(ay + 1)" + by)"(Ag + 53)? = 0. 


The case where p=” he deals with differently, namely, as 
might have been suggested by Cayley’s paper of the preceding 
year. By the multiplication-theorem he derives 


2 as 
1 7,0 Niles eee nd ee a ae 4 
2 = 
Le Riie Rees ear eee Damo... eer cae 
— 2 H = 
Qn Li yy tale Beene ion Oy eet 
2 - 
1 WG, ¥0, Ter. HOE BS OU Se. al 


where n, = n(n—1)(n—2).... (n—r+1)/1 -2-3...7; and from 
this there is readily obtained 


Q, = (—1)9" Pn ngs nee Cia, cee, a,)* Ebb, 45-0.) 


the illustrating example being again that which we have 
deduced above. 


CHAPTER V. 
COMPOUND DETERMINANTS, UP TO 1860. 


DETERMINANTS whose elements are themselves determinants made 
their appearance at a very early stage in the history of the 
subject, the first foreshadowing of them being contained in 
Lagrange’s “équation identique et trés remarquable” of 1778, 
namely, 


Cel + Gn” — EC” = EC — GE" = (aye + yale" + any! — ay! — yor" — nya’), 
where 
Cu eG Gad By Psy eggs LE LY CY 


This, viewed as a result in determinants, is a case of Cauchy's 
theorem of 1812 regarding the adjugate, and the adjugate of 
course is an instance of the special form to which we have now 
come. Jazobi’s theorem regarding any minor of the adjugate 
has a like history and may be similarly classified. Passing from 
the case of the adjugate, where each element is a primary minor 
of the original determinant, Cauchy also considered the deter- 
minants, of other “systémes dérivés,” that is to say, the deter- 
minants whose elements are the secondary, ternary, . .., minors 
of the original, and gave the theorem that the product of the 
determinants of two “complementary derived systems ” is a power 
of the original determinant, the index of the power being 


n(n—1)(n—2)... (n—p+1)/1-2-3 MIDs 


where n is the order of the original determinant and p the order 
of each element of one of the “derived systems.” He also in the 
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same memoir established the theorem that the determinant of 
any “derived system” of a product-determinant is equal to the 
product of the determinants of the corresponding “derived 
systems” of the two factors. 

Those are all the general results that fall to be noted prior to 
the middle of the nineteenth century; and, as is readily seen, 
they all concern what at a later date came to be called the 
“compounds” of |a,,|. With one exception they are due to 
Cauchy.* 

The fact has also to be recalled, however, that compound 
determinants of a special type were considered by Jacobi in 
1841, namely, those whose elements are functional determinants, 
his main theorem being 


a en oe DS ee ee 
1e2 “em Ox, O25 OL, On, OX, On 


where fi, f2,.+»>Ja+m are functions of @,, %,..-, nim, and 
db it + Sh _ Oa Ofn  Ofetd 
r eo he ee eee 


This theorem and certain deductions therefrom have been already 
dealt with in another connection (see pp. 381-385 of History, i.). 


SYLVESTER, J. J. (1850). 


[On the intersections, contacts, and other correlations of two 
conics expressed by indeterminate co-ordinates. Cambridge 
and Dub. Math. Journ., v. pp. 262-282: or Collected Math. 
Papers, i. pp. 119-187. ] 


In a footnote to this paper the name “Compound Deter- 
minants” first appears. The passage is (p. 270): “... a theorem 
given by M. Cauchy, and which is included as a particular case 
in a theorem of my own relating to Compound Determinants, 
i.e. Determinants of Determinants, which will take its place as 
an immediate consequence of my fundamental theorem given 


* They are numbered xx., xxi., xli., xlii. in History, i. 
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in a memoir about to appear. The well-known rule for the 
Multiplication of Determinants is also a direct and simple con- 
sequence from my theorem on Compound Determinants, which 
indeed comprises, I believe, in one glance all the heretofore 
existing doctrine of determinants.” 

It will be of interest as we advance to try to identify the 
theorems of this perfervid statement, namely, (a) Sylvester’s 
“fundamental theorem”; (b) his widely general “theorem on 
compound determinants” deduced therefrom, and including as a 
particular case a theorem of Cauchy’s, and giving rise to the 
multiplication-theorem and many others as corollaries. 


SYLVESTER, J. J. (1851, March). 


[On the relation between the minor determinants of linearly 
equivalent quadratic functions. Philos. Magazine (4), i. 
pp. 295-305, 415; or Collected Math. Papers, i. pp. 241-250, 
251.) 


As we have already had occasion to note,* there is here given, 
by way of illustrating the power of the umbral notation, a 
theorem regarding a compound determinant, namely, the theorem 
which Sylvester writes in the form 


Fiera ip pe igre ip. Of Ae ole camer Ce Pe Te a 
Gy Ons < Op Gypsy Gy Oz. oh Gy Gppg ss -. Ob (iby corn br lt ercuy 
Ep DPD OM LTS oe ? Od Oe me Ug lpry Cy age | eng 
ay A, one Ay, ay Ag eee a, Opty Op+o eee Op+s , 


but which would now be better understood in the slightly 
modified form 


Oy Ost. MORO TS Cy Uys + + Uy Upto | | Gy Ug + Ur Utes 
Bib, DROE int OP be. . OARS, Dy Diwtts On Oc, 
Gls ae Gr) ~ 1G Ose. Orde 

oy Wiig heehee Opie ees Ogee F 


* See above, pp. 59-60. 
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No proof of it is given. At a later date it would have been 
viewed as the “extensional” of the manifest identity 


Arti Cr+i y+1 | 

Dr bre brs 

Or+e Or+2 cnet: Or+e Opry Arte Or+s | 
Drt1 by Drs Ot; Owes bee 
Gr+s Arts Ar+s 

Dr+1 Dr+2 br+s 


Later on in the same paper Sylvester gives for a particular 
purpose what he calls an “important generalisation.” His words 
are (p. 304): “Suppose two sets of umbre 


A, dg «++ Amin 

ee Os te ee ea 
and let 7 be any number less than m, and let any r-ary com- 
bination of the m numbers 1, 2, 3,..., m be expressed by 


919,, 105, .++, 0m, Where q goes through all the values intermediate 
between 1 and yu, « being 


m(m—l)....(m—T— 1). 
Ve? pee al 5 i 


then I say that the compound determinant 


Lat hs ea ls eo a a a - & eee So 2s? 2 ee 

Cay: ae te 8 Me AOm+1 Am-+2 Wise ¢ AOm+n Ae, Co erence a Om+1 AOm+2 see Omn+n 
i Mie Stele pead Gate et ae Pag 1 

19, 19, 19, m+1 Ym-+2 m+n by, by, ‘+m by Onenk Oints a) a Oneal 
6 -SARY GED Lae eae Le a a 


. Oi Om+1 AOmn+e see Om+n 

b, by ce aye Dina Devas see Oyen 
a, Me Om 

is equal to the following product : 


Kh 
Am+1 Ante -++ Amin GA, Ap .-+ Amin 
Om+1 Dm+2 pas ig by by anes Deans 


where 


» — (m—1)\(m—2)...(m—r+1) 
fe 1-2 ie wht lia 
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and 
, _ (m—1)(m—2)...(m—7) ;, 
ii Ls? ae ot ite 


In reference to this one must remark at the outset on the 
inappropriateness of the notation 


cee “0. ouismav a “OF 
for the g™ combination of r integers taken from 1, 2,..., m. 
‘Manifestly 

*@, 5055 see yg 205. 


though equally awkward, would have been less misleading. 
Indeed, as there is one clear misprint in the enunciation, namely, 
“less than n” for “less than m”; and as Sylvester is known to 
have been inaccurate in the correction of proofs, we might 
suspect @,, to be a misprint for 6,, were it not that 6,, occurs 
four times in the short passage and @, not once.* For 76, it 
would have been much more convenient to write pg, which 
would thus have stood for “the p™ integer of the qg'" combination” ; 
and Sylvester’s theorem might then have been written 


yy ay + Ary Anti Am+e +++ Im+n 


Pee eb badass rs Digiak 


Ai, Any +++ Ary Am+1 Cm+2 +++ Imtn 


bia On. eee Oye, Oras Ones eae Daan 
Cr is Oe are ae 


Ay, Cg eee An+n 


OE Se 


= | Am+i Am+2 +++ Im+n 


Dieta Dm+2 RORY Omsm | 


wu being used as before for C,,,,. To help towards clearness let 
us illustrate by means of the case where m=4,n=3,r=2. We 
then have u=6; each set of 6’s equal to a binary combination of 
the first four integers, that is to say, 


19,10,, °0,20,, *0,90,, ..., °0,°s 


equal to 
12, 18, 14, 28, 24, 34; 


*9,, was actually a misprint. Sylvester himself had to draw attention to it a 
year later in the Cambridge and Dub. Math. Journ., viii. p. 61. 


Uy Meg +++ Arg Amti Am+2 +++ m+n 
Dis Doe ONG Dre Om+1 Din-+e Oe Om-tn 
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and the theorem in the form 


Ay Uy As Ae ty 


b, by bg By by 


A, Az As Ug Ay 


b, by bs be b, 


Ag Uy Ls Ag Ay 


b, by by be by 


hy Ug Ug Ag y 
b, bs bs bg by 
Gh, Ag As Ag Ay 


b, bs bs bg by 


Qs Dy Og Ag Ay 
b, bs bs be b, 


3 


A, A, As Ne Ay 


by by bs be b, 


A, As As Ag Ay 


bs by bs be b, 


Ag Oy Us he Ay 


by by by be by 


3 
As Ue Ly Gy Ag Ag Ay Ag Ag Ay | 


bs be b, b, by bg by b, bg by 

No proof is given by Sylvester: attention is merely drawn by 
him to the fact that when 7 is put equal to 1 we obtain the 
theorem with which his paper commences. It is rather remark- 
able that he should not have singled out the case where n=0. 
For then the theorem becomes 


. 


Gy, Ag «+ + Art Ayo Age «+» Gre lip, Ay Ory, 
Dis Daas Ora Dis Dog's +s Ons bin boy ee 
en el 
| Gy Ages + On 
Detects 
where, as before, the subscript pq denotes the p™ integer of the 
q* set of r integers taken from 1, 2,...,m, and « stands for 


Cm, ; and this is the theorem well known at a later date in the 
form: The r™ compound of a determinunt of the m™ order is a 
power of the said determinant, the index of the power being 
Cyn-1,r-1. Cauchy, it will be remembered, only got the length 
of a similar theorem in reference to the product of two com- 
plementary compounds. Now, since the complementary of the 
7 compound is the (m—vr) compound, the product of the two 
must be that power of the original determinant whose index is 


Catt a ie Cn-tjm-r-1), 
v.€. Cast r-1 ts Cs 
1.€. Case 


which agrees of course with Cauchy’s result. 
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We thus learn that Sylvester’s general result may be accu- 
rately described in later phraseology as the “extensional” of the 
theorem regarding the x compound of a determinant, and that 
the discovery of both the said theorem and of its “extensional ” 
is almost certainly due to him. At the same time it is hard 
to believe that this “extensional” is the all-embracing theorem 
referred to by him in a previous paper: for by no stretch of 
imagination could we see comprised in it “all the heretofore 
existing doctrine of determinants.” His last words thereanent 
are: “This very general theorem is itself several degrees 
removed from my still unpublished Fundamental Theorem, 
which is a theorem for the expansion of products of deter- 
minants,” 


SYLVESTER, J. J. (1852, Dec.). 


[On a theorem concerning the combination of determinants. 
Cambridge and Dub. Math. Journ. viii. pp. 60-62; or 
Collected Math. Papers, i. pp. 399-401.] 


The statement of the theorem referred to in the title unfortu- 
nately shows want of proper care,* with the result that it is 
unnecessarily lengthy. It may be recast as follows: 


If from the array 
Pi Sar oriue ae 


Sh ee Oe: 
Ao, Age » or A, say, 


Ani OUm2 +++ Amn > 


we form every possible array of x rows (vr +m <n), calling the 


said arrays A,, Ay,..., A,, where of course w=C,y,,; and of the 
corresponding arrays formed from 

Bs, bis cay Orn 

D>, boo 1% Don or 183. Say, 

Dina bina vous Dia ? 


* See especially line 8 from bottom of p. 61, where in every case m should be m= 1. 
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be denoted by B,, B,,..., B,; then 
AD, 
- A,-B, =a (As B)Ceatr-% 


Ae ey De 
ob, teas: be 
LN eel ed 8 alae ih eel 2 al Br 
By way of proof, Sylvester merely states that it is obtainable 
from his general theorem of March 1851, “by making 


Let mag Pl iat 
Dnt On+2 LES oe es 


represent a determinant all whose terms (7.e. elements) are zeros 
except those which lie in one of the diagonals, these latter being 
all units.” 

His only other remark is that when r=1 and when r=m the 
right-hand members are identical, and that the equating of the 
two left-hand members which is thus legitimised gives Cauchy’s 
extended multiplication-theorem. 

The former remark, unfortunately, is another troublesome 
instance of inaccuracy. The specialisation given therein is only 
one of two which are needed, the other being that every element 


of the determinant 
ig ts ee a Be, 


OLDS Der ict ie 
be made 0. To make the matter clear, let us take the case of 
the general theorem where m=4, n=5, r=2, and perform the 
requisite specialisations. The general theorem then is 


Gag aga ne, Uy! austen a, yg Agee. OF 
by bnbSby sta by b, by babauetw Os babababe eraby 
| 
(My Mig yg. + Ag | | Ay AgA5 Mg... dy Oy Oh he es 
| 
Li Ds Dg De x 5-005 | By Os De Dawes Go 0, Us Use oa Oa] 
| | \ | \ 
[184 tse «+ do | Og Uy 5 ge Fy) As 1, Us lg... Ay 
1 Ds Oy De: Ber = gly) sie Dobe Danae O, b, Oy Oe cD, 


18 
- lbp g: crn 5 Che Cy dg see My | 


iedineDercviealhanwinteetin bammoltl oe 
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By changing now the matrix of the determinant 


te en 


Pee a 
into matrix unity, and the matrix of the determinant 


eee 8a 


| by be bs by | 
into matrix zero, the tirst element of the compound determinant 


; : : a 
becomes, if we write a,b,,in place of ye 
8 


Gis BU Ugu ean 86040, 
Gp) 1a, Ue. sg 
C0; Olan oh 
Hey aiedon 1 
Oe0r O05 pl cae | 


which from Laplace’s expansion-theorem we know to be equal to 


a,b; bg sb, Me 
NY ADs, Ade Asdy Agds 
or 
COE Va sie iO, Cy ORO ROS TOR 
G0, 0,0, WA Jet aabs 0, @ed.gbie nsitecilnda ds 


Further, it is seen that the other elements of the compound 
determinant take like forms, and that in fact the said deter- 
minant is 


AGE Drees Deed LAT Dy 
AgG,, A;-Bo ue -e) A;-B, 
ABA gi ios state gtlg Be 
if A and B be taken to denote the arrays 
CO Open Og ee a0, C0 7g GeO, it. O,0; 
Cee oO eure, Lito, PRT ee IRIS 
Cig, dD gatee twang g Gp0eGed gD, + te Og, 


Spe REA Lae Ma OAL Geb, Ugo e ene One 
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As for the right-hand member of the general identity, the first 
determinant in it becomes 1, and the second becomes 


GD, Dg . ive Ay0g 
a0, Gta byt 241th D, 
Gs ge. 2c gs 
: : ‘ ab aby Cis Mas 
tig  Agby Gi, T.a0y 1 
gd, Wele . Mey Bel, _ 1 
GoD Ober ise mule es ee ee ea | 


which equals A-B; so that the member in question becomes 


(A-B)? 
as it ought. 

The important thing to note in connection with the deduction 
here made is the fact that Sylvester must at this date have 
known how to express the product of two m-by-” arrays as a 
determinant of the (m+) order.* (See footnote on p. 57 
above.) 


* And knowing this he mzght have indicated another mode of proving Cauchy’s 
extended multiplication-theorem. For example: 


My My | |X @ M3 | | 2 wy | lg Ag| | Xy xg 
by bo} |W Ys by bs | 1% Ys . by bs | | Ye ¥3 
@ a, as! 
| ~ by by dz 
oA wy Ty Fs / 
| Xp - Tes | 
Xs i 
S| TAPE aly = Migty AY Meg — Ay Ys 
— bya — by@y- byxy  — yy, — Doya- dgys 
xy yy ] ° . 
Xy Yo A aces 
Xg Ys mer a 


My + AgXy + 3% 3 MY] + AgYo + A3Y3 
byt, + Doty + bgxg Dy, + Dowo+ Dgiy | « 
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SPOTTISWOODE, W. (1853). 


[Elementary theorems relating to determinants, Second edition, 
rewritten and much enlarged by the author. Crelle’s 
Journal, li. pp. 209-271, 328-381.] 


In his first edition Spottiswoode had a section (§ vi.) headed 
On Inverse Systems and Determinants of Determinants; but 
in it, as we have seen, he dealt merely with the adjugate 
determinant and its minors. Now, this is supplanted by a 
section (§ x.) of considerably greater extent (pp. 350-372) with 
the short Sylvesterian title On Compound Determinants. 

Although it is the original definition of a compound de- 
terminant which is given on starting, the name afterwards 
seems to be unconsciously limited to compound determinants 
whose elements are minors of a given determinant of the n® 
order. This limitation leads to the introduction of the word 
class in connection with compound determinants to indicate “the 
degree of minority of the constituents” (7.e. elements), a com- 
pound determinant of the 2™ class being one whose elements are 
minors of the (n—7) order; thus, the adjugate determinant is 
a compound determinant of the mn" order and 1 class. If a 
compound determinant of the 2 class be of the highest possible 
order, namely, the 

‘m(nm—1)..: (n—-t+1), 
ee Aaa Fie a i 
—that is to say, contains all the minors of the (n—7) order— 
Spottiswoode calls it the “complete determinant of the 2" class,” 
a name equivalent therefore to the more modern “(n—7)™ 
compound.” 

One of the notations employed is essentially the same as 

Sylvester’s—that is to say, he uses 


DZ ROU le 25 Ae eet A Blai fn Qf Ue 
Ly eae SP eens ee ys Ry Lee Uy 
for what at a later date would have been written 
Loh eat Abs Le, ena ts oe 
erie aieh ioe). watt, Leg Qast., sete 
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The other notation is his own, and is worthy of careful note. 
It differs from Sylvester’s in making use of row-numbers and 
column-numbers not of the retained elements but of the elements 
omitted, the said numbers being enclosed in brackets for the 
purpose of recalling this difference. “Thus,” he says (p. 352), 
“the complete compound determinant of the first class may be 


written ; 
(@) @) + GO 
that of the second class 
1G 3) Ga) ( 
Le | ae y 
and generally that of the 7” class 
(fA Lon pear Wig ped Ploy cK eT 
Lier OAC Raley iat lominc cyst 


a(nm—1)...(v—t+1) |» 
Le 2iwasiets a ; 


bw bv 
Ww oo 
1 _ e 
ek ey 


where a= 


and where, it should have been added, 7, stands for the s** integer 
in the rv" combination of 7 integers taken from 1, 2,..., n. 

These preliminaries having been attended to, a discussion of 
the properties follows. The first five pages (pp. 353-358) and 
two later pages (pp. 366-368) are mainly concerned with com- 
pound determinants of the first class (that is to say, with the 
adjugate determinant), and they do not break fresh ground. 
The same, however, cannot be said with reference to the next 
two pages (pp. 358-360), which concern those of the second class. 
The result first reached is that the complete determinant of this 
class, namely, 


(13) Ga) G 


bo 
os © 
eZ 


; \ or Aj, say, 


where v=}(n—1)(n—2). Although there is a semblance of 
reasoning, no real proof is given. Passing then to any first 


COMPOUND DETERMINANTS (SPOTTISWOODE, 1853) 203 


minor of A,, say the first minor got by leaving out . | from 
the detailed symbol for A,, he finds that rs 


Hae) ey eo) oreo oe 

Sa ee BALIN 285 mJ. 

It is next pointed out that if we proceed to the second minors of 

A, it becomes necessary to distinguish two cases,—to distinguish, 
2 

for example, the case where we leave out ‘G : @ 2) from the 


Tea NS 


case where we leave out © a) je i). In the latter case the row- 


numbers 1, 2, 3, 4 are all different, and the result is 


> lata (risa ree ee 


in the former case the row-number 1 occurs twice, and the 


result is 
Hope ars asta cent 
Generally, if é 3 . #) (¢ a en on a be left out, 
we have 

Bi) odign gal ic Geant lis! ahligel,, 
and if ie =) G i) bree, G _) be left out, we have 


& eave ioe G . \ ¥ fet ont Pe ane PR eee 
) eT RO ae Tee ee oe eed | 
Again, a fresh variety of minor may be got by leaving out 
5 a} : G it) the row-numbers being then two 1’s, two 2’s, 
and two 3’s, and the result is 


(G3) Gale Gade f a tisattia ab 


“and so on.” 
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From these cases of compound determinants of the second 
class, the author passes to those of the 7" class, but contents 
himself with stating only two results. The first is that the 
complete determinant of this class, denoted as above by 


\( 1,... =) & 2a: “t) Py: (i eae Pale or Aj, say, 
bo aad be aca ay iia oe ie 
- {3 ye le 
| i ear) ke 
ee hee - 7. eae} a result which agrees 
with that obtained on putting »=0 in Sylvester’s general 


theorem of March 1851; and the other is that any first minor 
of A;, say the minor 

(eae) eee at ey ih Gussaewes 

Dy cpt tele! Ny Bg stare fy fogs PRTG 3 
= fe ED 3 i {} 2h ae ah 
= Ul, OE A oe 
He appends, however, the words “and so on,” and tells us that 
“other formule may be written as required.” 

Two theorems of Sylvester's are next given, the one being the 
general theorem just alluded to, and the other that contained in 
the paper of 16th December, 1852. In the case of the former 
he varies the notation, and probably by reason of the above- 
mentioned serious misprint of an m for an 7 in the original he 
misses Sylvester's meaning, and makes an incorrect statement. 
In the case of the other no risk of this kind is incurred, because 
he takes the unusual course of reproducing Sylvester’s words 
letter for letter to the extent of almost two pages (pp. 8361-363). 
The original two pages, however, being, as we have seen, not 
without evidence of Sylvester’s carelessness, this course also was 
unsafe. 

Lastly, he shows how the multiplication-theorem may be 
deduced from Sylvester's first theorem of March 1851 regarding 


compound determinants, by taking as a example of the latter 
the identity 


where »’= 
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Reece) i peaiaay & 

ie ay DS rac” ES Nee Ree 
ao a £4 | "tat Leki Caw 
Lestat EO vefodlud hewol Bee? 
Bit lara feud wid mm el 
a’ ics ; a’ len 

and pointing out that this is evidently the same as saying 
aa+aB ba+vb’B Gy fi 0 
/ ey a b’ : 


In later phraseology, it may be said that the specialisation 
necessary for the purpose is 


s=17, 
GI o, 

Cy Ug.-- 

matrix of "\=1, 
Dae Pao, 

. a Qeee Ag 

matrix of F pi Bg "| = 0.* 

Dy+1 6 (eA OG boy / 


BRIOSCHI, FR. (1854, March). 


[La TEORICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLI- 
CAZIONI. viii+116 pp. Pavia.] 


After proving (p. 100) Jacobi’s theorem, above referred to, 
regarding a compound determinant whose elements are functional 
determinants, Brioschi bids the reader make the functions /,, 
Jo». linear, say 


ip = Any X, + Aye Be ae Ay n+m&n+m> 
and note that the outcome is 


(1) 4 (2) (m) 7 \m-1, 
D+A Ay PA es { >) £4349 ve Any Deas s+ Ontm,ntm> 


*Some of the pages of Spottiswoode dealt with in the foregoing are, by reason 
of misprints and other neglects, not easy reading. On p. 360 there are at least 
nine misprints. 
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where 


(s) a, 
A, = 3) HE yA g9 «+» Unntn+s,ntr> 


that is to say, is Sylvester's first result of March 1851. 
The same course is followed by Bellavitis in his Sposizione of 
1857 (see §§ 71, 72, p. 56). 


BAZIN, H. (1854, April). 


[Sur une question relative aux déterminants. Journ. (de 
Inouville) de Math., xvi. pp. 145-160.] 


Bazin’s problem being to find an array of n rows and n+h 
columns such that its n-line minors shall have given values, he 
notes at the outset that the said values cannot in general be 
independent of one another. There thus arises the preliminary 
task of finding the connecting equations, and his first conclusion 
is (pp. 148-149) that af the value of one of the minors be given, 
and also the values of the nh other minors obtainable from the 
said minor by interchanging any one of its n columns with any 
one of the remaining columns, then the values of all the other 
minors are known. This is established by actually showing how 
to obtain the expression for any one of the unknown minors in 
terms of a number of the known. As the underlying theorem 
is one of considerable importance in regard to compound de- 
terminants, we separate it from its surroundings and enunciate 
it in our own way, namely, If the first of the n-line minors of an 
array of n rows and n+h columns (hn) be denoted by D, and 
the minor got from D by supplanting its first h columns by the 
lust h columns of the array be denoted by E, and if further there 
be formed a square array of new determinants obtained by 
supplanting separately and in order each of the first h columns 
of D by each of the first h columns of K, the determinant of this 
square array is equal to D™-' E.* Thus, using rstu to stand for 


“In connection with this see the footnote on pp. 384, 385 of Hist., i. Note 
also how from the second example with the help of the first we have 


1274 (1234 - 5634) — 1734 (1324-5624) + 7234 (2134-5614) = (1284)?. 5674, 
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the determinant whose columns are the 7, st, ¢, uw” columns 


of the array, if the array consist of four rows and six columns, 
we have 
| 5234 6234 


1534 ees ae te 


and if it consist of four rows and seven columns, we have 


5234 6234 7234 
1534 1634 1734| = (1234)2- (5674). 
1254 1264 1274 


K being the compound determinant involved, Bazin’s mode of 
proof consists in expressing K/D” in the form of a determinant 
of the same order as D, then multiplying D by K/D", and with 
the help of a lemma finding the product to be E. This at once 
gives 

Ke Do 
as desired. Thus, taking the first of the two examples just 
given, we have 


@, % Gd, | | 5234/D 6234/D 

b, b, bs & | | 15384/D 1634/D_. 

Coan C5 LC. tee, 1254/D 1264/D 1 . 
d, dy dy fedy 1235/D 1236/D . 1 


a b, b, 6, 6, 
7} GosathCornel sucht os 
A ROP GE Raine 


that is to say, 


-D-? = 5634, 


5234 6234 
1534 1634 


and practically nothing more is wanted. 


and thence 
1274 - 3564 + 1734-2564 — 7234-5614 = 1234-5674, 


or, on removing the ‘ extension,’ 
127 -356 — 187-256 — 237-156 = 123-567. 
A relation is thus established between two very unlike theorems. 
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The lemma referred to we may formulate for ourselves as 
follows: If from any determinant D a row of new determinants 
be formed by supplanting in order each column of D by one and 
the same new column, the product of this row of determinants by 
any row of D is equal to the product of D by the corresponding 
element of the repeatedly substituted new column. This is little 
else than the elementary fact regarding a determinant with two 
rows identical. Thus 


01,5234 + y+1534 + g-1254 + a4-1235 


=—|@, d@ @ @ .|=—| a a a, GQ . |= 4,-1234. 
fly «On, Oy Ta Oe : a; 
b, 5, bs by ds b, b, bs by ds 
CyariGs, (by. ex Ogrdy Cy ptt Pann Gauel Ss 
d, d, ds dy ds d, d, ds dy ds 


From what has been said above it will be understood that 
Bazin views the theorem K=D*~'E in the form E=K/D*"’, that 
is to say, as expressing the determinant E in terms of h?+1 
other determinants, namely, D and the h? elements of K. 

For the present the rest of the paper is not of interest. 


C(AYLEY,) A. (1854). 


[Mathematical Notes. (No. 5.) Cambridge and Dub. Math. 
Journ., 1x. p. 171.] 


To eliminate «, y from the equations 


ax+by  qaa+b'y _ a’x+b'y 
ax + By a'e+ By i? a’e+ By’ 
— is introduced to stand for the equivalent of each fraction, u 


for the negative reciprocal of A, and € » for any quantities 
whatever, with the result that from the four equations 


ax +by +A(ax + By) 
ae +b'y +rA(u + B’y) = 0 
a”e+b"y+Xr(a"e+ By) = 0 
fe +ny +rA(uge+pny) = 0 


0 


’ 
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there is obtained 


Gly OF ES ny 


Cea Ma fe) 0 
a’ b’ aq’ fess > 
ar’ be Q”’ Be 

or, say AE+Byn+CuE+Duy = 0. 


As this holds for all values of €, 7, we have 
A+Cu = 0, B+Du = 0, 
oa Nene AD—BC = 0, 


that is, 
| a ‘q”” | | ab’B | a 


|a’'B’a| | aR || 
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CHAPTER VI. 
RECURRENTS, FROM 1841 TO 1860. 


LikE Wronskians, and for the same reason, recurrents were dealt 
with in our first volume among “ Miscellaneous Special Forms” : 
their previous history is thus to be found under Wronski 1812, 
Scherk 1825, and Schweins 1825 in the chapter so entitled. 
(History, i. pp. 472-474, 478-481.) 

The name is quite recent, having apparently been first used by 
E. Pascal in 1907 in a paper published in the Rendiconte 
Ist. Lombardo (2), xl. pp. 293-305. 


SPOTTISWOODE, W. (1853, August). 


[Elementary theorems relating to determinants. Second edition, 
Crelle’s Journ., li. pp. 209-271, 328-381.] 

In the last chapter or section (§ xi.), which is headed 
“Miscellaneous Instances of Determinants,’ Spottiswoode gives 
(pp. 373-374) an expression for the n™ differential-quotient of 
w/v in terms of the n™ and lower differential-quotients of w 
and of v. The first four cases are 


wy ha Ti : 
ek a ae oe) oa 2u' |u-s, 
Ww w v ay yy" 
Wwe a 
4; 
w lv 
) = Ve Diy ae. (4) ~ ; vy A’ |v, 
v O) wy 3 ay” 7) v 8v’ 6” 
v ay uy ay” Vv ov’ 38” Ay” 
aw aw whe ae v yy vy’ Avid viv 
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where the arithmetical coefficients appearing in the elements of 
the determinants are those of the binomial theorem. 

He also notes that any binary quantic may be expressed as 
a determinant: thus ajv"+a,x0"-1y+a,a"-*y?+ .... is written 
by him in the form 


Ce Oe OR oe at Me ln nn 
y @ 
Y ae is 
PS te 


BRIOSCHI, F. (1854, 1855, February). 


[Sur deux formules relatives 4 la théorie de la décomposition des 
fractions rationnelles. Orelle’s Journ., |. pp. 289-242; or 
Opere mat., vol. v. pp. 267-276. See also Nowv. Annales 
de Math., xiii. p. 352.] 


In a review of the second edition of Serret’s Cours d’Algébre 
Supériewre, Terquem, the editor of the Nouvelles Annales, takes 
occasion to enunciate the theorem that if s, denote the sum of 
the rv" powers of the roots of the equation 

a + ae + o,0°* + .2..+4, = 90, 
then 
=(-1)| y 1 
2M, Ay 1 
3d, A, Ay 


VOOM Ore eae? Cy |, 


attributing it to Brioschi, and indicating that it had been arrived 
at by the solution of a “suite indéfinie d’équations périodiques du 
premier degré.”* The origin of the determinant is thus exactly 


*By this, of course, is meant the set of identities known as ‘* Newton’s 


formule,”— 
3 + a = 0 


8. el Boni eo 


(See Newton, Arith. Univ., Tom. li., Cap. lil., §8. ) 
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similar to that of the first determinant of like kind, namely, that 
occurring in the statement of Wronski’s “loi générale des séries.” 

A few months later we find on p. 240 of vol. 1. of Crelle’s 
Journal Brioschi himself enunciating and proving with some 
trouble the theorem that if 


OC r= "en" ogre ee 
and 
f(a) = a" + ar -F .2. 4-4, 


(# — &,)(& — Xy) shore (c—2,), 


then 
&y"p(X,) Ly (2) =F bad ie ll + ©, p(y) 


+ 7 
F(&) f (2) ij (x,) 
1 : 
al (= Lier art? Co Ao 
Cy Cy ay 
Cr ye, 4 Ao 
Cy4y p44 d,. su. oe Ay 


The subject, however, is not pursued further. 


FAURE, [H.] (1855, March). 


[Théoréme sur la somme des puissances semblables des racines. 
Nouv. Annales de Math. (1), xiv. pp. 94-97; or pp. 172-175 
of Combescure’s translation of Brioschi’s Teorica det Deter- 
minantt. | 


Having seen Brioschi’s result regarding s,, Faure takes up 
the subject and succeeds in throwing on it fresh light. His 
fundamental proposition is not connected with the roots of equa- 
tions at all, being to the effect that if 

P(e) = cge™ + c,0™-1 + .... 4+ Gm, 
F(t) = age™ + aye™-* + .5.. 44, 
and 
pla) + fle) = Aga™=™ + Awami mrt + Agmon-2 
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then 


il 
Ay = (—l) Sa Co Ay 
0 


Ce Oc se Bax PEO, 
CREME ER Ghhy 18M), OU 


Having stated this he recalls the theorem * that if 


F(&) = a)(w@—w,)(w@— ay) .. . (&@— ap) 
we have 


Wa) + (a) +... +Y@n) = coeff. of @-} in FO), 


and therefore as a special case 


ig Ve (ne ae =tpait 2 f(@) 
4 0," Pp Ea, =" coeff. of x in ray 


It is thus seen that to obtain a determinant expression for s, we 
have only to make ¢(a) identical with f(«),—in other words, 
put m=n—1, q=n&, ¢,=(n—l)a,, =(N—2)ay, .«.,—and 
find the coefficient of w-’-!. Doing this we obtain 
il 
a Ny Oy 
0 
(n—1)a, G 
(n aa 2), Ag Oy 


Coal 


(WET), “AAPOR i 1. F Oy 


which is readily reduced to 


il 
Utd 
My) PY ba XU 
Od 
Ag a7 
OM Open ealra: itn oe Crs 


and so agrees with the result obtained from Newton's relations 
between the a’s and s’s. 


* Said to be first given by Cauchy in his Zxercices de Math. for 1826. 
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Here Faure leaves the subject, but he might equally easily have 
established Brioschi’s more general result. Instead of specialis- 
ing by putting y(a)=a" he might have made (x) =2"9(x)/'(@) 
and so have got 
@1"p(X,) 25" p(X) Ln" p (Xn) = coeff. of w-"- in g(a) 

f {CAVE TACH US wee ACR En fe) 


Bearing in mind that ¢(w) as used by Brioschi was of the n™ 
degree, we have from Faure’s fundamental theorem the said 
coefficient 


1 
= a ga r+1 
= Aw, = (—1) art| “ 
0 
G ‘Gy. #.0y 
Oy. ep ees My 
Cette  Gytg Ae Ay 


as it ought to be. 


BRUNO, F. FAA DI (1855, December). 


[Note sur une nouvelle formule du caleul différentiel. Quart. 
Journ. of Math. i. pp. 859-360; or, with a different title, 
Annali di Set. mat. e fis., vi. pp. 479-480. ] 


The formula referred to is 


on bt va) _|e nb'o jn(n—-lw’¢? .... YM 
‘ my Wo (n—1)W'o ed NAG 
ml Wd ene Ye 
—l eee YM-2hy 
Vd 


where the coefficients in the rv” row are those of the expansion 
of (a+b)"-"*1,.and where after development of the determinant 


¢" is to be taken as meaning the 7" differential-quotient of 
with respect to y.* 


* An opportunity was here lost by Bruno of noting that a recurrent with the 
elements in its zero-bordered diagonal all negative has all its terms positive. 
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BRUNO, F. FAA DI (1856, February). 


[Sulle funzioni isobariche. Annali di Sev. mat. e fis, vii. 
pp. 76-89.] 

On p. 81 Bruno enunciates, as having been recently (“ ultima- 
mente”) discovered by him, a theorem which is essentially Faure’s, 
the A, of Faure being given by Bruno as the coefficient of a” in 
the expansion of 

Cpt Oe Ct vos. 

Ay tayo + Av +... c 
The reason for A, being the same in both is evident on putting 
m=n=0 in. Faure’s. 


ALLEGRET, A. (1857). 


{Solutions de quelques problémes curieux d’arithmétique. Now. 
Annales de Math., xvi. pp. 136-139.] 


In the course of Allegret’s work, the determinant 


ae a ee 
1 a, 
roe rar * 
i! si. 
1 CONF, 
appears, which he says 
= a,d0,0,+|1 a . . |= aa0,,-]1 . ioe 
yeild. je So 
LF oes Us Lin Lie 
Levee wl 1s Ee, 


and, the four-line determinant now reached being similar in 
form to the original, he concludes that the final expansion of the 
latter must be 
AyAgUghy — AyAglty + Ay, — a, + 1. 
By passing the first row over the others to occupy the last 
place the determinant is recognisable as a special case of re- 
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current, and it is seen that the expansion in terms of the 
elements of the last row and their cofactors leads at once to 
Allegret’s result. 


BRIOSCHI, F. (1857). 
[Solution de la question 350 (Wronski). Nouv. Annales de Math., 
Xvi. pp. 248-249.] 
The problem having been set to find what Wronski called the 
“ Aleph” functions * of the roots @,, @,..., %, of the equation 
aoe + a,e"-1 + age"? +...+a, = 0 


in terms of the coefficients, Brioschi begins by saying that the 
v* of the said functions, being the complete homogeneous 
function of degree 7, is the coefficient of 2” in the product 


(Lt aztarer+ ... (L+ag tarot oo. J... (Lb anzt ane? +...) 
1. 
_ tueslaianteh: alt Secor siege lth eee 
(1—@,2)(1—a,z)...(1—anz) (2) 
He thus has 


1 4 
p(2) = 14N,2+N,27+...., 


and therefore by differentiation 


_ P(Z) _ NAAN SABNRS?+ . 
p(2) 1+N,2+8,27+ ... 
But having also by a well-known theorem 
BA ee 
~(z)  1-ayz 
L,+2,22+0,52?+ .... 
+X, +H 22+0,8227 +4 ..., 
+ Oy +0722 + 0,327 4+ 22, 
= 8,+8.2+8,27+ ...., 


Xo 
2 


l—a,zT ee 


“Wronski, H. Introduction & la Philosophie des Mathématiques 
(pp. 65, . . .) vi+270 pp., Paris, 1811. 
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he deduces 


N+ 28,24 8X27 + .... 


DE IANS ices sas ng a 
nk 2~ ee ee 


2 


whence by equating like coefficients of z there results 


XR, = 8, 
2X, = 8 +N,S,, 
aN; = 


83 FRyS + NS; , 


TN; = Sp N18p_4 + a Ohare +N,_191 2, 


Multiplying now by a,_;, Gy, ..., % and adding, he has, on 
using Newton’s relations between the a’s and 8’s, 


BraNi tT 2dr aN... fray h, = — {Ty + (7 — 1)dp_iNit.«+. +4,N,-;}, 
whence comes Wronski’s relation 
Ap + Oyp_yNi t+ .... $UNX, = 0) : 


and, on solution of the set of relations obtained from this by 
putting r=1, 2,..., 7, 


X,; — pie ay Lo 
7) | 
As Ay Ao | 
. . 
Ay—1 Ay 9 CAy_3 Ug 
is hoy hae a, |. 


CATALAN, E. (1857). 


[Note sur la question 350 (Wronski). Nouv. Annales de Math., 
Xvi. pp. 416-417. ] 


Catalan, under the anagrammatic signature of “M. Ange le 
Taunéac,” points out a simplification. Having got as far as 


1 
(1—a,2)(1—a2) ... (1—@,2) 


= 14+N2+N,22+... 
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he merely draws attention to the fact that the denominator on 
the left being 


1 
= (4)+G,2+a.27+ .... +2") 
0 
there results 
Uy = (LEN ZEN ZH «2. Ay +a, 2+a2*+ ... +,2"); 


whence Wronski’s set of relations follows at once. 

This, of course, is much preferable to Brioschi’s procedure. 
It has to be noted, however, that by taking a roundabout way 
Brioschi came across the equations connecting the N’s and 
the s’s.* 


* After all, it is this set of equations and the two other similar sets that 
are worth knowing, namely, 


Newton’s, Dy 8p + Aj 8p—y + Ag8p—g+ . 2. +Ap-78, +70, = 0. 
Wronski’s, On + Nj Gp—y t+ NoQr—o +) = - EN Ay =_0. 


Brioschi’s, &r F Ni8r—1 + Nose—ot . - o Nps = TN-e- 


CHAPTER VIL. 
WRONSKIANS, FROM 1838 TO 1860. 


THE previous history of Wronskians being not at all lengthy, 
was included in the chapter on “ Miscellaneous Special Forms” 
(History, i. chap. xvi.), and is to be found there under Wronski 
1812, Wronski 1815, Wronski 1816-17, and Schweins 1825 
(pp. 472-478, 482-485), 

The name dates only from 1882, being first suggested on p. 224 
of my Text-book on Determinants.* 


LIOUVILLE, J. (1838). 


{Note sur la théorie de la variation des constantes arbitraires. 
Journ. (de Liouville) de Math., iii. pp. 342-347.] 

The Wronskian which incidentally appears here is of a special 
kind, namely, that in which the originating functions are in the 
so-called relation of being first differential-quotients of one and 
the same function, for example, in later notation, 


Ox Ox Ox 

Ca ob els 

oly Ou Cn 
owot Obot dcot 

Ca owe ae 
oaot? abot? dcot? |. 


It is worthy of note also that the expression for the differential- 


*Muir, Tu. A Treatise on the Theory of Determinants, ... vilit240 pp., 
London. 
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quotient of this with respect to ¢ is obtained in the form which 
accords with the case of Schweins’ theorem of 1825 (Hist., 1. 
p. 484). 


Za || (ZdyrA,-(Zdy1A, .... (Zd)*"-1A,) 
= | (Zd)*AS-(Zd)* 1 Ag ne (ZA, = (Zd)*+"A,,) 


where Z=1 and a=0. 


MALMSTEN, C. J. (1849). 


[Moyens pour trouver l’expression de la n-iéme intégrale particu- 
litre de ’équation y™+ Py™-"+...+Sy%+Ty=0 a laide 
des n—1 valeurs ¥,, Yo, ---» Yn-1 Qui satisfont a celle 
équation. Crelle’s Journ., xxxix. pp. 91-98; or abstract in 
Cambridge and Dub. Math. Journ. iv. pp. 286-288.] 


The result obtained, after an introductory note on Deter- 
minants, is 
Yn = ABYrtAYot --. F2n-1Yn-1 
where 


~— (-1p| dR 


— [Pde a Ul " dead 
dyo-"° OG, BOC ve le Ls E. YiYs5)s< 5 eae 


Only one special property of the Wronskian is used, namely, that 
regarding its differential-quotient. 


MAINARDI, G. (1849, December). 


[Sulla integrazione dell’ equazioni differenziali. Annali di Sci. 
mat. é fis., i. pp. 50-89.] 

Mainardi in speaking unapprovingly (p. 70) of Libri’s expres- 
sions for the coefficients of a linear differential equation in terms 
of its particular integrals gives his own instead, his statement 
being that 


r=m 


hak m—-r,(r , "ow ba .. ;; 
2D "yS (ppp s «BES pet pee... pe.) = 0 


m—-1 


is the linear differential equation of the m™ order whose particular 
integrals are p,, Py, Ps, +--+, Pm- With the explanation that the 
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upper indices represent differentiations and that S(__) stands for 
the same as Cauchy’s S(+ __ ) a glance suffices to raise doubts as 
to the accuracy of the statement. For one thing p,, does not 
occur in the equation, anu there are other objections equally 
serious; but in any case it is clear that Mainardi had in his 
mind the correct result, his process probably being in the case of 


y+ Ay” +By'+Cy = 0 


to solve the equations 


p: + Ap, + Bp, + Cp, = 0° 
P2 + Ap, + Bp, + Cp, = 0 
ps + Ap; + Bp; + Cp; = 0 
for A, B, C and then substitute in the original. This of course 


might be accomplished by eliminating A, B, C from the four 
equations, with the result 


| y" Dp. ~, Ds | = 0, 
just as when a, 8, y are the roots of «*+ Aa?+ Ba+C=0 we have 
| x a2 Bt y°| = 0. 
In the analogy, therefore, between linear differential equations 
and ordinary algebraical equations the Wronskian is the analogue 
of the alternant.* 

It may be added that the identities given on the same page 
by Mainardi as examples of his discoveries in the general theory 
of determinants are included in an old identity of Desnanot’s 
numbered xlv. in History, i. p. 145. 


PUISEUX, V. (1851). 


{Sur la ligne dont les deux courbures ont entre elles un rapport 
constant. Journ. (de Liouville) de Math., vi. pp. 208-211. ] 


At the close of his paper Puiseux remarks that his proof 
would have been shortened by using the theorem, “ Les lettres 


* We may appropriately note that in the same volume of the Annali are two 
short papers by P. Tardy on Malmsten’s theorem just referred to (pp. 136-139, 
337-341). 
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t, u, v,..., w désignant n variables, si le déterminant du 
systeme den quantités 
t UW abreast Ww 
alt au eee Ve 
Cee Ou ee ee 
det dm-tu sd 


est égal a zéro, on a necessairement l’équation 
at+bu+cvu+...+gw = 0 


ow a, b, c,..., g sont des constantes.” The theorem is spoken of 
as known, but no reference is given. 


TISSOT, A. (1852). 


[Sur un déterminant d’intégrales définies. Journ. (de Liouville) 
de Math., xvii. pp. 177-185.] 
Tissot incidentally asserts that if y, y,, Ys,.-., Y, all satisfy a 
linear differential equation similar to that dealt with by Malmsten 
above, then 


Deyyiys ... Y*) = yeVPa 
where y is independent of w. It is further stated that Liouville 


proved this in vol. x. of his journal, but such is not the case, the 
subject being not even referred to in that volume. 


PROUHET, E. (1852). 
[Mémoire sur quelques formules générales d’analyse. Journ. 
(de Liowville) de Math. (2), i. pp. 321-344] 


The third and last section (§§ 40-45) of Prouhet’s memoir is 
headed “Théorémes sur quelques déterminants de fonctions.” 
The first theorem proved is that just mentioned as having been 
used by Malmsten. He then takes the set of m+1 equations, 

ty A(Ugp?) + wy-d (up?) +... + m-d™(ug®) = d”+1(u¢°) 

Xo Bhs et) + a egal ie ee rae lug = Gee sp) 


Lo* _rdl°(up™) n > Dug) +. a Ban* -d™(ugm) = = dm+1(ugm), 
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and with the help of the said theorem obtains at once 


ng = “= =d(log A), 


where A stands for 

| d°(u¢g’)-d' (ug?) ... -d™(ug™) |. 
Next, by using in connection with the same sets of equations the 
multipliers 


+o", Fm¢g™!, ..., 4m(mt+l1)¢%, —md', ¢° 


and performing addition, the coefficients of 7, 7, ..., Ym-1 are 
found to vanish, with the result 


{2mm!u(dg)™) = }m(m+1)-miu(dgy-rdp + (m—1)!du-(dg™), 
this being due to the theorem in differentiation * that the ex- 
pression of m+1 terms 

d"(ug™) — mp. d"(up™-1) + km(m+1)¢?.d"(ug™-”) — . 
has the values 
0, miu(do)y™, 4m(m+1)-m!u(dg"-)do + (m+1)!du-(dg™) 
according as r<(m, =m, or =m+1. An alternative value for 
%m is thus found, cies 


}n(m+1) 5 Tee (m+1) ie. dlog [wmt+t(dgyrrr"]; 


and from the two oe it follows that 
A= um (dg x a constant, 
the constant being determined to be 
D[+1°213?.. .(m+1)™], or 1!213!...m! 


by considering the particular case where u==e". The final 
result thus is 


ug? dug?) .... dug’) 
us Bib) whe abe — 11913!. Een ser 
ug dug) . a an (ug) 


* Attributed in part to Lexell (1772) and to Arbogast ( 1800). 
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which on putting w=1 becomes Wronski’s result of the year 
1816, and therefore a case of Schweins’ generalisation of 1825. 


A[BADIE, T.] (1852). 


[Sur la différentiation des fonctions de fonctions: séries de 
Burmann, de Lagrange, de Wronski. Nouv. Annales de 
Math., xi. pp. 376-383; or French translation of Brioschi’s 
Teorica dei Determinanti, pp. 182-193.] 


By a method similar to Prouhet’s, namely, by solving a set of 
equations in two different ways, Abadie obtains 
sealers) 
ahr-4 Pink (n +h) n=0 >, [+ D1g¢-D?g?- ... -D®-1g"-1-D"F] 

eS a WO. rs S)[+D'¢-D’¢?- 3] -D"-1g"-1-Dg"] 
where 6 and D”¢* stand for 


h)— $(: r 
SCAR eat A) $(®) ond Sle@} 


respectively. Thence, by equating coefficients of D"F, Wronski’s 
result 


DS [+D-D2g?- ... -Dg"] = 1/2131... nl {g(a} 


is reached; and this in its turn is then used to simplify the 
result which has just originated it, another of Wronski’s formule 
being thus arrived at. 


BRIOSCHI, F. (1855). 


[Sur une propriété d’un déterminant fonctionnel. Quart. Journ. 
of Math., i. pp. 365-367 ; or Opere mat., v. pp. 389-392.] 


In later phraseology the property in question is that if the 
Wronskian, W say, of yy, Yo. +++ Yn bE a known function of 
the independent variable x, then any one of the y’s, y, say, can 
be expressed in terms of the others and W. Denoting the s 
differential-quotient of y, by y*) we have of course 


r 
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YN Yo Bie ae Yn 
1) (1) 
Wee y Ys ore a 
(n-1) (n-1) nj(r—1) 
1 2 =P Yn 


and using “cof” for “cofactor of” we readily see that since 


a (cof y*-)) = —cof y*—) 


we have 
d (& ue) — cof y"- cof ayia +coky"-) cof see 
da\cof hae Keon yey 


Wc0k (yea) yin?) 
(Ces ade 


Integration of both sides with respect to x then gives 


W .cof (ySs alta) ape 
(cof yma) > 


cot y"-) = cot pi 


and it is seen that for the cofactor of any element in the last row 
of W except the r there is an expression in which the function 
Y, never explicitly occurs. It only remains then to take the 
well-known identity 


0 = y,cofy?-) + y,eof y@ 9) +... +y,cofy™-) +... + y,cofy®-, 

write therein for cofy- the substitute thus provided, and 

divide both sides by cof y"-”; for, this being done, there results 
0= y,1,4+ yet... Yr t+... +Yndn 


where I stands for the integral above written. 
Brioschi then proceeds to establish Malmsten’s theorem of 
1849, 


CHRISTOFFEL, E. B. (1857). 
[Ueber die lineare Abhangigkeit von Functionen einer einzigen 
Veraénderlichen. Crelle’s Journ. lv. pp. 281-299.] 
The results directly bearing on the subject specified in the title 
of the paper are summed up in five propositions (pp. 293-294), 
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the one comparable with Puiseux’s of 1851 being that If 
D+f(x)-£(x)... £'(x) vanishes for all values of x from x=X, to 
x=X,, where X) <x, then the functions T(x), Ce) ee 
are for those values linearly dependent. Ina concluding section 
are brought together (pp. 297-299) the properties of the 
determinants which had been used in reaching the said results. 
The first theorem is 


+uuuy...w = dtu Aw’ Aw”... Anu” (1) 
where 
Aue = uw) —u™, Au = Au) — Au, 
This, it is stated, can be proved in the same way as the theorem 
D+f(m)-f(m+1)... falm+n) = St F(m)- Af (m) .... A” fn(m) 


given earlier in the paper (p. 293), namely, by evolving the 
left-hand side from the right-hand side after substituting for 
the differences in the latter their equivalents obtainable from 
the identity 

; rk , (i-1 
Aim) = flm-+%) — ifem+i—1) + “CY fomti-2) — 


There is next derived the theorem 
>) + vu-A(vou’)-A(vu’)... Avu™) 
= VVyVy...Un* Dy + we Aw dew”... Aru (2) 


and from this again by putting v,=1/u, there is obtained 


(l’) 


, / Mt (n) 
sy + we Aw Au”... AMU = Urtyy Un + 2D mL a(*).a(*) nate an(“ 4 
Ww 


UW 


Then, by using this last theorem on itself, and continuing in 
like manner, there is finally reached the result 


SS) + wu: Aw: Au”... Anu” 


a q,10,,10 10 21,,21 21 - — = = 
= (Wey rarer) (UP UL ania erg MAD lay oan US a) acta AOL” acre eta) Uae 
where 
wi yrs 9 aes 1 
ro = A— wl My,2 — 
3 Avo pared Ava 


(3) 
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In order to pass from differences to differentials Christoffel 
then puts 


UM = f(me+me), %% = p(me+me), me=a, € = ou, 
the result obtained from (2) being 


> i of: Ogh, , oe bh CAE pa gn) ales fOfs Otn 


OL aniOU a me On? Oa Om? ~~ ° Oa (4) 


and from (3) being 
; fe) Oo on _ 
SS =f hh iE = ret, : Lap EAE (5) 


eye 


where 


Juyo = a Srayt = 2 (o i Ir = a ( #4), 


There is next given a result dealing with change of variable, 
namely, 


>} pe Seed O"fn rt € BAS es sof. th Of, OF 


Comm el Orre =. ef one 
which is proved like (1) and (1’), the tee used for sub- 
stitution purposes being now 


oF. ANG ay) piel List, qhioas ae Ooi 


Oy Ob 1 ot" ae) ol 
where ay). af, . .. do not involve differential-quotients of 7. 
Lastly, denoting the cofactors of f™, f™, ..., f@ in 


= Of, Ofe Oya 
Leh: Ox Om °°” Omn 


by W,, W,, ..., W,, he announces the set of results 
Dy WOW We 2 Wile’ = WW", 
DS HWW We ood WER? =) (= 1) We afa, 
SS WWW... WS” = (— 1) Wea ey, fh 
= WWW \). Wr aE = AD : 2a he he bs 


y. + W, Wi =(- aye law. > ae Aft. : pon 4 
Wo = (“Det hhh. - fa 
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In regard to these we may note in passing that as 


Wea Wa eee ay 


are themselves Wronskians, the name “Compound Wronskian ‘ 
would not be inappropriate for the determinants on the left. Also, 
that in form the results bear a resemblance to those included in 
Jacobi’s theorem regarding any minor of the adjugate of a general 
determinant. 


HESSE, O. (1857). 


[Ueber die Criterien des Maximums und Minimums der einfachen 
Integrale. Crelle’s Jowrn., liv. pp. 227-273; or Werke, pp. 
413-467. ] 


In the course of his investigation Hesse pauses (p. 249) to 
enunciate the result which we have numbered (4) in dealing 
with Christoffel’s paper. He also gives Christoffel’s fifth result, 
having arrived at it, however, by a different method, namely, by 
the repeated use of the immediately preceding result. Thus, in 
the case of the 3rd order, the first part of his procedure would be 


ww w wn (ure LYo. (te 1° peel EWG Be 
v vy a’ Ws us (w = = (w te °) Vv (=) er 
= Ww u uw =wiw \u U 
ap gt ae ie (w."’) (w."”) Ww (By (es 
Ww Ww Ww ae No? Uw 
v , oh 4 
(*) (*) 
G).. Gp 
w w/ |}? 


and he would next treat this two-line determinant in similar 
fashion, the result being 
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MONTFERRIER, A. S. DE (1858). 


[ENcycLopEDIE MATHEMATIQUE, ou exposition complete de toutes 
les branches des mathématiques d’aprés les principes . . . . de 
Hoéne Wronski. Premiére Partie: Mathématiques Pures. 
Tomes i.-iv., Paris.*] 


Although, from the nature of this work, it cannot be expected 
to contain fresh results, it would be a mistake to undervalue it, 
as in the matter of exposition the disciple had more skill than his 
master. Whether, therefore, as a substitute for, or a commentary 
on, the original, it deserves attention. It is only in the third 
volume that the “Schin” functions appear, a short general 
account being given in $$ 1041, 1042 (pp. 423-428), and special 
instances dealt with under the headings “ Les Séries” (S§ 953-960, 
pp. 267-276) and “ La Loi Supréme ” (§§ 1006-1028, pp. 358-391). 


*None of the four volumes is dated, but they appeared in 1856-59: they 
do not complete the First Part. 


CHAPTER VIII. 
JACOBIANS, FROM 1841 TO 1860. 


WHEN one recalls the exceptional fullness of Jacobi’s memoir on 
this special form and the fact that it belongs really to the first 
year of the period now under discussion, one cannot be surprised 
that during the remainder of the period little was added save 
commentaries and suggested amendments. Even Bertrand’s con- 


tribution, the longest and most interesting, is practically of this 
character. 


JACOBI, C. G. J. (1844-1845). 


[Theoria novi multiplicatoris systemati equationum differenti- 
alium vulgarium applicandi. Crelle’s Jowrn., xxvii. pp. 
199-268; xxix. pp. 218-279, 333-876; or Math. Werke 
(1846), i. pp. 47-226; or Gesammelte Werke, iv. pp. 317-509.] 


The portion of this long memoir which is of interest to us in 
the present connection is the first section (pp. 201-209) of the 
first chapter, the heading being “Lemma fundamentale eiusque 
varii usus: de determinantibus functionalibus partialibus.” Pass- 
ing over the treatment of the first two cases of the lemma we 
come upon the general enunciation of it, which is— 


If A, A,, Ay, .... Ay be the cofactors of oh xs ar sees ah 
1 2 n 


in the determinant ssi so i : oe Sly vets then 
1 2 n 


OA , OA, core OAn 
een pan es te a rae 
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Preparatory for the proof it is pointed out that since 


Ar Yee of oe 


Tao cr, MOTs 


of of of 
apt tags t+ ty 


Wn 
an alternative form of the lemma is 


OFA) , OFA) O(fAn) _ of Of as) 
roe on, JE ues oan aE. yee 
Then calling the given determinant R, and noting that A, 
A,,..., A, are themselves functional determinants, A; being 
the determinant of f,, f),..-»f, with respect. toa, ay, . 2s 5&2, 
i414, +++, ,, Jacobi seeks to prove the lemma true in the case of 
R from assuming it true in the case of A;. To be able to formulate 
it in the latter case he takes each element of the first row of R 
along with each element of the second row, thus forming (n+1) 


products whose cofactors in the determinant he denotes by 


(00) (01) (02) ... (On) 
(10) (11) © (12) 2 in) 
(20) (21) (22) ... (2n) 


(n0) (v1) (n2) ... (rn), 
that is to say, he puts 


Onn in R, 


(x) for the cofactor of Beate, 


a notation which necessitates 
(ik) = —(ki) and (w) = 0. 
It follows on this that the cofactors of 


Of Stupcawingtee hinds Bhw wmslqs Of 
Ok On. Crp On Okln, 
in A, are (4,0), (4,1), ..., (4), and thus the assumption 


above made takes the form 


(2, Oem OG, ab) O41, 1) 
ae On, aieps ia Ola ‘ 


af, OA} , HG DAI a, MAY _ 
{ a i cee alpine Wevieinen ee iW, 


? 


or 
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Since, however, (i, k)f,= —(k, af, and (%, 7)f,=90, we can apply to 
the latter the general proposition that if a, be any quantities 


whatever such that ay, = —ayj, a,=0, and H, stand for 
OBig , Ody Ofin 
Ox aE 
then 
oH oH, 
; =a 0,* 
On +5 S een Ol 


and so reach the first of our aims as desired. There only then 
remains to show that the lemma holds in. the case of two 
variables, and this is unnecessary because it is then identical 
with the familiar proposition 


of, inet. aan 
Ox Oy Oy ox 


In addition to this gradational proof Jacobi gives one of a 
different kind. Since A,, he says, does not involve differential- 


A; OA, 
=, and 5. = 
cannot involve differential-coefficients taken twice with respect 
to any one variable. Further, second differential-coefficients 


taken with respect to different variables a, «, cannot occur 
anywhere save int 


coefficients with respect to a, i 


OA, OA, 
Oa, | Om, 
2 
All we have ae to show therefore is that the cofactor of ss to 
OA; , OA, vi 
er ame To do this we express A; in terms of the 


elements of one column and their cofactors, say 


ah 3 

A,=a on - oe “ 

4 1 On, +a “35 o ae An Ox, ¢ 
Oaix 3 Cain 

* The reason for this, of course, is that Ot te pee We 
Oxi One, 


tIt would ei been well to make clear here that every term of the final 


expansion of by oe contains one and only one second differential-coefficient. 


JACOBIANS (JACOBI, 1844-1845) 233 


and thus know as above that 


of, Of, Of, 

A, =—a,2*-a,=7—.... -a,=2; 

: “Sr, 23x On Oy, 

where a,, a,,... involve no differential-coefficients taken with 


respect to a, or with respect to a,. 

The observation made in the course of the first proof that 
A, A,,..., A, are themselves functional determinants leads 
Jacobi to the conception of “partial functional determinants” 
on the analogy of partial differential-quotients. The funda- 
mental lemma then becomes viewable as the analogue of 


%) of; of 
OY Lee’ 
Ou oy j 


or, in Jacobi’s words, “gravissimam manifestat analogiam 
determinantium functionalium et quotientium differentialium 
partialium.” 

Apparently this recalls to Jacobi another analogy of the same 
kind, which he had omitted to draw attention to in his paper 
of 1830, when the first two cases of the lemma had been 
originally enunciated by him. The proposition involving the 
said analogy he now generalises thus :—/Jf f, f,, f,,..., 1, be 
expressible as series the terms of which involve only powers of 
the variables x, X,, X9,..-, Xn, the functional determinant does 
mot involve a term im x-1x,-1x,7)....x,71. In support of 
it he has only to point out that the functional determinant is 
equal to 


? 


o(fA) | O(fAy) O(FAn) 
tag noriggn fliseyzqt a eqm: 


and that the development of the k* term of this expansion 
cannot contain a term in 1/a,-,. 

After referring to a possible application of the lemma in 
connection with definite multiple integrals, Jacobi concludes § 2 
by returning to the lemma itself and throwing it into a third 
form originally announced in 1841 (De determ. funct. § 9). 
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Viewing a, 2,, %, .... %, a8 functions of /, fiinfgne anf dine 
obtains of course (De determ. funct. § 8) 


oa A Om, A, Oe ee 
‘of RS of meh ? of R 


so that"by substitution the lemma becomes 


Ox Ont, Oy 
si a(R) (Rg) nial a) 
™ ph Om, —e On 
_ AR) , am WR), my OR 
= of dx Of <a, > eof ner 
oe] gh 2a 
of of R a 
sree iss en ae OL, 
hi x (e) 
oft ® | tr tae Sr, 
or 
On ach) 5 n 
Clore R 4. Ofer “OF 
= ct het ee ‘a. 


where firstly R and the a’s have to be viewed as functions of the 
fs and all differentiated with respect to f, and secondly the 
differential-coeflicients thus obtained have to be expressed in 
terms of the a’s preparatory to performing the final set of 
differentiations. 

Here the consideration of functional determinants would have 
come to an end in the present memoir, had it not been that a 
theorem on the subject which had been given incorrectly in 
1841 (De determ. funct. § 14) was now wanted in § 3 for use. 
Two and a half pages (pp. 215-217) of matter are consequently 
intercalated in order to enunciate the theorem correctly, to prove 
it, and to elucidate it by a commentary. The enunciation is— 
If f,=a,, fy=ag,...., f,=a,, where the a’s are constants, the 
functional determinant 
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S (22 Me... We) 


BOL OL, de Oy 


will not be altered in value if before performing the differentia- 
tions every function f; be transformed in any way whatever by 
meds OF Theregudtiong La — Gael o— Ojy,,,.-..;t.=a0,. On 
looking back it will be seen that Jacobi had previously not 
excluded the use of the first 2—1 equations in making trans- 
formation of f;. His proof now depends on taking the a’s to the 
same side as the j’s; denoting the resulting equations by ¢,=0, 
g,=90,....,; dn=0; applying his theorem (De determ. funct. 
§ 10) to obtain the desired determinant in the form 


0%, OX, CONE 


> (20% Od, Prams a ; 
7 0a, Oa, Ody 


(-1)" 


and then showing that the denominator of this is(—1)". His 
commentary closes by assuming as allowable that 


d: = OA FAPA HE... FAVA, 


and having thus obtained 


> (25h oda Son) CPt arr tee fe ae) 


Otro, mest FOL, ~ Of) On me On, 


he concludes that the condition for the equality of the two 
functional determinants is that the determinant of the 2’s shall 
be equal to 1. 


HESSE, O. (1844). 


[Ueber die Elimination der Variabeln aus drei algebraischen 
Gleichungen vom zweiten Grade mit zwei Variabeln. 
Crelle’s Journ., Xxvili. pp. 68-96; or Werke, pp. 89-122.] 


Having demonstrated that for the elimination of 7,, a, x, 
from the three quadrics f,, f,, f, it was important to discover a 
function of the third degree possessing certain properties, Hesse 
proceeds ($11) to show how such a function may be obtained. 
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From a well-known theorem regarding the differentiation of 


of 
. . x } 
homogeneous functions he has, on putting u for oe 


1 (2) Cart 
au + Ly + Uy, = 2f, 

1 (2) s)t 2 3 
jun) + aug’ + xu) = 2f, | ; 


(1) (2) (3) 
LU, + LU; +2,u; = 2h, 


and, ¢ being Jacobi’s determinant of 7, f,, f, with respect to 
1, Ly, Lz, there thus follows 


2 (2), (3) (3), (2) 
(a) mo = of, (uP uy’ — upus’) + 2f, (up ue) — uP?) + 2h (uP ul — uy uy’), 


with similar expressions for x4, 7,6; so that any set of values 

of @,, %, %, which makes |, f,, f, vanish will make ¢ vanish 

also. The formal enunciation of this result is then given, and it 

is pointed out that the like theorem holds when there are n 

homogeneous functions all of m variables and of the r™ degree. 
From (a) by differentiation there is next obtained 


~) 
mse t¢ 


1 2), (3 3) (2) (1)7,, (2), (3) (3). (2) (1) 7, (2), (3) (3), (2) 
= Qui uy uy’ — uy Us) + 2p" (Us Uy —Uzg Uy) + Qu; (WU, Ug —Uy Uy ) 


Om) 0) 63), (2) Oy (3) (3), (2) OF (3), (3), 2) 
te Afra (Us Ug —Uz Us) + “aig (Us Uy — Uz Uy) + ATH, Ug — Uz Us 
uf 


and thence 


og 
es 


» Oo oy (3) (3), (2) Cia em is Oo. @ °3 3) (2 
= Zhi, (Urs —U, Us) + 2a; (U3 Uy —us us dirk 2fssn (ut uy) — us ue 
1 1 “af 


so that any set of values a,, x, 2, which makes the ternary 
quadries f,, f;, 7, vanish, will make the first differential-quotients 
of the determinant of f,, f,, f, vanish also,—a second theorem 
which is asserted to hold when the number of homogeneous 
functions is , the number of variables n, and each function of 
the r" degree in the said variables. 

Combining the two results, and using later phraseology, we 
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may say that When n n-ary r“-ics vanish, their Jacobian and 
each of its first differential-quotients will vanish also. 

The connection of this with the problem of elimination can be 
indicated in a few words. Jacobi’s determinant ¢ being of the 
third degree in 2, %,, #3, its first differential-quotients are like 
Fv Se» Fy linear in w,2, 7,2, x47, toy, 1,01, ©,0,; and consequently 
the resultant is at once obtained as a six-line determinant. 


CAYLEY, A. (1847, February). 


[On the differential equations which occur in dynamical problems. 
Cambridge and Dub. Math. Journ., ii. pp. 210-219; or 
Collected Math. Papers, i. pp. 276-284. ] 


This is a short exposition of Jacobi’s elaborate memoir of 1844 
with considerable variation in the details. The portion (§ 1) 
which concerns us is of course that referring to the “fundamental 
lemma.” This is established in its third form, the proof, like 
that originally given by Jacobi, being dependent on the theorem 


OB Poe 
CX, 


but differing in appearance, mainly because of the use of 
differentials. 


BERTRAND, J. (1851, February). 


[Mémoire sur le déterminant d’un systéme de fonctions. Jowrn. 
(de Liouville) de Math., xvi. pp. 212-227; abstract in Comptes 
Rendus .... Acad. des Sci. (Paris), xxxil. pp. 134-135.] 


Recalling how Jacobi had insisted on the marked analogy 
between a functional-determinant and a differential-coefficient, 
Bertrand at once intimates the adoption of a new definition of 
the former, which in his opinion makes the analogy still more 
striking, and from which the properties of the determinant are 
deducible like mere corollaries. 

Save that A and 6 are used where Bertrand without distinction 
uses d, the following is the definition:—If f,, f,,..., f, be 
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functions of @,, @,..., @,, and the latter receive 7 distinct sets 
of increments 

Aides Ati 1Ae. 

AtrinAtatonale: slity 

Age, Aap oa + De 


with the result that the corresponding increments of the functions 
are 


Af, Afe ---- Afr 
Ai frond, flaisbe nani Ants 


AGS AS atest: SOARS: 


then the limiting value of the ratio of the determinant of the 
second array to the determinant of the first array as the elements 
of the latter array are indefinitely diminished is called the 
determinant of the » functions. Since in the circumstances 
mentioned 


Of: Of; Of; 
Af: = 2 age Sh AMe+....+ i An 


for all values of k and 7 not greater than n, it follows from 
the multiplication-theorem that the aforesaid limiting value is 
equal to 


Ot, Oy On 
Car an 
thy «Ole, me as 
of n fn j Ola 
Cny ttagtear Galax) 


and, this determinant being independent of the increments given 
to the independent variables, it is held that the definition is 
legitimised. It might have been added that the name assigned 
to the limiting value is also thereby justified. 

The more important of Jacobi’s results, eight or nine in number, 
are then re-established, precedence being given to those regard- 
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ing the vanishing of the determinant. Supposing, first, that 
the functions are independent of one another, he asserts that 
1, Ly, ..., &, may be conceived as expressed in terms of 
Ji. Ja ---, fy, and, the latter being viewed as independent 
variables, the determinant of their increments can be considered 
as completely arbitrary and can thus have a value different from 
zero. Further, in relation to this determinant the determinant of 
the increments of @,, %, ..., x, cannot be infinitely great, 
because the terms of both determinants have the same number of 
infinitesimal factors of the first order. It thus follows that their 
quotient—that is, the functional determinant—is not zero. Next, 
supposing that the functions are not all independent of one 
another, but that fii, fore, --->Jn are functions of f,,f,,...> Jp, 
and that the latter alone are mutually independent, Bertrand 
asserts that we may suppose 


Af, = 9, Af, = 9, F Onos0.5 Aify = 9, 


this in fact being possible in an infinite number of ways, because 
only p relations are thereby established between the increments 


A,@,, A,%,-.-.-, A,x,. It will then result that the increments 
of frti, fp+2.--+» fn being sums of multiples of the increments 
of f,, fo. ---+» Jp Will also be zero; and thus the whole of the 
first row 


Af, Avfe +--+ Arta 


will be composed of zeros, and the determinant to which it 
belongs will vanish. On the other hand the determinant of the 
increments of the @’s can at the same time be made different from 
zero, the increments in the first row being not necessarily all zero 
and those in the other rows being what we please. The ratio of 
the two determinants therefore vanishes. 

Following this are given the theorem regarding the relation of 


Of, We Je) ( On, Ott, Ofn\ 
Bit ae fen) Oe Dl +aF ap sp): 
the theorem for finding the functional determinant when the 


fs are given mediately as functions of the x’s, that is to 
say, as functions of 


Pky, Wqr++ +5 Ey) Poly, La, + Beet eth Ngnige (ay wep. 98, 0A)* 


240 HISTORY OF THE THEORY OF DETERMINANTS 


and the corresponding theorem when the functions are only 
implicitly given, that is to say, by means of connecting equations 


BSH ies Sapte ee) PE PO * ala) — (8). 


B,, (tie ase yued Sasha shan ise ates 


The mode of treatment will be readily guessed from what has 
gone before. 

The same cannot, however, be confidently affirmed in con- 
nection with the theorem which expresses the functional deter- 
minant as a single product. This is found grouped under the 
heading “ Diverses formes que ]’on peut donner 4 un déterminant ” 
(fonctionnel), the said forms being obtainable on varying the 
systems of increments assigned to the variables. In the first 
example, the array of increments of the z’s is taken to be 


AA ene ee aa 
Oo tAgetl tan? 0 
0 Op Oe «ute 


which necessitates the other array being 


a Oe a. On 
ae, A,@, a, Aa, Sere 3a, Aa, 
of; fs Ofn 
20, A,X, Bet, Agee om Ax, 
of 1 of: Z fn 
aie Dyce a JANE i mec a y nee 


and the ratio of the determinants of the arrays to be 


(+24 a, a), 


Ox, Oily ON, 


To this there is added “C’est l’expression donnée comme 
définition par M. Jacobi,’—a remark, however, equally applicable 
when, as at the outset, the increments of the 2’s were taken in 
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their most general form. Preparatory to the next example it is 
pointed out that any 7 of the variables 


©, Uq,+++, Uy, Sv fo» a ae 


may have arbitrary values, the other n being then determinable ; 
and that therefore if »—1 of them be taken to be invariable, the 
ratios of the increments of the others may be considered known. 
We thus see that the two arrays 


BRA cr, --AiceleAndy yawlcihte. wAaty. ~~ 0— NiOudd iaheaiald 
Omer hee A MAGI Asoo 0 ag) 
0 OMe ee eee cae Ne ACY, AN er, eee 
Ke oki NG ie ee Sa 


of the second example are simultaneously possible, the n 
independent variables in the case of the first row being %, f,, 
Ts.) Ja 1H the case of the second row'w%,;%,,'J3,.-- > J,, aud 
so on: and we consequently learn that the functional determinant 
may be written in the form 


Bis \ (Ola). (ain 
(Set) Get) «-- Gat) 
on the understanding that the brackets enclosing 0/,/0x, imply that 


f, is there viewed as a function of a, @,... 5%) frst» Srtes +++ dn 
A third pair of possible arrays is 


Ave," --0 Quer ress 0 Ay@n1 Ants a ee a 
DG eh rl ee aet 0 Amat Ams A Pe nays GaP 
0 Oaeeei Nate otek 0 A@nt Aslm+e Shoe 
0 0 OMe reer we Aoi ay Deena ed yA ei 
0 0 Omntacl as 0 Age aCuve 0 eon 0 
0 0) OM iE Be 0 0 ALS popes ee 0 
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and 
Rife Gil ate pe ea 0 0 mt ene) 
Ach, “Acheron Aula Otros 0 0 owe MO 
Asf, Af reg gre A eee Ash 0 0 ak eae 0 
Nah ee tite gt a; Ase 0 0 o.polias 0 
Ami tt Amite Ami Ss ene Nmviso An+itm+ Amiitm+s EE Me pa earn 2 
Natali AntaSs Nines: ay age’ 'e ames fan An+2 m+1 Nika Sues ee ART Ia 
Anh Ants Baie wy opie NO Pes paleg cet Anfm+s o 9 89 Auda 


from which the functional determinant is obtained in the form 


~@)@)...@)]- sez es) 


where, from looking as before at corresponding rows of the two 


arrays, we see that in the first determinant f,, f,,..., fm are to 
be viewed as functions of ,, %»,:< . « ; Zens Jm4indm+tantiep Jem BOG 
in the second determinant fin+i, fm+2,--+»Jn are to be viewed as 
functions of 0,055 taf /e_- 


The next section is still more interesting, as it concerns the 
proposition which Jacobi stated incorrectly in his original 
memoir of 1841 and returned to in 1844. The data according 
to Bertrand are the usual m functions f,, fo, ..., fn each 
dependent on @,, &,..., @,, With the addition that the said 
functions when expressed in terms of @,, %,..., ny fis fos ++ odin 
become ¢,, ¢.,--+,@n,: and the problem he sets himself is to 
find the relation between 


>(+% boli) Pie Se Op Op. 22) 


ON, Oly On O00, ee Oty 


the differentiations in the latter determinant being performed on 
the understanding that the /’s there occurring in the ¢’s are to be 
viewed as constants. The at, 


i-fh=9, ¢—-fy= SH yh pea; 
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may be held to give implicitly the /’s as functions of the a’s, and 
therefore by a previous result 


See Og, — a 


ON, Oy OLn 


(ath Me My (ap 


CN, Ox, On Og, tts il 0g, sty 0p, 
of; Of On 
Ode Ody bs Od, 


OF UMAGA Onl). lof 


a un ae 
fy fet, | aia 


which is the relation desired. If ¢, does not involve jf, if ¢, does 
not involve f, or f,, if ¢, does not involve f, or f, or fz, and so 
on,* the determinant in the denominator takes the value (—1)", 
and the relation becomes one of equality. 

The last section deals with the theorem regarding the change 
of variables in multiple integrals,—a theorem which in the ten 
years from Jacobi’s memoir to Bertrand’s had been discussed by 
Boolet and Dienger.t 


SPOTTISWOODE, W. (1851, 1853). 


[ ELEMENTARY THEOREMS RELATING TO DETERMINANTS, ...... 
viii +63 pp., London. Second edition, as an article in 
Crelle’s Journ., li. pp. 209-271, 328-381. ] 


Spottiswoode has a special chapter (§ x. pp. 51-57) headed 
“Qn Functional Determinants,” its contents being a selection of 
Jacobi’s theorems in unimproved form and a reprint of the first 
three paragraphs of Cayley’s paper of 1847. In the second 
edition (§ ix. pp. 338-343) there is no change, save that the 
extract from Cayley is left out. 


* Or if f, be not involved in ¢,, and neither f,, nor fp involved in ¢,_,, and 


so on. 
+ Cambridge Math. Journ., iv. (1843), pp- 20-28. 
t Archiv d. Math. u. Phys., X. (1847), pp. 417-421. 
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SYLVESTER, J. J. (1853, June). 


[On a theory of the syzygetic relations .... Philos. Transaec. R. 
Soc. (London), exliii. pp. 407-548 ; or Collected Math. Papers, 
1. pp. 429-586. ] 


In the present connection the only interest of this long and 
important memoir lies in the fact that Sylvester at page 476 of 
it uses for the first time the term Jacobian and the symbolism 
J(f, g). His words are “J indicates the Jacobian of the given 
functions f, g,..., meaning thereby the functional determinant 
of Jacobi.” 


CAUCHY, A. L. (1853, July). 


[Mémoire sur les différentielles et les variations employées 
comme clefs algébriques. Comptes rendus.... Acad. des 
Sci. (Paris), xxxvil. pp. 38-45, 57-64; or Huvres completes 
(1), xii. pp. 46-63. ] 


The first section of the memoir opens, like his memoir of 1841, 
with the theorem 


SC Da Dy D2 y.)- SCED. x Dy Dz...) =1, 
and then proceeds to the consideration of the arrays 


(aa) “tab) * (ie) “i,t [aa] [ab] [ae] 
(oa) (Ob)e"(Gey? wo [ba] [bb] [be] 
(ea) {C0} tay foal? [6b] fee] ® ie 


in which any element (Ak) of the first array stands for 


Dt tel Dhow Dok D Ju. Dk 
Dh D,k Dhue Like DihaeLk i pets Vesa! 
and any element [hk] of the second array stands for 
| Die Dis Diy Diy Dz D,z 
Dw D,w Dw Dw Dare Dae le 
and a, b, c,.... are 2n functions of two sets of n variables 


©, Y,2,...,U,v,W,.... Of course both arrays are recognised 
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to be zero-axial and skew, and under certain conditions it is 
shown that the elements of the one are expressible in terms of 
those of the other, and that the product of the determinant 
of the two arrays is 1. 

The language and notation of ‘clefs algébriques’ are used 
throughout, but nothing is brought forward as justification for 
so doing. 


DONKIN, W. F. (1854, February). 


[On a class of differential equations, including those which 
q g 
occur in dynamical problems, Part I. Philos. Transac. R. Soc. 
(London), exliv. pp. 71-113.] 


It is only the first four pages of Donkin’s memoir that concern 
us, these being introductory and referring to properties of a set 
of n functions of variables without any regard to possible 
connections with dynamics. Drawing attention at the outset to 
the analogy remarked on by Jacobi and Bertrand, he proposes 


to signalise it by denoting the determinant of f,, fy,..., fy 
with respect to %,, @,...,%, by 

CO asus | dk 

Cl Ce Cer, ae ce®) 


Further, he views the numerator and denominator here as 
standing for the determinants of Bertrand’s arrays of differences, 
remarking pointedly that the fraction indicated “is a real 
fraction, provided its numerator and denominator be interpreted 
in a manner exactly analogous to that in which the numerator 
and denominator of an ordinary total or partial differential- 
coefficient are interpreted.” 

Having thus explained his notation he proceeds to generalise 
the proposition that 


Oty Cby Oh pee 
dx, Of, | City Of 


ofr On 


Can Of = 1 or 0 


ee rs 


according as 7 and s are equal or unequal. He recalls Jacobi’s 
theorem (De determin. funct. § 11) that if u,, WW, ..., Wm be 
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functions of y,, Yo, ---> Yn, 2 being greater than m, and the y’s 
be functions of #,, #,...,,, then 


Ol Waa atte tan) oa > ae Ung +» Van), AY, Ye, vo « en 
8 


Oty gee Ton) ane O(Ya, Ya, -+ + Yp,) Hey, Ly, ++ + Ly,,) 
where)" a3, 0.8) ay alld “Vy yay + Vm EO fixed sets of 
m integers chosen from 1, 2,...,, and B,, By,...;, Bm aS any 


such set whatever. Taking then what he considers to be a 
particular case of this, namely, 


Os Yaa Yas) yh > {oe She -Latiacs) O(p, Bans — 
WY, Uys Yon) B Op, pee p,,) OY, Yyge3e Yn) 


he points out that if the sets a,, a,,...,@mand y,, Yo,-++ > Ym 
be identical the determinant on the left is equal to 1, and that 
on the other hand if even one of the y’s be not included among 
the a’s the determinant will have a column of zeros and 
therefore be zero itself. The generalisation aimed at thus is, 
that If y,, Yo,-+-> Yn be functions of xX,, Xj,.-.,Xn, and m be 
less than n, then 


x ee Yor +++ Yam) O(a, Xp, +++ TBn)\ _ orto 
B\O(wp Xp... Lp) OYy Yr, +++ Ym) 


according as the a set of m integers chosen from 1, 2,...,n %s 
identical or not with the y set. The illustrative example taken 
is the case where n=2, and the mode of stating it is that 


s | (See OYg — Yr eLipe On, — Oar, oar) ron 0 
Sa, Oa, at, Oa, \Byn Yep Dye OYa/S 


according as a, 8=>, q or not, it being understood that 7, 7 is in 
succession 
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DONKIN, W. F. (1854, February). 


[Demonstration of a theorem of Jacobi’s relative to functional 
determinants. Cambridge and Dub. Math. Journ., ix. pp. 


161-163.] 

The theorem or identity in question is that of the year 1844. 
The functions being w,, w%,,... , WU, and the independent variables 
4, ©, +--+, %, Donkin says that the functional determinant 
may be represented by 

3, Fe; Oh 
ee ae Wi see ag 
O < 
Os a GUS wy Whe ON,: 
Sy On 2m. 
Oc Ce, | ee Som, 


it being understood that each symbol of differentiation is 
operative only upon that one of the functions which has the 
same suffix as the upper 0 of the symbol. As a consequence of 
this he considers that the non-zero member of the identity 
sought to be established would be 


6) O GC) 
eNO: Oh ROS ase. FU, A 
OR. Obs ca aga : “) 
On, oi Bs Oy 
(A) ah /eotoved <2k: 
Ot torent Oy 


where the upper 0’s of the first row being now without a suffix 
are supposed to be no longer restricted in their effect. As, 


however, the unrestricted symbol 0/em; is held to be equivalent to 
Q , 93 On 
See ane 


the determinant operating on u,WU,... WU, has the first element of 
each column equal to the sum of all the other elements of the 
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column, and therefore vanishes. The identity is thus thought 
to be established. 

In regard to this so-called demonstration we need only remark 
in passing (1) that the subject operated on is written in too 
product-like a form; (2) that an appropriate substitute for it 


would be (u,, Uy:,..., Un), this being explained to be such that 
‘Or _ Ur 
5, 6U Ue, ++ +5 Un) TS On,’ 
and 
2 _ Oy 2 Oty 
mune aa) So teat oe + 3m,’ 
(3) that the assertion (A) is unsubstantiated, the fact 
| a, by ¢3| = Gy| by ¢3| — ab, ¢3| + as) by C2 | 


being nothing more than a suggestion that 


EO 
On mC mmnOL 


Cries Core aCe 
may be a suitable abridged notation for 
) 


fe) e) 
gy, | Pas | carve gts age we cht 


BRIOSCHI, F. (1854, March). 


[La TrorIcA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA- 
ZIONI. vili+116 pp. Pavia.] 


Like Spottiswoode, Brioschi devotes his tenth chapter or 
section (§10) to “determinanti delle funzioni”; but his exposi- 
tion is much more extensive (pp. 84-106), and, although of 
course he follows in Jacobi’s footsteps, he does so less closely 
than Spottiswoode. 


Thus the fact that the cofactor of a in R is Ro a fact 
me) i 
which we may write temporarily in the form 
af] ono 
ES io aie 
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he obtains by solving 1+1 sets of equations like 


Ox Of , Ox Of 


oF Combioyiceok MP Habaye oni Chit 
Oa Of , Ox Of Ghat pom 
ia aha =i oF Be, = tt 
Ox of Ox of, er ven wake 
Of Ox, Taf ea, aoe TOF 3a, =29 


and by using the same sets of equations after row-by-row 
multiplication he obtains 


On Ox On of of, Paes 
Dee, oe Zi bole asta a za.) iter 
or, say, S>2Re=rl. 


Further, he notes that as a consequence of these two theorems 


| i F E |= peel oe, 


which he might well have saan by changing the 2, k of 
the second factor of both sides into 7, s. 

In dealing with the “fundamental lemma” his order of 
procedure is the reverse of Jacobi’s, that is to say, he deduces 
the form of 1844 from the original form of 1841. Thus, using 
the latter in regard to S, he has 


whence, because of R being the an of S, he obtains 


aT Sz = =o 


so that on substituting 
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there results 
izn o(Re) 
GH _ 6 
Roe ere 
i=0 


which on further substituting E. He ts for ee * becomes the form 
desired. Th 

The next fresh paragraph (p. 91) appears, although un- 
necessarily, as an addendum to Jacobi’s solution of a set of 
simultaneous linear equations whose determinant is a functional 
determinant (De determ. funct. §8). If the square of R be 
obtained by row-by-row multiplication, and the square of S 
. by column-by-column multiplication it is easily verified that 


Cl, 
Ofn 
(k, hy element of 8, 


thus incidentally giving S°R=S as it should do. From this it is 
deduced that 


(h® row of S?) x (k™ row of R?) = 1 or 0 
according as h and & are equal or unequal,* and that therefore 
R?2 and S? as just defined are in the matter of their primary 
minors related as R and S have been shown to be. 
In the remaining fourteen pages (pp. 92-106) the only matter 
ealling for attention concerns Jacobi’s theorem 


on 1 m Q (} (3) 
Seb. Oe = Be (4 Mh... Beem) 


hy, oe, (ome 


(h™ row of S?) x (&™ column of R) = 


1. 


where 


B= se SFr Sys Glnts) ugh ge eS Me Of Of, nr Ar 


Oa Oe Par Lg <a yeni Odie hore’ 


From this Brioschi, by taking the f’s to be linear functions of 
the a’s, obtains Sylvester’s theorem of March 1851 regarding a 
compound determinant. 


*Viewing R and § as matrices of which the conjugates are R and S we have 
as an equivalent of this 
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PEIRCE, B. (1855). 


[A SysTEM oF ANALYTICAL MercHANIcS. (Chap. X. i.: De- 
terminants and Functional Determinants, pp. 172-198.) 
xl+496 pp., Boston (U.S.A.).] 


At the outset of his Tenth Chapter, which deals with the 
integration of the differential equations of motion, Peirce feels 
the need for making his reader acquainted with the properties of 
functional determinants, He accordingly gives as a preparation 
a brief account (S§ 327-348, pp. 172-183) of determinants in 
general, and then expounds within the space of sixteen broad- 
margined pages the main theorems of Jacobi’s ‘De deter- 
minantibus functionalibus. The treatment of the original is 
free and masterly, the order being altered with good effect. For 
example, Jacobi’s incorrectly stated proposition is brought 
forward to occupy the second place, the enunciation being 
Tf erther (i.e. any one) of the given functions contains any of 
the other functions, these (latter) functions may be regarded as 
constant in finding the functional determinant. There is 
thence deduced Jacobi’s last proposition of all, namely, that 
expressing the determinant as a single product: and this in turn 
is used to discuss the connection between the vanishing of the 
determinant and the interdependence of the functions. 

Had Peirce’s exposition been less condensed and been pub- 
lished as part of an ordinary text-book of determinants, its 
value at that time to English-speaking students would have 
been considerable. 


BELLAVITIS, G. (1857, June). 


[Sposizione elementare della teorica dei determinanti. Memorie 
Istituto Veneto .... vii. pp. 67-144.] 


To the subject of a “Determinante formato colle derivate- 
prime di alquante funzioni di altrettanti variabili” Bellavitis 
devotes nine and a half pages (pp. 52-61, §§ 65-78), that is to 
say, about the same as Spottiswoode, though his selection of 
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theorems is not quite the same. In substance he gives nothing 
fresh. His symbolism for the determinant of w, v,... with 
respect to a, y,... resembles Cauchy’s of 1841, being 


| Deptt, Ly ra « 


other changes made by him in notation are less satisfactory. 


BALTZER, R. (1857). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN, mit..... 
vi+129 pp. Leipzig, 1857.] 


“Die Functionaldeterminante” is the heading of Baltzer’s 
thirteenth chapter or section ($13, pp. 61-72). Though the 
exposition is neither so full nor so fresh as Brioschi’s, it has the 
advantage in arrangement, concision and clearness. Jacobi’s last 
theorem (De determ. funct. § 18), expressing the determinant as 


a single product, 
(3) (Se) Ge) ---S). 


Baltzer makes his first, the proof being readily altered to suit. 
He then, following Peirce, uses it effectively in dealing with the 
proposition regarding the vanishing of the determinant. For 
example, if the determinant vanishes, he can assert that one of 
the factors of the said product must vanish; and thence step-by- 
step can infer the vanishing of the succeeding factors including 
the last,—a result which entails 7, being expressible in terms of 
the other /’s. 

A footnote recalls the fact, which we should have noted before 
this, that Mobius had given in Crelle’s Journ., xii. p. 116, in the 
year 1834, the equation 


(¢,,Uy a ttn) (VWy =o Uy) (Oey, a, Lv Yv) = 1 ’ 


where ¢,, stands for o¢/Oz. 
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MALMSTEN, C. J. (1858, October). 


[Om differential-eqvationers integrering. K. Svenska Vet-Akad. 
Handl. (Stockholm), iii. No. 2, 94 pp.] 


On pp. 9-11 Malmsten enunciates and proves Jacobi’s “ funda- 
mental lemma” of 1844 without contributing any improvement. 


SALMON, G. (1859). 
[Lessons InrropucTory To THE MopEerN HicHer ALGEBRA. 
xii+147 pp., Dublin.] 


Salmon gives little, and certainly nothing fresh, on the sub- 
ject; but his unreserved adoption of Sylvester’s word “Jacobian” 
(S§ 53, 54; p. 37) doubtless helped greatly to spread the usage. 


CHAPTER IX. 
SKEW DETERMINANTS, FROM 1846 TO 1860. 


UNLIKE the special form of the preceding chapter, Skew De- 
terminants received little attention in our first volume, even 
although in their case the period was extended to 1845 in order 
to include the whole of Jacobi’s work. Unless by implication, 
indeed, they do not belong to that volume at all, the chapter 
there assigned to them being really occupied with the related 
functions afterwards named Pfaffians when the connection 
between the two came to be recognised. The new form is thus 
strictly viewable as one of the products of the Cayley-Sylvester 
period. 


CAYLEY, A. (1846). 


[Sur quelques propri¢tés des déterminants gauches. Crelle’s 
Journ., Xxxii. pp. 119-128; or Collected Math. Papers, i. 
pp. 332-336. ] 

This paper, with its author’s usual directness, starts at once 
with a definition, the first words being— 


“Je donne le nom de déterminant gauche & un déterminant formé par 
un systéme de quantités A, , qui satisfont aux conditions 


dy,2 = es Xsr (7 - s). 
J’appelle aussi un tel systéme, systdme gauche.” 
So far as can be ascertained, the English equivalent ‘skew, 


although it probably was the first of the two in order of thought, 
did not appear in print until a few years later. 
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As has been pointed out elsewhere, the title of the paper is 
quite misleading, the real subject being the construction: of a 
linear substitution for the transformation of #2+a7%+% "+ .... 
into £27+62+62+ .... All that can be said in defence of the 
inaccuracy is that skew determinants are made use of in obtain- 
ing the desired substitution. The proper place for giving an 
account of the contents of the paper is thus under the heading of 
‘orthogonants, if we may so name the determinants of an 
orthogonal substitution. 


CAYLEY, A. (1847). 


[Sur les déterminants gauches. Orelle’s Journ., xxxviil. pp. 
93-96 ; or Collected Muth. Papers, i. pp. 410-413. ] 


Here the title and contents agree. At the outset the former 
definition is repeated, and then for a particular kind of skew 
determinant, viz., those in which the condition 


Aria =r fs, (1) 


is to hold even in the case where s and 7 are equal, “ou pour 
lesquels on a 


Ne aie ld Neale (r a 8), Nee = Of (2) 


the name ‘skew symmetric’ (“gauche et symétrique”) is set apart. 
The reason for this is evident on the statement of the first 
theorem, which is to the effect that any skew determinant is 
expressible in terms of skew symmetric determinants and those 
elements of the original determinant which are not included in 
the latter. “En effet,” he explains, 


“soit @ le déterminant gauche dont il s’agit, cette fonction peut étre 
présentée sous la forme 


Q = 0,4 Q)Ay+ DAD+t «+ - + QiAyAst . 3. 


ou Q, est ce que devient 2 sir, Ayo, - +» Sont réduits a zéro, Q, est 
ce que devient le coefficient de A, sous la méme condition, et ainsi 
de suite; cest a dire, 2, est le déterminant formé par les quantités 
d,,, en supposant que ces quantités satisfassent aux conditions (2) et 


en donnant 4 7,s le valeurs 1, 2, 3,...,%5 Q, est le déterminant 
formé pareillement en donnant a 7,s les valeurs 2, 3,..., 7; Q 
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s’obtient en donnant a 7,s les valeurs 1, 3,..., 5; et ainsi de suite ; 
cela est aisé de voir si l’on range les quantités ,, en forme de 


f -22 


carre. 


At this point a digression is made in order to establish a 
theorem regarding skew determinants of odd order, and another 
regarding skew determinants of even order, and thus be enabled 
to make certain substitutions for the ’s in the development 
here announced. Further, as the said substitutions for the 0's 
of even order involve the functions dealt with by Jacobi in 
his paper on the “ Pfafische Methode,”—functions which Cayley 
here calls “les fonctions de M. Jacobi,” but which at a later 
date he designated “Pfaffians,’—the digression is lengthened 
by having prefixed to it an account of these functions. 

So curious is this account and so likely to be misrepresented 
by condensation, that the best way of treating it is to reproduce 
it in the original words.* It stands thus :— 


“On obtient ces fonctions (dont je reprends ici la théorie) par les 
propriétés générales d’un déterminant défini. Car en exprimant par 
(1,2, ..., m) une fonction queleonque dans laquelle entrent les 
nombres symboliques 1,2, ..., ”, et par + le signe correspondant 
& une permutation queleonque de ces nombres, la fonction 


> tHe ae 
ot De désigne la somme de tous les termes qu’on obtient en permutant 
ces nombres d’une maniére quelconque est ce qu’on nomme Déterminant. 


On pourrait encore généraliser cette définition en admettant plusieurs 
systémes de nombres 1,2..., ; 1’, 2’..., 5... quialors devroient 
étre permutés independamment les uns des autres; on obtiendrait de 
cette maniére une infinité d’autres fonctions, mentionnées (‘T. xxx. p. 7). 
Dans le cas des déterminants ordinaires, auquel je ne m’arréterai pas 
ici, on aura (1,2... ”)=AgirAge-.-Axcn- Pour les cas des fonctions 
dont il s’agit (les fonctions de M. Jacobi), on supposera n pair, et l’on 
écrira 

(1.2. i mpm gag ge A 


m—1,n9 

out A,,, sont des quantités quelconques qui satisfont aux équations (1). 
La fonction sera composée dun nombre 1.2... de termes; mais 
parmi eux il n’y aura que 1.3...(n-1) termes différents qui se 


trouveront répétés 2"(1.2... 4n) fois, et qu’on obtiendra en per- 
mutant cycliquement d’abord les n-1 derniers nombres, puis les 


* The paper, as it appears in Crelle’s Journal, is disfigured by misprints, which 
have not been fully corrected in the Collected Math. Papers. 
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nm—3 derniers nombres de chaque permutation, et ainsi de suite ; le 
signe étant toujours +. Il pourra étre démontré, comme pour les 
déterminants, que ces fonctions changent de signe en permutant deux 
quelconques des nombres symboliques, et qu’elles s’evanouissent si 
deux de ces nombres deviennent identiques. De plus, en exprimant 
par [12... n] la fonction dont il s’agit, la régle qui vient d’étre énoncé, 
donnera pour la formation de ces fonctions : 
Pleas entstett meld | Bad cnn] ite Agg [Aras oa 2] 

Ae Pious ao « Ale oe tha 1). 


Dismissing, as not of present interest, the sentence regarding 
the generalisation obtained by admitting more than one system 
of symbolic numbers, we note first of all the peculiar general 
use of (12...) for any function the expression of which 
involves* as suffixes or otherwise the numbers 1, 2, 3,..., 7. 
Then we are struck with the fact that the use of this along 
with =+ gives a notation for a genus of functions of which 
determinants, as understood up to the date of the paper, formed 
a species: thus 


AbsCg + Agdsl, + Agb,Cy — UgdyC, — Ugb\C3 — A,b5¢2 


is the case of ©-+(123), where (123)=a,b,c,. In the third 
place we are surprised to find that Cayley seems to propose 
to extend the meaning of the word determinant by transferring 
the name of the species to the genus, and to call by the name 
of “ordinary determinants” the functions formerly known as 
“determinants” merely. 

All this is in itself comparatively unimportant, serving perhaps 
only to recall to us Cauchy’s famous paper of 1812, where we 
have K, the originating term of an alternating function to 
compare and contrast with Cayley’s (12... n), and ‘alternating 
function’ to compare and contrast with Cayley’s extended 
meaning of ‘determinant.’ But what follows by way of second 
example is very noteworthy, because the originating term taken, 
VIZ, Aishsa 2 © Anotaoelsaohe that could not possibly have been 
used by Cauchy, with whom 2 denoted an operation of a much 
less simple character than permutation of the integers 1,2,..., 7. 


*Apparently it is meant to be implied that each of the numbers occurs only 
once in the expression. 
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Unfortunately the example is not fully exploited.* We are only 
told that in a certain special case, viz., where the elements are 
such that 7s is always equal to —sr, there are only 1.3.5... 
(2n—1) different terms in 


>) Ais mye Aeon=1,2n 3 


* Supplying this want we see that in strict accordance with Cayley’s definition 


> £1234 = 12°34 + 21°43 mes 4 fe fHiBY 
— 12°43 + 23°14 — 31°42 + 42:13 
— 13°24 — 23°41 — 32°14 — 42°31 
H"13742 — 24°13 + 32°41 — 43°12 
+ 14:23 + 24°31 + 34°12 + 43:21 
— 14:32 — 34°21 
— 21°34 — 41:23 


= 2{ 12:34 - 12°43 — 13-24 + 13°42 
+1423 — 14°32 — 21°34 + 21°43 
—23°41 + 24°31 - 31:42 + 32-41}, 


—a function of twelve variables which is not a determinant in the acceptation 
either of the present time or of the time preceding Cayley. 


It is instructive, in connection with the matter in hand, to note that this 
function is expressible in terms of four Pfaffians, namely, we have 


ease ffl tented GDR Te 
D234 = 2{ 23 24 32 2 
34 43 | 

|} Ol me Bl. 4 leew elantin 4) \; 

32 42 | 93 94 |S? 
43 | 34 


where, be it also observed, the third and fourth Pfaffians are obtainable from 
the first and second by changing 7s in every case into sr, and where, if the 


condition 7s= — sr be introduced, the result is 
>A eS Were ee! 
rs=—ar 23° "24 


34 |; 
so that the Pfaffian on the right may be defined as the eighth part of a certain 
Cayleyan determinant ; or, in Cayley’s symbols, 


[12.3 4]).= 42>) +.12°34, 


where the 8 is the value of 23"(1.2.... 4n) when n=4. 


Before leaving this it deserves to be noted that when Cayley came in 1889 to 
re-edit his writings, he appended to this paper a note in which it is stated that 
part of his purpose was to show ‘‘that the definition of a determinant may be 
so extended as to include within it the Pfaffian” (see Collected Math. Papers, 
i, p. 589). 
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that the aggregate of these is also got without repetition in a 
particular way already announced by Jacobi; and that it is this 
aliquot part of DAyAss - - - Aon-1,2n Which constitutes ‘la fonction 
de M. Jacobi.” Jacobi’s theorem regarding the effect, on the 
function, of interchanging two indices, is then restated; and a 
step further is taken in affirming that the function vanishes 
when two indices are equal. Finally, another law of formation— 
the recurrent law—is given in the form 


[12...2n] = 12[845...2n]+13[45...2n,2]+14[5...2n,2,3]4... 
which, of course, is in substance not different from Jacobi’s 


oR oR 
Hari has sprain tag ae: oils 


The digression on ‘les fonctions de M. Jacobi’ being exhausted, 
Cayley returns to skew symmetric determinants with the requisite 
material for proving the two theorems above referred to. The 
first of them, which is not new, is, in later phraseology that 
“ Any zero-axial skew determinant of odd order vanishes” ; and 
the second, which is Cayley’s own, is that “ Any zero-amial skew 
determinant of even order is the square of a Pfaffian.” In both 
cases the method of proof is the gradational or so-called ‘mathe- 
matical induction’; and in both cases the main auxiliary theorem 
used is Cauchy’s regarding the expansion of a determinant 
according to binary products of the elements of a row and the 
elements of a column. 

When n is odd and the elements of the first row and those of 
the first column are 0,Aj49,Ai3,--+> Am and 0,Arq,Ag,-- + > Am 
respectively, he says it is easy to see that for each term having 
AiAgi for a factor, where a# 3, there exists an equal term of 
opposite sign having AigAa for a factor ; and that therefore, since 
AiaAgi = AipAa1, these two terms must cancel each other. As for the 
terms which have Xia for a factor, the cofactor is a deter- 
minant of exactly the same form as the original, but of the order 
n—2; consequently the theorem is seen to hold for any one case 
if it hold for the case immediately preceding. But for the case 
where n =3, the theorem is self-evident ; therefore, “Tout déter- 
minant gauche et symétrique d'un ordre impair est zéro.” 
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When n is even, the determinant dealt with is purposely taken 
more general than one with skew symmetry, although, strange to 
say, Cayley calls it ‘gauche et symétrique, the elements of the 
first row and those of the first column being Yag,Aa2,Aa3» +++ > Aan 
and Aap,Asg,Asg, +++ > Ang, and his aim being to prove that such a 
determinant is equal to the product of two of the functions treated 
of in the digression, viz.,[a23...n]and[@23...n]. Develop- 
ing as in the preceding case, there has this time to be considered 
the element common to the first row and first column, viz., Aas; 
the cofactor of which is seen to be a skew symmetric deter- 
minant of odd order n—1, and therefore, as has just been shown, 
is equal to zero. As for the cofactor of —NawApge, where Yaga’ 18 
any element of the first row except the first, and Ags is any 
element of the first column except the first, it will be found to be 
a determinant which Cayley again mistakenly but consistently 
calls ‘gauche et symétrique, obtained by giving to r all the 
values 2,3,...,2 with the exception of a’, and to s all the values 
2,3,..., 7, with the exception of 8’. This determinant of the 
(n—2) order is expected to be seen to be of the same kind as 
that with which we started, and to be temporarily admitted to be 
equal to 


[a’+1,...,7,2,...,a@—1]-[@'+1,...,7,2,..., 8-1]. 
The typical term of the expansion will thus be 
Asal A +1, 2.2, 2,2, o005 4 —L] Apel S +1, sin Way see 
and the sum of all such terms 
= {nao[34... 2] + res[4... 22] +... + Aan [23...(n—1)]} 
{reo[34... 2] + Aes[4... 22] +... + Apn[23...(n—1)]} 
and therefore 
= [a2B<i... 2) B2deeM}. 


This means, of course, that if the theorem holds for a determinant 
of order n—2 it will hold for the next succeeding case. But in 
the simplest case, viz., where n=2, it is self-evident that the 
theorem holds, for the determinant then 
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=e Aaprz2 a A2pAc2 > 


= Ag2Aa2 > 
= [@2]-[2]; 
consequently “Le déterminant gauche et symétrique qu'on ob- 
tient en donnant a r les valeurs a,2,3,..., n, et a8 les valeurs 
8,2,3,...,n (ow n est pair) se réduit a 
[G23 4. ale] O20. 1 : 
et en particulier, en donnant a r,s les valeurs 1,2,..., n ce 


déterminant se réduit a [1 23... nf.” 

Going back now to the expansion of the skew determinant () 
with which the paper opened, and taking for simplicity’s sake* 
A,» = 1 in every case, Cayley readily obtains, 


for n even, Q Sle0( 1938 ase] 
+ [84...nP + [24...nP+... 
+ [56...nP +... 
as. Beas 
ar Ly 
and, forn odd, Q= ([28...n?+[18...nP+... 
+ [45...nP +... 
ss nares. 
+1 


A special example of each identity is given, namely, the 
examples in which n=4 and 3 respectively. If we make a 
slight change in the left member, viz., write Q in Cayley’s 
vertical-line notation (which, by the way, considering the help 
it would have given, and the fact that it had been introduced 
six years previously, it is surprising not to find employed in 
this paper), these examples take the form,— 


TaRiN Jo edina) fphraiti2.013 14 | 
ON UL OY Ag, AAG, | tr | 12 9 Ve 28e 244 
Ace le Oe $518'>- 03%, densa 
De Hey eA A ai lal 


= (AyoAgy— ArsAogt Aquos) HAZ eH A gH A a FA $72 Hea +1, 
[1234 P+ [12P+[13P+[14P+[34P + [247+ [238P +1; 


I 


* And of course without loss of generality, as Cayley might have said. 
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and 
PERS epi Zine 
> 14 oiericky|etar 1 23 
ln al 13-2504) 


= Ny + Mig t AM +1 
= (237 + [138P + [12P +1. 


SPOTTISWOODE, W. (1851, 1853). 


[ELEMENTARY THEOREMS RELATING TO DETERMINANTS... ... . 
vili+63 pp. London, 1851. Second edition, as an article 
in Crelle’s Journ., li. pp. 209-271, 328-381. ] 


In this the earliest of modern text-books on Determinants, a 
special section (§ ix. pp. 46-51; or § vi. pp. 260-266 in second 
edition) is set apart with the heading “On Skew Determinants.” 
As a matter of fact, however, it is only the latter half of the 
section which at present concerns us, as the other half deals in 
reality with Cayley’s determinant solution of the problem of 
orthogonal transformation. 

In a sense the mode of treatment is indirect, the general skew 
determinant being viewed, not as a separate entity, but in its 
relation to a set of linear equations, the coefficients of which are 
its elements. The set of equations is 


(11)x, + (12)a, +... + (in)a, = 
(21)x, + (22)x, +... + (2n)a,, 


| 
= 


I] 
, 


(n1)x, + (n2)a,+...+(nn)x, = u,), 
where it has to be remembered that in every instance (rr)=0 
and (rs)+(sr)=0. The right-hand members of what he calls the 
“derived” set are v,, U,,...,U,; that is to say, there exists 
simultaneously with the original the set 


(11)a, + (21)a,+...+ (nl)e, = 
(12)a, + (22), +... + (n2)a, 


Nf 
of gts SS 
bo e 


(In)a, + (2n)a, +... + (nnja, = 


| 
S 
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whose determinant is got from the determinant of the former 
set by the change of rows into columns, and may therefore be 
denominated by the same symbol A. Solving the two sets of 
equations, we have 


eA = [llju, + [(12Ju,+... + [1n]un 
= [tI + Maas Le. + [2n]un | 
Sans . Pale aa roe ; ~+ pina of 
and 
aA = [1]l]v, + [21]. +... + [nl]on 
XA = 12%, + Bale. + + ae [m2] | 
a = Talos ne om ~+ ants | 


where, be it remarked, it would have been much better if in 
every case the coefficients of w, and v, had been interchanged, 
for then [rs] would have stood for the cofactor of (rs) in A. 
From these by addition and subtraction and by utilising the fact 
that w,+v,=0+ two others are obtained, viz., 


27,A = 0 + ([12]—[21))u, +... + rakes | 
2A = ((21-[12)m_+ 9 +... + (2n]=[n2])u, 
20, = (nt]—[a)u, + (m2)-Pm)u tet 0 
and 
o= Qfllju, +((12]+[2l)u.+...+(nj+[nl))u, 
0 = ([21)+ [2 )uq 2(22)03 ue =u s+ ((2n}+ [m2] on 
eee ((n2]-+[2n)) 44+ ‘ x # eats 


Then follows the very curious sentence—curious, that is to say, 
from a logical point of view— 


* There is herein used the fact, first noted by Rothe in 1800, that the cofactor 
of rs in any determinant is equal to the cofactor of sr in the conjugate determinant. 


+ Along with this fact Spottiswoode associates the statements that 
Uy bgt... tUy, =O, Yt—yb. +++ = 0, 


which are manifestly incorrect. 
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“The comparison of these three systems gives either 


A= 0 
(a= tp es rn) =f | 
[21)=[12] * ; [2n] =[n2] 
[ml]=[ln] [n2]=[2n] ... * 
. [11] =0 [12]+[21]=0 ... [In]+[nl] =0 | 
(21]+[12]=0 [22]=0 ... [2n]+[na]=0 | 
[nl]+[1n] =0 [n2]+[2n]J=0 ... [nn] = 0 ; 


and consequently either a symmetrical skew determinant of an even 
order or a determinant of an odd order vanishes.” 


What the first half of the sentence asserts to be proved is the 
proposition that Jf A be a zero-awial skew determinant, then 
either 

(1) A=0 and [rs]=[sr], 
or (2) [rr]=0 and [rs]=—[sr]. 


In this there is evidently included the assertion that A zero-aaxial 
skew determinant either vanishes itself, or all its principal 
coawial minors vanish: but what Spottiswoode finds in it is the 
much wider assertion that Hither all even-ordered or all odd- 
ordered zero-axial skew determinants vanish. If however his 
accuracy be granted up to this point, there is little objection to 
the cogency of the next step in the reasoning, which is worded 
as follows :— 


“But since it is found on trial that for n=1, 3,..., A vanishes, 
while for n=2, 4,..., it does not, the following theorems may be 
enunciated :— 


“Theorem XIV. A symmetrical skew determinant of an odd order in 
general vanishes, and the system has for its inverse an unsymmetrical skew 
system. 


“Theorem XV. A symmetrical skew determinant of an even order does 


not in general vanish, but the system has for its inverse a symmetrical skew 
system.” 


The only difficulty to be raised is in regard to the name given 
to the “inverse system” in the first case. “Unsymmetric skew ” 
is clearly inappropriate when, as we have seen, [7s]=[sr]; and 
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it is not improved in the second edition by alteration mto 
“quadratic skew,” the fact being that the system is not skew 
at all, but is symmetric with respect to the principal diagonal, 
or, in later phraseology, is axisymmetric. 

The treatment of the next theorem taken up is happier than 
the foregoing, and is after the outset no less fresh. Taking an 
even-ordered skew determinant with zeros in the principal 
diagonal he develops it according to products of an element 
of the first row and an element of the first column, the result 
being written in the form 


ig inl ley) +e 84... on it 2(L2 ila) 13d 30 00. a2 | bo 


91 x 2n A Ree a4: oped Sines eat 


m1 n2 * Mead 550 8 mand... n2 


where, be it observed, the second typical term on the right 
has been altered from 


— 2(12)(13) | 32 BY i G0) 
AD ee oe dll op 
TOR” GOEL PAE 


by the translation of the first column to the last place. The 
determinant in this typical term is then further transformed 
into the square root of the product of two determinants like 
that in the term preceding it, the steps of the reasoning being— 


Sha) ieee 7 als AS pele sak & BNE BeeeOd. oa 3. OT, 
2A PI Dea) ee AS. Heine SSRN ON AED 6 ores AN 
Hn AeA eer (eee We books» ES Tee. Goa ke UES Ra 

x 24 2n x 34 38n 
_| 43 * 4n|.| 42 x 4n 
TOS Sad PERL: ER a F 


the deletion of 23 and 32 in the last step being warranted by the 
fact that their cofactors are determinants similar to the original 
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but of odd order n—3, and therefore have the value zero. The 
development as thus changed has the form of the square of a 
polynominal; and consequently by extracting the square root 
there results 


~ [oan Lae lx 34... 3n? . 4014 42), 

21 *« ... 2n| 49. 43 * ... 4m 413. by a eee sie 
(AE Pee: NS. 78 ... * 24 25... * 
This, according to the point of view, will be recognised either 
as Cayley’s theorem that an even-ordered skew determinant 
with zeros in the principal diagonal is a square, or as the 


theorem in Pfaffians formulated by Cayley and which in Jacobi’s 
notation would be written 


[123 ...] = 12[84...)+18[45... n2]+14[56 ... n23]-+°~. 


The rest of the section or chapter deals with Cayley’s extension 
of this to skew determinants whose principal elements are not 
zeros, the notation employed being the same. 


In the Second Edition, when dealing with Cayley’s orthogonal 
substitution, Spottiswoode gives (p. 261) without proof an 
important theorem on determinants of the present kind. This 
will be found formulated under Orthogonants (see p. 315 below), 
and need not be repeated here. 


CAYLEY, A. (1851). 


[On the theory of permutants. Camb. and Dub. Math. Journ., 
vii. pp. 40-51; or Collected Math. Papers, ii. pp. 16-26.] 


By this time the widened definition of a determinant which 
Cayley had given in his paper of 1847 had been exploited to a 
certain extent, and had been found profitable both by himself 
and his fellow-worker Sylvester. The paper we have now come 
to, however, is the only one of the series that for the present 
concerns us. In it he implicitly discards his former usage of 
the word “determinant” in any wider sense than that employed 
by his predecessors; adopts instead the word “permutant” as 
suggested by Sylvester, and in working out the theory of the 
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general functions under this name assigns to determinants and 
Pfaffians their proper niches in the new structure, the scheme of 


classification being 
(A) (no name) \ 


Permutants 


(b) Commutants- 


(B) Intermutants 
(or hyperdeter- 
minants) 


( (a) Pfaffians 


CAYLEY, A. (1854). 


[Recherches ultérieures sur les déterminants gauches. Crelle’s 
Journ., 1. pp. 299-818; or Collected Math. Papers, i. pp. 


202-205.] 


(8) Determinants. 


| 


The development with which this paper of 1847 closes is here 
recalled and repeated for the case where the skew determinant 
is of the 5th order and the elements of the diagonal are special- 
ised, the form in which the identity appears being 


12345 | 13345 = 11: 
all 
eid 
sia 
Bill 
savin ¢ 
cea 
+ 22. 
4+ 22. 
4+ 22. 
ame 
wt ig 
4+ 22. 
+ 33- 
+ 44. 
+ 55: 


-22-55 
-33-44- 


» 44-55 


22-33 


22-44. 


33 -55- 


33-44. 
33.-55- 
4d - BD 
Ad 55+ 
(2345)? 
(1345)? 
(1245) 
(1235) 
(1234), 


» 44-55 
-22-33- 


(45° 
(35) 


(34)? 


(25) 
(24) 


. (28) 


(15) 
(14)? 


(13) 


(12)° 
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where the symbol on the left stands for the determinant whose 
elements are 11,12, ..., 21, 22,... and the peculiarity of skew- 
ness is understood but not expressed. Had the specialisation 
of the elements of the diagonal been as before, the development 
would clearly have been 


1 
4-(45)2+ (35)? + (B4)2-+(25)?+(24)?-+ (23)? + (15)2-+(14)?+ (13)? + (12) 
4 (2345)?+ (1345)2+ (1245)? + (1235)? + (1234), 


which, if the order be reversed, agrees exactly with the result of 
putting n=5 in the identity towards the end of the paper of 
1846. By way of explanation Cayley adds the sentence “Les 
expressions 12, 1234, ete., & droite sont ici des Pfaffiens,’ which 
is noteworthy as being the first intimation that he desired “les 
fonctions de M. Jacobi,” as he had formerly called them, to be 
known by the name of the mathematician whose integration- 
method had led Jacobi to the discovery of them. The change is 
easily accounted for by the fact that it was more appropriate to 
attach Jacobi’s name to another class of determinants which 
were of greater importance and to which Jacobi had given far 
more attention. 

Immediately following this there comes the announcement :— 


“Jai trouvé récemment une formule analogue pour le développement 
dun déterminant gauche bordé, tel que 


a1234 | 81234 = a3 Gl) fa? ace ad 
TAT Tt woes ta 
98 21 22 23 24 
SA 1410) 39esae St 
48 41 42 43 44!; 

Cette formule est :— 

a1234| 61234 = af-11-22-33.44 
+aB-12-12-33-44 
+a8-13-13-299-44 
rag. 


+aB8-24-24-11-33 


mas Qs.orl ives 
+a8-34-34-11.29 
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+ 081234 -1234* 
+al-1-22-33-44 
+a2-82-11-33-44 
+a3+83-11-22-44 
+04-84-11-22-33 
+0123 - 8123-44 
+0124 - 8124-33 
+a134- 2134-22 
+0234 -B234-11).” 


Naturally enough it is noted by Cayley that the writing of 
a=8=5 gives us the less general theorem with which he 
started ; but he does not explain why a third way of arranging 
the terms of the development is adopted. Stranger still, he does 
not remark on the fact that by making 11, 22, 33, 44 all vanish 
there is obtained the identity 


a1234 | 81234 = a81234- 1234, 


rs=—sr, 1r=0 
which is the twin theorem to one given in his previous paper 
regarding a bordered skew symmetrical determinant of even 
order. It will be remembered, however, that in the statement of 
this latter theorem, the peculiar narrow use of the word ‘ bordé’ 
did not occur. 

Although what may be called Part Second of the paper (pp. 
301, 302) may seem at first sight to concern something else, it 
really only draws attention to the fact that the manors (by which 
he means those afterwards named primury minors) of a skew 
determinant are themselves skew, being “gauches ordinaires” when 
their cofactor in the original determinant is of the form rr, and 
“gauches bordés” when their cofactor is of the form rs. Con- 
siderable space is occupied in verifying by two examples that the 
same result will be reached whether we apply the theorem of 
Part First directly to 


123, gy 1234 0 ae 


or to the primary minors in its equivalent 


123 ab Ap 223-1. olfives kyle anti pelSkaletlort L\ecies 


* A serious misprint in the original is here corrected. 


270 HISTORY OF THE THEORY OF DETERMINANTS 


What may be called Part Third (pp. 303-305) is very forbid- 
ding, by reason of the defective mode of exposition and of the 
awkwardness of the notation employed. Probably this accounts 
for the fact that the interesting theorem which it contains has 
never emerged until now from its place of sepulture. A portion 
of it must of necessity be given verbatim, if only for the purpose 
of preserving historical colour. It commences— 


“Je remarque que le nombre des termes du développement (p. 299) 
du déterminant gauche est toujours une puissance de 2, et que de plus, 
ce nombre se réduit 4 la moitié, en réduisant 4 zéro un terme quelconque 
aa, Mais outre cela, le déterminant prend dans cette supposition la 
forme de déterminant [gauche] d’un ordre inférieur de l’unité. Je 
considére par exemple le déterminant gauche 123 | 123. En y faisant 
33 =0 et en accentuant, pour y mettre plus de clarté, tous les symboles, 
on trouve 

123 | 123’ = 11’. (23')2 + 29". (13’)2. 


De 1a, en écrivant 
131 Wipe ed Sueell ae 
22 mel 3°02", 


on obtient 
12 | 12 = 11-22+(12)?, 
= I1’. {22’- (13’)? + 11’. (23°)7}, 


cest & dire 
Tes 
On a de méme 
1234 | 1234’ = 11’. 22’. (34)? + 11’ 33’. (24’)? + 22’. 33’. (14’)? + (1234')2, 


et dela, en écrivant 


bo 
| 


= 11'-193 | 123° 


(Pee Te {71 23 =1234', 
22 = 14’.29', 18a] 134% 
Byres 493% 


on obtient 


i 


123 | 123 = 11-22-334+11- (23)? +22 - (31)? +33 -(12)2, 
8 pe 33’. (14’)? + (1234’)2 | 


+11’. 29’. (34’)2 +11’. 33’. (24’)2 
e’est a dire 
123 | 123 = 11% 14". 1934 | 1234.” 

The remainder is devoted to the next two cases, the verification 
of which, of course, occupies still more space. The theorem thus 
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dealt with may be roughly described as giving the transforma- 
tion of a skew determinant, having one zero element vn rts man 
diagonal, into a skew determinant of the next lower order ; and 
in a notation which needs no explanation and which was per- 
fectly familiar to Cayley at the time, the four examples may be 
written thus :— 


11 


— 


geist ° 
oo ot ateet LAS O11 23lce 5 
me es 20.18 os 
Bais, 2038 


TiSi26 13 114 
-12 22 23 24 
—-13-23 33 34 


11-14 11-24,.,11-34 
=} —11-24 29-14 [1234]} + 11-14, 
— 11-34 — [1234] 33-14 


—14-24-34 
Pte? 
L af <i . = LE 1527.25 | 11-35 S14.45. | 
2 3 =" ae me —11.25 22-15 . [1235] [1245], aR Fieucse 
a — 11-35 -[1235] 33-15 [1345]) © . 
14-24-34 44 45 
— 11-45 —(1245] — [1345] 44.15 | 

15 - 25-35-45 
Bel? 15 16 11-16 11-26 11-36 11-46 11-56 | 
2) 22 25120 11-26 22-16 [1236] [1246] [1256] 
rar ee — 11-36 -—[1236] 33-16 [1346] [1356]| + 11-(16)*. 
BS — 25 ve wg 55 56 ~ 11-46 —[1246]-[1346] 44-16 [1456] 
16-26. ..—56 ~ 11-56 — [1256] — [1356] -[1456] 55-16 


Of course, this mode of writing does not at once suggest any 
better mode of proof, but it makes clear the general theorem, 
which consequently may be enunciated as follows: 


“A skew determinant of the n” order which has a zero for the 
last element of its main diagonal may, if multrplied by 11-(1n)"~* 
be transformed into a skew determinant of the (n—1)" order, 
which has for its first row the last column of the original deter- 
minant multiplied by 11, for its main diagonal the main 
diagonal of the original determinant multiplied by In, and for 
the element in every other place rs situated between these two 
lines the Pfaffian [1rsn].” 
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The rest of the paper deals with inverse matrices, and with 
the application of them to the problem afterwards known as the 
automorphic transformation of a quudrie. 


BRIOSCHI, F. (1854). 


{La Trortca DEI DETERMINANTI, E LE SUE PRINCIPALI APPLI- 
CAZIONI. viii+116 pp. Pavia.] 


In this, the second text-book, the same importance is given to 
skew determinants as in Spottiswoode, the first part of the eighth 
section (pp. 55-72) being devoted to them under the heading “ Dei 
determinanti gobbi,” which Schellbach translates by téiberschlagene. 
The arrangement and treatment of the matter, however, are much 
more logical, zero-axial skew determinants being taken first, 
then the functions connected with these, namely, Pfaffians, then 
skew determinants which are not zero-axial, and lastly the use 
of skew determinants in the consideration of the problem of 
orthogonal transformation. 

The precedence given to determinants which are “ gobbi sim- 
metrici” over those which are “puramente gobbi” is explained at 
the outset by reference to Cayley’s theorem regarding the ex- 
pressibility of the latter in terms of the former, the quite general 
theorem from which Cayley’s iinmediately follows being carefully 
enunciated thus : 


“Tndicando con P, il determinante nel quale si pongano equali a 
zero gli elementi principali; e con (”P,,), un determinante minore 
principale delle’ m-esimo ordine del determinante P nel quale siensi 
annullati gli elementi principali si ha :— 


elf 
Le ee iti ak + DIP Le se 1 Oy Glos ss we Onan 


The proof given of Jacobi’s theorem regarding the value of an 
odd-ordered skew determinant with zeros in the principal 
diagonal is essentially the same as Cayley’s proof (1847), but 
fuller and clearer. The proof of the corresponding theorem 
for a determinant of even order resembles Spottiswoode’s, the 
difference lying mainly in the use of the notation of differen- 
tial-quotients in specifying the minors of the determinant. 
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Denoting the determinant of even order by P, he starts with 
the development— 
OU ap a's MOR oP 


Ayrys meas 
ir 


P= —-—@ 
Os, 


WOO Or “hs OA1s00s 
Then since a previously obtained general identity, originally due 
to Jacobi, viz., 
2P oP oP eP.oP 
D000) PO Oy 9-00 yg Ong Oye, 


gives in this special case the identities 


OB bae Ob Pi tow OF yice 
QO, OATES Cla (Cdn thee O0igt se AOTng dO Des, 
oP oP oP 


= ° > 
Oy Oey OD pa (Oe, 


because the cofactor, awkwardly denoted by OP/da,, of any 
vanishing element a,, in the principal diagonal is zero in accord- 
ance with the preceding theorem of Cayley’s. From the first 
two of these we have 


or, oP CL Bob) aol. oF 


. ° = e . > 
COyp Oy, OAys 00s, Oty Op, Oyg OAs 


p2 


the right side of which can be changed into 
pede . Gol i 
Ay, OAs, 


by reason of the fact that for a determinant such as P we have 


in every case 8 4 
C) ) 


Ore Or 


But from the third identity above, by squaring, we obtain on 
the right the same expression; so that there thus results 


ep as 2p 
Ottyr On) OA yp Oy OAlyy OD gy 


an equation which, in connection with the above development 
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of P, implies the property that the determinant P is a square 
(“nella quale equazione trovasi appunto espressa la proprieta che 
il determinante P é un quadrato ”). 

On looking now to the development with which the demon- 
stration opened, Brioschi is led to an expression for the square in 
question, viz. : 


ig {+ ( oe ya ( a ye +a ae Oe 
ee laeee 044 Ottgg/ ~~ NOAqy Odgg/ NOG Onn? J» 


or, more generally, 
oP 3\2 
Bo {Diten (57) ib 


where he notes that in every case @,,=0 and 0?P/0a,,0ds., being a 


determinant of the same kind as P, is a square. The example 
added is 


0 Gy Hz Ay 0 
CO. 
Ay 0 Aggy Agy * 
0 Ay 
3, Azo As4*| 
Ay Ay Ay 0} 


1 
: O dy, 


Gs V 


Sal 2 
= (yp gg — Ayg hog + Ay 4 M93)”, 


where the difficulty of the ambiguous sign, although presenting 
itself more prominently than in the general demonstration, is not 
referred to. 

The new function H, which is the square root of P, is next 
studied. Differentiating both sides of the equation of relationship 
Brioschi obtains 
oP el RR 
in Ste 


where the inconvenience of the differential notation comes out 
more strikingly than before, the differential-quotient on the left 


*Since the left member is what Cayley called a ‘‘ bordered skew symmetric 
determinant”; and since, as Jacobi noted, a differential-quotient of H with 
respect to one of its elements is a function of the same kind as H, we have here 
unnoticed one half of Cayley’s proposition that a bordered skew symmetric 
determinant is expressible as the product of two Pfaffians. 
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being used conventionally to denote a certain minor of P, and 
the differentiation on the right being real. By squaring we have 


OP \2 oH? 
(<—) =r () ‘ 


and since, as we have seen, it is permissible to substitute 


Cle Poe ioe 2 
Ory Ollgg Ors 


there results 


(eset ae 


On Oks? Ole 


so that the expansion for P above obtained may be altered into 


; P= {3,(an a)y 


from which by extraction of the square root we have 


Fea) (cin o) 


This will be recognised as a third mode of writing an already 
well-known result, and, as Brioschi notes, gives a property of 
the function H similar to a property of determinants (“1a quale 
equazione contiene una proprieta della funzione H analoga ad 
una nota dei determinanti”’). 

From this he passes to what he calls the characteristic 
property of H, viz, its change of sign consequent upon the 
transposition of two indices. Calling H’ what H becomes when 
r and s are interchanged, he notes that in those terms of H in 
which the element a,, occurs there can be no other element with 
the same indices, and that therefore 


oH oH’ 


Ors ae Ors 


Then since the same interchange made in P leaves P in reality 
unaltered,—that is to say, since H?=H2,—he obtains 

oH ele lo 
Ops Fake Odrys” 


H 
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and, it having been shown that the two differential-quotients 
here appearing are of opposite signs, it follows that so also are 
H and H’. 

Lastly, he passes on to skew determinants in general; and, 
using the theorem and notation introduced at the outset, he 
writes Cayley’s propositions in the form— 


meven, P = P,+ >), >jArrel Dido s «» Gy, Oen s+» Ong, 

We Odd, Poe) Onl Dalat « xt Oyj Gog aly es 

which, he says, when the principal elements are all unity, become 
Pot Chile tenga t 

mn odd, P= >),Cpabit DiCia +... + 1 


the development now being in each case a sum of squares, as 
all the minors appearing in it are even-ordered. 


nmeven, P 


BRIOSCHI, F. (1855, March). 


[Sur l’analogie entre une classe de déterminants d’ordre pair et 
les déterminants binaires. Orelle’s Jowrn., lii. pp. 183-141 ; 
or Opere mat., v. pp. 511-520. See also Annali di Sci. 
mat, e fis., V1. pp. 430-482. | 

After explaining that his purpose is to generalise a result of 

Hermite’s (Comptes rendus ... Acad. des Sci., Paris, xl. pp. 

249-254) regarding determinants of the fourth order, Brioschi 

sets out by establishing a necessary lemma regarding deter- 

minants of any even order whatever. It is this lemma which is 
of importance to us in the present connection. Taking the 
determinant 


Dy (+ Oa, kos, Tres OT. AL Bay, 


he multiplies it by the equivalent determinant 


Ons — Ay Ag = gy tome Oy on —Q,om-1 


9 — Ay; oa — Ags ees Agom — U2, 2m-1 


Coma —Fm,1 ama —Gom3 ++++ emam —Cem,om-1 
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obtaining the result 


bes Li Se ae bom 
hs lpi ettes beatele rin 
AM rssrh; i ; oeyedec bs om 


Lom, 1 Lome: 2 bom; 3 
where 


Ls = Ayy Aggy — Apa Ag, FH pg Ugg — Apg Asg aE fe Pace 


and where therefore 


Lng = Vee 


Using then Cayley’s theorem regarding a determinant which is 
“gauche symétrique,” he concludes that A is expressible as a 
rational function of the l’s. This result he might have put in 
the form Any even-ordered determinant is expressible as a 
Pfaffian: and at a later date it would have been written 


Dy (tA ee «+ Com, am) = | bod Geoctim ese lia, | 
ait dy orate les.) 
bation cS 


The rest of the paper is occupied with the consideration of the 
special case where 


ly = ly = lsg ae DUONG ae ban tae 


and all the other l’s vanish. 


BELLAVITIS, G. (1857). 


[Sposizione elementare della teorica dei determinanti. Memorve 
... Istituto Veneto ... vii. pp. 67-144. ] 


For the determinant which Cayley named “ gauche,” Bellavitis 
introduces the term pseudosinmetrico, and for “gauche symé- 
trique” he introduces emisimmetrico ($ 41). In the matter of 
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notation also he suggests a change, denoting (§ 54) the Pfaffian 
which is the square root of 


EP e Na 
a 0 oo & 
(i ee ane ig 


c 
| da ba ca 0 | 
by 
PE (a; O26 dy. 
Nothing else is worth noting save the carefulness of the exposi- 
tion (§§ 51-54, 59). Part of Cayley’s theorem regarding a 
bordered skew symmetric determinant appears as a theorem 


regarding a non-coaxial primary minor of a skew symmetric 
determinant (§ 59), 


CAYLEY, A. (1857). 


[Théoreme sur les déterminants gauches. Crelle’s Journ., lv. 
pp. 277, 278; or Collected Math. Papers, iv. pp. 72, 73.] 


This is practically a note to rectify the oversight made in the 
paper of 1854, where, as has been pointed out, he omitted to draw 
attention to the case in which the skew determinant submitted to 
the operation of ‘bordering’ has zeros for the elements of the 
principal diagonal. 


“Un déterminant,” he now says, “de cette espéce se réduit toujours 
au produit de deux Pfafiens. En effet en écrivant dans les exemples 
11 =22=33=44=0, on obtient: 


a123 | B123 = 2123-6123, 
a1234 | 81234 = o 81234-1234, 


et de méme pour un déterminant gauche et symétrique bordé quel- 
conque, suivant que l’ordre du déterminant est pair ou impair.” 


To this there is added the suggestive commentary :— 


“Je remarque & propos de cela, que dans le cas d’un déterminant 
dordre pair, le terme af est multiplié par un mineur premier lequel 
(comme déterminant gauche et symétrique @’ordre impair) se réduit 
a zero; le déterminant ne contient done pas ce term af, et sera par 
conséquent fonction lineo-linéaire des quantités al, a2, etc., et 18, 28, 
etc.; de maniére qu’on ne saurait étre surpris de voir ce déterminant 
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se présenter sous la forme d’un produit de deux facteurs, dont lun 
est fonction linéaire de al, a2, etc., et autre fonction linéaire de 1, 
28, ete. Mais pour un déterminant d’ordre impair, le coefficient du 
terme af ne se réduit pas a zéro ; en supposant donc que le déterminant 
puisse s’exprimer comme produit de deux facteurs, il est nécessaire 
que l’un de ces facteurs soit (comme le déterminant méme) fonction 
linéaire de af et lineo-linéaire de al, a2, etc., et 18, 2, etc.: de cette 
maniére on se rend compte de la différence de la forme des facteurs, 
qui a lieu dans les deux cas dont il s’agit.” 


It is finally pointed out that by writing 8=a we are brought 
back to 

a123|a123 

1234] 01234 

—‘“la propriété fondamentale des déterminants gauches et symé- 

triques.” There is again, however, an oversight here, for the 

element aa is taken to be equal to 0, whereas it is only necessarily 

so in the second case. 


(a123), 
Oe 


Il 


BALTZER, R. (1857). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN, mit ..... 
vi+129 pp. Leipzig, 1857.] 


Following his two predecessors Baltzer also assigned a separate 
section of his text-book to skew determinants, but without 
giving them any special designation of his own or even taking 
over that used by Schellbach. The title of the section (§§ 8, 
pp. 29-84) is thus a little lengthy, viz, “Determinante eines 
Systems von Elementen, wnter denen die correspondirenden 
aj, und a, entgegengesetzt gleich sind.” 

It must be noted, however, that before this section is reached 
some theorems which strictly belong to the subject of the section 
have been already dealt with. These are in the first place (§ 3, 8; 
p. 12) Jacobi’s theorem regarding the vanishing of a zero-axial 
skew determinant of odd order, and Spottiswoode’s theorems 
regarding conjugate elements of the adjugate or inverse of a 
zero-axial skew determinant, the mode of proof for all being 
that used by Jacobi for his own theorem, viz., the multiplication 
of all rows or all columns by —1, and then comparing the 
resulting determinant with the original. In the second place 
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(§ 8, 10; p. 18) we have Brioschi’s theorem regarding the 
differential-quotient of a zero-axial skew determinant of even 
order, and a suggestive proof of the same which it is desirable to 
note. It is as follows :—Let the determinant 


Unt cai ated Ann 


be denoted by A, and the cofactor of a,, in A by A,,. Then, 
bearing in mind that A is a function of a,, and that a,, is not 
independent of a,,, we have 


oA OD gy 
Oy mibhagoh agin 
= A,,— A, 
But when 7 is even we know from Spottiswoode, as above, that 
A,,= —A,,; consequently we have in this case 
OA 
pate? eo 
Ons Ars 


as Brioschi affirmed.* In the third place (§7,5; pp. 28, 29) he 
applies Jacobi’s general theorem 

Boor Ag 
Ax AY, 


aryipobORA 
" ulmesagoag 


as Brioschi did, to the case where A is zero-axial skew and of 
odd order to obtain the result 


A’. = A,,-A,,; 
and he takes the further step of deducing from it the result 
AN: AK PAR Oh? Se Ae Ae Are | 


“It ought to be noticed also that Baltzer uses the equation 
OA _ 

Ors 

to verify Spottiswoode’s theorem for the case where A is odd-ordered, the 


reasoning being that as A is then known to be identically zero, so also must 
OA/Oa,s, and that therefore A,.= Ay». 


Ars — As 
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thus showing, as he says (1) that the ratios on the left are inde- 
pendent of v, and (2) that, when the sign of one of the roots has 
been fixed, the others are known (“dass durch das Zeichen einer 
unter diesen Wurzeln die Zeichen der iibrigen Wurzeln bestimmt 
sind).” 

Turning now to the section specially set apart for the con- 
sideration of skew determinants, we find that it opens with 
Cayley’s theorem regarding a zero-axial determinant of even 
order, the requirement being, as here worded, to prove that such 
a determinant is the square of a rational integral function of 
the elements. The proof is essentially the same as Spottis- 
woode’s and Brioschi’s, and differs from Cayley’s merely in 
that it does not begin with a determinant of a more general 
form than is necessary,—a point which it is desirable to 
insist upon, as Baltzer ignores the fact, and then does not 
hesitate to say in a footnote that Cayley’s proof “leaves 
manifold doubts unrelieved.” In fact the theorem which 
Cayley proves is, that if a zero-awial skew determinant of 
odd order be ‘bordered’ the resulting determinant is the pro- 
duct of two Pfaffians: whereas what the three others prove, 
is the particular case of this in which the skewness extends 
to the bordering elements. 

The development with which the proof begins Baltzer writes 
in the form 


a“ ; 
A = dyAy — dOnt 
Ts 


rs? 


where A’ is the cofactor of a,, in A,,, and 7 and s have the 
values 2, 3,..., 2. He then uses the fact that A,, is a zero- 
axial skew determinant of odd order, and that therefore by a 
preceding result 


so that there is obtained 
A 7 > a, ns VAY. Al ; 


and since in this aggregate the values possible for r are exactly 
those possible for s, he concludes (without knowing the signs of 
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the terms of the aggregate, be it observed) that it is resolvable 
into two factors, viz. 


(24, VA,,) (Qe VA.) i 


It is then argued that the two factors are identical even in the 
signs of their various terms “da durch das Zeichen einer Wurzel 
die Zeichen der iibrigen bestimmt sind”; and that therefore 


a= (Sade) 
and" /A = Doe PAN 


—an aggregate of »—1 terms, since the values to be given to 
r are 2,3,..., n. The next step consists in pointing out that 
A’,, being a determinant similar to A but of order n—2, it must 
follow that /A’,. can in the same way be expressed as an 
aggregate of n—3 terms, and that this process can be continued 
until the minor under the root-sign is of the 2nd order, when 
manifestly its value is the square of one of its elements. The 
final result thus is that /A is expressible as an aggregate 
of (n—1) (n—8)... 3.1 terms, each of which is the product of 
sn elements whose collected suffixes form a permutation of 
LAD ie Bae: 
By way of corollary to this it is pointed out that 


TE Ayo My e+» Gyan 


is one of the terms of the aggregate; and the same is proved by 
showing that the square of this is a term of A, the reasoning 


being as follows :—Since in every case a,,= —d,, we have 
5 9 " 
(Qiggg +s» Antn)” = (AigMy.-. 1 SD — }#( dai Ay... Onn—t)s 
and .". = (—)I( G2 Mgr Uy Bag «+ + Ont Gnjn—1)> 


which clearly contains m elements, one from every row and one 
from every column of A, and will therefore be a term of A if only 
we can show that the number of inversions of order in 


251,°4,3; 6,5, i25 1, v—1 


is 4n, a fact which is self-evident, 
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Baltzer’s proof that the rational integral function H, which is 
the square root of A, changes signs when two suffixes, r and s, 
are interchanged is a simplification of Brioschi’s, the operation 
and even the notion of differentiation being dispensed with. 
The function resulting from the change being H’ he concludes 
like Brioschi that 

H? = H?; 

also the aggregate of the terms in H which contain a,, being 
QysB, say, he infers as Brioschi does that B cannot be affected by 
the change, and that therefore a,,B will be altered into a,,B 
or —d,;B. Here, however, he brings the demonstration quickly 
to a satisfactory end by saying that since some of the terms 
of H’ are thus seen to differ in sign only from the corresponding 
terms of H, the equation H?=H”? shows all of them must so 
differ ; and this is what was to be proved. 

Jacobi’s notation for the function H is then introduced, the 
formal intimation being that (1,2,3,...,) 2 used to denote 
the aggregate whose first term %8 A.M, +++ > Gn—1,0 and whose 
square is A. The other value of ,/A is thus of course represent- 
able by (2,1,3,..., 7), or (2,3,..., m,1),or.... As this implies 
also that 

we a os lk ORS Rare aE Pee awl Ga, aca 1) 
we have now the means, so far as symbolism is concerned, of 
removing the ambiguity from the various terms of the identity 


JA = Ayo! Ano + Gizn/ Asst +++ + + yan Ann 
As for the knowledge necessary to use the symbolism aright, 
Baltzer’s dictum is that the sign taken to precede 
(2,3,teekes Pad, ets; n) 
in substituting for /A’m must be such that the equation 
Ate lA = Are 
will be satisfied; and this he proves will take place when the 
sign-factor of (2,3,..+,7—-1, r+1,..-, m)is(—1). By hypo- 
thesis, he says, the left-hand side 
= (—1)(2,3,...7-L rth... 2)(-1)2,3,. .. 8—1,s+1,...,”) 
= (—1Y4(2,8,...,7-Lrt,..., 2)(2,3,...8-Ls+]...%); 
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and therefore by a previous theorem 
= —(-1)+(2,3,...,.r—L7rt+l,...,n)(3,...,s—1,8+1,..., 7, 2), 
the first term of which is 
— (— 1) Fog... Unt. ° Uggs ++ Ono 
or — (—1)"Fa193 gy.» « An—1,n Ane 3 
and the right-hand side 


= cofactor Of Gy, in | deg a3» Aon 


Aso 33 Asn 
Ang Ang Gnn | > 
= (—1)"** la, es care ak Otek Onna eit putes 
Aso Msg ww ee Aggy Asst41 + +++ Agn 
1,3 1,3 CG Qy—1,3-1 Op — 3,344 oeleie Opin 


41,2 AUrgis +++ Ungie-1 Artisti ++++ Uptin 


An,2 Ans eae On, s—1 An, s+4 Saas Ann 5) 


and therefore, on account of the translation of the first column 
to the last place, 


Sl (—1)"ts Ag os ee Os 5-1 Ae 544 oo 6.6 Aen eo 
A33 one a6 3 9-1 Os 641 “eee As n Aso 
Qy-3,3 se e+ Upits-1  Up-aeti +++ Opty Upoae 
Gpti3 sees Antig-r Artisti ss: Artin Optio 
On, 3 Re sciar' On, s-1 An s+1, be a Ann An, 2 > 


the first term of which is 


—(—1)'dgay... An-1,w4n,2 » 
exactly as before. 


To the proof no note is appended drawing attention to the fact 
that the very same result would have been reached by taking 
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(—1)"-}, or indeed (—1)"~4, instead of (—1) for the sign-factor 
OFZ, 3. Spr Sl 1G OH), 

The very next step taken, in accordance with the above 
mentioned dictum, is to make the substitution in the right-hand 
side of the equation 


JA = Ayan) Are oh Agr) Ags Tee hee Ginn Ann 


the first term being used to decide whether (1,2,3,...,) or 
—(1,2,3,..., 7) has to be substituted for the left-hand side, and 
the final result being 


(LEZ OH tee) (Barge) ag (4g +s 419752) -E --. + Oy (2,...,0—1). 


Since (3,4..., 7) is the cofactor of a, in (1,2,3,..., 7) and 
the differential-quotient of the latter with respect to a, is the 
same, it immediately follows from this that 

O/A e/A 


12 OOhrs 13 DAs 


ay 


1 
. Ain 


JA = a +a +...+4@ 


Baltzer, however, obtains a more general result by going back to 
the corresponding more general theorem in determinants, vi1zZ., 


the theorem 
A = BnyArs ss Oyo Avg as Ca + pn Arn s 


with which he associates 


0= AryAg ae yg Are + Prue wt Gen; 


substituting /A ae for A,,; and then dividing both sides by 
JA. In the results, y 
O/A On/A 
ni = An Oli, +... t+ Gn Dap, ’ 


es te On 
‘ig Obs rn Cig, 


it has to be noticed that there is no term in 6/A / ean 


By comparison of the first of these with the immediately 
preceding result (the recurring law of development) he deduces 
the quite general identity regarding the two forms of the 
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cofactor of a,, in ./A—the identity, that is to say, with which 
we were inclined to start. His words are— 


“‘Setzt man 
Ames GL P2 G6 OF Saye DY a) 
= (2, ..., %) + O(5, .. Sydnee 
so findet man 
a a(S Lis f 1; Varios Sr), 


in welchem Cyclus die Suffixe 7 and s fehlen.” 


In regard to this the reader has, of course, to note that 
(7,1,2,...,7—1,r+1...,%) being only one of the two values 
of ,/A, the differential-quotient obtained is also only one of two; 
in other words, that the result reached is really 


(7,152, 2 7 — 1j7r- ey 1)/ Bers ='(s-++ 1, Sapo, sae 


where from 1 to s—1 and from s+1 to n the integers appear in 
natural order, save that r is omitted. 

The remainder of the chapter or section, which contains no new 
feature, refers to Cayley’s expansion of a determinant arranged 
according to products of elements of the principal diagonal, and 
the application of this to skew determinants whose diagonal 
elements are each equal to z. 


SCHEIBNER, W. (1859, July). 


[Ueber Halbdeterminanten. Berichte ... Ges. d. Wiss. (Leip- 
zig): math.~phys. Cl., xi. pp. 151-159.] 


This paper is not put forward by its author as containing 
new matter, being in fact such an exposition of the theory of 
Pfaffians as would suitably have formed a chapter, and a good 
one, of a text-book like Brioschi’s or Baltzer’s. 

From the vanishing of a zero-axial skew determinant of odd 
order Scheibner reaches the already known fact that the product 
of two of its coaxial primary minors is equal to the square of a 
non-coaxial primary minor. In a quite fresh manner it is then 
shown that the square root of this is a rational and integral 
expression (Pfaffian), whose law of formation is thereafter estab- 
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lished. Naturally following on this comes the proof (p. 156) 
that each of the non-coaxial primary minors is the product of 
two Pfaffians, the result being written in the form 


Ang = (p+l,..., 2m, 0,...,p—1)(q+1,..., 2m, 0,...,q—1), 


where the suffixes of the elements of the original determinant 
are 0,1,...,2m. On a later page (p. 158) it is shown that a 
similar proposition holds when the original determinant is of 
even order, namely, 


Ang = (—1)?(0,1,2,..., 2m+1)(q4+1,...,p—lLptl,...,q—D). 


Cayley’s theorem regarding a “bordered” skew symmetric 
determinant thus appears broken up into two parts. 

The paper concludes with the suggestions that a skew sym- 
metric determinant should be called a Wechseldeterminante, that 
its square root should be called a Halbdeterminante, and that the 
latter should be denoted by 


PA iia) CNT ea Gage 
Cige ig ae, Nay 
dsg oe ete Us, 
Up-1,p |» 
an expression which would thus be an alternative for (0,1,2,...,7) 


and which would vanish for even values of p. 


SOUILLART, C. (1860, Sept.). 
[Note sur la question 405 et sur une composition de carrés. 
Nouv. Annales de Math., xix. pp. 320-822. ] 
Souillart’s subject is the skew determinant 
a b c d 
—b a —-d ¢ 
—¢ d a —b 
—d —-¢ b Gals 
and his observations are (1) that it is equal to 
(a2+b?+02+ a2), 
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and (2) that if it be multiplied by the similar determinant which 
is equal to 

(pPP+q?t+r?+s*) 
the result is a determinant of the same form, whether the multi- 
plication be row-by-row or column-by-column. The object, of 
course, is to prove Euler’s theorem* that the product of two 
sums of four squares is a sum of four squares. 


CAYLEY, A. (1860, Dec.). 


[Note on the theory of determinants. Philos. Magazine, xxi. 
pp. 180-185; or Collected Math. Papers, v. pp. 45-49.] 


After expounding his, or rather Cauchy’s last, mode of par- 
titioning the ordinary expansion of a determinant, and giving his 
own diagrammatic representation of the partition, Cayley applies 
it to the expansion of a zero-axial skew determinant, showing, of 
course, that when of odd order it vanishes, and that when of even 
order it is expressible as a rational integral function of the 
elements. 


TRUDI, N. (1862). 
[TEORIA DE’ DETERMINANTI, E LORO APPLICAZIONI, di Nicola 
Trudi. xii+268 pp. Napoli.] 

To “determinanti gobbi” Trudi devotes sixteen pages (pp. 
78-94) of his text-book, the exposition, which is not a little 
influenced by Brioschi and Baltzer, being full and simple. There 
are only one or two points in it worth noting. In the first place, 
there is his opening proposition that in any zero-axial skew 
determinant, conjugate minors, if of even order, are equal, and 
if of odd order differ only in sign: this isa slight generalisation 
of a previously known result. In the second place (p. 80), Jacobi’s 
general theorem 


Bae, tre t pe O, 
"hoe 1) | a complaminor Of thy thee 
Ag Ags | sr Css 


* Novi Commentarti Acad. Petropolitanae, xv. (1770), pp. 75-106. For the 
conclusion reached see Nouv. Annales de Math., xv. pp. 403-407. 
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is applied to the case where A is a zero-axial skew determinant 
of even order, A,, say, and where, therefore, A,,-=O=A,, and 
Asg= —A,,., and the said complementary minor is a determinant 
of the same kind as A,,, but of the order 2m—2: and it is thus 
seen that if A,,,. be a square, so also must A,,. The use to 
which this is put is evident. 


JANNI, G. (1863). 


[Teorica di determinanti simmetrici gobbi. Giornale di Mat., 
i. pp. 275-278. ] 


Janni’s final result is a troublesome rule for finding the 
expression whose square is a skew determinant of even order, 
the line of thought, so far as it goes, being similar to Scheibner’s 
(1859). 


CREMONA, L. (1864); D’OVIDIO, TORELLI, MAGNI (1865). 


[Quistione 32. Giornale di Mat., ii. p. 62; iii. pp. 5-7, 7-10, 
10-14.] 


The theorem proposed by Cremona is Spottiswoode’s of the 
year 1853, namely, of A be a skew determinant having its 
diagonal elements a1, 9) +++, Am each equal to z, then the 
product of any two rows or any two columns of the adjugate 
determinant contains A as a factor, and the determinant of the 
n? cofactors equals A"-*. Proofs are given by E. D’Ovidio, 
G. Torelli, and A. Magni; but the second alone need be attended 
to here, as the two others are less direct, being connected, as 
the theorem originally was, with the subject of orthogonal 
substitution. 

Starting with the known result 


Or Aet - ++ t+OrrAgrt -.- +QmAm = A when s=r 
= 0 when s#rj, 


Torelli by subtraction of 2a,,As, and change of signs obtains 


OypAgy + orAse + oo tOpyAgrt ... + OnpAsn = —A+2zA,, when s=r 
= Q2Ay, When s#7'J. 
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But dypAys+ GorAost ... +OrpArgt +. +GnrAns = A when s=r 
= 0 when s#47r}j, 
and thence by addition, whatever s may be, 
Oyr(Ag +Ags) +. -- + Gnr(Asn+Ans) = 22Agr. 
Writing w,, for (As-+A,;)+2z he thus has the set of 7 equations 
ID @g1, Ws) + + +» Wsns 


yO Pee es On, On= rel 
Oy, Onchet aH dom =2Ag 


= 


Oni Ost = eee ato) On Oana es | ’ 
the peculiarity of which is that the right-hand members are 
cofactors of a column of elements of the determinant formed 
from the coefficients on the left. The solution thus is 


pow AysAyr+ Ags Aor + as) re + AnsAnr 
= A - 9 


Wer 
whence 


COE eerie 


“aw 


A, 


as desired. Using this n? times, he, of course, obtains for the 
square of the adjugate the expression 


A‘ | 

A: te Dien che ca ant 
Wo Way sche Wan 
Wri Wne +++ ®nn |, 


and, it being known otherwise that the square of the adjugate is 
A*”-2, it follows that 


| @yy Woo ses ®nn | = NSA 


which is the other result wanted. 

In regard to the elements w one fact is noted, and is worth 
noting. Since A,, may be expressed as an aggregate of terms in 
2°, 2,2%,..., namely, say 


Ag = 09+ 0,2+ 0.2 +.. 
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and since A,, is got from A,, by altering the signs of all the 
(1—1) elements and then changing —z into z, there results 
when v is even, 


Ay, + Ap = 20,2 + 20,28 +....; 
in other words, A,,+A,s is then divisible by 22. 


Two “observations” are added, the first in regard to the case 
where z=0, and the second in regard to an alternative proof of 
the first part of the foregoing. The latter is interesting in that 
the expression for (A,,+A,.) A is not found at once as a whole, 
but is viewed as consisting of two parts corresponding to A,,A 
and A,,A, the reason being the known existence* of a general 
theorem of determinants to the effect that if the product of 


| ay, +++ Gnn| and |b,,... On|, obtained in row-by-row fashion, 
be |¢,,... Cnn |, then 
Ars? | On +s = Onn | a BisCrn + cae + bnsCrn- 


This is seen to be immediately applicable on making |@,,... Gnn| 
identical with A above and the b’s identical with the a’s; and it, 
of course, implies that if the product obtained in column-by 
column fashion be |¢ . . . Cy» |, then 


UNE gag eg Oe ae ee ees 


Making the said necessary specialisations and noting that the 
two differently formed axisymmetric products are then identical 
(in other words, that C,,= C= C,,=C;,), Torelli obtains 


A, A — Spee G00 + diy 2p Ari Aart a iets + 44.2 A, Anis 
4=1 = i= 

A,-A = OSL pe +o 2)Ari Aut aes + ain Dy rin 
4=1 = i= 


whence by addition 
(An 1 fei) A= i OS A,; Age 
t=1 


* Rubini’s Elementi d’ Algebra, p. 277, is referred to. 
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CAYLEY, A. (1865, Oct.). 


[A supplementary memoir on the theory of matrices. Philos. 
Transac. R. Soc. (London), clvt. pp. 25-85; or Collected 
Math. Papers, v. pp. 438-448. ] 


The expression of an even-ordered determinant, Az», as a 
Pfaffian being necessary for the second of the two investigations 
contained in his paper, Cayley effects the transformation (§§ 15-17) 
in substantially the same way as that devised by Brioschi ten 
years previously, the one point of difference being that the form 
of Agm which is employed as a multiplier is got from Aym by 
reversing the order of the columns and then changing the 
signs of the elements in the last m columns. Thus, A, being 


Gut i Cy 
a faye he 
(25 Fok 
mn o pi, 


the square found for it by row-by-row multiplication is, in 
Cayley’s notation, 


(d,c,—b,-—a) (h,g,-f,-e) (Lk, -j,-2) (p,0,-—n, —m) 
(a, b, ¢, d) 
(é, if g; h) » ” »” » 
(1, 9 k, L) » » ” ” 
(m, 7, 0, p) e ‘s . A: 


which is readily seen to be zero-axial skew. 

Another expression is, of course, got by treating the conjugate 
of A, in the same manner. 

Brioschi’s paper of 1855 is not referred to. 


HORNER, J. (1865, Oct.). 
[Notes on determinants. Quart. Journ. of Math., viii. pp. 
157-162.] 
The second of Horner’s three notes consists of a fresh proof 


that a zero-axial skew determinant of even order, A,,, say, is the 
square of a rational function of the elements. 
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Aom multiplied by the square of the product of the non-zero 
elements of the first row is evidently equal to a zero-axial skew 
determinant of the same order, Aj,, say, having 0,1, 1,..., 1 for 
its first row. But by performing in order the operations which 
we may conveniently specify by 


TOWom =e TOWom-1> TOWom-1 =— TOWom-2> eee TOW3 —— row., 


Col aicol ee Cl COly.2, on COL, — 9 COL, 


it is seen that for Aj, we may substitute a zero-axial skew 
determinant of the next lower even order, A,,_, say. The factor 
thus shown to connect A,,, and A,,,-. being a square, the little 
that needs to be added is evident. 


CHAPTER X. 
ORTHOGONANTS, FROM 1841 TO 1860. 


NOTWITHSTANDING the generalisations made by Jacobi and 
Cauchy, the special case with which the whole theory originated 
continued from time to time to attract attention. In 1843 
William Thomson, afterwards known as Lord Kelvin, published 
under the signature “T.” in the Cambridge Math. Journ., iii. 
pp. 247-248, a short note in which he proved the detached 
theorem that if 1,, m,, 7,, 1,,... be nine quantities such that 


G+m+nj = 1, Ll, + mym, + nn, = 0, 
L+ m+n: = 


+ m+n; = 


— 


; LJ, + mm; + NN; = 0, 


sd 


Ll, + msm, + n3n, = 0, 


then it follows that 


i+ G+ be  L Lm, + lym, + lm; = 0, 


2 2 2 
M, + Mz + Ms 


ll 
—_ 


MN, + MN, + Mn;z = 0, 
2 2 2 
N+ n+ n3 = 1, Nl, + Nl, + Ngls = 0. 


This led to a short paper by A. Gépel in the Archiv d. 
Math. w. Phys., iv. (1843), pp. 244-246. The subject was again 
taken up in 1848 by L. Schlafli in the Mitteilungen d. naturf. 
Ges. in Bern, Nos. 112, 113, pp. 27-33,* and in 1850 by V.-A. 
Lebesgue in the Nowv. Annales de Math., ix. pp. 46-51. Details 
of these papers need not be given. We may take the opportunity 


* Published also in Archiv d. Math. u. Phys., xiii. pp. 276-281. 


ORTHOGONANTS (KUMMER, 1843) 295 


to note, however, that after the appearance of Cayley’s paper on 
matrices in 1857 the known general theorem embracing the one 
just mentioned might have been briefly formulated by saying 
that—Zf MM’=1, where M is any square matria and M’ ats 
conjugate, then also MM =1. 


KUMMER, E. E. (1843). 


[Bemerkungen iiber die cubische Gleichung, durch welche die 
Haupt-Axen der Flachen zweiten Grades bestimmt werden. 
Crelle’s Journ., Xxvi. pp. 268-272.] 


To prove the reality of all the roots of the equation mentioned 
in the title of his paper—a problem first solved by Lagrange in 
1773—Kummer sought to show that the expression for the 
product of their squared differences was inherently positive. 
This he succeeded in doing by transforming the said expression 
into a sum of squares, the result being reached by proceeding 
from particular to general, and by a combined process of guess 
and test. The equation being 


or, say,  g3 — Po? + Qe —R = 0, 
the expression referred to is* 
P2Q? — 4P°R + 18PQR — 4Q* — 27R?; 
and Kummer’s equivalent for it is 
15 SS[gh—0) + fig?—h | 
+ 33[2(b-0)(c—ayh + (2e—a—b) fy + Qe -fe—g?yh ] 
+  [(b-e)(e—a)(a—b) + 0-o) P+ — ag? + (a— byl? f, 


*T.e. —3 of what afterwards came to be called the discriminant of 
x? — Px?y + Qay? — Ry’. 
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where we use > to indicate the summing of the expressions 
obtained by performing simultaneously the cyclical substitutions 


Ey 


JACOBI, C. G. J. (1844, March). 


[Sulla condizione di ugualianza di due radici dell’ equazione 
cubica, dalla quale dipendono gli assi principali di una 
superficie del second’ ordine. Giornale Arcadico, xcix. pp. 
3-11; or Crelle’s Journ., xxx. pp. 46-50; or Gesammelte 
Werke, i. pp. 271-276.] 


By using A, B,... for be—f?, ca—g’, ... Jacobi first puts 
Kummer’s sum of squares in a neater form, namely, 
15 >) (gH—hGY + OF —fB+cF —fC—2aF +2fA)? 
+ (b0—cB+cA—aC+aB—bAY, 
and he then gives a lengthy but thorough verification of its 
accuracy. 
From the fundamental identity 
ax? + by? + cz? + 2fyz + 2gza + 2hay 
= Lagat By +y2P +M(aet Bry + 22) +N (aye+ By +32), 
where L, M, N are, as in his paper of 1827, the roots whose 
reality is to be established, he obtains at once 
a=La;+Ma;+Na;,  f = LByy,+MByy.+NBsys, 
b = LGi+M8;+NB;, h = Ly,a, +My,a, + Nysds, 
Pome Ly;+My,+Ny3, g = La,B, +Ma,6, + Na,8,, 
and thence derives 
A = MNai+NLa}+LMoi, F = MNB,y,+NL8,y.+ LMByys, 


B = MN6;+NL6;+LMBi, Gea MNy,a, +NLy,a, + LMy,a,, 
C= MNy,+NLy,+LMy;, H = MNa,6, +NLa,8, +LMa,8,. 


ORTHOGONANTS (JACOBI, 1844) 297 


From these it can be shown with more or less trouble* that 
gH—hG = I-a,a,asz, 
bF —f{B +cF —fC — 2aF + 2fA i. (a,8,85 + 2333, =F a3B,B, 
—~QY2V2— %V3V1 — A312)» 


II - (a,Boy3 th as is asByY2 
is a, Bsyo =F agByV3 te asBo7,); 


where II stands for (L—M) (M—N)(N-—L). Kummer’s sum of 
squares is thus made to take the form 


er: [15 Ly (ayaa3)°+ Dy {a,(8:83 — ¥27¥3) + 42838; — yay) + 43(BiB2— V1Y2) 
+ {a,(Bes + Bsy2) + a2(Bsvi + Brys) + a3(Br¥2+ Bay) \ | > 


i 


bC—cB+cA—aC+aB—bA 


where we use > to indicate the sum of a set of terms produced 
by the cyclical substitution a+8, By, y>a. After this the 
cofactor of II? is shown with seeming ease to be 1, and the desired 
result is reached. 

A knowledge of the relationships existing between the 
elements of the orthogonant |a,8,y,| is, of course, a constant 
requirement throughout the demonstration ; and to two of these 
relationships special attention is drawn by Jacobi himself. The 
first is 


2{ajaja,+ BiB{85+ vviy3} 
- a, P73" asBsVy or aoBs71"a38,Y> T asBy Yo" ,Bo73 
+ a,P 372 a8 17s ot 28173" A38071 a as8oV1' a, 8372 > 


and the second is 
ajaza; + B:B2B5 a9 Vivi; nae aiBiyi co aL BrY, + ai R573 , 


*The modern reader would do well to use Binet’s theorem regarding the 
determinant which is viewable as the product of two rectangular arrays. Thus 


Hee AEN Lg, Ms, NBs Bie Bo rs || 
Ly, My Nys v1 2 
= LM|Ay72\? ei eae ey = LMo;+MNa;+NLa, 
and g h = (an ute 1% ~=—Y2%2 ~ Ys%3 | 
GH} |MN 1 LM @,8, 8. ag83 
= N(L?- M?)- aja, |82| +- - 


and so forth. 
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the latter’s existence being due to the fact that the right hand 
member of the former is not altered by the interchange 


(a Seth) 


BORCHARDT, C. W. (1845, January). 


{Neue Eigenschaft der Gleichung, mit deren Hiilfe man die 
secularen Stérungen der Planeten bestimmt. Crelle’s Jowrn., 
Xxx. pp. 38-45; or, in an extended form, Journ. (de Liouville) 
de Math., xii. pp. 50-67; or Werke, pp. 3-13.] 


Borchardt’s “new property ” is the naturally desirable general- 
isation of Kummer’s identity. In his mode of designating the 
equation * he does not follow Kummer and Jacobi, but goes back 
to Cauchy (1829), the implied reference being to Laplace’s 
Mécanique Céleste, partie i., livre ii., § 56 (1799). 

The set of equations, from which by elimination there is 
obtained the equation referred to in the title, being 


Gly = Ay XH, + Ayy®, +... + Ayn 
Gq = Ag Hy + Agg®y +... + AgnXn 


>? 
Jey = Wy Py ai Ang® he <a a Cnn&n 


where «,=d,;, Borchardt multiplies the two sides of each 
equation of the set by g, and then on the right-hand side 
substitutes for ga,, gv, ..., g®, their equivalents as given. 


There thus results the new set 
Qu me ae -} (2) -- (2) 
Ga, 12 + Ae, +... + in| 


ga, = ala, +a®a,+...+ a%ex 


Qn*n 


2, cs sf) (2) a p 
Gen = Aa, + aa, +... + aa, 


nr 


s=n 
hare a) a er at Ne 4 : 4 " 
where af) = a® = Dd) Wisse Repeating this operation he finds 


s=1 


: The most appropriate designation would seem to be ‘ Lagrange’s determinantal 
equation,” because of this mathematician’s early (1773) and successful investi- 
gation of the cubic. See his @wvres completes, iii. pp. 600-603. 
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generally that 


(m) (m) (m) 
GX, = Ay LH, + yg He +... + Ayn Ly 
(m) (m) 


(m) 
GL, = Any Hy + Agg Ho +... + Aon Ly 
eI?) (m) (m) 
GL = Any Ly + Ang Le +... + Ann Ly 
where 


8=N 8=N &m— =n 


Cn) Gn) ‘ 


8 =1 8.=1 8m—j=1 
In the next place, 91, Jo. +++ Jn being the roots of the resultant 
of the initial set of equations, it is readily seen, from the 
expression for the said resultant when arranged according to 
descending powers of g, that 


Nn+Get sates T9On = Ay Fog + <n +n 
Similarly, by considering the resultant of the second set of 


equations we learn that 


GirgGt...+9, = atagt ... tay 


mn? 


and generally that 
gttget... tom = apart... +aim. 


nn 


Consequently, if we use s,, to stand for the sum of the me 
powers of the g’s we have 


In the third place the difference-product of the g’s being 


DENI +++ In”) 
Borchardt has only to use the multiplication-theorem of deter- 
minants to obtain as an equivalent for the product of the 
squared differences the determinant of the system 


Ree Tart oe, ont 
8; 8, 83 Sn 
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It is this last determinant, therefore, which he has to aim at 
expressing as a sum of squares. 

The process devised by him for doing so is very interesting. 
Returning to the criginal set of equations and the sets derived 
therefrom, he takes the u'" set and multiplies both sides of each 
equation by g’” and then on the right-hand side substitutes for 
9’2,, J’'Ly,..+, 9’, their equivalents as obtainable from the pv set. 
A comparison of the results with the equations of the (u+v)™ 
set, he says, gives the noteworthy result 


arty) = => a) a, 


or 
Leo 


This includes, of course, the recurrent law of formation 


=n 
ines AI oe i) 


if we remember that by implication a) must be viewed to be the 


same as a,;. he variety of expressions for a”) which the 
identity gives makes possible a like variety for 


(m) (m) 
Ay + O_ +...+ Guns 


that is, for s,,. We may, in fact, put as an equivalent for s,, any 
one of the m—1 expressions got from 


i=n 8=1 
a ger —r) 


by taking r=1, 2,..., m—1. We may even obtain an m* 
equivalent by making r=0 if we agree to consider a) =0 or 1 
according as s is different from 7 or the same as i: in other 
words, if we agree to place before the original set of equations 
the set 


gx, = lx, + Ow, +...+ On, 
gt, = Ox, + Ia +... +02, 


Pty ay + Orme). oe ad 
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the truth of which is incontestable. As a consequence the array 
of s’s above given may be replaced by 


Dies Davai ed dea... Dy okas* 
Daley HHalak DValley .... DV Dalal” 
VValel DVakay YUakde .-- D Dales” 


* . . 


VLMa LDak al! DYak Mal... Lara, 


where s,, for example, is represented in the Ist, 2nd, 3rd 


rows by 
(0), (2) (1)_(a) (2) (0) 
2 = Win Vix ? DY we ig Vix ? 9 ay Wig, Vix, 


respectively, and where by reason of the range of the two 2's 
each element is the sum of n? binary products. Any said 
element may thus be represented as the product of two rows 
of n2 elements each, and a little examination shows that only 
nm rows of the latter kind are necessary for the representation of 
all. In other words, the array of s’s can be represented by the 
product obtained by multiplying the array 


(0) (0) (0) (0) (0) (0) (0) (0) 
a a5 Sikes Gin : a, As, ers Don as, ore 6 Qan 
(1) (1) (1) (1) (1) (1) (1) (1) 
a As Lt aes Wn a, Ass Apo On a3, Af ue Qn 
(n-1) (n-1) (n-1) (n-1) (n—1) (n—1) (n—1) (n—1) 
ay, Ao owe Gin ay Ao» ele le aon As cLate Qin 


by itself, and therefore is, by Binet’s theorem, expressible as a 


sum of squares, 
By way of illustration, Borchardt takes the case where n=3. 
The product of the squared differences of the roots is then, in 


later notation, 


1 : ; ; 1 : : ‘ Loy 
a h g h b ie g f c 


Gry Tle Tyre Tet ee Tole Tsh1 8% s 3"3 
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where 7.7g means the product of the a‘ and 6" rows of 


anhsg 
bBo of 
ga fee |: 


By performing on the 3-by-9 array the operation 

row, — (4+b+c)row, + (ab+be+ca—f?—g’?—h?*) row, 
there is obtained 

1... ah. oh Sel gt oth SS 

a. kh’ ¥o *h AOR, meg fe 

A MG Bee ae eer ce 


which is readily shown to be equal to Kummer’s sum of squares. 
It is a little curious that Borchardt nowhere draws attention 
to the fact that the determinant of the coefficients in the right- 
hand members of his m™ set of equations is the m power of the 
determinant of the corresponding coefficients of the original set. 


JACOBI, C. G. J. (1845, August). 


[Ueber ein leichtes Verfahren die in der Theorie der Sacular- 
storungen vorkommenden Gleichungen numerisch aufzulésen. 
Crelle’s Journ., xxx. pp. 51-94; or Gesammelte Werke, i. 
pp. 227-270; or Nouv. Annales de Math., x. pp. 258-265.] 


This long memoir being intended for astronomical mathema- 
ticians and computers, there is little of it that concerns us except 
two of the introductory sections (§§ 2, 3, pp. 52-56); and even 
these need not detain us, as they are in effect but a well- 
constructed abstract of Cauchy’s paper of 1829, the starting-point 
being the set of n+1 equations 


(Gy, — O)x, + Aye +... + Apt, = 0 
Cg ® + (Aeg—O)%2 +... +  Aank, = 0 
Oni ® + Angle oe. + (Qnn — 9) Hq = 0 


xt + oa ees aM =] 


n 
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considered without any regard to the mode in which they may 
have originated. 


CAYLEY, A. (1846). 


[Sur quelques propriétés des déterminants gauches. Crelle’s 
Journ., Xxxii. pp. 119-123; or Collected Math. Papers, i. 
pp. 332-336.] 


There is clear evidence that Rodrigues’ paper of 1840 made 
a strong impression upon Cayley. In a paper published in 1843* 
he introduces his subject by speaking of Rodrigues as having 
“given some very elegant formule for determining the position 
of two sets of rectangular axes with respect to each other, 
employing rational functions of three quantities only”; and he 
proceeds at once to demonstrate these formule as a necessary 
preliminary to the essential part of his paper. In another 
paper published in 1845,+ the first part of which deals with a 
quaternion identity, he makes the important observation that a 
set of nine coefficients which occur in the identity is precisely 
the same as the set of nine given in Rodrigues’ transformation ; 
and he adds, “It would be an interesting question to account 4 
priori for the appearance of these coefficients here.” We are 
thus not wholly unprepared for a communication from Cayley 
himself on the subject of the construction of a linear substitution 
for the transformation of #?+a24+ ... into &@+€+ .... The 
following is his procedure, four variables being used in place of 
his 7. 

With unity and any six quantities whatever there is first 
formed the square array 


1 lie bis ug li he lis big 
—lie 1 bog Ong or say boy Ugg Oey ag 
a los 1 ls, Us, Use Us3 ds 
a Lig iT log tp L34 1, Uy Usp Uys Lag 


* Cayley, A., “‘On the motion of rotation of a solid body.” Cambridge Muth. 
Journ., iii. pp. 224-232 ; or Collected Math. Papers, i. pp. 28-35. 

+ Cayley, A., ‘‘ On certain results relating to quaternions.” Philos. Magazne, 
xxvi. pp. 141-145; or Collected Math. Papers; i. pp. 123-126. 
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remembering that l,,=1 and l,;=—l,,. Then taking a new set of 
four variables 6,, @,, 03, 4,, and using for their coefficients the 
quantities in the square array, firstly as disposed in rows, and 
secondly as disposed in columns, he puts 

110, + L120, + 4303 + 440, = 2% 

110, + lop. + Uo33 + loO, = We 

130, + Uso, + U5g63 + 1349, = 25 

U4, + Lye + L435 + Uys, = 
and 

1119, + 12,0, + 15,6; + 19, = & 

L129 + Lop + 15263 + 20, = £5 

1130; + lo302 + U3303 + L430, = €5 

1149, + logOo + 15403 + UO, = & 


thereby ensuring that 
CP +H +ae +... =E+EP+ ES... 


Solving the two sets of equations separately for each of the @’s 
and equating the results, he next obtains 


Ly,2, + Lye, + Lyx, + Lyx, = Lyg, + Lg + L,€, + Ly 
Lot, + Lyyw, + Lyow, + Lyx, = Ly, + Log + Ly €, + Lo, 
Lys + Lyre + Lygx, + Lye, = Lag, + Log + Lyf + Ly, | 
L,@, + Ly, + Ly, + Lye, = Ly & + Leg + Lysé3 + Lyé, | 


where L,, is used for the cofactor of /,, in the determinant (A say) 
of the initial array. It only then remains to obtain from this 
the a’s in terms of the €’s, or the ¢’s in terms of the 2’s. This 
Cayley does by using as multipliers, in the former case the 
elements of any row of the original array, and in the latter case 
the elements of any column. Thus, multiplying by 1 
respectively and adding, he obtains 


Il 


ll? lie, Lis, lig 


Ax, = (20,,L,, — A) + 21, LE + 21, Ly3é3+ 20,1, ,8,, 
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the full substitution being 


a =(u_r)g+ ng ng ig, 
n-  aeeGeaer Arar the 
n= ees ero se 
n= age age Figs (Rel) 


We may add, that had the relation of the reverse substitution to 
this not been already known it would have been evident from 
the set of equations which here produce both. The result 
reached is that the n? coefficients a,,,..., Um for the transforma- 
tion of rectangular co-ordinates can be expressed rationally in 
terms of 4n(n—1) arbitrary quantities 1,, satisfying the con- 
ditions lpe= —les lr=1 by forming the determinant | lle... lon|; 
or A say, and thereafter the adjugate determinant | Ly,Usg . . . Lal; 
and taking 
Zire "A Bs 


ars = eS cites eq . 


By way of illustration Cayley works out the cases where n=3 
and where n=4. For n=8 he begins with three quantities 


Mowat 
r 
and obtains the substitution-coefficients 
14+7-W-v* 2(Au+yv) 2(vA— w) 


T4244 TPF 14447 
2Au—v) Lae An 2(uv +2) 
T+ u2+P 14+ w+? Ltt +r’ 

2(vrA+ Kw) 2(uv—A) age Mir ee 
Tp? +24 140+ y2+r 14 +u* +r 


remarking, in passing, on Rodrigues’ introduction of them (but 
on this point see Euler’s memoir of.1770) and on their connection 
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with the theory of quaternions. For n=4 he begins with the 


six arbitrary quantities 
dD ato 


—-h g 
= 7. 
and obtains for the substitution-coefficients the following quan- 
tities all divided by A: 


A — 2 (a? +b? +c? + 6?) 2(fo+a+bh —eg) 2(g@+b+ef—ah) 2(h0+c+ag—df) 
2(-fd-a+bh—cg) A-2(g?+h?+a?+ 6?) 2(-cé-h+fg-ab) 2(b6+g+hf—ca) 
2(-g@-—b+cf—ah) 2(cO+h+fg—ab) A-2(h?+f2+6?+ 6?) 2(-—aé—f+ gh —be) 
2(-hé-c+ag-bf) 2(-bd-g+hf-ca) 2(a6+f+gh-—be) A-2(f?+9?+c?+6?) 


where 0=af+bg+ch and A=14+@+4+P4+E+/f2+9P4+V+ 6. 

Before leaving Cayley’s very interesting paper it should be 
noted that the essential part of it is contained in the first few 
lines, where in effect he says that if we put 


(eh ieee Oy— ADs nO, =. wrest & 

— ADl +h) Og Fe vO pA ire agi caer AOL F Og = 103. = & 

— 0, — v0, + OP par eaes | lage neesa a 
then a, Wy, #s,... and &, &, &, ... are orthogonally related, 
the coefficients of the linear substitutions connecting them being 
rational functions of r, wu, v,... The rest of the paper is taken 
up with the finding of these coefficients, that is to say, with the 
elimination of 6,, 0,, 6,,... and the expression of each of the 


remaining variables as a linear function of all the variables of 
the set to which this variable does not belong. 


HERMITE, C. (1849, January). 


[Sur une question relative & la théorie des nombres, Journ. (de 
Liouville) de Math., xiv. pp. 21-30; or Guvres i. pp. 265-273.] 


The problem here solved has only a distant connection with 
our subject. What is given is a set of mutually prime integers 
forming the first column of a determinant, and the requirement 
is to find all the other elements so that the square of the 
determinant may be 1. 


ORTHOGONANTS (SPOTTISWOODE, 1851) 307 


SPOTTISWOODH, W. (1851). 


[ELEMENTARY THEOREMS RELATING TO DETERMINANTS 
vili+63 pp., London.] 


Following Cayley, Spottiswoode places the construction of an 
orthogonal substitution at the opening of his section (§ 9) on skew 
determinants. The mode of treatment differs from Cayley’s in 
being verificatory rather than investigative. Starting with the 
two sets of equations 


by O44 fi90g F 14305 + 1,0, = a 
and 


1,9, a6 [5,05 ae Ls Os “ib: UO, = | 


he does not seek to ascertain therefrom the linear substitutions 
connecting the a’s with the é’s, but bringing forward the co- 
efficients of these substitutions as found by Cayley, namely, 


214, 1 2119 2143 21,4 
A A A A 


he affirms that by using as multipliers, along with the first set of 
equations, the elements of the various columns of this array in 
succession we shall have 
21, 2L 2L 
Catan Ha he = A 


. 


and that by using along with the second set of equations the 
elements of the various rows of the array in succession we shall 


have 


VAD Ah ws 2L aL 
(Fa-1)é sh Tae a A &3 c eae = a 


At the close of a preceding section (§6) he devotes three pages 
(pp. 35-37) to an investigation of the conditions under which 
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Lagrange’s determinantal equation shall have all its roots 
positive. The result is not so interesting in connection with our 
present subject as a theorem made use of in the process of 
attaining it, namely :—If we have given the set of equations 


My, Hb AyyLo + ... + Ane, = On, 
Gig, Ly Aye + ... + Aral, = OX, 
Bin + Angle + ... + BnnL, = O2, 


where a, = a, and if we put A for | aa... Ann|, then 
A 
Ay®, + Aya, +... $AUO, = rhe 


Aye% + Agot, + ... + Ane, = oz 


Ain® 5 Ay, 2 aor t Ann®n oe 


No proof of this is given, but one is readily got by using the 
elements of the 7 column of the adjugate of A as multipliers in 
connection with the given set of equations and performing 
addition, when there results the 7® equation of the required set.* 


*It should be noted that the theorem holds when A is any determinant what- 
ever. Further, there is implied in it another of at least equal importance, 
namely :—If A stand for | aya... ann |, the equation whose roots are A times the 
reciprocals of the roots of the equation 


a, — 8 Ayo aie. Bin 
Ay) Ong Owe Aen = 
An) Anz Ann — 0 
18 
Ay Ae, Ajo Ain 
Ay Ar» = Aon = 0. 
An Ane » Yaund Ann = 8 


An independent proof of this is readily obtained by substituting A/0 for @ in the 
original equation, expanding the determinant in a series arranged according to 
descending powers of A/®, using 6”/A as a multiplier, substituting A,,, Angeste 
for their equivalents, and returning to the determinant form. 
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HESSE, O. (1851, April). 

[Ueber die Eigenschaften der linearen Substitutionen, durch 
welche eine homogene ganze Function zweiten Grades, 
welche nur die Quadrate von vier Variabeln enthiilt, in eine 
Function von derselben Form transformirt wird. Crelle’s 
Journ., xlv. pp. 93-101; or Werke, pp. 307-317.] 


Starting with the supposition that the substitution 


k=n 
k=1 


Yu = Ay @y A Ayg¥y . . . H Apn®y \ 
makes 
by} + by +... + by? = aai+ CO ae +a, 2% , 


Hesse obtains by differentiation with respect to #,, ©, 3, 4; the 
reverse substitution 


k=n 


OnLy, = ay.DyYy oe On.DYo ot CRCe oF OnnOnYn \ 


kil 
and having thus found that the latter substitution will make 
av@+ae+...+a, = by t by +... +b yy", 


he is able by putting », for a, and &, for b,y, to say that the 
substitution 
ty = nb + Oxo t+. + On Ex ae 


will make 
ay 2 uy 2 i Cee 1 2 1 2 ol 2 
rma Get > Pag = beth gt aan Bon" 
The result is the theorem that—If the substitution 
k=n 
Yu = Ayy@y + yQ%o ee Fenn f par 


changes 


2 


by? + by Ea. + Oy, into a?+afe,+...+ 4,0, 
the conjugate substitution will change 


1 2 1 2 1 2 , 1 2 ak 2 as 2 
i, fiat agdtrs Joe tases unto Aa pelea: ap, 


The rest of the paper is occupied with theorems which hold 
only in the case of four variables. 
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SYLVESTER, J. J. (1852, July). 


[A demonstration of the theorem that every homogeneous 
quadratic polynomial is reducible by real orthogonal sub- 
stitutions to the form of a sum of positive and negative 
squares. Philos. Magazine (4), iv. pp. 188-142; or Collected 
Math. Papers, i. pp. 378-381.] 


The terms “orthogonal transformation” and “orthogonal sub- 
stitution” date from the year 1852, the former appearing in a 
paper of Sylvester’s published in the February part of the 
Cambridge and Dub. Math. Journ. (see vol. vii. p. 57), and the 
latter in the title of the paper now reached. In the former 
paper, too, the word “unimodular,” as applied to a transforma- 
tion, is first used (see p. 52), the meaning being that the 
modulus—that is to say, the determinant of the coefficients of 
transformation—is then unity. 

As has been already noted * when dealing with axisymmetric 
determinants, this opens with the proposition that when a. = ds», 


> 


Ons in yg Nes a Ay—-L Ay «+s Ay 
Gey Ang tt... Any Ga, Agg—H «+. Ann 
Any Une . 3 Vnn +X Any Ane vee Onn 
ee 
Gi Oia ee Dig 
9 
et Ps a: be 
2 
Ani Ine so Inn & 
where Ura = (Bp Ang «  « Dn § Aig Bag » +» Ons) 5 


and where therefore 


1911999 + + « Inn | = | @44 Uap SS ey 


It is then pointed out that the last determinant multiplied by 
(—1)” is expressible in the form 


(xi)? — Q.@)P-1 + Q,(atan? = 


* On verifying this, see also the account of the related paper published in the 
Nouv. Annales de Math. for November 1852. 
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that Q,, Q,, ... can be shown to be sums of squares; that 
consequently the values of x? in the equation 
(a2) — Q,(22-? $+ (wr? — ... = 0 


are all positive; and therefore, finally, that the values of x 
in the equation 


Cy ed a Ay en Ayn 
gy Ag, — Aon oO 
ny Ane Onn x 


are all real.* 

The remainder of the paper deals with the “ Law of Inertia for 
Quadratic Forms,” this law being “that by whatever linear 
substitutions, orthogonal or otherwise, a given polynomial is 
reduced to the form DA,é,, the number of positive and negative 
coefficients is invariable.” 


LAME, G. (1852). 


[Legons suR LA THEORIE MATHEMATIQUE DE L’ELASTICITE DES 
Corps SOLIDES. xvi+836 pp., Paris. ] 


While discussing (§§ 18-22) the axes of the ellipsoid of 
elasticity Lamé gives in substance the theorem that if | a, Bs ys\| 
be an orthogonant, and the ordinary multiplication-theorem 
produce the identity 


Gut Bu oY a Q; G, a3 Be eae Gs 

er) Bo oul i b d}- By Be Bs = Q, i Q: 

a, Bs Y¥3 e de Na Oa Obs QMO ey 
then 

P,+P,+P; = at+bte, 
ms Bea Pao ad bad Fg 

= + + 

Spal Pytae, Pye YF BP a! oe Fe, 


*This proof, for the case where n=3, is given free of determinants by Grunert 
in the Archiv d. Math. w. Phys., xxix. (1857), pp. 442-446. 
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and of cowrse 
P, Qs a fe 
Q, Pe Q, |= f bd 
Cotte, Bes OX G8 


No determinant notation, however, is used, nor are determinants 
spoken of. 


HERMITE, C. (1853, May). 


[Sur la théorie des formes quadratiques ternaires indéfinies. 
Crelle’s Jowrn., xlvii. pp. 307-812; or wvres, i. pp. 193- 
199.] 

[Remarques sur un mémoire de M. Cayley relatif aux déter- 
minants gauches. Cambridge and Dub. Math. Journ., ix. 
pp. 63-67; or Huvres, i. pp. 290-295.] 


In his paper of 1846 Cayley, as we have seen, gave a general 
solution of the problem of the transformation of e+ arz+ ... 
into €°+£+ ... by means of a linear substitution. Hermite 
now faces a more general problem, namely, “la transformation 
en elle-méme d’une forme quadratique quelconque,” a problem 
which in itself is rather outside our subject, but which, by reason 
of the important modification made in the initial step of the 
solution, deserves attention. 

The quadric being f(a,, a, ...), the problem is to find the 
most general linear substitution which will transform 


Tei tee eo 1 Ct ens 


and Hermite having before him Cayley’s expressions, in the 
simpler case, for the a’s and és in terms of an intermediary set 
of variables, and observing that any member of the intermediary 
set is the arithmetic mean of the corresponding members of the 
two given sets, begins by imagining merely “que les quantités 
w et € soient exprimés par des indéterminées auxiliaires @, de 
sorte qu’on ait en général 


y+ & = 20... 
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There is thus obtained 
S(®1, &, ...) = f(20,-&, 70,—£, ---); 
e) O 
= 4900, 0 «) = EB +Gsh +.) + Ee bs 


so that in order to have f(a,, 2, -... )=f(& & ---) it is seen to 
be necessary that 

f 2 F as 
£159, + £99, -o- = 2f(O,, 0, ~~). 
Now this condition is manifestly satisfied by putting €,.=0,, but 
“la maniere la plus générale de la véritier en exprimant les 
quantités ¢ en 6 sera de faire 


ens 
& sae Or-+ 4 D)Ar 59,” 
les indéterminées  étant assujetées & Ja condition d,, = —Ner 


This of course implies that 
8=n of 
Ly = 6,— Ne ae 
2D) An 56, 


and there have thus been obtained in their general form the 
two sets of equations with which Cayley started in his special 
case. 

For those who may wish to pursue the subject of “auto- 
morphic transformation” farther than these papers of Hermite’s 
we may note that the actual expression of the a’s in terms of 
the ¢’s was given by Cayley in a paper dated 24th May 1854,* 
and that he extended his result to a bipartite quadric function 
in a paper dated 10th December, 1857.7 

Another problem, which in the early history of orthogonants 
we have seen to be of interest, namely, the simultaneous trans- 


* Cayley, A., ‘‘Sur la transformation d’une fonction quadratique en elle-méme 
par des substitutions linéaires,” Crelle’s Journ., 1. pp. 288-299 ; or Collected Math. 
Papers, ii. pp. 192-201. See also Brioschi in Annali di Sci. mat. e fis., v. 
pp. 201-206. 

+Cayley, A., ‘A Memoir on the Automorphic Linear Transformation of a 
Bipartite Quadric Function,” Philos. Transac. R. Soc. ( London), exlviii. pp. 39-46 : 
or Collected Math. Papers, ii. pp. 497-505. 
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formation of two quadrics, Cayley also dealt with, the first time 
in 1849 and the second in 1857.* 


SYLVESTER, J. J. (1853). 


[The algebraical theory of the secular-inequality determinantive 
equation generalised. Philos. Magazine, vi. pp. 214-216; 
or Collected Math. Papers, 1. pp. 634-636. ] 


The fundamental theorem here is that if 

ax+a be+B dx+é 
X; = | be+B cat+y exte 

dz+éd exte fut¢ 
and the coefficients of the highest powers of # in X,, X,, Xz, . 
have all the same sign, then the roots of X; will be all real and 
will lie respectively in the intervals comprised between +0, the 
successive descending roots of X,_,, and —«. The mode of 
proof is Cauchy’s (1529). 


axz+a be+B 


ante, X= het 8 caty'|, 


SPOTTISWOODE, W. (1853, August). 


[Elementary theorems relating to determinants. Second edition, 
rewritten and much enlarged by the author. Cvrelle’s Jowrn., 
li. pp. 209-271, 328-381.] 


In trying to insert in his second edition an alternative process 
for establishing Cayley’s result of 1846, Spottiswoode is very 
unfortunate. The place selected by him is immediately after 
the sentence defining skew, and therefore immediately preceding 
the former process; but in making the insertion (p. 260) the 
predicate of the important sentence in question has suffered 
excision, along with a very necessary explanation regarding 
the diagonal elements of the initial determinant. Further, at 
the utmost all that is established is the fact that the determinant 
of Cayley’s substitution is equal to +1. Such neglect, however, 
can well be overlooked in view of certain deductions which he 


*Cambridge and Dublin Math. Journ., iv. pp. 47-50; and Quart. Journ. of 
Math., ii. pp. 192-195; or Collected Math. Papers, i. pp. 428-43], and iii. 
pp. 129-131. 
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records, and which he says can be made from Cayley’s result. 
These may be enunciated in more modern form as follows :— 


Tf | ayy Aon +++ Ann| Or A be a wnit-amial skew determinant, 
|A,, Ao +++ Ann| tts adjugate, and |e, @. -.- m| Cayley’s 
orthogonant formed therefrom, then 

ee ap oy Ang eel AN, } (a) 
AyAys oe Aor Agog SNe Prueting | $A At th Ae) efi s 
and 


(8) 


The former, (a), belongs strictly to the theory of skew deter- 
minants, as has already been mentioned in the proper place. 


Ayyyy ao AgyWor mE oe ne Aprnr = fel 
AyyWy3 + Coo +--+ + Anns = Ars 


CAYLEY, A. (1853, November). 


(On the homographic transformation of a surface of the second 
order into itself. Philos. Magazine, vi. pp. 326-333; or 
Collected Math. Papers, ii. pp. 105-112.] 


Here Cayley recalculates the general orthogonant of the 4th 
order, taking note in passing of the related identity 
(—awv—by—cz+wy 
+(a+tvy —yz+awy+(— ve-+y +rz + bw)?+ (ux —Ay +z2+cew)? 
= w+ y?+22+ w+ (axt by+cz)? 
+ (vy —wz+aw)y+(— ve+rAz+bw)y+ (mae —Ay +ew). 
We may add that if the last eight squares be subtracted from 


both sides of this there remains on the left-hand side a quadric 
having a zero-axial discriminant. 


BRIOSCHI, F. (1854, March). 
[La TEORICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA- 
ZIONI. vili+116 pp., Pavia.] 


In Brioschi’s text-book, the paragraphs dealing with a 
“ gostituzione ortogonale” are somewhat scattered, most of them 
appearing among the applications (pp. 24-26, 47-51, 62-69). 


316 HISTORY OF THE THEORY OF DETERMINANTS 


The first deserving of notice (p. 49) concerns the product QPQ, 
where P and Q are determinants of the same order and Q is the 
conjugate of Q. Viewing the product as Q-(PQ) Brioschi first 
uses a result of Cauchy’s to express any m-line minor of Q-(PQ) 
in terms of m-line minors of Q and PQ: then for the said m-line 
minors of PQ he substitutes with the same assistance expressions 
involving m-line minors of P and Q: there is thus obtained for 
any m-line minor of QPQ an expression involving only m-line 
minors of P and Q. The result may be put in the form 


(QPQ)M = [0 (Pre + POH +... + PrQn}], 


if 2 be put for n(n—1)...(n—m+1)/1.2....m, and if gen- 
erally we use A’) to stand for an m-line minor of an n-line 
determinant A, the rows of A taken to form A™ being those 
whose numbers constitute the rv" combination of m of the 
integers 1,2,..., 2, and the columns those whose numbers con- 
stitute the s* like combination. Putting »=s we obtain the 
expression of an m-line coaxial minor of QPQ, and thence for 
the sum of all such minors the expression 


Dar Dae QS{ PQ” + PPO! +... + PQel], 
which changes into 
Dur {Pn Mi + Pi) Mya) +... + POM) 
if M be the determinant which equals Q?. Specialising still 
further by making Q the determinant of an orthogonal substi- 


tution so that 
MY =1 and M™ = 0, 


Brioschi finally obtains the important “formula nota” 

Die (QPQ)n” = >), Po, 
which we may express in words for ourselves thus :—I fF Q be an 
orthogonant and P any other determinant of the same order, 
then the sum of the m-line coaxial minors of QPQ is the same as 
the swm of the m-line coaxial minors of P. 


The other paragraph requiring notice concerns the determinant 
arising from Cayley’s of 1846 by subtracting 1 from each diagonal 
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element. The value of this is shown (p. 65) to be 0 when n is 
odd, and 2”A,/A when n is even, A being the basic determinant, 
and A, what A becomes on making all its diagonal elements zero. 
The result is easily reached on multiplying the given determinant 
by A and showing that the product is (—1)"2"A,. 


BRIOSCHI, F. (1854, August). 


[Note sur un théoréme relatif aux déterminants gauches. Jowrn. 
(de Liouville) de Math., xix. pp. 253-256; or in the French 
translation of his Teorzca det Determinanti, pp. 144-147 ; 
or Opere mat., v. pp. 161-164.]} 


Brioschi’s subject is really the equation 


@11 he @19 Cae Win 
Wy Wag —% on ha) 
> 
Wn Wn2 oyis) se Wnn —2Z 


in which the left-hand member is the determinant of Cayley’s 
orthogonal substitution with —« affixed to each diagonal element. 
He notes at once, of course, that if the basic determinant be 


| @44Q9 +++ Ann|, or A say, the equation may be changed into 
Aor yl WirAigy a sus Aan 
Apdo gAgmy «cx nmAanh io; 
ACs Ave ta Anm—Y 


where y is put for $(1+)A. A further transformation is then 
effected by multiplying both sides by A and putting z for 
1—A/y, the result being 


erie he, Chas 
Gi O2 One | _ 9 
ee UM) ee POMEL 


Using Cayley’s expansion (1847) for the determinant on the left, 
it is seen that when v is odd the equation resolves itself into 
z=0 and an equation in 2* with positive coefficients, and that 
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when 2 is even it is already of the latter form. All values of 2° 
thus obtainable must be negative, and consequently all the values 
of z save the value 0 must be imaginary and must occur in 
pairs whose sum is zero. But as 


A we 
Cohn obit PCLT ayes eat 
and 
Srp 1l+z 
14 


it is clear that for every pair of values of z that differ only in 
sign there must be a pair of values of a that are reciprocals. 
The theorem reached by Brioschi we may thus enunciate for 
ourselves as follows :—The roots of the equation 


OT ee 2 ®y9 onto es Min 
Wo, Wop... Wo, a 1 
Mn (OR see) Wnn—e 
Where |) Wo * + + Wy, | is Cayley’s orthogonant, are arrangeable 


in pairs of reciprocal imaginaries, save when n is odd, in which 
case there is the single real root 1. 

When instead of the w’s we take the coefficients of the 
substitution which transforms a general quadric into itself, the 
words “reciprocal imaginaries” need to be changed into “re- 
ciprocals.” This generalisation Brioschi published a month or 
two sooner (see Annali di Sci. mat. e fis., v. pp. 201-206). 


BRUNO, F. FAA DI (1854, September). 


[Note sur un théoréme de M. Brioschi. Jowrn. (de Liouville) de 
Math., xix. p. 304.] 


On multiplying both sides of Brioschi’s equation (1854, 
August) by |, » +++ @,,| and dividing by (—2)" an equation is 
obtained which differs from the original simply in having a-1 
for x. The portion of the theorem which concerns “ reciprocity ” 
Bruno thus readily establishes. 
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CAUCHY, A. L. (1857, Feb.). 


[Sur les fonctions quadratiques et homogénes de plusieurs 
variables. Comptes rendus... Acad. des Sci. (Paris), xliv, 
pp. 361-870, 416; or Huvres completes (1), xii. pp. 421-482. 
444-4.45.] 


The second section of this bears the title “Sur 1’équation 
qui détermine les maxima et minima d’une fonction réelle 
quadratique et homogéne de plusieurs variables dont les carrés 
donne pour somme l’unité,” and at once recalls the important 
memoir of 1829. The subject is the same, and any additional 
result obtained is quite unimportant. Further, the mode of 
treatment is not essentially different, the language and 
notation of ‘clefs anastrophiques’ being for some obscure 
reason substituted for those of ‘sommes alternées.’ 

We have only to add, as being well worthy of note in 
passing, that this was Cauchy’s last contribution to the 
literature of our subject, his first and greatest, and probably 
the greatest of all, having been made so long before as forty- 
five years. Three months after the last was presented to the 
Academy he was dead. 


BALTZER, R. (1857). 


[THEORIE UND ANWENDUNGEN DER DETERMINANTEN, mit..... 
vi+129 pp. Leipzig.] 

Baltzer devotes a whole section (§15) of seventeen pages 
(pp. 80-96) to the subject of “Die lineare, insbesondere die 
orthogonale Substitutionen.” The section, like its fellows, is 
noteworthy, not for freshness of matter, but for good arrange- 
ment, clearness and compactness. 

In treating of Cayley’s orthogonant (§15, 6) he takes J, not 1, 
as the constant element of the basic determinant: and, when in 
the course of the proof he obtains the two values for each of 
Cayley’s 6’s, he does not equate them, but uses with each of them 
Hermite’s observation 

D+E = 210;, 
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thus reaching the elements 


Ue 


21L,. 
Agee 


A 


of the desired substitutions without more trouble. On the other 
hand, he fails to note that Cayley’s 6’s are so introduced as 
to ensure from the outset the equality of v?+a,?+...and 
€&7+é?+..., and thus he is led to prove propositions already 
established (§ 15, 5). 

Brioschi’s equation of August 1854 being denoted ($15, 9) 
by /f(x)=0, he multiplies f(x) by f(—a@). and obtains for 
I(x) + f(—«)/a” a skew determinant having each diagonal element 
equal to 1/e—a. This determinant being therefore expressible 
as a sum of squares when » is even, and as 1/e—a times a sum 
of squares when v is odd, the part of Brioschi’s proposition 
which asserts the unreality of the roots follows by a reductio ad 
absurdum. 


SALMON, G. (1859). 


[Lessons INTRODUCTORY TO THE MODERN HIGHER ALGEBRA,... 
xli+147 pp., Dublin.] 


In Salmon’s treatment of the subject (S§ 118, 189, 142, 156-7, 
163-4) only two points call for remark. In the first place, 
“orthogonal transformation” with him is not as with his pre- 
decessors a transformation which merely changes 


P+yr+e+... into S+7+2+..., 
but one which at the same time changes 
an? + by? +c2?+...4+2fyz+2q2e4+2hxy+... into AG? +Br/?+CH+. 


In the second place, he has a fresh mode of arriving at the 
equation for determining A, B,C,... Calling the four quadrics 
just mentioned V, V’, U, U’, he forms the discriminant of U-AV, 
and asserts that the coefficient of all the several powers of X in it 
must be invariants, and that, therefore, if the said discriminant 
be put equal to 0 and the equation so obtained be solved for A, 
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the roots resulting must be identical with the roots of the 
equation 
Discrim. (U’—AV’) = 0; 


in other words, that we must have identically 


a—nr h A—A 0 0 


so that A, B, C,... are the values of ) in the equation 
Discrim. (U—AV) = 0. 


HESSE, O. (1859, October). 


[Neue Eigenschaften der linearen Substitutionen welche gegebene 
homogene Functionen des zweiten Grades in andere trans- 
formiren die nur die Quadrate der Variabeln enthalten. 
Crelle’s Jowrn., lvii. pp. 175-182; or Werke, pp. 489-496. ] 


Hesse’s object is that of Kummer (1843), Jacobi (1844, March), 
and Borchardt (1845, January), namely, to prove the reality of 
the roots of Lagrange’s determinantal equation by showing that 
the product of their squared differences is essentially positive. 

Taking the linear substitution 
k=n 


k=1 


Ee = Aj Ly + Ayoy ee. + Opn ity 
we readily see that £,¢...&, 1s expressible as a sum of terms 
of the form Cava? ... a, where ¢,+¢+...+én,=n and C 
is an integral function of a’s—a result which Hesse writes 

aN €1 ,€2 e 
Ce Pee Os Agate ty ald ants 


the coefficient of any term being denoted by an A with n suffixes 
identical with the m exponents of the «’s. Now let us suppose 
the substitution to be orthogonal, in which case we know that 


\k=n 
Wy = Our + anf, +... + Onn n fy ; 


é: e é 
and let us thereby transform Are letite 4 232" 80, a8 to 
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have it again in terms of the €’s. In doing this Hesse pays 
attention only to the term in €... €,, making the assertion 
that the coefficient of £& ... & im xix, ... xis either the 
same as the coefficient of x}x;?... x, in &&... & or differs 
from the latter coefficient by a merely arithmetical multiplier. 
From this it follows that the coefficient of &&... €, im any 
term Ase... e,%'a,;? ... a" is a merely arithmetical multiple 
-,» and, if the multiplier in question be denoted by 
Oey... e,» there results trom the equatement of coefficients 


1 =, On ose eAcs aise Cy 
Next, let us suppose in addition that our substitution trans- 
forms an n-ary quadric 
Tikhis tas oe ee ae 9:62 + 9:6) + DN ae 


a step which, as we know, introduces the quantities whose reality 
is in question. In regard to them Hesse first recalls Jacobi’s 
proof (1833) that they are such that 


Kort Ghat tes Ht get. tee, 


are also expressible as homogeneous quadric functions of the a’s, 
and that the coefficients of these quadrics are rational integral 
functions of the coefficients of the original quadric Fy. It is 
seen to be not inappropriate therefore to use 


fp ey. ae ye LOL grii + gtfi t+... + ge. 
and to denote the partial differential-quotient of To Bay, Bathe eta) 
with respect to «, by f),(a,), thus giving 
f(a) a a I7E oc oI 2b byes On InS n° 


The next step is the deduction of an important result from the 
consideration of the determinant 


vy Ly Le Sys 
af, 1 (21) 3 fi (a2) tee tf, in) 
bis(@) Bf (He) Af (Gye |, OF A Bay. 


4 fn-1(%) dfn-1 (22) i Tava 
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Each element being linear in the a’s, the determinant is of the 
n> degree in those variables, and therefore we may put 


e 
WS Vibe. Ce esi ee 


+ Cn M7) n 


On the other hand, if we substitute for each element its expres- 
sion in terms of the €’s, the result is manifestly a product- 
determinant, and we learn that 


Qi G2 j3 +++ Ay & Ge, qe wee Cac 
ee C22 3 CLT & ORs. I£, Bose Te 2 
Oni OAn2 Ong +++ Ann es g,6 Ge Sei Gace 


(CAIDCIGHEE co MUP e a rataeon ora 


Equating these two values and substituting the expression found 
at the outset for &¢ ... &€, we obtain 


C1 wl. hee Oval n-1], S% C1 pn? e 
So en ky Ly <a (GELG aap Sc A | STARS eink Ly 14 Hs 
and thus see that 
aes Oyaal =1], 
ye vere = (CENA er gape | oS alerts 


as Jacobi had shown in 1845 in the case of n=3. 
With the help of this, Hesse’s first result at once becomes 


0 pl m=1 (2 2 
WORE Gn | ¥ UO eA Be ea 


and the desired end is reached. 


CHAPTER XI. 
PERSYMMETRIC DETERMINANTS, FROM 1841 TO 1860. 


As has already been pointed out (History, i. pp. 485-487*), the 
special form of determinant named “persymmetric” in 1853 by 
Sylvester came first to light in 1835 in a paper of Jacobi’s on the 
elimination of the unknown from two equations of the n degree, 
the fact being that the adjugate of Bezout’s condensed eliminant 
—in other words, the adjugate of the determinant resulting from 
Bezout’s “abridged method” of elimination—is there shown to 
be such that the elements of it whose place-numbers have the 
same sum are equal. 

The essentials of the proof are easily made clear if we accept 
the fact that from the equations 


At + ayy + az = "| 
0 
0] 


byw + boy + byez 
Cc) + Coy + C3o = 
it can be shown for non-zero values of «, y, z that 
wy sass AAS AS 
Tyla eb nN 5 
eG ee Ge 
This is something more than what Jacobi had then occasion to 


use, but in 1841 the portion of it which holds when there is one 
equation fewer was stated by him in all its generality in §7 of 


*The 7th and 8th lines of p. 486 have unfortunately been transposed by the 
printer. Also, in the first determinant of the footnote on the same page the 
first b, should be by. 
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the De Formatione... Specialising from it in two directions, 
namely, (1) by taking «a, x, w instead of a, y, 2, and (2) by 
taking the determinant of the coefficients to be axisymmetric, 
we can assert that if the equations 


ax + fx? + ex? 
fo + ba? + daz? = 0 
ex + da? + ca? = 0 


I 
= 


hold for a non-zero value of a, then 
esa: oe >A Ee 
gg Ih 2 1B) e 
29 18,2 1B) ¢ 
and it will follow that B=E, and that 
e:a2:03: ot: 0° ::A:F:E:D:C. 


Q0n 


Now the set of equations from which Bezout’s condensed 
eliminant is derived is of the very special type here posited: 
consequently it is seen that the adjugate of the said eliminant 
must be persymmetric, and that its different elements form an 
equirational progression whose common multiplier is the root 
common to the original pair of equations. 


' ROSENHAIN, G. (1844). 


[Exercitationes analytice in theorema Abelianum de integralibus 
functionum algebraicarum. Crelle’s Journ., XXvill. pp. 
249-278. | 


What concerns our subject here is a digression ($$ 5-10, 
pp. 263-278) on the elimination of the unknown from two 
equations of the n‘* degree. The first two sections (pp. 263-268) 
are little else than a reproduction of part of Jacobi’s paper of 
1835 dealing with Bezout’s so-called “abridged method,” and the 
remainder contains a discussion of other methods. In subject, 
therefore, the digression resembles Cauchy’s paper of 1840. 


At this point we have to recall the fact already reported, 
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that in Borchardt’s paper of 1845 (January) a determinant 
of the special form we are now considering appeared as an 
expression for the square of the difference-product, and that 
a generalisation of this result was given by Cayley the year 
following. These two papers as well as four others dealt with 
under Alternants should be kept in view in reading the present 
chapter. The full list is— 


1845 Borchardt, C. W., p. 159. 1854 Brioschi, F.,  p. 172. 
1846 Cayley, A., p. 162. 1857 Bellavitis, G., p. 181. 
1854 Joachimsthal, F., p. 169. 1847 Baltzer,R.  p. 183. 


JACOBI, ©. G. J. (1845, August). 


[Ueber die Darstellung einer Reihe gegebner Werthe durch eine 
gebrochne rationale Function. Orelle’s Jowrn., xxx. pp. 
127-156; or Gesammelte Werke, iii. pp. 479-511.] 


The subject here dealt with by Jacobi is that first considered 
by Cauchy in the fifth note to the Analyse Algébrique of 1821, 
namely, the extension of Lagrange’s interpolation-formula, or 
the finding of a function w of the form N(a)/ M(a) which shall 
have the values w,, w., ...., Up +m41 When «a has the values 
1, Hy, +++, Lnimer, 1b being understood that N and M are 
respectively of the n and m degrees in a. 

The given n+m-+1 equations 

UyM(a,) = N(x), uw M(a,) = N(a), 


@: 5,8; Rend) tw 


are first used to eliminate the n+1 coefficients of N (w), and 
thereby obtain m equations for the determination of the ratios 
of the coefficients of M(a). This is interestingly accomplished 
by using the multipliers DT AG ke Olid ah ween , Where 
F(x) =(@—m,)(a—a,).... (=i mii), then performing addition, 
and finally utilising a known theorem regarding “partial 
fractions.” The result is that for any one value of p we have 


t=n+m+1 t=n+m+1 


» wx; M (a) a N (a) | 


« F(a) ce KON 


i= a 
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and that therefore when p has any one of the values 0, 1, 2,.... 
m—1, we have 


i=n+m-+1 
wx; M(a;) my 

mova o 

By putting 
p 
tor oy Uy ay Uy cage Cn+mt1 Untmt1 
A aA CDE A) MT Pega) 

and 


atae+au?>+...+t anv” for M(a) 


these last m equations become 


Upa + Via + Vol, + G50 + OF, On SS 0 
U;a + Voy + UsAlg + eae + Um+1Am = 0 
(Ores (0) + Uma + Um+102 + eee + Vom-1Am = 0 


whence for M(a) there is obtained the expression * 


ih einen ies Bs 

Vo Vy Vo Ors 

U1 Vo U3 ewe Um4H1 
Um-1 Um Um41 Siero Vom=1 ? 


* By making the observation that the v’s are neatly expressible as determinants 
the whole matter may be put much more simply. Thus, taking the case where 
w= (By + Bx) | (ap + 4X + ao%*), we see at a glance that 


1 a, x %,?(B 9+ Px) 

I) 2B, gRs? "P (By + Bits Vale 3 

1 ay 2 25?(By+ Byes) | ~ 0 when p = Oorl, 
1 ay wy 24? (By + PiXq) 


and therefore from the data an 
Ly ty? ya? (tg + yy + Ayet,”) 
2 3 
Ly Mg yg (dot Gail agate) = 0 whenp = Oorl, 
1 wg %q2 Ugg? (ay + a5 + Myit3") 
5 4 
Lay BP yg? (Ay + OH y + Ay") 


B (ee EP 
Ti Gass Tea 
EO Meo) = 
Ga, ioe Teac 


I ge, ee cae 
il i a wae 
1 
1 


| 
| a, + 
ie Ga RR 


yy 2 +1 
Ly Ue Wye4P 


=) ee ae 
Ps) 
Co) 
Co 
is) <) 
> 
~ 
CS 
8 
8 
ea ja 
b 
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or, by further putting w = v,,,—2v,, 


Wo W, Wm -1 
W, W, Wy 
Wm-1 Wm +++ Wom-e!- 


After finding other forms for M(x), and varying (§ 2) the mode 
of finding them, Jacobi proceeds (§ 8, pp. 140-146) to deal with 
N(a), first remarking, of course, that the one function is 
immediately determinable from the other, because the problem 
of representing w,, uw, .... by Bie EM is the same as the 
problem of representing w7', uz!,.... by M(ax)/N(a). Instead 
of utilising this, however, is takes Fear the theory of “partial 
fractions” the result 

i=n+m+1 
N(a) N(w) 
Fe) ~ L@=xf@) 


whence follows 


i=n+m-+1 
Pe N(az) ss. Decare) wM(a;) . 
I(x) (x,—2) f(a)’ 
so that if we put 
i=n+m+1 ss 
R, for rl el tee 
(x;—ax)f'(a;) 
=1 
we have 
N(a) 


~ F(a) ay aRy+a,R,+ evap t+ amBn, 


From these two equations on solving for a): a,:a)and substituting in a)+a,% + a,22 


we obtain 
ih ate <a 
M(z)=|u vy vw 
Up Uy Us 
where v? = | a9 x! x,? xPu,|, or 
Mie) =| 
Og 


where wp = vp,,— au, = | x,° a,} xy" LPs (xy — 2) |. 
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and therefore, by substituting the already found values of 


A:Qy:Agi.++-2 Am, 


Rieke RB 


m 
Vv Soa PY 
N(a) 0 1 m 
CORO eet, eat ia 
Um-1 Um +++ Vem-1 


As, however, «R,+v,=R,4,, we can change the elements of the 
second row here into R,, R,,..., R41, and then the elements of 
the third row into R,, Ry, ..., Rmi2, and so on, thus arriving 
at a determinant of the same special form as in the case of M(x).* 

Combining the two results, Jacobi is thus led to the theorem 
that 


Ry iy Re es - © 
R IRS, Re 0 1 ates a 
—75" ae = R, R, R = Wy Age we a 
SOLACE HF cae becais 
R, Raw cues Ra Wm-1 Wm +-> Wom-1 


—a result not easily verifiable by giving x one of its nt+m+1 
values. 


* Continuing the case of the previous footnote we should prefer to begin with 


We ay ee) Nie) /(e 2) 
. 4A 2 N = 
the Jatederee|= | 1 ot a Ree 
1 a, we N(2x4)/(x- 2s) |, 


and then proceeding exactly as before we should arrive at 


Ron Piaer2 
N(x 
Tay ase = | Pi P2 Ps 
Poa Ps Pal» 
where pp = | 24° Xq a5? aPua/(x — x4) | - 
The function sought would then be 
Po Pi Pe 
(a — 4) (a — eq) (% — ag) (% — X4) | Pi P2 Ps 
P2_ Ps Pa | 
Wy 


| ary°arptargYa04? | : | Oy, 5 
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For ourselves we may add that the theorem becomes still more 
interesting when it is pointed out that, by reason of the identity 


Y, Y, VG 
yy? ? (Yo) a sae :: £ (Yn) 
where ¢(y) = (y—Y)(Y—Yo) --- (Y—Yn), the R’s like the w’s 
are all expressible as determinants of the order n+m-+1, that 
these determinants in both cases belong to the special type known 
as alternants, and that R, differs from Wy in the last column 
only ;—in fact, that 


RU Ue Uae ut Uy ar ee Ue ee 


Pay a ee ont awa) 
Re LG, Ges Ee aa oe) A 
1 2, =a; ete) aPas|(as—a) | ~ ° 

I a, a arm} Pu, (a — 22) 
ie Lily ot Mba cee OP Us(Ly— 2) |, Fes 
. > 

1 a, & ... atm) yPu.(2,—m) 


where re is the difference-product of a, #,..., Devewi? 


BORCHARDT, C. W. (1847, February). 


[Développements sur I’équation A l'aide de laquelle on détermine 
les inégalités séculaires du mouvement des planétes. Journ. 
(de Livwville) de Math., xii. pp. 50-67; Gesammelte Werke, 
pp. 15-30.] 


The new section of this paper, which is an extension of 
Borchardt’s of 1845 (January), is the third (pp. 54-60), and 
explains at length how, for the purpose of ascertaining the 
total number of real roots of the equation of the nt" degree 
J(w) =, the coefficients of highest powers in the series of Sturm’s 
functions f(x), f(x), f,(a), ... may be replaced, according to 
Sylvester, by 


1, 1, Ds (%—2,)%, Du (2 —2)?(a— 2,22, — 0,2, 
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where @,, %,... are the roots, and therefore by 
os wont er ants at 8 8 8% 
Bey Mois wl Asano) mre 
Py ie 
where s.=a7+ai+...+a7. All this, however, is practically 


implied in Cayley’s paper of 1846 (August).* 


SYLVESTER, J. J. (1851, May). 


[Essay on CanonicaL Forms: Supplement to a “Sketch of a 
Memoir on Elimination, Transformation, and Canonical 
Forms,” 36 pp. London. Or Collected Math. Papers, i. 
pp. 203-216.] 


In giving a preliminary notice of his general method for 
reducing odd-degreed functions to their canonical form, Sylvester 
says he based his method on the proposition that every one of 
the n-line minor determinants of the array 


ip i ear e 
Li ae 


ppl yee eat lets 

Ales dry T+ O60 Ton 
vanishes if 

T= ao + ibe ee Coe 

This, which he hastily calls “a beautiful and striking theorem,” 
and which he generalises in Note B of an Appendix, arises from 
the simple fact that each determinant 1s the product of two 
zeros, T; being 


r—-t rt 


rt si stt s+1 
Cy » Ag ne Oia, 0 NU , 5; Peron ee ON ens 0). 


It is of more importance, therefore, to recall that it was in 


*The proposition Borchardt is concerned with is of course that The equation 
f{(x)=0 has as many pairs of imaginary roots as there are changes of signin any 
one of the three series mentioned. 


332 HISTORY OF THE THEORY OF DETERMINANTS 


this year that Sylvester made the fruitful observation, already 
chronicled,* that the persymmetric determinants 


ac—b?, ace+2bed—ae?—bd?—c? , 


are expressible as “commutants,” or rather that these special 
determinants could be represented in the umbral notation by 
using umbre not wholly unconnected with one another. Thus, 
while 


ee 00 O1 02 
| wee stands for the general determinant |10 11 12 
20 © 21% 222 


so long as the umbre are understood to be entirely independent, 
it might also be used to stand for the special determinant 


00 O1 v2 
01 02 08 
02 038 04 


if some mark were added to indicate that in the development 
01 is to be put for 10, 02 for 20 or 11, 03 for 12 or 21, and 
04 for 22. 


SYLVESTER, J. J. (1851, October). 


[On a remarkable discovery in the theory of canonical forms and 
of hyperdeterminants. Philos. Magazine, ii. pp. 391-410; 
or Collected Math. Papers, i. pp. 265-283.] 


The consideration of the problem of the canonisation of the 


binary quintic led Sylvester to the more general problem of 
determining the p’s and q’s in 


(Piet ayy + (pyr qay yl" +... + (Pratt gan yt 
so as to make this expression identical with 


ao" + (Qn+1)aa" y+ E(2N+1)2na,a™Hy24 hes mu hp 


*See above, pp. 68,.... 
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This is at once seen to depend on the solution of the peculiar set 
of 2n+2 equations 


Ty) + 7. AP Do Ao Se RA = A 
TiN, bt WerAg be. es + TagiAn = 
2 2 2 
171A; + WeNo + eee ue + HO = Ag ‘ 
2n+1 2n+1 2n+1 
™Ay Te a oer amr rand = Aent1 
svhere the new. unknowns, 7, fa,ue0 «- >» Herre Ag «+ oe > And 


are introduced merely for shortness’ sake, namely 


2n+1 


a, for p, and A, for q-+r- 


Taking n+2 consecutive equations beginning with the first, and 
eliminating the 7’s, there is obtained 


Yee cll oe er lee a2 

Ny Ne ee Na CU 
2 2 2 =e 

Ms Ne Chae es Ant Ag om, 0, 
n+1 n+1 n+1 

Ay Ns Se eae ne 


which, if division by the difference-product of the ’s be effected, 


gives 
Oo — paareeeh oo On At Ns <i. =U. 


A similar result is evidently reached by taking any n+2 
consecutive equations, so that altogether we shall have 


Anti — On ok + An-1 Dea ee a 
ON + An 2 ea | 
An+3 — nts 2a + An+1 2s os ss | 
ena Oa Da, + doy- CSE 2, Sa 
—that is to say, a set of +1 equations in the n+1 unknowns 
DAp DAyAos «+50 , AyAg-+ Ant the solution of which is 


7 A, 5 Ay 
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where A, is the determinant whose array is got by deleting the 
(r+1) column from the array 


An+1 An neat see iN 
An+2 On+1 Ay a sm Ay, 
? Qon+1 Con Chon —1 Og Ay. 


From this it follows that the ’s are the roots of the equation 
AATT— AAT PAN t=. = 0; 


1.€. Ante AS Ant peg NG 
Gatien Pte 
Onte Anti On reer at a hea 
Con41 Con Con -1 CB eg On, 
1.6. Ant — AnN Og —Ug ys ore Oy Ue 
An+2 — OnsiA n+ — Unr mS, eee As — A,r = 0 
Agnti—AanX Han —Aon-tA «+++ Ang — AA 


On substituting in the first n+1 equations of the original 
set the values of X,, Ay, -.-, Any, thus found, the values of 
1) M2) +++) Trt are obtainable from a set of linear equations of 
the type associated with the name of Lagrange. 

The latter part of this procedure is not given by Sylvester, 
who on reaching the set of equations in D),, DA,rj, .-- 
suddenly draws the seemingly irrelevant conclusion “that 


(W+AY MAA) «+ (WAAnY) 
is a constant multiple of the determinant 


| grt —x"y ory a 


An+1 On, Ay- 1 


Cis Wary (, oe setae or A, say. 


Qon+1 on on =] Ui leliceeme « 
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As a matter of fact (p,e+qyy)(Pot+4eY) ++ (Pny®t+dnyy) 
= Pr Py» + Pny(THAY) (TH+ AY) « - - - (HAAnHY), 
=o Di Cows ome + Sr, "y + DADA, erly? +... A 


= PiPs a : Prt A amt A.aty + Asa™-ly2+ Lae Ds 


0 
Se Pile st Panityn 
= | cary Vena 
0 
Ans + An& AnY + On -1% 
AnsoY FOnpi © Ants Y +An& 


ay GWE Ra ae 


0 


Aon Y + en® honY +An-1% «+++ |> 


from which we see (1) the point which Sylvester wished to 
make, namely, that p,w+qy, potty, -.-- being viewed as the 
original unknowns, it is important to know that their values 
are multiples of the linear factors of A, and (2) that 


A=A((atrAy)(@+rAY)---- 


Of course the conclusion drawn is that the transformation of 
a binary (2n+1)-ic into the sum of n+1 powers depends on 
the solution of a determinantal equation of the (n+1) degree. 
As examples, the quintic and septimie are taken, the latter 
mainly for the purpose of drawing attention to the fact that 
the conditions of “catalecticism,” that is, of (a,b,..., hyo, y) 
being expressible in the form of the sum of three seventh 
powers—instead of four, as the general rule provides—require 
that the cofactors of the elements of the first row of the 
determinant 
yt —yee yx? —ya® at 
a b c de 
b 
¢ 


c d € A 
d e sheet Ong 
d € t Oaall 


must all vanish, or, what by the homaloidal law is the same 
thing, that two of them vanish. 
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The analogous problem for even-degreed functions is next 
taken up, a beginning being made with the transformation of 
the quartic (4,b,..., ea, y)* into the form 

(retayy + (petaqay)y + 6e(pe+ gy) (Pot + Wy)” 
On putting 
1 = Prv Po = Wr PIP, = be AHAZ = SH, Ary = & 
there is obtained by equatement of like powers of # and y 
a=pi +p" +6 
b= pry + per, + 3u8, 
C= Py'ry” + potrg” + m8,” + 2us. 
d = pyr? + po'rdz? + 38,8 
€ = py ry’ + po'ret + us,” , 
and from these by operations which lead to the elimination of 
py’, pot from every consecutive triad of equations 


as, — bs, + ¢ — w(8s,—28,7) = 0 
bs, — cs, +d — u(48,—38,7)8s, = 0 
C8, — ds, + € — u(88,—28,?)s, = 0). 
or, if we put v for —u(8s,—2s,”), 
as, — bs, + (¢ + v) 
bs, — (e—4v)s, + d 
(c+yv)s, — ds, +e 
From the resulting cubie equation 
a b ect+y 
b c—hty ad |=0 
c+y d e 


bes lead 
oa 
ie ae 


vy can be determined, and thence in backward order s,, 83. Jk 
Ay» Ags Pi» Pas Q1> Yo; ™M. 

In passing, note is taken of the fact that the said eubic when 
arranged according to powers of y is 


a be 
> — (ae—4bd+3c?)y +2}b ¢ d| =0, 
ov dare 
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and that ae—4bd+3c? and the determinant here appearing are 
the two invariants* of the quartic under investigation. 


The reduction of the octavie (a), a,,..., @g ¥ @, y)® to the form 
U8 + U8 + Us + WF + T0EU,2u,20,%e1,2, 


where u,=p,«+q,y, is shown in similar fashion to depend on 
the solution of the quintic equation 


Qy ay Ay dg  @&—y 
ay Ay Og Say qv “a, 
Ay 0, “ar—ay™ ar Ce =e, 
Qs + tv” a; Qe Oy 
a—-v as Me Gy He 


where 
v=72ep,*p.2p.p7l and I=s,—4s,s,+7)8,”, 


I being the quadratic invariant of 
xt+ s,a°y +8,a7y?+ sry +sy* or (WAVY) e+AGY) (HAZY (H+ AY) 
The fact that the coefficients of y*, y?, ', »° are invariants of the 


octavic is insisted on, and generalisations are effected for functions 
of the degree 4m and the degree 4m +2. 

Further, it is pointed out that when the said even-degreed 
functions after transformation are without the last (or unique) 
term,—that is to say, are in Sylvester's phraseology “meio- 
catalectic,’—the last of the series of invariants must vanish: 
for example, the condition that (a), a, ..., a, y)® may be 
expressible as the sum of three sixth powers is 


This, of course, may be proved independently, but is seen to be 
a conclusion from putting e=0 in the foregoing. 


*The term ‘‘ invariant ” is first used in this paper. 


338 HISTORY OF THE THEORY OF DETERMINANTS 


SYLVESTER, J. J. (1852, April). 


[On the principles of the calculus of forms. Cambridge and Dub. 
Math. Journ., vii. pp. 52-97, 179-217; or Collected Math. 
Papers, 1. pp. 284-327, 328-363. ] 


Here the same subjects and the same special determinants 
are dealt with as in the preceding; and the determinant 
whose vanishing has been seen to be the condition for “meio- 
catalecticism” is denominated (p. 62) the catalecticant®* of the 
even-degreed function in question, while the determinant whose 
resolution into linear factors furnishes Sylvester’s canonical form 
of an odd-degreed function is called the canonizantt of the said 
function. As the former is an invariant of its function, so the 
latter is a covariant. 


BRUNO, F. FAA DI (1852, May). 


[Démonstration d’un théoréme relatif & la réduction des fonctions 
homogeénes & deux lettres & leur forme canonique. Journ. 
(de Liouville) de Math. ... xvii. pp. 1938-201.] 


The subject of the whole of this paper is simply the solution 
of the set of equations dealt with in Sylvester’s paper of 1851 
(October). The process is lengthy and uninviting, the sole point 
of interest being that the equation in \ comes out in the form 


UA — Ay UA — Ay cane OnA 1— Opaag 
Apr” = Ay Ur? — ds wo oe nh — ae 
. . . . iad 0, 
1 " 1 
MAP — Any GA" —Gnig >». oe OpA™™ — denis 


where the determinant is easily shown to be the same as one of 
Sylvester's forms by diminishing each row in order, beginning 
with the last, by times the row immediately preceding, 


*“Meicatalecticizant,” Sylvester truly says, would have been the more correct 
word, but even he took alarm sometimes. 

+The name would have been equally appropriate for the determinants of the 
preceding paper which have » in their diagonal. 
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CHIO, F. (1853, June). 


[Mémoire sur les fonctions connues sous le nom de résultantes ou 
de déterminans. 32 pp., Turin. | 


The second part (pp. 23-32) of Chio’s memoir, which is headed 
“ Exemples,” mainly concerns Sylvester’s set of equations of 1851 
(October). His procedure is much more interesting than Faa di 
Bruno’s. Using any multipliers A,, A,,.... with the first n+2 
equations he obtains by addition 


TG eA Ae Ae peat Ay AG 
ee et AA AGA et cee A) 
Ba AN PAN ee AA) ata eee ee Con 
and, the ratios of A,, A,,.... being supposed to be determined 
so as to make the coefficients of ~,7,,...,%, vanish, there 
results 


A, + A.a, +s. + Anita, = 0: 


If each succeeding set of +2 consecutive equations be treated 
in the same manner, it will be found that the same multipliers 
will make the coefficients of the «’s vanish in every case: con- 
sequently there is obtained 

Aya, + Aya, +.... + AniiGnis = 9, 

Aja, + Aas +...-+Anii@nis = 0, 

Ajdn + Ai@nyr te... + Anii@ongs = 0. 
This derived set of +1 equations suffices to give the values of 


the ratios of A,, A,,.--, Any, in terms of the a’s, and the 
substitution of the said values in 


Ay + A, + AW + Gunn Any At = 0 


gives the equation for the determination of the 2's. 
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It is not noted by the author that having n+ 2 equations linear 
and homogeneous in the A’s he could at once deduce 


H Braces. #1 AS a fe, ot 
gt Cy Ay Vee Cees 
ay A, C3 are one An+2 = 0. 
An On+1 Ant a et Jee Con +1 


The other forms of the equation, however, he gives full atten- 
tion to. 


SYLVESTER, J. J. (1853, June). 


On a theory of the syzygetic relations of two rational integral 
ay yzyg gr 
functions,..... Philos. Transac. R. Soc. (London). exliii. 
pp. 407-548 ; or Collected Math. Papers, i. pp. 429-586.] 


When dealing in art. 7 with Bezout’s condensed eliminant of 
two equations of the n degree, Sylvester illustrates by the case 
of n=5, that is to say, where the equations are 


Ax + a,0* + a0 + a0? +a,0+0, = va 
box? + byxt + bya + boa? + ba +b, = 05’ 


pointing out that the eliminant may be constructed by first 
forming the array 


[>| [Abo] | aods| | ob, | | 19s | 
| Uyby| | Qpbg| aby] [aod] | a6, | 
| %b3| |g] | aqbs| |a,bs| | AyD, | 
[obg| | aobs| | aybs| abs | | gb, | 
[905] || | @od5| | asd, | 1455 | 


and then, as it were, superposing the array 


| a,b, | a,b, | | a,b, 
| abs | ayb,| | yb, | 
| 446, | Ayd,| | Aad, 


and next the array 


dybdz | . 
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In regard to these arrays he says in a footnote (p. 424), “A 
square arrangement having this kind of symmetry, namely, such 
as obtains in the so-called Pythagorean addition-table as dis- 
tinguished from that which obtains in the multiplication-table, 
may be universally called persymmetric.” This is apparently 
the first use of the word. 


SPOTTISWOODE, W. (1853, August). 


[Elementary theorems relating to determinants. Second edition, 
Crelle’s Journ., li. pp. 209-271, 328-381.] 


Just as Spottiswoode viewed an axisymmetric determinant as 
the determinant of an n-ary quadric, so he closely associated a 
persymmetric determinant with an even-ordered binary quantic. 
Taking, for example, the binary quartic which Cayley would a 
year later have denoted by (a), a,..., @, $a, y)*, namely, 


att + 4a,e8y + 6a,x?y? + 4any? + ay’, 
Spottiswoode writes it in the form * 


(ayn? + 2a,2y + yy”) x 
+2 (aya? + 2agny + agy”)xy 
+ (0? + 2agoy + ayy”) Yy? 5 


* A preferable form, because making the “‘ catalecticant ” still more prominent, is 


ae aie ap 

Gy Cay ey \ OP 

OG, GQ, | 2xy 
2 

Qa a, 4 || 47 


Similarly an odd-degreed function may be represented so as to bring the 
‘‘canonizant” into prominence: for example (a,b,...,/ § x,y)? may be written 
(aw+by, bu+cy,..., ext+fy) x, y)4, or 


x? Quy y? 


7 

Quy 
2 

y’. 


ax+by be+cy cu+dy 
but+cy cut+tdy dxu+ey 
ca+dy dx+ey ex+fy 
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and calling it U points out that 
eu 


Se = 12(ayu? + 2a,xy + a2y") 
2 
4 = 12(a,07+2a,vy + ay”) 
2 
= = 12(a,a?+ 2a,cy + ayy’) 


and thus like Sylvester concludes that the evanescence of 


Oy. Gy ihe 
Wate Oe ace 
is the condition that the second differential-quotients of U shall 
simultaneously vanish, or, say, that we shall have 
eU 
ayy ~ ° 
BRIOSCHI, F. (1854, March). 
[La TEortcA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA- 
ZIONI. vili+116 pp. Pavia.] 


Denoting by s, the sum of the r powers of the roots of the 
equation 


On + Ont +... +a," +a" = 0, 
Brioschi recalls the » known relations 

An8o + Ani +... + 8n_-, +8 = 0 

Gn8, + An-18 +... +48, + San. 0 

Un8n—-]1 + An-18n, + o mys = Cy8on-9 -- Son-1 = 0, 


and thus derives by elimination 


8 sy 8, 
8 82 Sni 
: : = 0, 
Sn-1 8n 8yn-1 
i} x an 
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and therefore 


8) — SX So — 8, oes Sy —S8yn_10 
85 — $,@ Sg — SW vee Sty SnU =o 
Sn — Sn-10 Sn4i Sn...  Son_1 — Sono 


Further, he points out that if the last determinant be denoted by 
V,,, and the cofactor of its last element by V,_,, and so on, then 
V,, being axisymmetric it follows from Cauchy’s theorem of 1829 
that V,, V,-1,..., Vy, 1 possess the characteristic property of 
Sturm’s remainders. 

It is not noted that the set of ~ relations used gives each of 
the a’s in terms of the s’s, and that substitution in the original 
equation then gives 


§, 8 5 8 
0 {i e «© VO 
Bea) tei 8 
8) 85 (ha a Spi 
= (a+ a,er-t+4 yey + Gin) 8, 8, «+. Sp 
9 ee re 7 ae 
1 e yn 8n-1  8n Son—2 


as may be otherwise seen. 


BRIOSCHI, F. (1854, February). 


[Sur les fonctions de Sturm. Nouv. Annales de Math., xiii. 
pp. 71-80; or Opere mat., v. pp. 89-97.] 


Brioschi in effect here recalls that if f, f,, f,,.... be the series 
of Sturm’s functions originating in the consideration of the 
equation 


a” + a,0"-1 4 ag? +....+a" = 0, or, say, f(x) = 0, 


and q,,; J), ---+ be the linear functions of « which are the 
quotients obtained in the process of finding jf, /;,.... then 


Q) f=nh-h A=Ghe—Se +--+: » fra =Gaha-hs 
(2) f, is of the (n—1r)™ degree in w; 
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J sted 
3) f 1Ios- — — ; 
Saar BP Firat! ocel! Peers 
1 ‘ : 
(4) the successive convergents —, 2, Se 08 5 to this 
1% %1%2— 
continued fraction being N,/D,, N,/D,,..... 
Negra 5 ie och ged oie We ee ed 
Ry en! Lip. Gost) eee 
oF utlwe dy ened ene pce Ga tapas 
a 1 jes cietomegs ee 
(5) from (1) after eliminating f,, f,,..., fi by repeated 


substitution or otherwise 
de == Dt = Nath 
(6) from (1) after eliminating f,, f,,..., fre 


f = Die ie an D,-2fr 3 


With these facts before him he seeks to find expressions for f,, 
D,, N,, or, say, for the coefficients in 


Aa" + A at—rn-t 
Bat Boge eee 
GAPE enn + ON ae + > ® 105 


failing to note that, Cayley having in 1846 found such an 
expression for Sylvester’s substitute for f,, the annexure of a 
known multiplier to Cayley’s result would have given him the 
most important of the three expressions sought. 

In the first place he deduces from (4) that the coefficient of the 


highest power of # in D,-_, is always - of the coefficient of 


the highest power of # in N,_,, because n=ra+; and from 
(6), by equating coefficients of x, that the coefficient of the 
highest power of @ in f,_, is the reciprocal of the highest power 


of « in D,_,: in other words, that 


C1 = mB,., = n/A,,- 
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In the next place, denoting the roots of the given equation by 


%, %,...,, he has from the theory of “ partial fractions” 
F(&:) =o a, f.(;) ah . wi f(x;) =i) 
7 Si(@) = Fi() ‘ = Si(&%) ; 
i=n otf Vas i=n aia é ) 
ee ONES (), =: AT : 
Si (x;) Fi(&) 3 


and therefore from (5) 


i=n i=n 


D,21(@,) = 9, 24%: Dr-1(a%) = 0, DS De) = 0, 
‘= 4=1 


> 
i M i 
= = 


> > , r- -1(2;) = 0, Da, De) —| 1 Ware 


= 
and consequently on putting 
Bais Beet 7... + B77 for Dp@) 
andes 62 ior ay a, ee 
there results 


By1,78 + Byard, +--+. + Bris. = 0 
De 8; Faas as owe Cie = 


Lae aes Wee 1r- Pee eee 1152-3 = O | 
Bais pil a Eat ie, He ice “F B,-1,182r-2 se Ay) 3 


The solution of this set of equations gives the B’s in terms of 
A,., and the s’s, so that the finding of A,, in terms of the s’s is the 
next desideratum. This with the help of the relation A,, B,,=1 
is easily obtained; for from the set of equations it is seen that 
A, being written for the persymmetric determinant of s’s 


AgeAge 
| sete =— is : 
and therefore 
A = Ds 4 
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whence, : 

for 7 even Ay, = (pe) a, 
and 2 

for 7 odd Ay. = Ge ae ie : 


—a result in agreement, as far as it goes, with Sturm’s of 1842, 
Sturm’s non-determinant p, being the equivalent of Brioschi’s A,. 

The obtaining of A, in terms of the coefficients of f(a) is next 
illustrated by changing A, into the form * 


H 


8 8 8) 8, 8S, &; 


8) 


[va] 


ee ce 
and performing operations which we may denote by 


col, + a,col, + a,col, +... .+ a,col,, 


col, + a,col,+....+ a,col,, 


col, + a,col,, 


*Brioschi (and afterwards Baltzer, § 12, 9) would have done better to change 
into the similar form of the seventh order, for then the result would have been 


1 ay Ay a Ms as Qs 
1 ay Ay sy Ms a; | 
1 ay Ay As as | 
i n (n-l)a, (n-2)a, (n-8)ag 
n (n-1)a, (n-2)a, (n-8)ay (n—4)a, 
n (u-1)a, (n-2)a, (n-3)ay (n-4)ag (n-5)a, | 
m (n-l1)a, (n-2)a, (n-3)a, (n-4)ay (n-5)a; (n-6)ag , 


in which the determinant on the right has a simpler law of formation than 
Brioschi’s and yet is readily reducible to the latter, and which, as we see on 


putting n=4, has the further merit of showing that A, equals the dialytic 
eliminant of /(@)=0, f(x) =0. 
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the result being 


Upp aap. 33 40, 5s 6d, 
1 ay y Qs a, Os 
1 ay Qo As Oy 
aS < n (n—1)a, (n—2)a, (n—3)a, 
n (n—l)a, (n—2)a, (n—3)a, (n—4)a, 
n (n—l)a, (n—2)a, (n—38)a, (n—4)a, (n—5)a,;]. 


To obtain the desired expression for D,_,(x) Brioschi takes the 
set of equations in the 2’s together with the equation from 
which the set was derived, and eliminates the B’s, the result in 
the case of r=3 being 


8 8; & As, 


whence of course he deduces for D, the expression 


AU Aes ae tae plete ay x? 
se STi hoe Be 
Shean omg rt eere mor VAG ip bh a hE5 

3 2 
8 8 8 cree 


and the alternative form 
a2 ay 2, 3d, 

n (n-l)a, (n—2)a, 
1 e+, e+ a,0+ dy 


nr 


ay 2d, 
nm (n—l)a, 


The process of finding f, is quite similar to this but much more 
troublesome, the equation taken along with the set of equations 
in the s’s preparatory for elimination being 


ce ¥ B,-1pUo + Bigs th ee ae Barat 


where Di os Nay Se SE Te, Boe ee 
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The two previous steps necessary to reach this are 


fa) _ S\_ fed) SPDeatad. 
fe) a (a —%;)f,(%;) od LH 


and the result of the elimination is 


ign So eee aie 
Si os Siro WEA 
fe) _ Ay 
x A 
F@) Si At oa sk SA 
tg) 34ig Pa eee 


which in the case of r=4 is changed by means of the substitutions 


Un = TUm_1 — 8m-1, Up = F(a) + I(@)5 


into 
| a, 2d, 303 Ad, 5d; 
WEL 1 hy Qs As Oy 
fe) =(Fe)| maT, (m2), (W—=8)ag 
j n (n—l)a, (n—2)a, (n—3)a, (n—4)a, 
Fi(@) Z; Z, Z; 
where 
ees ak CTC) eka iia): 
Z,= (@taeta)fi(e) -—  [net(n—la] fle), 


Z, = (2 +a,0? + aye+a5)f,(«) —[na®+ (n—1)a,v+(m—2)ag] f(a). 


The worthlessness of this in itself is apparent as soon as we note 
the presence of 7,(x) and f(@): when, however, the determinant is 
partitioned into two, one having f(a) for a factor and the other 
f(«), and the result compared with f,=D,7/,—N,f, we obtain for 
N, an expression similar to that for D,. 
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BRIOSCHI, F. (1854, August). 


[Intorno ad alcune questioni d’ algebra superiore. Annali di 
Sev. mat. e fis, v. pp. 301-312; or French translation of 
Brioschi’s Teorica dei Determinanti, pp. 151-170; or Opere 
mat., 1. pp. 127-142.] 


The questions referred to are much the same as those of his 
paper on Sturm’s functions (1854, February), the first function 


ag" +a" t+... +4, or a(x—x,)(w—a,)...(e—x,) or f(x) 
being, however, no longer connected with the second 
bam +b 3+...+b, or (x) where m<n. 


Putting 


xP (a) Lop (a) LP (x,) 
(CAC mien (Cae 


he first proves the interesting theorem 


Seton 


AUSp+OSp-rt ++ FASo = Oppmengs (7<). 
Then temporarily denoting 
, 4 
{s@)=f@)} by A, 


he squares in two ways the determinant 


A, Ae Leone geeA, 
Aja, AoE me, Ns 
Aw Aw oe Athy ) 


thus obtaining 


a ashy ie ae ee Sua Spe nanee Sey 
etpetete uate: Pies ery Saeed te oa 

4 e ue => A, As awnenue 2 
tepals es Sen-2 Sn-1 S82 +++ Son-2] 


from which, on putting (—1)""""f'(a,) .f'(@2) -.- f(@n) for the 
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determinant on the right* and substituting for the A’s, he 
deduces 


= (-1) (ay). (ay) « . « (a) 


Dyes Sn ase Son-2 
This result, be it noted, is not given in the original paper, but 
appears first in Combescure’s translation (1856), which contains 
six pages (pp. 153-159) more than the original. Brioschi does 
not point out its significance in connection with Euler’s first 
form of the resultant of f(~)=0, 6(w)=0. 


The remainder of the paper is of little interest in the present 
connection. 


BRIOSCHI, F. (1855, January). 


[Sur les questions 241 et 141. Nouv. Annales de Math., xiv. 
pp. 20-24; or Opere mat., v. pp. 107-111.] 
If for all positive integral values of 7 and s we have 
Ayes = Oy Arnse1 ce AgAn49—2 ae epee SF OAs 


—in other words, if this last be a “recurrence-formula,’—it is 
readily seen that the last column of the persymmetric determinant 


A, Age eo 
7 erin 7. Waren aang of WEP 
may be legitimately changed into 
Oya yas GAs ee 


so that there is deducible 
A = ( SE Ne phate Pra oe , 


*Brioschi unfortunately neglects the sign-factor. See History, i. p. 345, 
where the footnote might have made mention of the fact that the identity 
there spoken of as used by Jacobi had already appeared in one of Cauchy’s own 
memoirs of the year 1813. (See Journ. de U’éc. polyt., x. cah. 17, p. 485.) 
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and thence 
(a oa (- LAS ay ’ 


thus implying that A, /(—1)"*-a% is independent of 7,—a result 
suggested to Brioschi by an old proposition of Euler’s which is 
referred to in our chapter on Continuants. 


CAYLEY, A. (1856, March). 


[A third memoir on quantics. Philos. Transac. R. Soc. (London), 
exlvi. pp. 627-647 ; or Collected Math. Papers, i1. pp. 310-835. ] 


Among Cayley’s tables of invariants there naturally appear 
the catalecticants of the binary quartic, sextic, and octavic; so 
that we have from him the final expansions of the persymmetric 
determinants of the 3rd, 4th, 5th orders. Of canonizants only 
that of the quintic is given. The four results are those which 
he numbers 10, 34, 35, 16. The first and last we need not 
reproduce. ‘The second is 


b : d aceg — acf? —ad?g + 2adef— ae— beg + b2f? 
. a= + 2bedg — 2beef — 2bd?f + 2bde? — c8g + 2c7df 

: ee +07? —3ed?e+ dt, 

eae a g 


where the terms are arranged, as with Cayley, in alphabetical 
order. The third, altered in form, is 


e ad e| = &—e(ai+3cq+4df) 

ade f +02{ 2(afh-+bdi) + (ag*-+c%) +4 (bfgtedh)+3(of?+d’g) } 
PUES —ef (ach? + b’gi) + 2(adgh + beft) + 3(afg +d) 

a : +4(bdg?+ fh) + 2(bf?+d%h) —acgr 


— 2adfi — Wh? — Qbegh — 20°g? + 2edfg + 3d°f?\ 
+ { —(acf2i + ad?gt) + 2(acfgh + bedgi) —(acg? + gr) 


+ (adh? + b2f%) — 2(adfrh + ba? ft) + 2 (adfg? + cdft) 


+(aft+d%i)—2(bfgh + bedh?) + (0g? + Ch?) 


+. 2(bef2h-+bd?gh) — 2(befg?+edgh) + 2(bdf?g +cd*fh) 


+ (efi + cdg?) — 2(cdf? +a%fg)}. 
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It is the term, L, independent of » in the almost persymmetric 
determinant which Cayley * on Sylvester’s suggestion calls the 
lamdaic, namely, 


a b c ad  e—12r 

b c d  e+38r Ti 

c ad  e—2Xr +7 g 

d C-LSA Seat g h 
e—-12\ ff g h a , 


and which, if I, J, K be the other invariants of the octavic, is 
equal to 
— 2592A° + 18T\3 + 38JA? + 2KA 4+ L. 


The expansions of I, J, K are those numbered 39, 43, 44 in 
Cayley’s collection. 


SCHEIBNER, W. (1856, May). 


[Ueber die Auflisung eines gewissen Gleichungsystems. 
Berichte .... Ges. d. Wiss. (Leipzig): math.-phys. Cl., viii. 
pp. 65-76. ] 


This is still another attempt to deal with Sylvester’s set of 
equations of 1851 (October); but any interest which the process 
of solution possesses is unconnected with determinants. 


BRUNO, F. FAA DI (1856, August). 


[Sopra i resti di Sturm. Annali di Sci. mat. e fis., vii. pp. 
313-317.] 


Beginning with two unrelated functions, P, Q, of the n* and 
(2 —1) degrees, Bruno gives an expression for any one of the 
Sturmian series of functions thence derived, the coefficients of a 


* CayLuy, A. Mémoire sur la forme canonique des fonctions binaires. Credle’s 
Journ., liv. pp. 48-58, 292; or Collected Math. Papers, iv. pp. 43-52. If 
“‘Jamdaic” be not used as a noun, ‘‘lamdaic canonizant” would be better than 
‘*lamdaic determinant.” 
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in this expression being determinants which resemble in outward 
form those of Cayley’s analogous expression of 1846 (August), 
but which have for elements the coefficients of w-1,#-%,....in 
Q/P. He says that the expression “salvo qualche “fiaablitecetlons ss 
was found by Cauchy, but gives no reference. 


BELLAVITIS, G. (1857, June). 


-[Sposizione elementare della teorica dei determinanti. Memorie 
Istituto Veneto... . vii. pp. 67-144.] 


Although the persymmetric determinant 


8) 8 8% 
8; 82 83 


where s, is the sum of the r" powers of the roots of the equation 
x" +a,0"-1+ ... +d, = 0 has repeatedly come before us, it has 
always been with the understanding that no two of the roots 
were equal, and the order of the determinant has never been 
greater than the 7". Bellavitis takes up the subject (§§ 45-50) 
with these conditions removed. He affirms that when the 
number of rows exceeds the number of different roots, the per- 
symmetric determinant 


Sotr Si4r S247 
Sjty Soty 8349 
Soir 8347 Sater 


vanishes, and when the numbers are the same the determinant rs 
a multiple of the square of the difference-product of the sard 
roots. By way of proof of the second part of the proposition the 
special case is taken where the roots are a, a, a, b, b,c, and where, 
since 


& = 6,.6|' ="8ai+ 2b + ¢, Se ett 20° he? ise : « 
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we have 
Spiel Sew By BERGE Ow | LR Pe | 
ee Ee a A ee a CS a 
Bee aeen ae 3a? 26? @& AS SLES 


= 6| a%blc? | - a5bec® | a°bte? |, 
= 6a'b°c? | a%b'c?|*. 


The other part of the proposition rests on the statement that a 
similar procedure leads in that case to factors having at least one 
column of zeros. 

The case where the number of rows is less than the number of 
different roots is not considered ; but the first part of the proposi- 
tion is used to obtain the modification which it is possible to 
make in the relation 


Snr b ASn4r-1 + USnpr-2 +--+ Andy = 0 


when the roots cease to be all different. 


ROUCHE, E. (1858, Dec.). 


[Sur les fonctions X, de Legendre. Comptes rendus ... Acad. 
des Sci. (Paris), xlvii. pp. 917-921] 


X, being the n' differential-quotient of (a?—1)" Rouché first 
proves that every rational integral function of w of the n™ degree 
e+ 0,0" +... +n-.2+An, or Vy say, which for all integral 
values of k <1 satisfies the equation 


+1 
| eVida = 0 
1 


does not differ from X, save by a constant multiplier. To 
determine V,,—in other words, to determine its coefficients 
My, Uy, +++. , Gn,—there is thus available the set of n equations 


14 +1 +1 
| V,dx = 0, | wV;, dav Oo ae, | aPatV dat = 0; 
-1 1 -1 
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. . . aie 
which if we put 2, for | x de take the form 
as 


Onto Oni) fees. 4 Oty tin = 0 
And, aa On its +. eas The + Onin + tart = 0) 
Ont, —b Onaits +. -+ + Gilani t+ np, = 9 
Cte On iin beet CSP Glens + tee = 0 
Solving for a,, dz, ds, ..., @, and substituting in V, Rouché of 


course obtains 


Vi ale ees MN Irs Reg «Un, AO 
fe oe er ee baae 
eA, Soh tae BE Uaes 
In-1 Un Unga + ees) Ven-2 Von 
1 a en a 


where o@ stands for the cofactor of #” in the determinant, and 
being independent of w may be left out of account; and, since 
i, is 1(r+1) or 0: according as 7 is even or odd, it follows that 
X,, X_, Xg,.... are proportional to 


10 jie file’ fk Dy tae 
ie Pome 0 Que te Ones 
Lae a eee Oe ae 
as A 
respectively. 


By reason of the peculiar distribution of the zero-elements 
these determinants are changeable into 


te ei it aml 1 ah 
anys 2 che On ma a te ae ee 
‘sry : 3 ee Melee Te FT a 
Pe ee 4 4 ve Hw |, Ee tad Sees ot 
De ee oly 
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and the result may consequently be put in an alternative form, 
namely, 


x, = 1 : : a x a constant, 
iE ] ] 1 
3 5 7 2n+38 
] A 1 ] 
5 i 9 Q2n+5 
1 1 1 i, 
IW 1 Onl Sn=E38 we ara 
1 a at eee, a 
and ) 
Xonp = 5 : 7 re x a constant. 
alas el 1 
5 7 9 7" *  9n+-5 
1 1 i 
7 8) 11 2Qn+7 
1 1 1 ‘ 1 
2n+1 2n+38 2n+5 °° 4m+1 
wx a od MA Co crates cle 


Lastly it is pointed out that by throwing X,, into the form 


1, —Uy@ i, 1,a rae a ae 

Vg— 4,2 Ie— Un (ie. tote 

201 ae iit x a constant 
Qn—Un-10  Unyy— UB oo os Van — Fong 


it is possible in the manner of Cauchy (1829) and Sylvester 
(1853) to draw conclusions regarding the situation and character 
of the roots of the equation X,,=0. 
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SALMON, G. (1859). 
[Lessons INTRODUCTORY TO THE MopERN HIGHER ALGEBRA,.... 
xli+147 pp., Dublin.] 

In Salmon’s treatment of the foregoing subjects (p. 14, §§ 119- 
126, 162-165, p. 146) there are several points of freshness. His 
proof, for example, that if 

(abedefixy? = (hetmy)? + Letmgy)? + (lye+ my), 

_ the persymmetric form of the canonizant is equal to 
| Zag |? | Ly2mg |? | Lymrg |? + Lye + my) (1,0 + my) (Lyx + mgy), 
is accomplished ($119) by using four differentiations to show that 
ax + by = 14(L,etmy) + 1*(Le+ my) + ly*(lge-+ my) 
Liu +l4v + l,'w, say, 


ba +cy = limwut 13m v + 12m, 

substituting these trinomials for aw+by, be+cy, ... in the 
canonizant, and then examining * the twenty-seven determinants 
into which the latter can be partitioned. He also gives (§121) a 
new mode of arriving at the canonizant in the form 


ad a ta ; 
fonts th 


In the course of a short “ Note on Commutants” he suggests 
(p. 146) that the two rows of umbree 


Oey to tes 
should stand for | a, ad, dg 
Sait ee ak 


x 
in which case the three suffixes of any term of the developed 
determinant are got by adding the first row of umbre to a 
permutation of the second row. 


*It is better to note at this stage that the determinant is the product of 
Leith lor tay, 12 (ors ES ss 
mw lym lymsw Lm, lym, lym 
m?u My2v msrw Mm. M2 Me? 

and therefore is equal to | 7,° Zm,_ m,”|?. wv. 


and 


CHAPTER XII. 


BIGRADIENTS, UP To 1860. 


As we have already pointed out (History, i. p. 487), bigradients 
were first brought to light by Sylvester in 1840 in the paper 
in which he made known his so-called “dialytic” method of 
eliminating the unknown from two equations of the same or 
different degrees. Shortly afterwards Richelot and Cauchy 
recalled attention to Euler’s and Bezout’s method of 1764, as 
giving substantially the same result as Sylvester's, the fact 
being that the determinant obtained by Sylvester differs from 
that obtainable in the other case merely by being its conjugate. 


The details of these papers and of others related to them have 
already been given. 


CAYLEY, A. (1844). 


[Note sur deux formules données par MM. Eisenstein et Hesse. 


Crelle’s Jowrn., xxix. pp. 54-57; or Collected Math. Papers, 
1, pp. 113-116.] 


Although Eisenstein’s property * of the discriminant 
ad? — 3b*c? + 4ac8+ 4b'd—6abed, or A say, 


of the binary cubic ax + dba°y + 8cxy? + dy?,—namely, the pro- 
perty that 


A?D?— 3B?C?+ 4AC3+4B3D —6A BCD 
= (Ve? —30?c2+ 4a8+ 453d — 6abed) 


* Crelle’s Journ., xxvii. pp. 105-106, 319-321. 
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when 
me OAs aL CA oH (oyu MoYAN 
2 0d 6° Ge? + = 6. 0b") 2 Ga’ 


Aye B,C AD ee 


—can be expressed in the form 


aaa Bir mai (ed ae ud ell 
AmeoB. GC eer Re 

BEC ae. tel <i ebe 2c.Nad 
By eZee p 2 bee | 


it is not as a relation between two four-line determinants that it 
has been studied. 

Cayley in effect says that if we wish to find substitutes 
ADU ae LOL, Doc, . SO LOAt 


o(A, B,C,...) = {¢(a,b,6...)}", 


we must (1) find a quantie w of which ¢(a, b, c,...) is an in- 
variant ; (2) express $(q, b, c,...) as a determinant of the same 
number of lines as wu has facients; and (3) transform w into U 
by a linear substitution of which the said determinant is the 
modulus. The coefficients of U will then be the substitutes 
required. 

For example, A being an invariant of the binary cubic and 
being expressible in the form 


| be -—ad 2(c?—bd) 
| 2(b?—ac) bc—ad 


? 


we should have to transform the said cubic by the substitution 


we = (be—ad)é + 2(c?—bd)y 
y 2(b?—ac)é + sauna 


and the discriminant of the new cubic thus obtained being A 
multiplied by a power of the modulus must be a power of A. 
Unfortunately, in this case it would be A’, whereas in Ejisenstein’s 
case the power-index is 3. Instead of the binary cubic, there- 
fore, Cayley takes the binary trilinear 


Wil Y 12, + baryy,Z_ + CLYo% + Mab Y o2q + Cl yY2 A fatey 2a + GloYo% + hatey or, 
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of which a generalisation of A, namely, 


wh? + bg? + c2f? + de? + 4adfg + 4bceh } or eee 
— 2ahby — 2ahef — 2ahde — 2bgef — 2bgde — 2cfde 


is an invariant ; expresses Q as a two-line determinant 


A re en de — 2(eh—fg) 
— 2(ad—bce) ah — bg — cf + de 


makes the substitution 


a, = (ah—bg—ef+de)€é, — 2(eh—f9)& i: 
n= — 2(ad—be) &, + (ah—bg —cf+de)&, J’ 


and, as the multiplier connecting the new Q and the old is now 
the second power of the modulus, he obtains what was wanted.* 
The substitutes found turn out to be 


12Q, 12Q, 12@ 
2 Ga bcD Bhi Died 
but no explanation of this is vouchsafed. 
Eisenstein’s case is the degeneration reached by putting 
A DseQinds:G Je goik 
= a,b, b, c, dDmestonid: 


Had the two other sets of variables been at the same time 
transformed with the same determinant for modulus, we should 
have had the new Q equal to Q’. 


BOOLE, G. (1844, June). 


[Notes on linear transformation. Cambridge Math. Journ., iv. 
pp. 167-171.] 


The third note being devoted to the proof of his well-known 
theorem of 1841 regarding what afterwards came to be known 


*This short paper of Cayley’s teems with misprints, both in the original and 
in the Collected Math. Papers. 
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as ‘the invariance of the discriminant, the fourth gives at full 
length and correctly the discriminant of 


aa + 4bary +- 6ca?y? + 4day* + ey', 
—that is to say, the eliminant of 


ax + 3ba?y + 8cxy? + dy? 
ba? + 3cx*y + 3day? + ey? = 0 


I 
i) 
————— 


HEILERMANN, [H.] (1845). 


[Ueber die Verwandlung der Reihen in Kettenbriiche. Crelle’s 
Journ., XXxilil. pp. 174-188.] 


The determinant which here appears for the first time is 
different from but resembles those to which Sylvester’s dialytic 
method of elimination leads, being exemplified for the 4" and 5™ 
orders by 


Gaby Gains, \Oy Oi, ig he Oly Deak); 
ey JAEMONT DO; Grane! ©b, Tab 
Gy °a,*' 0, %, De Pd) i See 
y Daly Midge de Oger; 
Lo Ue ke 


Calling these A,, A, Heilermann writes his main result in the 
form 


Ay + Oye +... +Ono™ => 
_ 


a= Ae 
by + Oye +... bm ae 


/a\ 80 
a 14 A, As& AA 


the end on the right being 


Aon-sAen% Roget oni 
TANS es 1 Aom-2 


according as m< or >”. 
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CAYLEY, A. (1848, August). 


[Nouvelles recherches sur les fonctions de M. Sturm. Journ. (de 
Liouville) de Math., xiii. pp. 269-274; or Collected Math. 
Papers, i. pp. 392-396.] 


Recalling his former paper on the same subject in Liouville’s 
Journal, xi. (1846), pp. 297-299, where Sturm’s functions had 
been expressed in terms of sums of powers of the roots of the 
original function, he intimates now the discovery of more simple 
expressions in terms of the coefficients of the said function. At 
the same time he draws attention to the fact that his result may 
be viewed as unconnected with Sturm’s division-process, and it is 
in this general light that he prefers to state it. Beginning with 
two functions V and V’ of the n™ degree, namely, 


aa” + bam +.... Ctl: biota 3 sem 


and forming therefrom the series of functions 


Vi Val Nak V> tia Vii V5 ts PN tee OV gama Ve ve 
aii tai Ww ieee aed | a 5 : a’ 
Db 20 Dee b a b’ a 
w 20" con = ale c Dime eae, bo aa 
a CD el ae 
| e dec eé MN 
etc., which he denotes by —F,, F,, —F;,...., he affirms that 


there is a homogeneous linear relation connecting every con- 
secutive three of the latter functions,* namely, 


PIF, + (@P,P,+P,P,+P,P,)F, + PF, = 0, 
PSF, + (@P,P,+ P,P, +P,P,) Fy + P2F, = 0, 


I 


*'The signs require verification. 
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where by P,, P,, P;,.... are meant the determinants 
aa a ty sie a’ 
DeeOM WOP a Oh, le aed Dae Gs 
C30 et 1b Chime 6 OU Oo 
ad acon. Onc. Oo a ce D 
Co 0-6 € a. 6 
Mme Cen OA ee Oe Oa ae ae 
and by P,, Pj, P3,.... the determinants got from P,, P., Ps, . 


by altering the last rows into 
ONG DATION Ago) GER 


No proof is given of the relations; indeed, after pointing out 
that they involve the proposition that the first and last of three 
consecutive functions are of opposite sign for every value of 
«x that makes the intermediate function vanish, Cayley adds: 
“Je n’ai pas encore réussi 2 démontrer dans toute la généralité 
Péquation identique d’ot dépend cette propriété.” 

~The case which brings him into closer contact with Sturm, 
namely, where V’ is the differential-quotient of V, is dealt with 
in some detail. 


HEILERMANN, [H.] (1852, December). 


[Independente Berechnung der Sturm’schen Reste. Crelle’s 
Journ., xviii. pp. 190-206. ] 


The subject of this paper is of course closely connected with 
that of the author’s previous work (1845). Like Cayley, he 
begins with two functions that are unrelated, and subsequently 
passes to the special case where the one is the derivate of the other ; 
but, unlike Cayley, he makes the said functions of different 
degrees, namely, 


Cyn ECs FeCiglnn  ctas,: uee=k nos 


Ped hehe RS cake ee a a On 
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Following the ordinary division-process for expressing the ratio 
of the second function to the first as a continued fraction of the 
form 


and denoting the remainders in order by 


1 cost 14 ¢,.00"~ 2b C900" oe J, 
Con 
£ cost 46 a ig St C0" oi sik 
il {coe S46, en tte, ae Oct ae eh 
Co1Cos 


he finds that 


_ Cy _ Corte _— C1,2n-2 
lee eL J0hie Cine Pmt y ates 
The second suffix of any one of the new c’s is seen to indicate 
the remainder-function to which the c belongs, and the first 
suffix the position of the ¢ in that remainder. To obtain 
expressions for these in terms of the original two sets of c’s 
it is taken for granted, and with reason, that as a result of 
the process we have generally 


Co,s-1 Co,s—2 
Cre = Co,s—1Crti,s—2 — Co,s-2rtis-1 = (1) 
Cr4i,s—1 Cy41,8-2 


By using this twice upon itself, so as to lower the second suffixes 
of the first column, there is found 


Co,s—2 Co,s-3 
Cris => C1,s-2 Ci,s-3 Co,s-2 (2) 
Cy42.9-9 Cy42,8-3 Cr41,3-2 ? 
where the second suffixes are now s—2,s—3. A page is then 


occupied in ridding (2) in the same way of the elements which 
have s—3 for a suffix, the result being 
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Cys = Co,s-3 Co,s-3 Co,s—4 
Cy 5-3 Chis—4 Co,s—3 Co,s—4 (3) 
Co.5-3 Cos—4 C1,s-3 Ci,3—4 


Cr4+3s-3 Crt3s-4 Crtoe-3 Cr+2,s-4 
With increasing tediousness a five-line determinant is reached 
having elements with s—4 and s—5 for second suffixes, a six-line 
determinant having elements with s—5 and s—6 for second 
suffixes, and so on. The form of the determinant of the 
(2q¢+2)™ order is thus deduced, the factor preceding it being 
said to be 


(0,0-30,2-4) (Co,e-5 0,26) (Co,2-700,0-8) ++ + (Co,e—2941C0,0-29)? —*(Co,s~2q-1)* 
Sturm’s division-process, in which each remainder is of a lower 
degree than the remainder preceding it, and for which, therefore, 
the corresponding continued fraction has each partial denominator 
a linear function of «, has close relationship with the above 
division-process, because the continued fraction already obtained 
is identical with* 


Po 


P,P). 
e+, po ape 


z+p.+Ps— zoe 


C+ Ppt Ps — % 


Expressions for the remainders corresponding to this continued 
fraction are thus readily obtainable, and a section (§ 3) is devoted 
to finding simplified substitutes for them. The remaining section 
concerns the strictly Sturmian case, where one of the original 
functions is the derivate of the other. 


BRUNO, F. FAA DI (1855, July). 


[Sulle funzioni simmetriche delle radici di un’ equazione. Annala 
di Sci. mat. e fis., vi. pp. 412-419. ] 


As evidence of the value of a certain theorem Bruno adduces 
the ease with which the expansion of the resultant of a pair of 


*This identity Heilermann published again separately in 1860 (see Zeitschrift 
f. Math. wu. Phys., v. pp. 262-263). It is included, however, in a result given by 
Stern in 1833 (see Crelle’s Journ., x. p. 156) ; and a still more general identity 
will be found in the Proceed. Edinburgh Math. Soc., xxiii. p. 37. 
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equations may be calculated, and he prints at full length the 


resultants R,,, Rs,,, R,,,, that is to say, the final expansions of 


, ete., 


the arrangement of the terms being such as to make evident the 
fact that each resultant is unaltered by reversing the order of 
the two sets of coefficients of which it is a function: for 
example :—* 


R,. = (@9?+cp?) — (abgr+bepq) — 2acpr + acq? + b*pr. 


CAYLEY, A. (1856). 


[A second memoir on quantics. Philos. Transac. R. Soc. (London), 
exlvi. pp. 101-126; or Collected Math. Papers, ii. pp. 250- 
275.] 


In addition to previously calculated discriminants Cayley gives 
(No. 26) the discriminant of the binary quintic,—that is to say, 
the eliminant of 

aat + Abaty + 6ea*y? + 4dxy? + ey* = 0 \' 
bat + 4ex8y + 6dau?y? + dexy® + fy*t = 0 


CAYLEY, A. (1856, December). 


[Memoir on the resultant of a system of two equations. Philos. 
Transac. R. Soc. (London), exlvii. pp. 703-715; or Collected 
Math. Papers, ii. pp. 440-453. ] 


As the resultant, R,, say, of the pair of equations 
aa + bay+cxy?+dy® = 0, pa+qrytry? = 0, 
is homogeneous and of the 3" degree in the coefficients of the 


second equation, and at the same time homogeneous and of 
the 2™° degree in the coefficients of the first equation, Cayley 


* The expression for Ry,, is full of inaccuracies. 
+ In the reprint, p. 288, the coefficient of bécef? should be — 1920, not +1920. 
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seeks a convenient form of representation in which this double 
homogeneity will be prominent. What he obtains is * 


where the first square represents a’r°, the second —abgqr*, the 
third —2acpr?+ b’pr?+acq’r, and so on. The result is reached in 
two ways, the second heing by developing the dialytic eliminant 


Wa LO 
Cn Om CeO, 
teen Oe 
Lotte Dnt om 
1! pa 


* Three misprints being corrected. 
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The two-line minors of the first two rows of this determinant 
being denoted by 12, 13,..., 45, and the three-line minors of the 
remaining rows by 123, 124,... , 345, it is seen that 


R,, = 12345 — 13:245 + 14235 — 15:234 
+ 23:145 — 24135 + 25°134 
+ 34125 — 35:124 


— 45°128 
and it will be found that 
12°345, —13:245, 142385423145, —(15:234+424135), 
correspond to the 1, 274, 3m 4'2 |. . squares of Cayley’s 


expression. 
The paper closes with the six resultants R,,, Rz., Ry», Rss, 
R,;, Ry, printed each in the new form as a chain of squares; * 


they occupy four quarto pages. 


ZEIPEL, V. v. (1858, June). 


[Demonstration of a theorem of Mr. Cayley’s in relation to 
Sturm’s functions. Quart. Journ. of Math., iii. pp. 108-117, 
or Nouv. Annales de Math., xix. pp. 220-224.] 


The theorem referred to is that of August 1848. Zeipel’s 
proof (pp. 108-114) is lengthy and unattractive, and scarcely 
warrants reproduction. The remaining pages are occupied with 
the curious identities 


Bees Le ‘ Pees Le | 
Bas Py P.|=— BSP Be EB. By pak ar Pix Raat 
Be neaaEs Per Re: 


and the corresponding identities in which the left-hand members 
are of a higher odd order than the third. 


“In the expression for Ry,, there is at least one misprint, namely, a%c? for ab? 
outside the third square of the chain. 
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HESSE, 0. (1858, October). 


[1] determinante di Sylvester ed il risultante di Eulero. Annali 
di Mat.... ii. pp. 5-8; or Werke, 475-480.] 


The determinant referred to is that to which Sylvester was 
led in 1840 by his so-called “dialytic” method, and which, as we 
have already seen, Hesse himself arrived at in 1843; and the 
resultant coupled with it is Euler’s of 1748, which takes the 
form of a product of differences of the roots of the two given 
equations. Both forms, as well as others, are treated of by 
Cauchy in his paper of 1840, already dealt with. 


The equations being 

0 g(x) = 0 

of MY | yee) = 0, 
Hesse multiplies Sylvester’s eliminant by s,s,—38,”, the squared 


difference-product of the roots 6,, 8, of the second equation, 
with the result 


A? + Av + a,x + ay 
boa? + bal + b, = 


My G Gy Gy . | |% % % 8 % 
Rel dts Oo. Oe | iy Ci een 
Opes 80, tite) abtalyay LY 
a Ng Mere | a 
Fi, Uy aS 1 
ApSp +48, +--+ +Ag83 ApS; +FA,S.+... FAS, Ay Ag 
By8y + A8y+ .. + +8, —UpSg+A,83+--. M38; A, My Ag 
= bo 8p + O18, + 0980 by8, + 0,8, + dy85 yale 
bo8, +b,8,+ O98. bo8_+ 5,83 + O98, Bw DERITS 
by8q + 6,83 + 028, bo83 + 0,8, + 0985 by 6, be}, 


where s,=@,?+,”, and where, therefore, the elements in the 
places 31, 32, 41, 42, 51, 52 of the right-hand member all vanish. 
There is thus obtained, if we denote Sylvester’s eliminant by S$, 


ApSp M8, +... +Mg83 ApS, +ASo+.-. +Ag5, 
Mp8 + A8g+ +--+ Mg8, ApSg + A483+ . . - +Ag8; |. 


8) 8) 
8; 89 


Rs 


370 HISTORY OF THE THEORY OF DETERMINANTS 


But the determinant on the right is resolvable into 


| 1 _ | Got 0,8, + 4,8,? +4,8,° Uy t+ 448, + M28," + 458," 
B, Bel | MB, +0,62+4,83+4,8;* %8,+0,8?+ a8 3+ asBo" |, 


that is, into 


1 1) .| ¢(8&) (8) 
| B,6(8,) Bop(2) 


By By | 


and therefore into 


«4 (B,)-4 (Be). 


Eiel 
a 
S = 6° 6(B:)p(G2), 


and, consequently, if a,, a,, a; be the roots of the first given 
equation, 


We thus have 


S = 63a,?(B, — a,)(8, — a3)(B, — 43) 
(Bz — 4,)(By — a,)(B, — a3), 


which is what was to be shown, the cofactor of 6,'a,2 being 
Kuler’s product of differences. 


ZEIPEL, V. v. (1859, April). 


[Undersdkningar i hégre algebran, jemte nagra deraf beroende 
theoremer i determinant-theorien. K. Svenska Vet.-Akad. 
Handl. (Stockholm), iii. No. 4, 82 pp.] 


This simply written and fully detailed memoir is an extension 
of the author’s paper of the preceding year. It consists of five 
chapters, of which the fifth contains the freshest matter. 

The first, and much the longest (pp. 3-16), is occupied in § 1 
(pp. 8-11) with the application of the Sturmian division-process to 


Ap: 0, PT Gg =2 4 LS LE ae Ae oT F(a), 


Onan +4 bes as ee + One, or F(), 


with the object of obtaining Cayley’s expressions of August 1848 
for the remainders (R,). In this he is successful, and he adds 
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Brioschi’s of 1854 for comparison. In §2 (pp. 12-15) he works 
out for himself a third form, which, in the case of m=4, gives 


R, = | a, by pe hte = | Cy by , Ry =: 
Oy b, by a, A b, Be 4 
a 6, b, —1 Onl eeUse 0, 20; 
igen Oe De =H Ceiwe Ole Dame. 
Oy (ea eal hy Gs b, b, —1 
Oy Da 


—expressions which take a more familiar appearance when 
developed and arranged according to descending powers of «. 

He then passes to the case where /(x)=F(a), his second 
chapter being occupied with a short but very complete historical 
sketch of Sturm’s functions. 

In the third chapter the allied subject of the common roots 
of two equations is taken up, and to illustrate the advantage 
of his own procedure over Lagrange’s and Brioschi’s he takes 
the equations 

av? + a,07 + ag +a, = 0, 


bye? + ba? + bx + bs = 0, 


and (1) supposing them to have one common root gives 


Ay by Oeue 0, 

Grads ebro) De Peal eens bfanbs ee 0 
gam Oats, Use tO, Ggatiee ibst <b, 

ap se US hae | OT bs 


as the equation for determining it; (2) gives the vanishing of 
the two determinants in this equation as the conditions requisite 
for the existence of two common roots; and (3) gives 


ay Bg 


az + 


au 0; Chile Ga. ids 


as the equation for determining the said two. In this connection 
Sylvester’s paper of 1840 might well have been referred to 


(see History, i. pp. 236-238). 
The fourth chapter is headed “Relation between any three 
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remainders,” but its main subject is Cayley’s relation of August 
1848, and the obtaining of others like it. 

Lastly, a chapter is devoted to the bigradient compound deter- 
minants which he (Zeipel) drew attention to in his paper of 1858, 
and which when of the (2r—1)™ order are equal to 


Pure Panduit. ba 
respectively. Even to-day these excite a real interest, and a 


purely determinantal proof of the identities is much to be 
desired. 


BRUNO, F. FAA DI (1859). 


[Tuforre GéNeRALE DE L’ELIMINATION. Par le Chevalier 
Frangois Faa di Bruno. ... x+4224 pp. Paris.] 


In his section (pp. 832-40) dealing with the dialytic eliminant, 
Bruno, besides reprinting R,, R,,, gives the full expansion of the 
discriminant of the equation 


aat + 4ba? + 6ca? + 4d~a+e= 0 
and of the discriminant of 
ax + 5ba* + 10cx + 10da? + 5ex + f = 0. 
In the printing of the latter discriminant, however, there are at 
least seven mistakes. In the next section (pp. 40-46) he seeks 
to improve on what we have called Cayley’s “chain of squares” 
by combining the last square with the first, the second from the 


end with the second from the beginning, and so on. For 
example, his expression for R,, that is to say, for 


1s 

ps grs 9 prs @s 
i rs ad? bd @& acd BP 

rs rs? a ed pe Beal 
$8 ES aeselei| Meals 

2h Spf iS hacia = el ; 

1 ral FL ab? £1| | m3 #1 + ma #2] 41 

pe | ae ir oe am 

g Bu 1 | | A aa! | 


(as? — d*p*) + (—a®brs°+cd*p*q) + {2(—a*eqs?+bd%p’r) +...) +... 
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a marked improvement on which would be 


3 182 

pe vq 
re Oe 

#1|4 0 =o) (he RADA 
the second term in each binomial being derived from the first 
term by the change of a, b, c, d, p, q, 7, s, into d, ¢, b, a, 8, 7, g, P, 
—that is to say, by the interchange 


ie PR 

Ce Cm ce ae 

Further, he improves upon Cayley’s squares by so transposing 
their rows, where necessary, as to bring about axisymmetry.* 


Lastly, he tries (pp. 43-46) to justify Cayley’s rule for calculating 
the coefficients placed inside any square of the chain. 


ae 
d3 


SALMON, G. (1859). 


[Lessons introductory to the Modern Higher Algebra. 
xii+147 pp. Dublin.] 


Having stated Euler’s and Bezout’s method of 1764 for 
eliminating the unknown from two equations (see Cauchy’s 
account of it, History, i. pp. 241-242), and having previously 
defined such eliminant as the expression whose vanishing is 
the condition for the two equations having a common root, 
Salmon naturally thinks (p. 32, § 47) of extending the method 
to find the conditions for the equations having two common 
roots. The equations being 


ant + ba? + cx? +da+e= mt Ved 1 
ax? + Ba?+ dx +e = 0 - Wy (a) 
he asserts that if ¢(~) and W(«) have two linear factors in 


common the result of multiplying ¢(#) by the remaining linear 
factor of y(x) must be the same as the result of multiplying 


0 
0, 


*The expression for Ris, though now given more accurately than before, is 
still disfigured by at least ten misprints. 


374 HISTORY OF THE THEORY OF DETERMINANTS 


vW(v) by the remaining quadratic factor of ¢(a). Taking, 
therefore, these remaining factors to be 
Ac+B and A’2’?+Bae+C, 
and performing the multiplications, he is entitled to equate the 
coefficients of like powers in the two products. He thus obtains 
Aa —A’a =,0 
Ab + Ba— A’B — Ba 0 
Ac + Bb— Ay —- BB-Ca=0 
Ad+ Be — A’6 — By — CB= 0 
0 
0 


II 


Ae + Bd —Bs6 —-Cy= 
Be — C$ = 
from which the deduction is 


ap Wis 


a 

me oe as ee 
whey aie tee = (), 

cueittate yao ee 

@ 8. rea 


BORCHARDT, C. W. (1859, November). 


[Vergleichung zweier Formen der Eliminations-Resultante. 
Crelle’s Journ., lvii. pp. 183-186; or Gesammelte Werke, 
pp. 145-150. ] 

The problem here is exactly the same as Hesse’s of the 

previous year. Instead, however, of multiplying S by €&(,, 8,), 

he preferably multiplies 4(8,, B,, a, 43, a3) by S, thus obtaining 


Lb Ys AL yes yoh. 8, M GA UM a, 


1 

1 8 f* 8° 8, % 9 %o= Mayen Baee ln 
Ure Oy Ore Gy" | eu eee 

Lids Ge hd wa” a ad Pend 4 ee 
1s ls eg 2 ae » By hUs Us 


$(8,) B,p(B,) 
$(B.) Byp(B:) 
; W(a,) ay (a,) ay Wr (a) 
Was) ay(aa) ao (ay) 
Wy(as) asVy(as)  a3¥r(ag) |. 
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Now, E being Euler’s product of differences, the first determinant 
on the left is resolvable into 


Comore (ar Gs, c0). Ee 


as was first observed by Rosenhain in 1845 (Sept.); and the 
determinant on the right is resolvable into 


{€°(B1, Bo). 601). (Be) L{ Gar, as a3) - Wr(ar) W(ae). Yr(as)} . 
We thus have 


ES = {$(8,).$(8:)\{y(ay)- Wa). W(as)} 
= 0, Hi.0, ks, 
and 
S = a,7b,3H, as before. 


CHAPTER XIII. 


HESSIANS, UP TO .1860. 


SPECIAL cases of the determinant 


Ou Ow =u 
oyou dy? Bydz 
Cu Ou Ow 
Oeda Ozdy oz 


> 


where w is a function of «, y, z,..., may well have appeared at 
a very early date in the history of determinants. The case where 
w=an’+2bey+cy? may be viewed as traceable to Lagrange 
(1773), and the case where w= ax? + by? + cz? + 2dyz+ 2ceza+ 2fwy 
to Gauss (1801); but it is certain that in those cases the elements 
of the determinants were not looked on as second differential- 
quotients of w. The general conception first occurred to Hesse 
in the year 1843. 


HESSE, O. (1844, January). 


[Ueber die Elimination der Variabeln aus drei algebraischen 
Gleichungen vom zweiten Grade mit zwei Variabeln. 
Crelle’s Journal, xxviii. pp. 68-96; or Werke, pp. 89-122.] 


In § 15 (p. 83) Hesse passes from the direct subject of his paper 
to the special case in which the three functions f,, to, fz are the 
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first differential-quotients of the homogeneous function of the 
third degree 


Lhe, d pC ONC OL IL say, 


where each of the suffixes x, A, 1 may be 1 or 2 or 3. The deter- 
minant, afterwards called the Jacobian, of f,, fy, fz he says may 
in that case be styled “the determinant of f” This expression 
at once recalls that used by Gauss in 1801, namely, “determinant 
of a form of the second degree,” the determinant of 


au + Qbay + cy, 
according to Gauss, being b?—«c, and the determinant of 
A407 + Ay? + de? + 2b,y2 + 2b,zx + 2b,cy 


being a,5,?+ a,b,?+ ab, — a, 0,0, —26,b,b,. The two usages, when 
Hesse’s is restricted to the second degree, are not so far apart: 
for, according to Hesse, the determinants of the same two forms 
are 


2a 2b 2a, 2bg 2b, | 
2b 2eik, 2b, 2a, 2b, 
2bne 2b Qian |; 
1.. — 22(b? — ac), —2%(a,b,? + a,b.? +....). 


The elements of Hesse’s “determinant of f” being evidently the 
second differential-quotients of f, those in conjugate places must 
be equal—that is to say, the determinant is axisymmetric. 

The first result enunciated is (p. 85)—Die Determinante der 
Determinante einer gegebenen homogenen Function dritten 
Grades von drei Variabeln ist gleich der Summe der gegebenen 
Function und thre Determinante, jede mit einem passenden 
constanten Factor multiplicirt. In symbols at a later date 
this would have been written 


H{H(1s)} = CUgs + CH (uss). 
Following thereupon is a theorem of like type 
H {cy2s5 xP cpH (11s) = Cys + C,H (Ugg), 
and this is used to solve the equation 


H(t Wess 
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where uz; and wu, stand for ternary cubics, and uw, is the 
unknown. 

The effect of linear transformation, so strikingly brought to 
the front by Boole three years before, is then (§ 19) entered on, 
f being no longer a ternary cubic, but any function whatever of 
@, @y,..., @%,, and supposed to be expressed also as a function 
of the variables y,, ¥,,-.-, Yn by means of the equations 


(1) (2) 


(n),, 
Or BG Os Te deel Ly = Yi 
ae, +apat....f ae, = ¥, 


(1) _(n) 
An Cot dn. + ee = Y,)- 


Denoting the determinant of 7 when viewed as a function of the 
z's by p, and when viewed as a function of the y’s by ¢’, Hesse 
affirms that 


p= "¢, 
where 7 is the determinant formed from the coefficients of the 
«’s in the transforming equations. His proof is essentially that 


still followed; that is to say, he recalls that from the multipli- 
cation theorem we have 


Seu uo ul = >jalla? ... a” Sew? ... wl, 
. ya PN » IN 4 
if u = aw + af af yale prea: 


and 


St uul ie The EE d+ vf Om ; us). 


if in addition ls = ay) ie oy. +... faMy; 


n n 


and he then merely asserts that application to the case where 


(x) 
un = a it we = S\u,) yw = of 5 
On, OI” OY OY eOYr 


accomplishes the desired aim. The result, as stated in later 
phraseology, is that “the Hessian is a covariant.” The case 
where f=aa’+2bay+cy? was given by Lagrange in 1773, and 
the case f = ax? + by?+ 2? + 2dyz+ ceca + 2fxey by Gauss in 1801. 
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The ternary cubic u,; is next returned to and shown to be 
transformable by a linear substitution into the form 


iets Ys as Or yyy; 


and to be such that constants ¢,, c, are determinable which make 
CyUsg + CgH (53) 


resolvable into linear factors. 


CAYLEY, A. (1845, early). 


[Note sur deux formules données par MM. Eisenstein et Hesse. 
Crelle’s Journ., xix. pp. 54-57; or Collected Math. Papers, 
i. pp. 113-116.] 


Cayley, who had, like others, been attracted by Boole’s epoch- 
making paper on Linear Transformations, and was about to 
publish his own first paper on the subject (Camb. and Dubl. 
Math. Jowrn., i. pp. 104-122), was naturally interested in that 
part of Hesse’s paper which concerned the “determinant of /.” 
He consequently wrote the note we have now reached, for the 
purpose of adding to Hesse’s results and of extending an identity 
of Eisenstein’s not distantly related to the same subject. 

The “ équation remarquable” of Hesse’s which he starts with 
he writes in the form 


V(U+aVU) = AU+BVU, 


noting that its author had not given the values of the coefficients 
A, B, “ce qui parait étre trés difficile 4 effectuer.” He then 
announces the analogous theorem: “Soit U une fonction homo- 
gene et de Vordre vy des deux variables #, y, et VU la déterminante 


cADRCAESS disill 
ox oy? » \or 3y) 
Yon a 


-2)\(v—3)-V(U+aVU) = {— (v1) (v3 Pad + (v1) (2v-5 PAST 
+ {= 2)(v-3)8 + (7 2)(v—3)(2v—5) aI VU. 
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En représentant par 7%, j, k, l, m les coefficients différentiels du 
quatriéme ordre de U, on a 

I = ikm — i? — mj? — k8 + 2h, 

J = 4jl — 3k? — mi, 
de maniére que I, J sont des fonctions de a, y des ordres 3(v—4) 


et 2(v—4) respectivement.” To this he adds the remarkable fact, 
that if the binary quartic 


1€4 =P 49 Ey ae 6hE*n? = Al Ey? + my}, 
where %, j, k, 1, m are now any quantities independent of & », be 
transformed by the substitution 


E = IAE Sek sen \ 

7 — NE’ + un 
and I and J thus become I’ and J’, then 

Y= Quel, ST = An Np). 

In other words, he makes known for the first time the two 
“invariants” of a binary quartic, and notes the curious fact that 
expressions of exactly the same form occur in his equivalent for 
V(U2, + aVUz,,). 

Another remark is equally suggestive, namely, that simpler 
results might be reached if U were taken a homogeneous function 
in a, y’ as well as in a, y, and VU were defined as 

OU, SUL. a ee 
Oa Oa’ Ox Oy’ Oy Oy’ By Oa” 


For example, U being a quadric in both sets of variables, namely, 
Us = x,°(Aa*+ 2Bay + Cy?) 
+ 2a,y,( A’? + 2B’ay + C’y?) 
+ y%(A"e?-+2B’ay + 0’y?), 
or in later notation 
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then we should have* 


WA Uae a BO PU: 
Na B’ (OF 
A” BR” Ge 


In connection with the first of these results of Cayley’s the 
reader should note that on putting »y=4 we obtain 


V(U+aVU) = (—6aJ +54a@71T)U + (14+3)VU, 
or V(a0+ BVU) = (—6aBJ +54871)U + (a?4+36°J)VU, 
and .’. VVU = 541-U+3J-VU. 

Further, if the particular form of U be 
an" + 4baty + 6cx?y? + 4day* + ey*, 


this gives 

VVU = 12°(432 I-U—J-VU) 
where I = ace+ 2bcd — ad? — eb? —c?, 
and J = ae+3c?— 4bd. 


In his famous first paper (February 1845) “On the Theory of 
Linear Transformations,’ of which this is merely an offshoot, 
Cayley states that the invariance of I had been communicated 
to him by Boole, along with the still more interesting fact that 
Boole’s invariant (7.e. the discriminant) is equal to J?— 271”. 


CAYLEY, A. (1846). 

[On homogeneous functions of the third order with three 
variables. Cambridge and Dub. Math. Journ., i. pp. 97- 
104; or Collected Math. Papers, i. pp. 230-233. ] 

One of such functions, U say, being taken in the form 
ac? + by? + cz8 + Biy?z + 8)27%a + Bkary 
+ 30,y2? + 37,20? + dhk,ey? + 6layz, 
Cayley calculates VU, and writing it in the form 
Aa? + By’ + Cz? + dly’z+..... 
gives the valuest of A, B, Cysleceenn termejota, U;cri tia: 


* Instead of 2! we find in the original 25, and in the Collected Math. Papers 2°. 
+In the value of 3K, there is printed —202,/ instead of — 2b7,/. 
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CAYLEY, A. (1847). 


[Note sur les hyperdéterminants. Crelle’s Jowrnal, xxxiv. 
pp. 148-152; or Collected Math. Papers, i. pp. 352-355.] 


As already noted, the second section of this short paper 
concerns what would, a few years later, have been called “the 
Hessian of the discriminant 


6abed + 3b2c? — a2d? — 4ac? — 463d 


of the binary cubic.” The result, which is rather inelegantly 
verified, is that the said Hessian is a numerical multiple of the 
square of the discriminant. 


HESSE, O. (1847, August). 


[Ueber Curven dritter Classe und Curven dritter Ordnung. 
Crelle’s Jowrn., xxxviii. pp. 241-256 ; or Werke, pp. 193-210.] 


Any homogeneous function of the m‘ degree in the variables 
%, %, 3, being denoted by uw, its first differential-quotients by 
U1, Uy, Uz, and its second differential-quotients by w,,, Uo, - - 
there is obtained from Euler 


er! 


Uy @, + Uyo@y + U3, = (M—1)u, 
Uy 1H, + Ugo + Upgt, = (M—1)u, 
Ug®, Hb Ugly + Ugly = (M—1)uUs J, 


and thence, on solving, 


A 

m—-1 se Un aig U,,u, 2 U,,U, 
2 U 

m—l es. a1%y ae Ugytte e Unstts 
A 


PRB hel oe Us, + Usytte + Usgte 
where, evidently, A is used for Hesse’s determinant of u, and U,, 
for the cofactor of w,, in A. Using in connection with the latter 
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three equations the multipliers w,, u,, wz, and adding, Hesse 
derives the interesting result 
m 


m— vA = Uy uy? t+ Unote? + Uy3tuy? + 2U p,2hyth, + 2U 3, get + 2U 9th Ug, 


and this by a process of differentiation leads to six results of the 
type 
U1 9Uy Us + Uy 5h Uy — Ung” — UyjUglls = aoe 


The rest of the paper is geometrical. 


HESSE, O. (1849, January). 


[Transformation einer beliebigen gegebenen homogenen Function 
4ten Grades von zwei Variabeln..... Crelle’s Journ., xli. 
pp. 243-263; or Werke, pp. 223-246.] 


A binary quartic w,, being the only other homogeneous integral 
function whose determinant, in Hesse’s sense, is of the same 
degree as the function, there was naturally an inclination to 
make a study of its properties in the same fashion as has been 
followed with the ternary cubic. Analogous results are reached, 
such, for example, as the theorem that it is possible to determine 
constants ¢,, c, so that 

CyUgg + CoWH (4) 


may be an exact square. Most of the matter, however, more 
directly concerns the quartic than its so-called determinant. 


ARONHOLD, S. (1849, July). 


[Zur Theorie der homogenen Functionen dritten Grades von drei 
Variabeln. Crelle’s Jowrn., xxxix. pp. 140-159. ] 


This is an inspiration from, and a striking development of, the 
latter part of Hesse’s paper of the year 1844, and like that paper 
may be said to concern itself more with the ternary cubic than 
with the so-called determinant of that function. In regard to 
‘the latter, however, there is one very noteworthy result: for, 
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just as Cayley in 1845 established the two invariants I and J of 
a binary quartic w.,, and used them for the expression of 
H{ ato, +b-H(to,)} in the form A-u,,+B-H(u,,), so Aronhold 
here announces the two invariants S and T of a ternary cubic, 
and gives the similar expression for 
H{ ci t1g3 +0-H (1143) }. 

Obtained from this by putting «=0 is the result 

H{H(1,)} = 3893-w,— 2T-H (v3) 
—the longed-for definite form of Hesse’s theorem of the year 
1844. 


We may also note in passing that the result of eliminating 
x, y, 2 from the equations 


Oty 1 tg hy Ging 
Ox oy Oz 
is expressed in terms of S and T, namely, 
T?—S* = 0; 


or, in later phraseology, that the discriminant of w,, is T?—S*. 


HESSE anp JACOBI (1849, December). 


[Auszug zweier Schreiben des Prof. Hesse an den Herrn Prof. 
Jacobi und eines Schreibens des Prof. Jacobi an Herrn 
Prof. Hesse. Crelle’s Journ., x1. pp. 316-318. ] 


Hesse having communicated to Jacobi a theorem regarding 
a homogeneous function of three variables, Jacobi sent back 
a proof showing that the theorem held in the case of n variables. 
The function being noted by uw, and being of the m* degree 
in the variables x,, x,,..., x,, Jacobi, like Hesse himself in his 
paper of 1847 (August), obtains the equations 


Uy, + Loy +... + WnUn, = (M—1)u, 
XUy4. + Hy Uo + 1 ele + Xn Ung = (m—1)w, 


XyUyn + LoUon +... + onNan = (M—1)Uy), 
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and thence 


vA = (m— 1) {Ua + Useel. + oe = Uw: . 


(a) 


“a—_ = 
OL, 


Differentiating both sides of this with respect to a, we have 


OA 
(m—1) | Unet + Uity, + 


* + Ustha} 
oun Us OU, 
+ (m 1) {14 a + up, on +... $M, a 
| oy OUiz OU,,, 

a (m—1){a4 Only + Uy Ont, mie ak Un aaa (B) 
if k be’ different from 7. A second differentiation, but this time 
with respect to x,, gives 

OA { CU; Us, OU; } 
! = = a esaely ptt ‘ in 
oi OX, ON, Nicaea to 020,00), cee CN,OX;, Tropica Fs ON,0X), 
ous Ue ao ; 
ae (m=1) {uy Oa, + Up ea Pie ates key oom 
But on the supposition that / is different from 7 we have 
Ung + UUig +... + UnUin = 9, 
and therefore by differentiation with respect to a, 
eug eUZL OU in 
LN eens Fin We wean alae as in Oat, 
+ Un Ui + Ug +--+. + UanUin = 0. 
Consequently by substitution 
ey iOtAw'y « Un Vie a 
Pimepilo tas bs 1) {4 Aeonp pe eepay mm i wun Oe Oe, 
—(m—1){ HU + UpUigt --. + UmUing> Cy) 
where J and k are each different from 7. 
If now special values of @,, #,...%, make ,, Ug,..., Wy all 
vanish, then, Jacobi says, we shall also have 
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for all values of r and s*; and consequently from (y) 


oA Soh a ae Nees 7 
corners = —(m 1)\N ss + NX, 2 Bo, Bac 
is OU OUns \ 
= —(m—1)Na,; {2 ieee Xe 2a, +... 
= —(m—1)(m—2) Nau, 
whence 
oA + Ou 
ze, ap SS Noe ae 


This result we may formally enunciate as follows :—If the first 
differential-quotients of a homogeneous rational «integral 
function all vanish, the elements of the Hessian of the function 
are proportional to the elements of the Hessian of the Hessian. 


TERQUEM, O. (1851, March). 


[Note sur les déterminants. Nouv. Annales de Math., x. pp. 
124-131] 


This is an elementary exposition of Hesse’s determinant, with 
simple illustrations from algebraic geometry, the property of 
“covariance” being made prominent. A curious distinction is 
made between what are called the “first” and “second” 
determinants: for example, 


4ac — b? 


*The first two of these results, which follow from (a) and (f), there is no 
pressing reason for mentioning: it would have been equally pertinent to note 
that w=0. The third result Jacobi probably obtained (see Crelle’s Journal, xv. 
p. 304) by taking in every possible way n—1 of the initiatory set of equations 
and deducing 


0; $1809 4 << oes 4 Ug) ay ere meen 
= Use ¢ Usain calles 
S=) Une Ups cinaieen tr see 
This implies that Wr Upe = 2, Pte 
and Ug Us = ap oer: 


and from these, by reason of the equality of U,y and Uy, there is got by mul- 
tiplication 
UR : Ugrr = Usp i CyLyp. 
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is styled “le premier déterminant de la fonction hexandme du 
second degré & deux variables,” and 


8acf + 4bde — 2ae? — 2cd? — 2fb2 


the “second déterminant de la méme fonction rendue homogéne 
et ternaire.” The former is, in fact, the determinant of 


ax? + bey + cy? + daz + eyz + fe? 
or an® + bry + cy?+dx+ey+f 


with respect to 2, y; and the latter the determinant with 
respect to a, y, 2. 


HESSE, O. (1851, March). 


[Ueber die Bedingung, unter welcher eine homogene ganze 
Function von » unabhangigen Variabeln durch lineare 
Substitutionen von » andern unabhiingigen Variabeln auf 
eine homogene Function sich zuriick fiihren lasst, die eine 
Variabel weniger enthalt. Crelle’s Jowrn., xlii. pp. 117- 
124; or Werke, pp. 289-296. ] 

Hesse here returns to the subject of $19 of his original paper, 
calling Dt U4,Ug -- + Up, or A the determinant of w with respect 
to the variables x,, %,.....:%m, and 2+-ulu” .... w” or V the 
determinant of u with respect to y,, Y:,..-, Y,, and proving 
once more his theorem that 

VearA. 

He then supposes that in the result of the transformation y, does 

not appear, and says that as this implies that wu”, w",..., u™ 

all vanish, it follows that V=0, and that therefore from the said 
theorem A also must vanish. There is thus obtained the result 
that, “ Wenn eine homogene ganze Function der n unabhingigen 

Variabeln X,, Xg,-.+; Xn, durch 

Kea, ye Ve to. 8, 


in eine Function der Variabeln y,, Yo, ---» Yn tibergeht, in 
welcher eine dieser Variabeln fehlt, so ist die Determinante 
dieser Function in Riicksicht auf die Variabeln x,, X,,---, Xn; 
identisch gleich 0.” 
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The rest of the paper is occupied with the converse theorem ; 
but as the author himself came to be dissatistied with his attempt 
at a proof and returned to the subject seven years later, it need 
not be entered on here. 


SYLVESTER, J. J. (1851, April). 


[Sketch of a memoir on elimination, transformation, and canonical 
forms. Cambridge and Dub. Math. Journ., vi. pp. 186-200 ; 
or Collected Math. Papers, i. pp. 184-197.] 


The expression “determinant of a function” or, more definitely, 
“determinant of a function in respect to certain variables” 
occurs repeatedly in Sylvester’s writings of the year 1850, the 
accompanying notation being” 


Or); 
for example, when dealing with ternary quadrics U and V, 
expressions like 


[_] |__] U+2¥) 
Am LYS 


are in constant use by him. It is clear, however, that the 
determinant which he had in mind was not Hesse’s, but that 
which the year following he named the “ discriminant.” T 

The interest of the present paper lies in the fact that, amid 
much other matter, not only are the said two determinants 
clearly defined and distinguished, but are shown to be viewable 
as having a common parentage, being indeed two extreme 
members of a family group. In the first place, the determinant 
of any homogeneous integral function is incidentally detined as 
the resultant of the first partial differential coefficients of the 
function, when drawing attention to Boole’s proposition (1843) 
that the said determinant “is unaltered by any linear transforma- 
tion of the variables, except so far as regards the introduction of 


* 1 was used by Cayley in 1846 as the symbol of hyperdeterminant derivation. 
See Collected Math. Papers, i. p. 97. 


+See Philos. Magazine, ii. (1851), p. 406, and Cambridye and Dub. Math. Journ., 
vii. (1852), p. 52; or Sylvester’s Collected Math. Papers, i. pp. 280, 284. 
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a power of the modulus of transformation.” It is spoken of later 
in the paper as the “common constant determinant” or the 
“ordinary determinant” of the function, the word discriminant 
not being proposed until a later date in the same year. In the 
second place, there is brought into notice in connection with any 
homogeneous integral function ¢(#,y,...,2) of the nt degree 
the family of functions 


te) e) O a 
Caer: she +¢<) P(&, Y,..+, 2), 


where r has the values 1, 2,..., 7. Corresponding to these 
there is a family of determinants (7.e. discriminants), namely 


SS fn E i) a\" 
EE ari | | Sepyehors site +£<) PH, Ys. 05 2), 
sn Oke 


where 7=2, 3,..., , the first being according to Sylvester the 
“ Hessian” or “First Boolian” determinant* of ¢, and the last 
the “Final Boolian” or “ordinary determinant” of ¢. The 
reader is left in the former case to reconcile the new definition 
with Hesse’s own definition, and in the latter case to observe that 


(eEtrgt ACL) b6@ H.-52) = $B m8. 


The notation used for the Hessian of ¢ is H(¢): by “second 
Hessian ” he says he means “ Hessian of the Hessian” ; by “ post- 
Hessian” the determinant of the function got by taking r=8; 
and similarly for “ praeter-post-Hessian ” ! 

We may at once remark that much of this nomenclature had 
a very short life, being supplanted by other coinages made by 
Sylvester himself. The functions 


x, Goo 
(é= On ale nt “ith p( Y, ) 
*On p. 194 he says the Hessian of F(z, y) is ‘‘the determinant of the deter- 
minant, in respect of € and 7, of 
O na) F ” 
2, 
(ec+ (x, y) 
—an error which is repeated in the Collected Math. Papers. 
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he soon named the emanants of @: and thus the Hessian, post- 
Hessian, preeter-post-Hessian, and other determinants forming the 
“ Hessian (or Boolian) Scale” became known as the discriminants 
of the emanants of ¢. To the first member of the scale, how- 
ever, the word “ Hessian” became permanently attached, although 
Sylvester's mode of defining it as the “discriminant of the 
quadratic (or second) emanant” * did not spread. It was intro- 
duced by Salmon into the first edition of his Higher Plane 
Curves (see p. 72) about a year after, Sylvester's first use of it, 
and met with rapid acceptance. 


SALMON, G. (1852). 


[A TREATISE ON THE HIGHER PLANE CURVES..... xii+316 pp. 
Dublin. 


In sect. ix. (pp. 181-195) Salmon deals with the “General 
Equation of the Third Degree” on the lines of Aronhold’s paper 
of 1849, and the Hessian naturally comes in for attention. The 
ternary cubic U which constitutes the non-zero side of the 


equation he writes in the form 
a,0° + boy? + 6523 + Baga?y + 3b,y?2 + 3¢,2°x 
+ 30,02 + 3b yx + 3c,27y + 6daxyz, 
and following Cayley gives its Hessiant as 


a0 + boy + ¢,23+ Ba.x?y+ ....,; 


where e 


= 2 2 2 
ay = ad? + ba? + ca,? — a,b,c, — 2da,az, 


by = byd? + cb? + agb,? — aghyc, — 2dbsb,, 


ao) 
ll 


2 2 2 
Cy? + AsCy” + bac? — ghey — 2dc,C,, 


*See Philos. Magazine, v. p. 122; or Collected Math. Papers, i. p. 591. 
+It should be noted that this is 54, of the Hessian as defined, that a, is ex- 
pressible as a three-line determinant, that 3a, and 3a, are expressible as the 
sum of two such determinants, that 6d is expressible as the sum of three such 
determinants, and that the performance of the circular substitutions 
Ay, by, Cg=bg, Cg, M1, Ag, bs, Cy =b5, Cy, yz, Ag, dy, Co=by, Cg, Az, 
on the expressions for a,, 3a), 3a3, gives us six other of the expressions. 
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Ba, = Cty” + MyC,b, — 2a,agb; — and? + 2a,b,d + ba? — a,c,b, — ab,C5, 
Shs = dsb." + byttyc, — 2bgbyc, — byl? + 2yoyd + cgb,2 — yGoCy — bebo, 
Be, = b,0,? + C,bgMg — Zeycyy — 6d? + 2Wyagd + 46,2 — Cyd, — C5490, 
Baz = ba," + agb,c, — 2ayigc, — aga? + Qaj,c,d + CyMt,2 — a,b,c, — a,¢,bs, 
Sb, = Cb? + b,c ,a, — 2b,b,a, — bd? + 2b,a,d + a,b,2 — b,c,4, — dottee,, 
Bly = Ayly? + CyA3bg — 2¢,0,b, — c,d? + 2c¢,b,d + b,¢,2 — cyagb, — Cbg, 
6d = — 2d? + 2d (dye, + cy, + Agb3) + (Ayb3Cy + by6,%y + Cqtgd,) — Udo, 
— 3 (agb30, + 5b, 0p). 


The invariants S and T are also printed in full, viz. 


S = dt — 2d?(b,c,+ cy, +a3b,) + 38d (abc, +.4gb,0,) — C+ a,b, 
+ A(Ayb3 Cy + boC4Gg+ CyAb,) — (0,6, + Coty + Coly* Agdg + Ugbg- b,¢,) 
+ (,76,? + 657015" + Gsb3?) — (a,b, - 69+ BoC * gig + Cy, + bsb,) 
+ (bgCy0tg? + 6,40" + digdac,? + Dalat” + Cab,” + a,b,¢,”), 

T = — 8d + 24d*(b,c, +64, +b) —..... 


As these differ from Aronhold’s by numerical factors, we are 
prepared to find corresponding differences in the expressions for 
the Hessian of the Hessian and for the discriminant, namely, 


4S?-U — T-H(U) and T? — 6483 
respectively. 


BRIOSCHI, F. (1852, August). 


[Sur les déterminants des formes quadratiques. Nowv. Annales 
de Math., xi. pp. 8307-311; or Opere mat. v. pp. 81-85.] 


After an introduction of two pages on determinants in general, 
the determinant of a quadratic form is defined as the determinant 
whose elements are the second differential-quotients of the form, 
the editor adding in a footnote the words, “c’est le déterminant 
hessien des Anglais.” Starting then from the known fact that 
if a,a, — 6; = 0 


1 
2 2 on \2 
Ay, + yl, + 2dnye. = gata + Om) , 
1 
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Brioschi states that similarly, if the determinants of 
Aye; + gts + gtty + 2a, + WMHs + 2Wyaees , 
Ae, + at, + 2b,0,0, 
aya; + Ags + 26,22, 
all vanish, the ternary quadric is equal to 


2 (a,a,+ b,a@_-+ byatg)? ; 
1 


and if the determinants of 
Aye = Ogity a5 Ass =f Ax + 2byw,x, + Ww, + 2bj2,0, } 
+ 26,40, + 2Wcyr~, + 2dyxyr, J, 
yay + aga, + Oger + 2d,0,0, + Wwe, + 2eyx~W;, 
yay + Uys + aye, + 2b, ya, + Weare, + Blox, 
Aya “F Aly + 2b,2,2,, 
a0; + ag; + 2,21, , 
(2, + ary + 2b, 
all vanish, the quaternary quadric is equal to 


1 
a (A,X, +b, + dys + b3x4)? ; 
i 


and so on generally. An alternative set of conditions is referred 
to, and is exemplified by the case of the ternary quadric, where 
the vanishing of «,c,—6,b, is substituted for the vanishing of 


Aye, + 2b,b,c, — aye; — aad; — agbj, 
the latter being equal to 


{ (Ay — bi)(ayas = b,) — (a,¢, — b,b,)° \ + Ay. 


SYLVESTER, J. J. (1853). 


[On the conditions necessary and sufficient to be satisfied in order 
that a function of any number of variables may be linearly 
equivalent to a function of any less number of variables. 
Philos. Magazine, v. pp. 119-126 ; or Collected Math. Papers, 
i. pp. 587-594. 


The title at once suggests a connection with Hesse’s converse 
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theorem of 1851 (March): the investigation, however, proceeds 
on totally different lines, and only concerns us because of the 
doubt thrown on the truth of the said theorem by Sylvester’s 
assertion that the Hessian “is really foreign to the nature” of 
the question under discussion. 


SPOTTISWOODE, W. (1853, August). 


[Elementary theorems relating to determinants; second edition, 
rewritten and much enlarged by the author. Orelle’s 
Journ., li. pp. 209-271, 328-381.] 


The latter portion (pp. 343-350) of his chapter (§ ix.) “On 
Functional Determinants” Spottiswoode devotes to one or 
two theorems connected with Hessians, and mainly to Hesse’s 
theorem of the year 1849 (December): his proof of the latter, 
however, is not an improvement on Jacobi’s. One of his 
notations for the Hessian, U being the function and 2, y, z,. 
the variables, is 

2292 

Cimmeoy Wee +» 

Cm 10 ere Y, 

apna ies 
suggested, doubtless, by Sylvester’s general umbral notation. 
Further, he uses the word “Hessian” in a geometrical sense, 
namely, for the locus represented by 


H(U) = 0. 


SALMON, G. (1854, Feb.). 


[Exercises in the hyperdeterminant calculus. Cambridge and 
Dub. Math. Journ., ix. pp. 19-83.] 


Of these exercises, which usefully served as an exposition 
of Cayley’s so-called hyperdeterminant method of deriving 
invariants and covariants, it is the seventh (pp. 24-25) which 
here concerns us, the subject being the calculation of the 
Hessian of the Hessian of a binary quantic. In this method 
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the symbol 12’, primarily introduced to stand for the operator 


eo clas 
0%, OY, 
way 428 
OM, OYgl> 


comes by the adoption of additional conventions to represent 
the Hessian of a binary quantic: and similar considerations 
lead to the Hessian of the Hessian being denoted by 
(13-+144 23424) 12°34. 

Adopting this expression Salmon succeeds in transposing it so as 
to give Cayley’s binomial expression of the year 1845. The proof 
is reproduced with improvements in his Modern Higher Algebra 
of 1859 ($$ 170, 171: pp. 140-141), where also the special case of 
the binary quartic is referred to (§ 135, pp. 103-104), and Hesse’s 
analogous theorem regarding the ternary cubic ($$ 1438, 145: 
pp. 112-114). 


BRIOSCHI, F. (1854). 


[Solutions des questions 285, 286. Nowv. Annales de Math, 
xill. pp. 402-409.] 


The theorems which had been set for proof were geometrical 
theorems due to Hesse, and as a foundation on which to base 
them and others Brioschi establishes a general result regarding 
Hessians. This with only slight departures from the original 
may be formally enunciated as follows:—If u be a homo- 
geneous integral function of the m degree in r+1 variables 
Xo, Xj, Xq,+--, Xr, the Hessian of which with respect to those 
variables is H,4, and with respect to the variables X1 55,60 eee 
ws H,, then the determinant which is the result of bordering 
H, by prefixing 

epee eu ou 
PR Seay) eR 


as a first row and as a ood column is "rr to 


(— Ly UH, as ee ham 


= TF (m—1)? | Rare 
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The bordered Hessian, B say, being equal to 


Vins filme cis | Ap 

1 (Mee -AP Uy, Uy OE Uy 
Wea (AM Eg Ua Ug 5 Ue 
(i=. SUy Un UUyg «2 Ubyp 


and Euler’s theorem regarding the differentiating of homogeneous 
functions giving 


MU = UU) + UU, +...+,U, 
(M—1) Uy = Log + Lytly, +... + Up 
(M—1)u, = Uy + Uy +... + 2, 
(m—1)U, = Bog HF LU ie. FL Urr | , 
there is obtained 
Cty MA, Uy ae, 
‘3 1 eas ie aye eas. © tae 
—_ | 
m—1 Loo itn Mle govern 
3 | 
| Lo Uny Ure Ur, \ 
Uy w u 
Dee Cig Uny a . ‘ 
ees w| Ua Use piece th tt) 15 ES al ate a s 
m— PEs m—1\ Ua Ur, Uo 
ert ce In his | 
Weide toch Guth. 


By similar treatment, however, the second determinant on the 
right of this 


(m—l)u, (m—l1)u, ... (m—1)u, 
l hye 63 age peng Unr 
eee ips Di oragh eed Woy 
Uno LB lig enor ire N's 
| Ug Ui Uo; 
eg ag HiT os 
m—1 . 
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so that finally we have 


2 


SS, 4 La H 0 Se 
B ie *T Ga —1p eae 
as desired. 


As a corollary it is noted that if H,,, vanishes identically, then 


(m—1)B + muH, = 0, 


TVs OTe MOS “et 
(m—1)u, Uy 2-2. Un 
4.0. (m—1)u, “Up, “... Uy | = 0, 
(mM—1)y Up, oss Ure 
“et Péquation 
1 Dios oid 23 0 


est elle-méme homogene ”—a sort of converse of Euler’s theorem 
above referred to. 


BRIOSCHI, F. (1854, March). 


[La TEoRICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLI- 
CAZIONI. vili+116 pp. Pavia.] 


The last section (§ 11, pp. 106-116) of Brioschi’s text-book is 
headed “ Del determinante di Hesse.” Opening with the definition 
of “I’Hessiano,” it gives a clear and orderly exposition of a 
goodly number of the main theorems up till then discovered, 
with geometrical applications.* 

Separated altogether, however, from these is a demonstration 
(pp. 20, 21) which strictly belongs to this. section. Recognising 
that Hesse’s expression (1847, August) for the product of w and 
its Hessian A is in reality obtained by eliminating ©, Ly, X, from 
four equations, Brioschi performs this elimination openly, with 
the result : 


*The reason given for the deduction U,,=Nz,2;, which occurs in his presenta- 
tion of Jacobi’s proof of the year 1849, is disappointing. 
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0= mol % Wy 
UU, Uy Up Urn, 
Un Uni Ung Unn 
m 
m—1 eva a oe Un 
U, Uy Up Uin 
Uz Ug, Ung Usn 
Uy Uni Ung Unn 


CAYLEY, A. (1856). 


[A second memoir on quantics. A third memoir on quantics. 
Philos. Transac. R. Soc. (London), exlvi. pp. 101-126, pp. 
627-647; or Collected Math. Papers, ii. pp. 250-275, pp. 
310-332.] 


In his tables of invariants and covariants Cayley gives the 
Hessian of the binary quartic, binary quintic, binary sextic, 
binary octavic and ternary cubic. The results are those num- 
bered 9, 15, 38, 42, 61.* 


BELLAVITIS, G. (1857, June). 


[Sposizione elementare della teorica dei determinanti. Memorie 


Istituto Veneto.... vil. pp. 67-144.] 
Bellavitis (§§ 79, 80) denotes “’Hessiano delle funzione ¢” by 
(Dz! Dy Dy Vosgtet | d, 


ealling it also “il determinante delle derivate-seconde.” He 
confines himself to three of the main theorems. Hesse’s theorem 
of 1851 (March) he amplifies, his enunciation being :—/f u, a 
homogeneous integral function of the variables X,, X,..., Xp, be 
transformed by means of the substitution 


= Als) (k) k 
De ae ay y, +a, Yet hod Tay, 


*In the third column of this last in the Collected Math. Papers, cy) and fki 
should be ¢fj and gi/, and in the eighth column ach should be ack. 
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into v, and one of the new variables, say y,, be absent from v, 
then (1) the Hessian H of u must vanish identically, (2) the 
cofactor of the elements of any row of H must be proportional 
to the coefficients of y, in the substitution, (3) the product of the 
jirst differential-quotients of u by the said column of coefficients 
is equal to 0. The third of these Bellavitis reaches very easily, 
because generally we have 


Ov Ou Oa, CU OX, OU aOLn 
PY eae tet Wd eapetediracers Be Te pee Sy ae a 
OY, Of, OY, Ol, OY, Cn OYr 
and therefore when 7=1 
_ OW a), OW ©) Ca 
0 = oa, a Sa Mir ee 
or Opses cr 0s shila ee (a) 


As regards the second he notes that on account of the vanishing 
of H we have in the first place 


and in the second place * the set of equations 

UU, +U.Uip+ ... +U,Ui, = 9 

U, Uy, +U.U2+ ... +u,U,, = 0 
from which there is the evident deduction that the said set 
reduces to a single equation: the identity of this equation with 
(a) is then assumed. 

Hesse’s converse theorem he treats with a wise caution, 

deducing as before from the vanishing of H the existence of a 
single equation of the form 


ou Ow 
dab Manet eet pra 
but then adding, “ma rimane da dimostrare che le a, 8, . . . sieno 


quantita costanti.” 

Lastly, he notes that if there be two such equations with 
constant coefficients, the function is transformable into one with 
two fewer variables, and all the primary minors of H vanish. 


* See (a) in Jacobi’s proof of 1849. 
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BALTZER, R. (1857). 


[THEORIE UND ANWENDUNGEN DER DETERMINANTEN, mit..... 
vi+129 pp. Leipzig, 1857.] 


In Hesse’s converse theorem of 1851 (March) Baltzer (§ 13, 3) 
wisely substitutes for A=0 the condition 


CU, + Clg +... + 6,0, = 0 


(which by a property of Jacobians implies A=0), his proof being 
that the substitution 


Ly = Days + Drs Yo qo 2-0 ae Operas + CLYn 
will then give ou/oy, = 0, for 


ou ow Ox, Er OW ON, v ow On; 
Un ool Clee Cn Cue ue ate. C8, OY, 
= UC, Uls +... Une, : 


In the second Pai from the same n+1 equations, namely 
= (m—1) it ude ons tt Ugly 


- ee PU eb telah tinh, == 0 


— (m—1)u, + Wil, +... + Unntn = 0 , 
he obtains (§ 14, 4) 


Sew Vaca cin wen chet tah AME: V atc Vic, wt dicne atelV 
may angiolioa og teeny 
= Viet Vig Var by are) . Vie ? 


where the V’s are the cofactors of the corresponding w’s in the 
resultant of the set of equations. The first and (r+1)" lines 
imply respectively 


—(m—1):a, =A :V,, 
and Are Lo, =e Views, Vise; 
the former of which gives 
Nameatase Sy (a) 
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and the two together 
ale 
Ve = Cab od (B) 
The result (a) is essentially the same as the first result reached 
in Jacobi’s proof of 1849 (December)—a proof which Baltzer 
restates (§ 14, 7, 8) without noting the fact; and (() is essentially 
the same as the second of the two results given in Hesse’s paper 
of 1847 (August), it being noted, however, that the case of this 
where r=s had been established by Hesse in 1844 (see Crelle’s 
Journal, xxviii. p. 103, lines 1 and 2). 


HESSE, O. (1858). 


[Zur Theorie der ganzen homogenen Functionen. Crelle’s Journ., 
lvi. pp. 263-269 ; or Werke, pp. 481-488. ] 


The first part of Hesse’s attempted proof of his converse 
theorem of 1851 (March) was to show that the vanishing of 
“the determinant of w” led to the establishment of a linear 
relation connecting the first differential coefficients of w. In 
this there was an oversight, which Brioschi repeated, but which 
Bellavitis and Baltzer, from the course followed by them, must 
have been conscious of. Accordingly, Hesse now returns to the 
subject, the one object of his six-page paper being “diesen 
Lehrsatz strenger zu begriinden.” He first clears the ground 
a little by setting aside the case where one, and therefore all, 
of the primary minors of A vanish, merely stating that a linear 
substitution is then possible which will transform wu into a 
function with two variables less than before. He then sets 
himself to supply the want which Bellavitis had drawn attention 


to, the result being a lengthy (pp. 265-268) and still unconvincing 
argument. 


CHAPTER XIV. 
CIRCULANTS, UP TO 1860. 
So far as mathematical writers have as yet noted, a set of 
equations of the type 


AX, F Onhy 2... + Ant, = Uy 
Ugly “Pr yy Po. Agi, = Up 
Dy, {hy Ags Fo Ap hn = Us 


| 
S 
3 ° 


Agh, + Az®, +... + A,X, 
had not made its appearance in mathematical work prior to the 
year 1846: and it is almost absolutely certain that before that 
year the determinant of such a set had never been considered. 
It is not at all unlikely, however, that the expression 


a?+b?+ 3 — 38abe 


which is the case of the determinant for 1 equal to 3 had more 
than once turned up in other connections, and that its divisibility 
by a+6+c had been noted: but of this, too, there is no record. 


CATALAN, E. (1846). 
[Recherches sur les déterminants. Bull. de lV Acad. roy. ..... 
de Belgique, xiii. pp. 534-555.] 


As has been already explained, about half of Catalan’s paper is 
occupied with an elementary exposition of known properties of 
determinants and with the establishment of a fresh theorem of 
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his own, which in his notation might have been written in the 
form 
dét. (A, +A,+...+A4A,, A; —-Ap, Ap—Ag, ---, An-1—An) 
=(—1)*-1.n-dét. (A,, A,,...,A,)s 
and which is to the effect that If from a determinant A of the 
n” order we form another A’, such that the first row of A’ ws the 
sum of all the rows of A, and every other row of A’ is got by 
subtracting the corresponding row of A from the row preceding 
it in A, then 
A =(—1 yA 
Strange to say, almost all the examples given in illustration of 
this theorem (of §13) are of the special form distinguished at a 
later date by the name “circulant,” and consequently fall now to 
be considered. He says (§ 17) :— 


“ Afin de sortir de ces généralités, considérons les équations 


Gy +2 tht... peel 
@y— Gy +%gt ... +2, = Uy | 
© +%y+%gt+... -X%y = adh 


Pour obtenir le déterminant A, je remplace d’abord les équations 
données par les suivantes : 


(n—2)a,+(m—2)%+ ... +(m—2)%, = U+U,+ ... +4, 
op Ulde 1 ee 
22, +2%, = u,-—U, 
— 2%) +22, = Uy — Us 


— 20,1 +20, = Una —U 


D’aprés ce qui précéde, le déterminant A’ du nouveau systéme sera 


(—1)"""A. Mais, d’un autre cété, en comparant A’ au déterminant 
A” du systeme 


—% +2, 


ll 


t+... rma | 


—%_ +%, | 
-— Me SS oe 


*This result is reached in a way different from Catalan’s by performing on 
A’ the operation 
row, + (n—1)row, + (n-2)rows +... + roWn, 
separating out the factor n, and then showing that the resulting determinant is 
(—1)"-1A. 
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on a A’= (n—2)2""A", Enfin, d’aprés le n° 13, et en observant que 
les quantités A, — A,, A,—Ag;,... ont ici changé de signe 
Ea a, 
On déduit, de ces diverses formules 
A = (n—2)(-2)"-.” 


This result, which at a later date would have been written 
C(—1, AL, 1, fo eerey 1) = (n—2)(—2)7}, 


and which, we may point out in passing, could also be reached by 
the operations 


row, + TOW, --.. .-+ roW,, 
removal of factor n — 2, 


TOW, — TOWn_1, TOWn_1 — FOWn_2, 


is then attempted to be generalised (§18) by withdrawing the 
restriction as to the number of negative units in a row. The 
reasoning, however, seems to have been incautiously conducted, 
the extension arrived at being 


Cf Mites tars hlod et sn Ge 20) 2)%7}, 


where the number of consecutive negative units in the first row 
is », and the number of positive units n—p. 

Catalan then passes ($19) to the consideration of the similar 
circulant whose first row consists of p consecutive positive units 
followed by n—p zeros, separating the investigation into two 
parts, (1) the case where p and » have a common factor other 
than unity, (2) where they are mutually prime. In the former 
case he shows that the equations which have the circulant in 
question for determinant are “indéterminées ou incompatibles ” ; 
in the latter case he shows that the equations are determinate. 
He thereupon goes on to supplement the information in the 
second case by proving that the circulant is equal to p: he omits, 
however, any similar proof that in the first case the circulant is 
zero.* 


*Catalan proposed a question on this subject in Nowy. Annales de Math. xv. 
(1856), p. 257, and returned again to it in Nouv. Corresp. Math. iv. (1868), p. 78. 
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Lastly, he attacks the general circulant, or, as he calls it, “le 
déterminant du systéme 


Oy Aly By ihe 
Ge -Agind, ay 
agerdpeuo, As 
iyi! (ageatpleh: sala tel 


The procedure, however, is rather perverse, the theorem of § 13 
being forced into service. This gives 


1 
PY ee hy" Ce ewe, he 
A =(-1" 124A, 


where A’ is the determinant of the system 


8 Uj—M, Gy—Ug 2... Any — On 
8 Ug— Cg Ug tae atmoen hilly | OK 
8 Ug—-Q, G@—-G, .... G —aQ, 
8 aa, Qa. ae aa, 


after which A’/s is partitioned into determinants with monomial 
elements, and certain more or less evident reductions made. The 
result is “Le déterminant du systeme proposé sobtiendra en 
multipliant a,+a,+...+ 4, (ie 8) par le déterminant du 


systeme 
Q, — A, Des . denel oOnei— ln 
A, — Ag Ag— A, eee. Ay —a, 
a , 79 
An-1— Ay A, — Ay ehece, a Un-3— Un-25 


a theorem which afterwards came to be written in the form 
C(a,, dg, ++, Gy) = (4, +a,+...+4,) 
» P(Gy = Gays 650.3) Oma1 Gage Og = Ore s13sr.9 na inne 


the symbol P(a, y, z, w, v) being used to stand for the “ per- 
symmetric” determinant 
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BERTRAND, J. (1850). 


[TRarré ELEMENTAIRE D’ALGEBRE, avec un grand nombre 
d’exercices: par Joseph Bertrand. 407 pp. Paris.] 
On page 25 the student is asked to prove that if 
A = be’ + cb’ + aa’, 
B = ab'+ ba’ + ce’, 
C = ac +ca’ + bv, 


then 
A+B+C = (a+b+c)(a+0'+e), 
A?+ B?+C2 — AB—AC—BC = (7+6?+c?—ab—ac—be) 
(a? +b?+¢?%—a'b’—a'e —V’), 
A3+B+C? — 3ABC = (a? +b3+c3—3abe) 

(a2 4+ 63+ ¢3—3ad'c’). 
These results may possibly have been got by the multiplication 
of two circulants of the third order, but as against this it 
has to be noted that determinants are not referred to in the 
book. 


SPOTTISWOODE, W. (1853). 


[Elementary theorems relating to determinants. Rewritten and 
much enlarged by the author. Crelle’s Journ., li. pp. 209- 
271, 328-381.] 


In the section (§ xi.) which did not appear in the first edition, 
and which bears the title “ Miscellaneous instances of determi- 
nants,” the following is given (p. 375), being the fourth of the 
said instances :— 


“Let 1, 4,, %,...,%, be the +1 roots of the equation 
gti_] = 0, 
then, whatever be the values of A, A,, A,,..., A, 
eA tae A.) 
Ay A, ..- Ay “|=(AFAL+ °°. PA)(ATEAS+... +90A,) 


Pe a heh en AS Wo Sock Pee (ies Aaa een AL)? 
Sea OS tae tN as 
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No word of proof is added: probably the result was reached by 
Sylvester's “dialytic ” method of elimination. But, however this 
may be, it should be noted that resolvability into linear factors 
soon came to be looked on as the fundamental property of the 
circulant. 

It has to be noted that Spottiswoode makes a slip in omitting 
the sign-factor (—1)**"~” from the right-hand member ; and that 
he writes his determinant in such a way as to have it per- 
symmetric with respect to the principal diagonal, whereas Catalan 
wrote his so as to have it persymmetric with respect to the 
secondary diagonal. Putting C’ for the functional symbol in 
the former case we have 


CUGs Gay tae ss Ug) = ae a ee ar cree ee 


If therefore Spottiswoode had followed Catalan’s mode of writing, 
his result would have been strictly accurate. 


SYLVESTER, J. J. (1855, April). 


[On the change of systems of independent variables. Quart. 
Journ. of Math., i. pp. 42-56; or Collected Math. Papers, 
ii. pp. 65-85.] 


Having reached in the course of his investigation (p. 55) 
a determinant of the form 


Ay +d, + tty —b, —C, 
— a, b, +b, +, — C3 
= oe —b, te +es |, 


the final expansion of which, he says, contains only positive 
terms with the coefficient unity, Sylvester naturally notes that 
the number of such terms must be 


3 -l —-l 
—l 3-1 
—-l1 -l 3 
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He is thus led to the consideration of the n-line circulant 


a —-l —-1 ... —-l 
—1 a —-l ... —1l 
—-1 -l oe eel: 
-—-1l -1 -1 ... are 


to which he assigns the value 


(a—n+1)(a+1)""". 


CREMONA, L. (1856). 


[Intorno ad un teorema di Abel. Annali di Sci. mat. e fis., 
vil. pp. 99-105. ] 


To prove the theorem of Abel referred to in the title, Cremona 
starts by establishing three lemmas, the first of which is Spottis- 
woode’s theorem regarding circulants. Taking any 7 quantities 


Cie se Con ey 


and denoting 


C500, ne, en OG, a) by, 0, 


n—14y 


where a, stands for a” and a for a primitive root of the equation 
x2” —1=0, he multiplies the determinant 


en ele Tne aie Ce} 
Ay ae) Os eee Oo 
Us Gaae Oia ee Oy , or D say, 
ORO gh ee Be eile, oo 
by the determinant 
Fogel aha BAR St 
l Jepbro, Aeon 
2 2 2 
aap Aas cl 7 Or A say, 
n-1 _n-1 nm-1 
1 a, a, oi 
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and obtains a product-determinant from whose columns, he says, 
the factors 6,,6,, ..., 0, may be removed in order, so that 
there results 


Lom I 1 
2 n—-1 
1 n—1 n-1 Oni 
2 n-1 
DA = 0,0, 6, 1 G2 An-2 a2 
1 a ae qa”! 


='6,0,...0,-(—l” A, 
and ... Dy =a G1) y” BOs Os. 


The proof, which is said to be due to Brioschi, is not improved in 
neatness by introducing the conception of a primitive root, nor by 
writing the root 1 in a different form from the other roots. 


The second lemma concerns the differential-quotient of D with 
respect to any variable of which the a’s are functions. Denoting 
this differential-quotient by D’, and by D, the determinant got 
from D by substituting for each element in the r* column the 
differential-quotient of that element, Cremona of course has 
at once 

D’ = D,+D,+...+D,,. 


As, however, D, here can be shown by translation of a number of 
rows and the same number of columns to be equal to any one of 
the D’s following it, there results 


D' = nD, = nD, =.... 


The third lemma is to the effect that the quotient of the 
determinant 


My qo OF a Pe oe 
md quid qs0t © ic, Oa 
M,-a""} Qn-10""! % a ep gms Enis: 


by d is a rational function of d”. By multiplying the 24, 374, 
4. .... columns by d”, Gl gh? respectively, and then 
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dividing the corresponding rows by d, d?, d3, ... respectively, 
there is obtained 


My goal” ia") cee 
Mm, qa” 0 hte, ig, alt 
DT sO ee O50 aaa, 

My -1 Gnd” Go I Clh.? Qn-3 ? 


where no power of d occurs except the n**. But, if the original 
determinant be H, the latter is 


je Te hat UT alan Pes fe 
OG nw maest 


consequently H/d is of the form asserted. 
In connection with this last lemma it is curious to find no note 
taken of the closely related and more attractive fact that 


C(a,, aad, ad, ..., a,d"-1) 


is a rational function of d”. 


Ot axe: Sd; 


BELLAVITIS, G. (1857). 


[Sposizione elementare della teoria dei determinanti. Memorie 
Istituto Veneto... . viil. pp. 67-143.] 


Circulants are practically unconsidered by Bellavitis in his 
exposition, all that appears (§ 85) being two of Laplace’s 
expansions for C(a, b, c,d) obtained by means of Cauchy’s 
“chiavi algebriche,” namely, 

(a? — bd)? — (b?—ac)? + (c?—bd)? — (d?—ac)? — 2(ab —ed)(ad — be) 
and (a2—¢?)? — (b?-—d?)? — 4(ab —cd)(ad — be). 


PAINVIN, L. (1858); ROBERTS, M. (1859). 


[Questions 432, 465. Nouv. Annales de Math., xvii. p. 185; 
Xvill. p. 117; xix. pp. 151-158, 170-174.] 


Here it is special circulants that are set for consideration, 
namely, by Painvin the circulant whose elements are the first » 
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integers, and by Michael Roberts the circulant whose elements 


are a, a+d, a+2d,...., the result in regard to the former 
circulant being 
C(1h 2,2. , 2) = CRs bn (n+ 1), 


and in regard to the latter 


C(a,a+d,...,a#n—1-d) = (—1)""s"- (ndy71- (a4 >a), 
The first to offer a proof was Cremona, who, after repeating 

(xix. pp. 151-153) Brioschi’s demonstration regarding the re- 

solvability of a circulant, says that in Roberts’ case 6, being 


se 1—a, “tig 1—ar* x na. } 
7 l—a, {omy diss a 
= nd for r = 1,2,...,n—lI, 
Foe 
and On = na + én(n—1)d, 
and that consequently 
oat 
je ee (ne nf a 
Bifse ~ Pr Sitar) (ose Shoat. detente naa 


whence the desired result readily follows, because the denominator 
is equal to 


(-1)"71 — La, + Ya,a,— La,a,a3+ tuvuue ), 


where Day = —1, Lay ay = Tk, Layayay = —1, Sar 


A proof was also given by G. F. Baehr of Groningen (xix. 
pp. 170-173), who changes 


, : 4n(n—-1) 
CO (Gay Gays «5 On) INO oe 1)" a ay), 
performs on the latter determinant the operations 


col, — col,, col, — cols, 
row, + row, + ... + rown, 


removal of factors @” and (— Lt dn {2a+(n— 1d}, 
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leaving as cofactor a determinant of the (n—1)™ order whose 
diagonal elements are all 1—n and non-diagonal elements all 1. 
On this new determinant he then performs the operations 

TOW? + TOWe or «5. TOW, 1; 


row, + row,, row, -+row,, ..... 
and so finds its value to be 
‘ -1 -2 
( =a 1 iG “nm , 


which gives for the circulant with which he started the value 


— 1 ynn-1), n-1, m—1 
(= 1)". (ndy?. (a+ 54d), 


SOUILLART, C. (1858, May). 


[Solution de la question 405. Nouv. Annales de Math., xvii. 
pp. 192-194; xix. pp. 320-321.] 


Michael Roberts having in November 1857 set the problem 
of finding X, Y, Z as functions of a, y, z, x’, y’, 2’, so as to have 


e+ ye + 2 — d3xryz)(v3+ y24+23—8a'y'e’) = X9+ Y?+Z3-—3X YZ, 
y ¥ Y Y 


—in other words, having resuscitated Bertrand’s exercise of 
the year 1850,—Souillart showed that the solution 


N= (ey, ch eay 2 } 

Voie Cie 4p 2h e ©) 

ZL, (ig. 202 ph £Y-) 
is comprised in a general theorem, namely, the theorem which 
at a later date would have been expressed by saying that the 
product of two circulants is a circulant. In 1860 he returned to 
the subject in order to point out that a second suitable set 
of values is 

X= (2, Y> 2h’, y; Tin ye 

Vids async tx} ey) 

Leek, Y, 20 Y Pepe) 
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In illustrating he uses the fourth order, that is to say, where 
the initial expression is 


aye OE Ce 2 
YR Sen FT WOGe Laae 
PRIS ee), SY. ou 
Ue y 2 “ws ¥ @& 


or 


— a+ yt — 2+ ut — Synz — 4arw?z + 4a®yu t+ dye? + 2022? — 2u2y?. 


BAEHR, G. F. (1860). 


[Solution de la question 482. Nouv. Annales de Math., xix. 
pp. 170-174. ] 


After dealing as we have seen with the circulant whose 
elements are in equidifferent progression, Baehr proceeds to the 
circulant whose elements are in equirational progression, namely, 


O'(a, ar, ar, ©... ar®=}), 
This he first changes into 
af = C' (Layee yas) 
and then into 
(—yO"P am. C(r-3, 2-2, 2, x, 1). 
On the determinant thus reached the operations 
7 LOW, — LOW,, 1 LOW, — rOWg, 
are performed, with the result that its value is found to be 
(=1)P-1. (1 ryt, 
and thence the value of the original circulant to be 
(1D. gan(om — 10-1, 


It is worth noting that instead of the last set of Operations we 
might substitute with advantage the set 


TOWy =a) Ye TOWn-1; TOWn-1 =i) TOWn-2; 6 ; 
also, that Baehr’s circulant is a special case of that referred to 
under Cremona’s third lemma. 


CHAPTER XV. 
CONTINUANTS, UP TO 1870. 


THE more or less disguised use of continued fractions has been 
traced back to the publication of Bombelli’s Algebra in 1572, 
eighty-four years, that is to say, before the publication of Wallis’ 
Arithmetica Infinitorwm, in which Brouncker’s discovery was 
announced and the fractions explicitly expressed.* The study of 
the numerators and denominators of the convergents viewed as 
functions of the partial denominators was first seriously under- 
taken by Euler in his Specimen Algorithmi Singularis of the 
year 1764, in which denoting by 


(a,b) (a, 6, €) 


(a), ? 2 
(6) (6, ¢) 
the convergents to 
1 
a+ — 1 
b+ Bn 


he established a long series of identities, such as 
(OU eter it) =O D0 Gd, 09) 40(0, Oy a) 
CapOnes #0 21 t= (ip. raged, ia); 
(a, b)(b, c) — (6)(a, b,c) = 1, 
(a, b, c)(d, ¢, f) — (a, be, d,e, f) = — (a, b)(e, f), 


*For the early history see Favaro’s Notizie storiche sulle frazioni continue dal 
secolo decimoterzo al decimosettimo published in vol. vii. of Boncompagni’s Boll- 
ettino; and as regards Bombelli see a paper by G. Wertheim in the Abhandl. zur 
Gesch. d. Math., viii. pp. 147-160. 
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The study was pursued by Hindenburg and his followers during 
the last twenty years of the eighteenth century, but not with 
any great profit; and, although in the first half of the nineteenth 
century considerable attention was given to the theory of con- 
tinued fractions as a whole, little advance was made in elucidating 
the properties of the functions referred to.* Their connection 
with determinants, after the awakening of interest in the latter 
about 1841, was sure sooner or later to be detected: there is no 
evidence, however, of the discovery having been made before the 
year 1853. 


SYLVESTER, J. J. (1853, May 13). 


[On a remarkable modification of Sturm’s theorem. Philos. 
Magazine (4), v. pp. 446-457; or Collected Math. Papers, 
i. pp. 609-619. ] 


The mention of Sturm’s theorem in the title of a paper renders 
not improbable the occurrence therein of matter connected 
with continued fractions. Especially likely is this in the case 
of a writer like Sylvester when in a characteristic mood; and, 
assuredly, the present communication is in structure, style, and 
originality redolent of its author. It must have been written in 
the white heat of discovery. The main part of it consists of six 
pages: this is followed by a “Remark” a page and a quarter 
long; then comes a “ Postscript” of three and a half pages; and 
finally a small-page footnote as long as the “ Remark.” 

It is the postscript which particularly concerns us. It begins 
thus :— 


“Suppose that we have any series of terms, Uy, Ug, Ug,» .., Uy, Where 
u=A,, u,=A,A,-1, u,=A,A,A,—A,— Ag, 
and in general 
U, = Ajw;_1 - Uj-25 
then w,, U,, Ug, -.., U, Will be the successive principal coaxal determi- 


* The state of the theory in 1833 can best be gathered from Stern’s monograph, 
published in vol. x. of Credle’s Journal. 
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nants of a symmetrical matrix. Thus suppose n=5; if we write down 
the matrix 


7 sel hala Mees 
Wea or > FU 
Ont GHA Als) ctw 0 
OMRON builaign 1 
OMe, 06 Gl a Ay 


(the mode of formation of which is self-apparent), these successive 
coaxal determinants will be 


i An, ek AS OT Oper AP SIL 01 041) ctes 
4 A, hea hal 1 cAgIEDE 0 
Qty AY Ona eat 
5; Ome, Onganend | 
2.€, 
Wee ADAG eA APA HA A 


A,A,A,A,-A,A,-A,A,- A,A, +1, 
A,A,A,A,A, — A, A,A,;— A,A,A, — A,A,A, — A, A.A, 
+A,+A,+A,. 


It is proper to introduce the unit because it is, in fact, the value of 
a determinant of zero places, as I have observed elsewhere.” 


After using this as an aid to prove his proposition regarding 
Sturm’s theorem, he returns to his new determinant in the 
following words :— 

“JT may conclude with noticing that the determinative [determi- 
nantal?] form of exhibiting the successive convergents to an improper 


continued fraction affords an instantaneous demonstration of the 
equation which connects any two consecutive such convergents as 


Nii N; 
De and D? 
namely, ING), Se NGS Der= 1: 


For if we construct the matrix which for greater simplicity I limit to 
five lines and columns, 


So oS 
SCOoOrWre 
or QrHo 
er Froo 
de ooo 
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and represent umbrally as 

a, A Gg % Gs 

b, by dg by dg; 
and if, by way of example, we take the fourth and fifth convergents, 
these will be in the umbral notation represented by 


Gs Os ty Gy ed Gye G, 

bg Ed By tag Oh Agay Ogg Ss 

5 we, Shas Maa ad Mr 

respectively. Hence 
N,D,-N,D; 

Uy tg, 2 Qa Ig yA, _ Ay Mg Ay - Ay Ag A, Os 
= be by Be Ben by lg Dy by bg Cab PEE Dea ee 
we Og Oy OG Og Og Og ay a ag ee ag ae et 
Fbyiby: by Bei: by Deedee mbbgeds Op Sigradae bans, 
» astra aha, aad 
bh ob Ap td BB, bc 
Ay A, My a A, Ay Ag a 
Sapiens re 
Pili E Slee OeeeeteOr O40 
eae Po eee ts Unels 
(San Lae) eG. Tab 
OR On Oa Vel Deis 
Lx th ee Ls 


as was to be proved. And the demonstration is evidently general in 
its nature.” 


In.regard to this there has to be noted, first the use of 


eg) AeA 
Oia. Dee U7 
when it would have been equally effective to use 
2 3 4 
2) 3. 4k 


and, second, the use of a theorem for expressing the product of a 
five-line determinant and one of its secondary minors as an 
aggregate of products of pairs of four-line determinants. 


CONTINUANTS (SYLVESTER, 1853) 417 


Following on this comes the assertion that 

‘We may treat a proper continued fraction [t.e. with positive unit 
numerators] in precisely the same manner, substituting throughout 
./—1 in place of 1 in the generating matrix, and we shall thus, by the 


same process as has been applied to improper continued fractions, 
obtain 


NiuD, =< N,Di4 a (nf —1)* x (J —1)? 
= ( ‘9 1) ” 

This would seem to imply that as yet Sylvester had not observed 
that an alternative mode of representation was obtainable by 
merely changing the sign of the units on one side of the diagonal. 

The footnote contains two additional observations, the first 
being to the effect that the new mode of representation 
‘gives an immediate and visible proof of the simple and elegant rule 
for forming any such numerators or denominators by means of the 
principal terms {term ?] in each; the rule, I mean, according to which 
the 2 denominator may be formed from 

%1909894 + + + Ve 


(91) Go» + + +» G; bemg the successive quotients) and the 7 numerator 
from 


909394 +++ Gi 


by leaving out from the above products respectively any pair or any 
number of pairs of consecutive quotients as ¢o¢,41. For instance, from 


192999495 by leaving out 19, d2%s> Yes and 949; we obtain 
939475 + 919495 + 919095 + 119093 * 
and by leaving out %192°4s441 %192°%4%5» %o93°GaY5 We obtain 
It+I3+H 5 
so that the total denominator becomes 


G1 00394I5 + 9994%5 + 119495 + W197 095 + 119093 + %5 + I3 +H 5 
and in like manner the numerator of the same convergent is 


1 1 1 1 } 
1+ . ee ae 
72939445 { Yol3 8a 45 1093445 


1.6. z 
Y0939495 + UIs +%0%5 + og + 1. 


The “rule” here spoken of is that enunciated for the more 
general case of 
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in Stern’s Theorie der Kettenbriiche, the fourth section of which 
is given up to the consideration of such rules (Crelle’s Jouwrn., 
x. pp. 4-7). 

The other observation is to the effect that 


“every progression of terms constructed in conformity with the 


equation 


Un, = AUn—1 — b,Un—2 at CyUn—3 — 


nm 


may be represented as an ascending series of principal coaxal determi- 
nants to a common matrix. Thus if each term in such progression is to 
be made a linear function of the three preceding terms, it will be 
representable by means of the matrix 

AaB. Gee 0 nO 

bey, Pas oe Be ay 

Ue Lae Ae eee 

C= Oe aA 

0 ag OO ee Sees 


indefinitely continued, which gives the terms 


1, A, AA’- By, AA‘A”— BA” —- AB"+C", ....” 


This exhausts the paper so far as determinants are concerned : 
the results announced in it, one can readily own, were such as 
fairly to entitle the enthusiastic author to express his belief 
that “the introduction of the method of determinants into the 
algorithm of continued fractions cannot fail to have an important 
bearing upon the future treatment and development of the theory 
of numbers.” 


SPOTTISWOODE, W. (1853, August).* 


[Elementary theorems relating to determinants. Second edition, 
rewritten and much enlarged by the author. Crelle’s Journ., 
li. (1856), pp. 209-271, 328-381.] 


Save the utilisation of the fact that the denominator of any 
convergent of the continued fraction 
b 
ata, by 
CR ie Fae 


*This is the author’s date at the end of the paper (p. 381). The first two 
parts of the volume, however, are dated 1855, and the remaining two 1856. 
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is the differential-quotient of the numerator, Spottiswoode did 
nothing but report the fundamental result reached by Sylvester. 
The full passage (p. 374) is as follows :— 


“The improper continued fraction 


Wate ee 
ee S aA Ose 
Cte 
where 

Vas tA! 5 Oy o 
ik 153 a > WO 
Oo Wb C6 » & © 
Oo @ @ 2s. 5 We ft 
Om ee OGne teens aa Ni: 


in which any number of rows may be taken at pleasure, and the 
formula will give the corresponding convergent fraction. 
The same holds good for the continued fraction 


1 
el 
ees 
if we write 
sii) JX il © i 
=i 12 dl 


SYLVESTER, J. J. (1853, Sept.). 


[On a fundamental rule in the algorithm of continued fractions. 
Philos. Magazine (4), vi. pp. 297-299; or Collected Math. 
Papers, i. pp. 641-644. ] 


Without any reference to his previous paper on the subject 
Sylvester here announces that if 
(a, Qs, O00 8) a;) 
be the denominator of the 2 convergent to 
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then 
(setae: latins ely Cnet) mee tees 7 | Aiea ee 

+ (a, ae Sct Ik Om —1) (O42 ae Me Onetads 
—a possibly new result which he considers “the fundamental 
theorem in the theory of continued fractions.” This, he says, is 
an immediate consequence of the fact that (a,,..-, m+n) can 
be expressed as a determinant, all that is further necessary being 
the application of the “well-known simple rule for the decom- 
position of determinants. Thus, eg., the determinant 


ae Al 
— Lol 
— La Cae 
a= Lia. <1 
—-l el 
Shay; 
is obviously decomposable into 
(hae x ae + ail x Gaal 
ik Hien leren | aha ws ~ er 
-—l ic -1 f 
or into 
a 1 x ool + a x ad 
-l 0b =<1'derl —l el 
—-l el -1 f, 
—1.f 
or into 
Lan Dame). + cond a 
—i Lina wl -—-1 dil 
ak uk FE —-l el 
—-l el —-1 f. 


a4] $9 
Following this is what is called “ Corollary I.,” namely, 
(a, Ce,+++> Gm) * (Ge; Ag, s0 5 Umi) 4 (ay, Uz, +++ 5 Om) * (Ay; Qe, ss 55 Qm-+i) 
= (—)"(An+iGmti-1 »»- to 7—1 factors), 


its connection with the expression for the difference of two con- 
vergents being illustrated by the instances 1=1, 2, 3, 4,... 
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The next “corollary,” namely, 


(a, se Ap, Aptis-. A+) (Ah, +++ Q@p,Upit, +66, Up+k) 


Ce (ay, seep, Wptlyseey Up+g)(1; +45, Bpt1s+2+5 Ap+n) 
cs (=) {(Gpsa, g Seed Opts )(Ap +15 oxo Ds) Uy +x) - (G41 ry) hy +g)(hp41; ene , p+) 


is clearly incorrect, it being impossible for the value of the left- 

hand side to be independent of the elements Cie dg yise f,.: 

Further, as the author gives no accompanying word of comment, 
the difficulty of suggesting the true theorem is increased. A 

“sub-corollary ” is appended dealing with the case where all the 

a’s are equal, and leading up, not without some misprints or 

inaccuracies, to a theorem of Euler’s quoted from the Nowvelles 

Annales de Math., v. (Sept. 1851), pp. 857-358, to the effect that 

Te = aT. —bT% be the generating equation of a recurrent 

series, then 

te = olla + oT’, 
b” 
is a constant with respect to n. Of course the more natural form 
of this expression is 


2 
a hao = fe, 
4 


b” 
the numerator of which being 
shea dire 
INS Dei 
is successively transformable by means of the recursion-formula 
into 
DAE Pee ete Oo Lye: Ly gM Leaps ee bes 
ae thes e) ee Pas ) Tas Ties ? JS 8) 
so that the constant in question is R 
Via EP 
iT Til. 


This, however, Sylvester does not show.* 


* An interesting extension of this is given by Brioschi in the Nouv. Annales 
de Math., xiv. (Jan. 1854), p. 20: 
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Finally, and to more purpose, it is noted that if we pass from 
(ty, lg, »»., @,) to the readily-suggested extension 
m, by 
Nm m, ‘tf, 
lee ee 


NM. m, t, 
Ne Mitris 
the corresponding fundamental theorem is 
i Cy ial Cd at lity ip a (eee: Ae Pa bes OL ee, Oe Lity 
My, Mg, +++ 5 Miggtr | = (M1, Me, ++, Me] [ Migr, Megas + o> Mitets 


(Cire Nits Nien a sae Nis Wirt. ster Nity 


A 1G 2.87 as |S. Lee bess » ee, oer Ss ling 
= Ln; My, Mo, eeey My_1 Mi+25 Mi+3, eee Mirjti 


Ny eo 8 6 fe ® Ni-92 Nite ove ee Nit; 


SYLVESTER, J. J. (1853, Oct., Nov.). 


[On a theory of the syzygetic relations of two rational integral 
functions, comprising an application to the theory of Sturm’s 
functions, and that of the greatest algebraical common 
measure. Philos. Transac. R. Soc. (London), exliii. pp. 407— 
548; or Collected Math. Papers, i. pp. 429-586.] 


Although this lengthy memoir in its original form bears date 
“16th June, 1853,” it is the equally lengthy “supplements ” added 
later while passing through the press that claim attention in the 
present connection. In the first of these (§ i, p. 474) the de- 
nominator of the fraction 


: ; eI 
: MY oer ab 
In 
is denoted by [q,, %.,---, Yn], and termed a “cumulant,” and 


throughout the later portion of the paper this name constantly 
recurs. It is not, however, until we come to the second “ supple- 


) 
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ment” that anything apparently new in substance is met with. 
There, in § a (p. 497), the following lemma occurs :— 


“The roots of the cumulant [q,, g,,.-.., 4], in which each element is 
a linear function of #, and wherein the coefficient of « for each element 
has the like sign, are all real: and between every two of such roots is 
contained a root of the cumulant [q,, ¢,,..., ;1] and ex converso a root 
of the cumulant [q,, 93,--., qi]: and (as an evident corollary) for all 
values of ¢ and ¢ intermediate between 1 and 2 the greatest root of 
Aeon qi| will be greater, and the least root of the same will be 
less than the greatest and least roots respectively of 


[Ys Uptly+++, Vp’ - 1; Dos 


Even this, however, may be placed under the well-known theorem 
regarding the roots of the equation 


A, —& (hyo ys 
Gis Coo — Une ere) ey) 
13 Ags Az3 — 


which had been enunciated by Cauchy in 1829. 
The next noteworthy result occupies § i. (p. 502). As a pre- 
paration for it the theorem 
[Core Ok lys Dotter 14) = (OinuCre city dan ILO,» Day auc» Pa 
ma RE Cin eater all Meh One cl 
may be recalled, the group of elements on the left being now 
viewed as consisting of two sub-groups. This theorem Sylvester 
writes in the form 
[0,0] = [OQ,][Q.] — [01] ['Q2], 
and he succeeds in including it in a general theorem, not ex- 
plicitly formulated, in which the number of groups is 7, the next 
two cases being 
[0,0,0.] = [0,][02][05] 
— [2] [’Q2][Os] — LOLTLO]’Q¢] + [OV] (0'] [0], 
and 
[2,0,0,0,] = [0,][Q2] [Q5][Q4] 
— [OLJFOQ2]LOs][04] — [QTLOLI’Os][O4] — [TL Q,1[04][Q4] 
F LQ PO2][Os]0Q4] + [QP Q2ILOS]['Q4] + (Os][O]0O'][04] 
= [Oj] PQ] POQ5]104]. 
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The general theorem is described as giving an expression for 
[Q,Q, ... Q;] in terms of 


[Q,], (OJ, ---, [Q-], [9%] 

[OQ], [Qe], .--, [Q-] 
[(Q],---, [Qa], [Qi] 
[23], -.-, [OQ]; 


that is to say, in terms of all the unaltered (’s, all the curtailed 
Q’s except the last, all the beheaded ’s except the first, and all 
the “doubly-apocopated” Q’s except the first and the last; and 
it is pointed out that the number of products (or terms) in 
the expansion is 2‘! “separable into 7 alternately positive and 
negative groups containing respectively 


1, GSDG46 sD — 2 ee ee) 


products.” Further, it is noted that “in every one of the 
above groups forming a product the accents enter in pairs and 
between contiguous factors, it being a condition that if any Q 
have an accent on the right the next Q must have one on the 
left, and if it have one on the left the preceding Q must have an 
accent on the right, and the number of pairs of accents goes on 
increasing in each group from 0 to i—1.” * 

In a footnote the case where each Q has only one element, and 
where, therefore, each singly-accented Q becomes 1, and each 
doubly-accented Q vanishes, is stated to be identical with the 
“rule” 

1 


[Gran Cassa sede) ee aOne tn, er © Ung ss 
Avery 


1 


+ 


AA, Oe a; as 
formerly given by him in words. 
*It is to be regretted that Sylvester did not give the recurrent law of formation 


(0,0... 2,-,0,] = [2,0,... 2.4110] - [2,0,... OF_19,1, 
as this would have made all his statements clear and a number of them unnecessary. 
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SMITH, H. J. [S.] (1854, May). 


[De compositione numerorum primorum formae 44+1 ex duobus 
quadratis. Orelle’s Jowrn., 1. pp. 91-92; or Collected Math. 
Papers, i. pp. 33-84.] 

Pointing out, as Sylvester had already done, that the writing 
of Euler’s algorithm (q,, q,,..., d,) a8 a determinant leads easily 
to the properties 


CERO A ee CPC ie 1) 
(91s Yar ++ +> Yn) = (Gis Mars +> Ge (Vitay +s In) 
FQts Gar = +s Ve-1) (Gators + +s In)s 
Smith therefrom deduces that for centro-symmetric series of 
elements 
(Y1s Yar ++ Qir Gare e+ Gos Q1) = 1s Garo 9 GP A(G1s Yor ees Gen) 


and 


(Gis 200s ints Vir Gin-vy 5 Gi) = (Gt G25- 0 Ger {Ge WH Gea}, 


noting in regard to the former that the two numbers squared on 
the right are mutually prime. He then makes application to 
the theorem referred to in the title of his paper. 


SYLVESTER, J. J. (1854, August). 


[Théoreme sur les déterminants de M. Sylvester. Nouv. Annales 
de Math., xiii. p. 305; or Collected Math. Papers., ii. p- 28.] 


This communication in its entirety is as follows :— 


“‘Soient les déterminants 


Ke eee POG AI? 00 
eel eemeOeE Se 1h OR meyYS Oa) 
OMI Pe OP ore es 
Om 0-1, A, 

Moo lat Ones 0 

je ee 00 

Om sees 30 

QuOrg 4 
OuaOaeualagne soci y 
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la loi de formation est évidente ; effectuant, on trouve 
A, 1, A(A2— 22), (AZ—12)(A2- 82), A(AZ— 22) (A? — 42), 
(A2 — 12) (A2 — 82) (A2— 52), A(A2 — 27) (A? — 4?) (A? - 6”), 


et ainsi de suite.” 


That Sylvester was the author of the implied theorem may be 
considered proved by an entry in the index of the volume (See 
p. 478), and by a statement of Cayley’s in the Quarterly Journal 
of Mathematics, ii., p. 163. Probably the title of the communica- 
tion was prefixed by the editors, who, knowing of Sylvester's 
papers in the Philosophical Magazine, felt themselves justified 
in applying the name “ Sylvester’s determinants.” 


SCHLAFLI, L. (Nov. 1855). 


[Réduction d'une intégrale multiple qui comprend l’are de 
cercle et l’aire du triangle sphérique comme cas particuliers. 
Journ. (de Liouville) de Math., xx. pp. 359-394.] 


Here there appears the equation 


Aa Gn rae Ge) cosa 2 
si = 1 — ———" C08 
A(B, ovale hs ¢,”) 1 a He 
cos’¢ 

1 —cos?y 


where, in view of the contents of a subsequent paper (see under 
year 1858), it would seem that A(a,8,..., €,7) was used for 


ae. COS a 
—csa 1 cos 8 
—cos8 1 
— cos ¢ il COS 4 
—cosy, I 


No properties, however, of this determinant are given. 
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RAMUS, ©. (1856, March). 


[Determinanternes Anvendelse til at bestemme hoven for de 
convergerende Broker. Oversigt ... danske Vidensk. Selsk. 
Forhandl. ... (Kjgbenhavn), pp. 106-119.] 


Ramus’ introduction consists in recalling the result of the 
application of determinants to the solution of a set of linear 
equations, his mode of stating the result being that given by 
Jacobi in the De formatione ... of the year 1841,—that is to 
say, he takes for his set of equations 


Hy Yo + OY, + AyYo +...4+ Onn = Up 
hy Yo + Ay Yy + Ago +... + An Yn = Uy 


Coon Oy Yq te Oe Yo ts + Onn = Un), 


and puts the solution in the form 


Rny> = Au, + PW le, +- Au, SP oo SP An, (@) 
where 
= Orsi pi2 n 
Rn = +a, Oda se, 5 
7 i-1 441 ou 
A; — +a,%a} eels O;-1 sy oo Un, 
: wet é-1 oe 41 ROL etl 2 
A‘ = —>+a,%a} ine Wag Ug Ugay 6 6 By 1 Wea) » « «One 


He then recalls the further fact that if y, y,, y,,..., Y, be the 
numerators of the convergents of the continued fraction 


cee AS 
Cet oar ope 4 Oe 

*Tt is in this mode of writing An namely, with the negative sign, that Jacobi’s 
peculiarity consists. Not content with removing from R, the row and column 
in which a‘ occurs and prefixing to the minor thus obtained the sign-factor 
(—1)***, he takes the further step of moving the row with the index x over 
x«-2%+1 rows, thus arriving at 

A =a) DAN OOP MRSC P OPES ee 

Of course there is at this second step the option of moving the colwmn with the 
index 7 over k-7+1 columns, and this Ramus does. 
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there exists the set of equations 


Yo aes 

—AYotr 
— bY — A241 + Ye 
— bsY1 — U3Y2 + Ys ae 


ll 
Sa 


Oso 


cal On Yu-9 <= On Yn-1 T Yn = 0 2, 


and he thereupon draws the natural conclusion that the previous 
result can be applied to the determination of y), ¥,, Yx,-- +5 Yn: 
Making the necessary substitution for the w’s and for R,, he of 
course obtains 
Yar= MA, + b,A,) 


mn? 


A,°, A,’ being now determinants which for want of Cayley’s 
notation he cannot accurately specify, but which he persists in 
writing in the form 


= Dotty dy. des i a anot, ates 


From this result he calculates in succession the values of y,, Ys, 
Ys» Ys; but it will readily be understood that the process is 
neither elegant nor short. 

In the remainder of the paper (§§ 4-9) no further use of the 
properties of determinants is made, the contents of the last ten 
pages being such as might appear in any ordinary exposition of 
continued fractions. First there is established the old “rule” for 
writing out the value of y,, above referred to as being found in 
Stern’s monograph. This is followed by the results 


1 { /atJa2+4b\"*? a—J/a2+4b\"*2 
q Nag=y = =a” > — aan eS es 
OWeene og = Tagg) - (*) i 


= a! + O,:a" 1b + Cy gat Depa, 


bia | 


which by putting a=1=b give the number of terms in Ys, e 
number also obtained in the form 


1 
nF {Can a5 Ciyog°d =P Creo + eee \ U 


Anything else is of small moment. 
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BRIOSCHI, F. (1856). 

[Ta¥or1e pes Dérerminants, et leurs principales applications ; 
par le Dr. F. Brioschi: traduit de litalien par M. Edouard 
Combescure. xii+216 pp. Paris.] 

In the French edition of his text-book Brioschi added an 
expository note of two pages (pp. 142-144) on the subject, 
beginning at once with the general form referred to at the end 
of Sylvester's paper of 1853, Sept., namely, 


aA Mm 
NM A, Ms 
” CO. 
ics or D, say. 
py Mp_y 
Ny 4 Ay > 


His first result, obtained rather clumsily, is 
D, = a,D,_; — M,_1N,_1D,_93 

his second is 

NED A DNA rit Nas ea Ng, Teng 
where N, is the cofactor of a, in D,, this being got by considera- 
tion of the two-line minor whose elements are the corner elements 
of the adjugate of D,; and his third is that given by Sylvester 
at the place just mentioned. 


CAYLEY, A. (1857, April). 
[On the determination of the value of a certain determinant. 
Quart. Journ. of Math., ii. pp. 163-166; or Collected Math. 
Papers, ii. pp. 120-123. ] 
The determinant in question is rather more general than 
Sylvester's of the year 1854, being 
Cutt 
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while the other is obtained from this by putting e=n—1. De- 
noting his own form by U,, Cayley, with Sylvester's results 
before him, found 

U, = (@—-1) — (#—1), 

U, = 0(6?-—4) — 3(@—2)8, 

U, = (@—-1)(@—-9) — 6(~—3)(6?—1) + 3(@—3)(x—-1); 
so that, if he put H, for the value of U,, in Sylvester's case (viz., 
when «=n—1), he could write 

U, = H, — («—1)H, 
= H, — 3(@—2)H, 
H, — 6(@—3)H, + 3(a—3)(@—-1)H,, 


oia\ = 
re. 


and thence, doubtless, divined the generalisation 


U, = H, — B,i-(w@—n+1)-H,_. + Bis: (@—n+1)(@—n+4+3)-H,y-... 


where 

H, = (0+n—1)(0+n—3)(0+n—5).... to nm factors 
and 

Bin n(n—1)(n—2).... (n—28+1) 


N48 PAIN RASS Ia ong 


The establishment of the truth of this is all that the paper is 
occupied with, the procedure being to expand U, in terms of the 
elements of its last row and their complementary minors, thus 
obtaining 
U; — 6U,-1 - (n— 1)\(a—n+2)U,-2, 

and thence 
U, + { (a—1)(@—n+2) + (n—2)(a—n+38) — & } [Bam 

+ (n—2)(n—3)(@—n+ 3)(a@—n+4)U,_, = 0, 
and showing that the above conjectural expression for U,, satisfies 


the latter equation. The process of verification is troublesome, 
and was not viewed with satisfaction by Cayley himself. 


As a preliminary the coefficients of the H’s in the value of U, 
are for shortness’ sake denoted by A,, —A,,, ..., and for 
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the same and an additional reason the coefficient of UA insthe 
difference-equation is denoted by 


M,,, — { & — (n—2s—1/ i: 
which is equivalent to putting 
M,,. = (n—1)(a@—n+2) + (n—2)(a—n +8) — (n—28— 1): 
The operation to be performed being thus the substitution of 
ete Ana liye, eon att (eet ee 
for U,, in the expression 
U,+| M,,.—{6?—(n—2s— 1} JU, 2+(m—2\(n—8Xa—n+3)(a—n+4)U,-4, 


it is readily seen that the result will be an aggregate of 
expressions like 


An sHy—25 + | Mos — {0 — (2-28-19) JA, Hy o- 
+ (n—2)(n—3)(@—n+3)(@-—N+4)A,_4,Hy 4-25. 
Now if we bear in mind that by definition 
{@ — (n—2s—1)}H, 9, = Hy, 
the second of the three terms of this 
AP ye Nt brace WON: 
or, if we write s—1 for gs in one case, 
poe eA 5 hee Ae 
He Mele Ay | 
and the third, by writing s—2 for s, 
= (n—2)(n—3)(@—-N+3)(@—N+4)A,_46-2Hy 25. 
Consequently the sum of the three will vanish if 


ne — (Mone -1An—2,0-1 + An—2,0) + (1 — 2)(2—3)(@—N+3)(G—N+4) Ayo 5-2 = 0, 


and therefore if 
B,,.(e¢—-2+1)— B,_»,(@—n+2s+1) 
es Bye es Nie: a By-4s-2(2 — 2)(n — 3)(@—N +4) = 0, 
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that is, if 
(e—1n)| B,,, — By-2 — (22-3) By oot +(n—2)(n—3)By-so-2 | 
us kee — (28+1)B,_., — {5n — 8 — (n—28+1)}By 26-1 
+ 4(n—2)(n—3)Bys,-2| = 0. 


But this is the case; for, as Cayley shows, both the cofactor of 
a —n and the other similar expression following it vanish identi- 
cally. The verification aimed at is thus attained. 


PAINVIN, L. (1858, February). 


[Sur un certain systéme d’équations linéaires. Journ. (de 
Liouville) de Math. (2), iii. pp. 41-46.] 

The system of equations referred to in the title of Painvin’s 
paper had presented themselves to Liouville in the course of the 
research which led to his “ Mémoire sur les transcendantes ellip- 
tiques...” (Journ. de Liouville (1), v. pp. 441-464). Painvin’s 
reason for taking up the subject was his belief that one of 
Liouville’s results could be more simply arrived at by the use of 
determinants; and in a few lines of introduction he succeeds in 
showing that the result in question can be viewed as merely the 
resolution of the determinant 


r a : 
n(a—1) r—1 2a : 
(n—1)(a—1) r—2 3a 
(n—2)(a—-1) r—3 
r—n+1 “na 
a-l r-—n” 
into factors. 


In explanation of the process followed the case of the fourth 
order 
r a 


3(a—-1) r—-1 2a ; 
2(a—1) r—2 3a 
a—-l r—3 
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will suffice. Increasing each element of the first row by the 
corresponding elements of the other rows,—an operation which 
as before we may symbolise by 
FOWa TOW, + LOW, +25... j 
—he removes the factor r+8a—8 and finds left the cofactor 
1 1 1 1 
3(a—1) r—-l1 2a : 
2(a—1) r—-2 38a 
a—-l r—3 |}: 
On this are performed the operations 
col,—col,, coly,—col,, col,—col,, ..... 
the result being a determinant of the next lower order 
8a—r—2 r—2a—1 2a 
= 2—2a 2a—r = r—3a—2 
l-a a—r+2 
Finally, after changing the signs of all the elements here, the 


operations 
row, -row,-+row,+ ..., 


LOW 5 1 LO Wes tases 

row;+..., 
are performed, the result 

T—a a ; 

2(a—1) r-—a-I 2a 
a—-l r-—a—2 

being a determinant exactly similar in form to the original, but 
with r—a instead of rv. This, therefore, in turn may be trans- 


formed into 
r—2a a 
Re) cri ena ars pan 


and so on. 
The value thus obtained for the above-written determinant of 


the (n+1)" order is 
(r+na—n)(r+na—n—2a+1)(r+na—n—4a+2)...(r—na), 
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each factor being less than the preceding by 2a—1, and the whole 
a function of a(a—1). 

The special case is noted where a=}, and where therefore all 
the n+1 resulting factors are alike. This Painvin writes in 
the form 


sid tial 
D) ’ 
nN 2 
~> r—l 9 
nm—1 3 
a ya) s 
2 2 n+1 
se eat 2 (r—2) sie. 
<—F 2 
r—n+1 . 
1 
5 T—-7T 
but a preferable form is, evidently, 
p 1 
—% p—2 2 
—-n+1l p-—4 3 : 
—n+2 p-6... : = (p—n)"t}, 
p—2n+2 nN 
—1 p—2n 


HEINE, E. (1858, Sept.). 
[Auszug eines Schreibens iiber die Zaméschen Functionen an 


den Herausgeber. Einige Eigenschaften der Laméschen 
Functionen. Crelle’s Jowrn., lvi. pp. 79-86, 87-99. ] 


In the case of Heine the functions afterwards known as 
“continuants” made their appearance under totally different 
circumstances, namely, while he was engaged in transforming a 
special homogeneous function of the second degree by means 
of an orthogonal transformation. It will be remembered that 
if the quadric 
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yy" + 290% + 24.0%, +... 
HP 5 Wolo? 4 Wo eMloMlg pb an. 
teeth chk as 
be transformed by an orthogonal transformation into 
An€? 2 Ag €? =P Azsés” ar cs 


the coefficients of the latter expression are the roots of the 
equation 


G,—A yo 3 
yy Ugg — A Ass =O 
IN — p>] 
Ay Asa C33 


Now Heine’s peculiar quadric was 
2m 2 
Cy Uo! — 2KC CL), 
+ (62+0,7) 0? — 2xCyC.0,Lp 
2 2 2 
+ (637+ 0,7) 02? — 
2 2 2 

ae (Ce ar Ca oe 
where in every case the coefficient of the product of two a’s 
vanishes if their suffixes differ by more than 1, and where 


of = H(n)(n+), 
02 = H(n—-1)(n+2), 


Cc? = 4(n—r)(ntr+1), (r>0) 


| 
doje . 


na! n, 
Ae 
and « = =—5° 
c+ b 
He was thus naturally led to the equation in z 
2 
Z—Cy OyCr 
KCj0, — 2 =e oy Kees 
2 


, a 
KC, C5 P= Cy — Cf sees : =) 


KC -2C 29-1 


9 
i PL esh ae Cig 
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where either c2, is c?_,, or c,_, is c2_, and, if the latter, c},=0. 
From a knowledge of Painvin’s paper he recognised the left-hand 
side of the equation as being the numerator of the continued 
fraction 

rae w 


2a 2n 2 
—21_ _ x°*e,7e 

Bape 23 
Z—C—C, 


Z—C— 
Z—C, —0,°—. 

but he ventured nothing in elucidation of it. Even the special 
case where b=0 and where therefore x =1 appears to have proved 
at the time too troublesome, although he knew otherwise that in 
this case the continued fraction 


_ 2(z—2?)(z—4*).... (2—n*) 
 (2—12)(¢—3%).... @=n=1%) 


if m be even, 


and 
2 2 2 

Pin (z2—1°)(z2—3%)(z—5*)... em ) sp aalerbdd 

(z2—2*)(¢—47)....(@-n—-1L’) 


for his words are—“ Einen directen Beweis fiir diese Summirung 
des Kettenbruchs habe ich noch nicht aufgefunden.” 


SCHLAFLI, L. (1858). 


[On the multiple integral i dxdy...dz whose limits are 


P= aethyt+...t+hz>0, p,>0,..., p,>0, and 
eP+yt...+2>1. Quart. Journ. of Math. ii. pp. 
269-301 ; ili. pp. 54-68, 97-108. ] 


The determinant which makes its appearance in the course of 
Schlafli’s research is 


1 — cos a 
— cos a tf —cos 8 
—cos 3 1 
1 — COS 7 
— COS 9 4 —cos 6 
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which for shortness’ sake he denotes by 


Ala; Biy;.. . 5 9, 8) 


and whose connection with continued fractions he therefore 
specifies by the equation 


A(a,8,y,...,7, 0) aes cos2a 


2 
UNG ee) ee I aoe 


The first property noticed is, naturally, 
IN CCR ee es) DACGiypaa- 40) — 08a’ A(ays. 5,0). 


Later there is given what may be viewed as an extension of this, 
viz., 
US Gt Ore) G7), OB ANE == ACG, bkas Ose) A (7, Oyo 0 acoA) 
= GOS?C AA (Goa 0) ACO, ea), 
the proof being said to present no difficulty. The third is a little 
more complicated, and is logically led up to by taking four 
instances of the first property, namely, 
INGO, A epoin, 7, G) == 0A (ier. , () CORA A (4,0, 4.4.0), 
AUB .27, 0, 0.0, f= Ay, On184 4 9) — C08 BA (6,. ae, G 4)h 
AGRO... Gm, OY = AY) 4.85) — CGB+G (yo mee: ©); 
Os tee 75.0) == OAC0, 2...» G7, 0) C080 <A (6, 3.569); 


using in connection with these the multipliers 
DO teeny i) ae NO; BIG) = DAO; omen Gay AC Y0,6 = 3 Cs 


respectively, performing addition, and then showing that the 
right-hand sum vanishes, the result thus being 


AG, 6,Y,0; Or OT ORS) ¢) 2 NCO: CuOeD ory 6) a A(6, at eewn, 7, 0,a) bd A(y,6, Od ON) 6) 
= {A(B,y,6,---5 2) — A(y8,..-, SO} AG... 0. 
The fourth property concerns the determinant 


| aX Veh pence meri) Nn paredii be 
NUS Venn) NGM eho ygaae ,7) ly 
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which by reason of the first property can be shown equal to 


ee ek = ACY 28)| nag 
A(B,y,-+ +57) — A(y,.-+57) 
or 
A(yyos53 7,0) A(B,y,=8 0)" 
| cos2a, 
A(y,.++57) Nie Ie 


and ultimately, “by repeating this sort of transformation,” equal to 
cos’a cos’6 cos*y ... cos?é. 


If we use for a moment the present-day notation for continuants, 


viz., where 
1 eo Kee ee) 
Taiteay tule =I( cea) 
Schlafli’s results are seen to . 
R(t Pe) ot a Os Ge 
Eee ey PS) = «(PPP ,) (Po eee) 
= pc GPa Eek 
eG Py eM Poy) | [eG By) x( Pa Pacl 
Seon aca [-«(P 7: P) a 
Sea EG es Tes) 
KG ene 


the only change being the writing of 6,, B,, ... for —cos%a, 
== COB 7S, ae 


= (—1)"8, 8285 tee Bn> 
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WORPITZKY, [J. D. T.] (1865, April). 


[Untersuchungen iiber die Entwickelung der monodromen und 
monogenen Functionen durch Kettenbriiche. (Sch. Progr.) 
39 pp., Berlin. ] 


Of the six sections into which the paper giving the results of 
Worpitzky’s painstaking investigation is divided it is only the 
first headed “Fundamentalrelationen” which concerns us, these 
relations being nothing else than what we should now call “ pro- 
perties of continuants.” 

He takes his continued fraction in the same form as Schlafii, 
Wize, 


i} 
1+ 7 4 hy 
Ly, 
Pas 
+ <1 3 
showing of course that it equals 
NY 5 
where 
1 I 
— x 1 iL 
Niels: —C,-1 Ll 
SOR Sit 1 i 
—d, 1 


The first matter of interest is the expansion of N,, as a sum of 
PLOUUICLS Of Gene ite. wn, C., 
Nig = 1+ (4) 4+@)+4s) + aa. 
This is written in the form 
1 + Gan + Wen = eieived events 
where, he says, “a;,, die Summe aller méglichen (als Producte 
aufgefassten) Combinationscomplexionen ohne Wiederholung be- 


deutet, welche sich aus dx, Ue11, ..-, Gn SO Zu je r Elementen 
bilden lassen, dass nicht zwei neben einander stehende Elemente 
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s, 34, dieser Reihe in den einzelnen Producten zugleich vor- 
kommen.” By way of proof it is pointed out (1) that the term 
independent of all the @’s is 


i} 
OP al al 
; . ie. +1; 
Ulead 4 
Orr 
(2) that the cofactor* of (—a,)(—as)(—a,).... when two of 
the a’s are consecutive is 
al 
Goes a 
Opelan) 
1 0 0 é 
ie OS 
Lar000 Me 
Oo aku 
Rd te 
Cheol 


and (3) that the cofactor of (—a,)(—a,)(—a,).... when no two 
of the a’s are consecutive and their number is p, is another long- 
drawn-out continuant found equal to 


ewe 
| Sia | Vi { = 1)P, 
and that, therefore, the cofactor of a,a,a,... in this case is + 1. 


In exactly similar fashion by partitioning N,, into terms 
which contain —a, and terms which do not, he finds 


= 
Ny, = Dy aa a,D,, 


where D, and D,, determinants equally greedy of page space, are 


*To obtain the cofactor of the product of a number of a set of elements in a 
determinant Worpitzky puts a 1 in the determinant in place of each element 
occurring in the said product, 0’s in all the other places of the rows to which 
these elements belong, and 0’s for all the other elements of the set. 
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shown to be equal to Nyo-1° Neti and —N,,_.N s+2,n respectively, 
and he thus reaches the result 
Ney = Nie ee a Gs Nisea Nai a 


already obtained in a different way by Schlafii. 

Lastly, taking a determinant of the same form as Nin» but 
having 

bis, MOP ry oS os Chess Shee Oh: Ses ily 0 B80) lin ly OS 


for its minor diagonal of a’s, he obtains for it by isolating the 
first a, the expression 


Naetr Nan = Narre Neos ) 
and by isolating the second a, 
ee 
Nye Nasin +a,N ott N eran 
and thus deduces 
T af a2 
NaN pace a NieNetin = = (Na in Necee— Nata Nepean): 


It is then noted that the bracketed expression on the right differs 
from the expression on the left merely in having +1 in place of 
k; so that there results 


r i 2s %j if 
N kyn Nutte = N,. N psy. = (- 1)? a, Wy +4 (Nason Nusae —N k-+2,8 N e-+3,n) 


= C= har Orda ae ee, She; CN ey 
This also, it will be seen, is connected with a result of Schlafii’s: 
for putting s=n—1 we have* 
Nisin INGasd 
Nee Nun 
which becomes identical with Schlafli’s last proposition on trans- 


posing the two rows of the determinant and (what is equally 
immaterial) putting k=1. 


> (—1)? Ons of © An » 


*In giving to Ns41s, Ns+2,s, Ns+3,. the values 1, 1, 0 which are necessitated by 
assuming the generality of the recursion-formula 


Nie NS ce axrNi+2,n5 


Worpitzky forgets to note that in these cases the proposition N;,, = Nyx, used 
by him in the demonstration, does not hold. 
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MAZZA, F. (1866). 


[ELEMENTI DI ALGEBRA, par R. Rubini. Terza edizione, accres- 
cinta e migliorata. iv+295 pp. Napoli.] 


In his chapter on determinants (Cap. x. pp. 249-292) Rubini 
gives (p. 270) the result 


by Ri tee Rep OM ee ch 
1 | 
Un A ty 
i % | Ny, of Ky 
au =] ab | 
n 3 =| A An||GQn1 A My 
ul Gn A || Gn. A Gs 
- “n—1 | . 
Oke 
dy “Asi 
where d,, d.,..., @, are elements increasing by the common 


difference a,. This is established by performing the operations 
which would at a later date have been denoted by 


POW oie LOW tok O Wire ele 
TOWe 1 LOW ToLOW ea 17 ek « 
roW, + TOW; + rOW, +.... 


COlng1—COln_1, COln»—COln_2, COln_;—COlp_s, 


The process is said to be due to Francesco Mazza, and the result 
to degenerate into Sylvester’s of the year 1854 on putting a,=1. 
It is not noticed, however, that on the other hand the result may 
be viewed as a special case of Sylvester’s, namely, where )/a, is 
put for i. 


THIELE, T. N. (1869, 1870). 


[Bemerkninger om Kjedebrgker. Tidsskrift for Math. (2), 
v. pp. 144-146. 
Den endelige Kjeedebryksfunktions Theori. Tidsskrift for Math. 
(2), vi. pp. 145-170.] 


The first of the two notes comprising Thiele’s first paper con- 
tains only one result, namely, 
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‘i fev ia Rea chs es Ca) 
eGo a ae 
ds + yy x b, 
Wn 
where (a,, @, ..., Gn) is used to stand for 
I le 
Sh oT 
Gn» Ons 
=D ae 


There is nothing to indicate that this is not viewed as a fresh 
discovery, notwithstanding the fact that Ramus’ paper of 1856 
containing virtually the same identity had been published in the 
same city. 

The other paper may be described as a careful study of finite 
continued fractions with the help of determinants. Instead of 


Oy, 05; Bese G5, Oog,,.- 2; and 
tp Ap, p-+1 
1 Up+1 Up+1,p+2 


is denoted by 
K (p,q). 


Further, this determinant is spoken of as a “ Kjzedebrgksdeter- 
minant,” or, shortly, a ‘““K-Determinant”; and a section ($8, pp. 
149-152) is devoted to a statement of its properties. 

There is no need to rehearse all of these, the last portion (D) 
of the section being alone that which contains fresh matter. 
Opening with the double use of a previous property, viz., 


K(h,m) = K(h,k—1)-K(k,m) — a1, K(h,k-2)-K(k+1,m), 
K(h,n) K(h,k—1)-K(k,n) — ay 1,K(h,k—-2)-K(k+1,n), 
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where h, k, m, n are in ascending order of magnitude, the author 
eliminates K(h,k—1) and obtains 
K(h,m) K(k,m) K(k,m) K(k+1,m) 
K(h,n) K(k,n) K(k,n) K(k+1,n) 
Then by taking the particular case of this where k appears in 
place of h and k+1 in place of & there results 
K(k,m) K(k+1,m) K(k+1,m) K(k+2,m) 
| K(k,n) K(k+1,n) K(k+1,n) K(k+2,n) 


= Ay-1n' K(h,k—2)- | 


= Anni 


? 


which when applied to one of the determinants occurring in itself 
gives 

K(k,m) K(k+1,m) 
| K(k,n) K(k+1,n) 


K(k+2,m) K(k+3,m) 
K(k+2,n) K(k+3,n) 


= Anrep ,k+2 


and finally 
K(m+1,m) K(m+2,m) 
K(m+1,n) K(m+2,n) 


= AnerrOntinte s+ ++ Gmme? K(m+2,n). (8) 


= Anti Cepikpe ++ ++ bmi * 


> 


Further, by using this to make a substitution in the previous 
result (a) there is obtained 


K(hm) K(k,m) 
ee K(kn) 


= yaa Ung +++ Onmgrt K(h,k—2)K(m+2,n), (y) 


which on putting k=h+1 and m=n—1 becomes 
| K(hna—1) K(h+1,n—1) | 
K(hn)  K(h+1,n) - 


nntrCntinte + +++ An-1n> 


—a result which may be compared with one of Schlafli’s and 
Worpitzky’s, but which is more general in that the main diagonal 
of each “ K-Determinant” does not consist of units. 


CHAPTER XVI. 
THE LESS COMMON SPECIAL FORMS, UP TO 1860. 


THERE now only remain for consideration those special forms 
which, prior to 1860, had not received any noteworthy attention. 
These will be found to include: (a) permanents, which are 
touched on by three authors; (8) determinants with the typical 
element a,;+,., which are referred to in four memoirs; (y) two 
other forms, which are each dealt with in two papers; and 
(6) nine others, which make their appearance only once. It will 
also be appropriate to collect in a note (e) the facts ascertained 
up to 1860 regarding the census of terms in special forms of 
determinants. 


(4) PERMANENTS, 


As we have already seen, Cauchy, in his memoir of 1812, 
widened the ordinary meaning of the term “symmetric function,” 
and was consequently led to call such expressions as 


QD, + agb,, yb, + dab + gb, + A103 + agb, + agbp , 


“fonctions symétriques permanentes,” denoting them by S?(a,b,), 
co CES Wan ee 
In the same year, as we have also noted, Binet gave the 
identities 
Lab’ = Yarb — Yad, 
Dab’ce” = YaXbde + 2abe — YaXbe — Xbdca — Xedab, 
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which in Cauchy’s notation would have been written 
S"(a,b.) = Sr(a,)S"(b,) — S"(ay4), 
S*(a,b,¢3) = S"(a,)S"(b,)S"(e,) + 28"(a,5,¢,) — -.---- : 


but which, in reality, are due to Waring, who, denoting the sum 
of the p** powers of a, 8, y,... by 8, asserted in his Miscellanea 
Analytica of the year 1762 that 


DierBs = 8p°8q — 8p+q> 


Da? Bry" = 8p"8q*Sy + 28p4gtr — - 


Proofs of Waring’s identities were given by Paoli in his Supple- 
mento agli Elementi di Algebra, published in 1804 (See Op., 
ii. § 28), and by Meier Hirsch in his Sammlung von Aufgaben 
aus der Theorie der algebraischen Gleichungen, published in 
1809 (See pp. 34-41). 

It is only symmetric functions like S?(a,b,), S%(a,b¢s), 
S*(a,b,c,d,), ..., whose every term involves the full number 
of letters, that at the present day are spoken of as permanents. 


BORCHARDT, C. W. (1855). 


[Bestimmung der symmetrischen Verbindungen vermittelst ihrer 
erzeugenden Function. Monatsb.... Akad. d. Wiss. (Ber- 
lin), 1855, pp. 165-171; or Crelle’s Jowrn., lui. pp. 193-198; 
or Gesammelte Werke, pp. 97-105. ] 


Having already fully dealt with this paper under the heading 
Alternants, it suffices merely to recall the identity therein given, 
namely, 


l 1 ] 1 1 1 
3G 
—\t-a t,-a, tn — On, x2 aa eae t;-—a, ''ty-a 


nm 


1 M 1 
aCe aan an Gs! 
where the first factor on the left differs from the determinant 
which is its cofactor merely in having the signs of all its 
terms positive. 
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JOACHIMSTHAL, F. (1856, September). 


[De wquationibus quarti et sexti gradus que in theoria linearum 
et superficierum secundi gradus occurrunt. Crelle’s Journ., 
hii. pp. 149-172.] 


Joachimsthal, requiring the use of the so-called “Binet’s” 
identities, devotes section iii. of his paper to them, combining 
them in one proposition, and showing more or less satisfactorily, 
after the manner of Meier Hirsch, how the proof of each case 
can be made dependent on the previous case. His proposition 
is—There being m rows each of z quantities 


0, Li058 Sek Gy 
Bi Bo eee te Bz 
ipod beegeh a tc 
My Eee WE 


and z being not less than m, the sum 


DIAG ert Mans 


consisting of z(z—1)(z—2)...(z—m-+1) terms, can be expressed 
as an integral function of the sums arranged in the following 
TOWS : 


De, >, Brae eae 

Xa,8, | Darton aeeAe a ee DAGhly 

DEER MDS en Grong © 2a Kee Meee PAE NT 
La By ++ Ma 


each sum consisting of z terms: further, the said function when 
z<m vanishes identically. 
To prove the proposition when m=3 he takes the previous. 


case 


2a,8, = La,XB, — 2a,8; 29) 
and multiplies both sides by 2y,, thus obtaining 
La, Poy + Lavy. + ZByyi42 = YyXByBy, — a8, Zyy, 
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in which the previous case enables him to replace 
Zay8, by LZayy,-XB, — 2a Sry, 


ZBiyi0, by ZByy4"Za, — 2a,8,y1, 
with the result that 


2a, Prys = La,26,Zy, a 2a,B, c Ly; A Lay" xB, ~ ZBiy1" 2a,+ 224,817; 


and 


as desired. Similarly, on multiplying both sides of this by 20, 
there is obtained on the left 


La, Boys ee: 2a,0,Byy3 et B16, a273 a Ly19,0283, 


the last three terms of which have only to be replaced by 
expressions warranted from (#,) in order to give the desired 
equivalent * for Da,8,730,. 

It is then pointed out that when z=m the sum Ya,8,... um 
“tantum a determinante differt, quod omnes ejus termini sunt 
positivi,” and that therefore when z << m the sum vanishes. 

The three sections following (iv., v., vi.) are occupied, as has 
been noted elsewhere, with the generalisation of Borchardt’s 
theorem of the previous year. 


CAYLEY, A. (1857). 
[Note sur les normals d’une conique. Crelle’s Jowrn., lvi. pp. 


182-185; or Collected Muth. Papers, iv. pp. 74-77.] 


In dealing with essentially the same geometrical subject 


as Joachimsthal, Cayley gives, in support of part of his 
demonstration, the identity 


2 2 2 

% YW % 1% YW Y% tT YW Y Yi%1 0 %y%y HyYy 
& 2 2 2 

Xe Yo % FX 1Xy Yo %l = [Le Yo" 2%" | + | Yo% Zag oYo 
a 2 2 

 Y3 %, 3 Y3 2% vy Y3 2% Y¥3%3 23g XY 


where the first factor on the left is what Cauchy denoted 
by S*(a,y22s). 


* By an oversight three terms of this are left out by Joachimsthal. 


LESS COMMON SPECIAL FORMS (HERMITE, 1854) 449 


(8) DETERMINANTS WITH COMPLEX ELEMENTS. 
HERMITE, ©. (1854). 


[Extrait dune lettre .... sur le nombre des racines d’une équation 
algébrique comprises entre des limites données. Crelle’s 
Journ., lii. pp. 39-51; or Guvres, i. pp. 397-414.] 


On p. 40 it is pointed out that any determinant whose conjugate 
elements are of the form a,,+0,,./ —1, «,,;—,/—1, and whose 
diagonal elements are therefore of the form a,,, must be real, for 
the reason that it is not altered in value by changing /—1 


into —,/—1. 


HERMITE, ©. (1855, August). 


[Remarque sur un théoreéme de M. Cauchy. Comptes rendus.... 
Acad. des Sci. (Paris), xli. pp. 181-183; or Cuvres, i. 
pp. 479-481. ] 


The remark concerns the determinant just referred to, and is 
to the effect that the equation 


Ope Aig Digte dope seria DEF 
Bey + 0% Ang — ie Can tO ent | 0, 
Antonis Ang tOngt - +++ Ong —e 
where A,,= gr, Opp = — Oy, = /—1, has all its roots real if the a’s 


and 0’s be real,—a result which degenerates into one previously 
known (Lagrange, 1773; Cauchy, 1829) when all the 6’s vanish. 
No proof is given, but it is stated that one is obtainable by 
transforming “le déterminant en un autre 4 éléments réels, d’un 
nombre double de colonnes et symétrique par rapport a la 
diagonale.” A rule is formulated for determining the number 
of roots of the equation which lie between two limits. Lastly, 
it is remarked that the equation arises in connection with the 
study of forms of the type 
x + x'% yty% 
Oy ay — Byygt | 2— ae 
ay + Biot Ose y-yt 
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that is to say, 
2,0" + Za ey + ayy” \ 


5 gis ry + 28,,|xy’|. 
+ a,,@7 + 2a, .2'y'+ ayy” J a 


RUBINI, R. (1857, May). 


[Applicazione della teorica dei determinanti. Annali di Sev. 
mat. e fis., vill. pp. 179-200.] 


In treating of determinants with binomial elements Rubini’s 
most interesting example is that in which the element in the 
(r,s)™ place is a,+b,/—1. By substitution in his general 
result he readily obtains the expansion of the determinant in 
the form C+D /—1, which is seen to alter into C—D/—1 on 
changing the signs of the b’s. The product of | a,+0,,/—1| 
and | @,—0i,/—1 | is consequently expressible as the sum of 
two squares. His next point is that on using the ordinary 
multiplication-theorem the same product is got in the form 


a ay2— Bion wn Lhe fa Qin— Binv —l 
a+ GBi2% = Ag9 SiN, Sy tan — Bon = 1 
din t+ Binv —] dan + Bann went Ds his Qnn ’ 


and that a comparison of the two forms may be fruitful of results. 
When n= 2, the identity resulting from such comparison is 


(ad —be—ad+ By) + (ad—by+ad— Bey? 
=(@ +a +04 BYC+Y +E +8) —(aetay-+bd+ B8)—(ay—ae+b5— fd) 


a result which gives the product of two sums of four squares 
as a like sum. 

In connection with this special example, however, note should 
be taken that Hermite in a letter to Jacobi published in 1850 
(see Crelle’s Journ., xl. p. 297), had pointed out that it followed 
from the row-by-row multiplication of 


ata/—1 b+6/—1 eas —d+é/-1 
=} Bul], Gated d+é/—-1 —c—yJ/—1 |. 
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CLEBSCH, A. (1859). 


[Theorie der circularpolarisirenden Medien. Crelle’s Jowrn., lvii. 
pp. 319-358. ] 


In § 3 (pp. 324-330) Clebsch is led to consider the nature of 
the roots of the equation dealt with by Hermite in 1855, not 
knowing, apparently, what the latter had done. Unfortunately 
the proof given of the reality of the roots is not effected without 
the use of a set of unessential equations of which the determinant 

is the eliminant. 
The interesting fact is noted that when 7=3 the equation can 

be changed into 


b b b 
2: 1 
Ay, —& Ae Ars a a sae : re ee 0 
% Pe - Elen! 12 13 23 
12 22 23 = 
, 1 glee 19 gg —& Oo bis 
13 23 33 bet 
Ay Ass Og, — & Dis 


(y,)) DETERMINANTS CONNECTED WITH ANHARMONIC 
RATIOS. 


CAYLEY, A. (1854, February). 


[On some integral transformations. Quart. Journ. of Math., 
i. pp. 4-6; or Collected Math. Papers, iii. pp. 1-4.] 


This paper opens with two statements in reference to the 
determinant 


ib a a’ aa 
Pe ; Bp ,| or ¥ say. 
ey yey 
APG OF) .O ee OO 
The first is to the effect that the equation 
vY=0 


asserts the equality of the anharmonic ratios of a, B, y, 6 and 
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a’, 8’, y’, 6’: and the second that the said equation may also be 
expressed in the forms* 


Ka = —{y6(y'—6’)\(a'— 6’) + 6B(0—B’(a’—y) + By(B'-y la’ —8)} 
K(a—8) = (6—8)(8—y)(y'—6)(a’— 8), 
K(a—y) = (B—y)(y—6)( —B)(a'—), 
K(a—6) = (y—6)(6—B)(B’—y' a’ —6, 


if we use K to stand for 
Bly’ —9)(a’— 8’) + y(F—B)(a’—y’) + 8(B’—y')(a'— 6). 


Accepting the first statement, and knowing that the equality 
referred to is 


(y—a)(B—-6) _ (y¥'—a)(B'—6) 
(a—B)(y—8) (a —B')(y'- 8)’ 


we readily make the deduction that 
Y = (y—al(B—d)(a’—B’\y’— 6) — (a—B)(y— 6)’ - a (B'— 6’). 


By accepting the second statement, like conclusions may be 
drawn; for then the elimination of K from any two of the 


* These may be established as follows. By separating the terms of K which 
involve a’ from those which do not, we see that 
K= -—- e 1 . a’ 
1 Bp 6B Bp 
de Vicar 
LG 0b 955" 
a determinant differing from ¥ in the first row only, and consequently on multi- 
plying by a and adding we obtain 


’ 


V+ Kai | 1 ae | =|) See eee 
1 B fp’ pp’ 7 =a v7 | 
Me ae os) 5 da’ 83’ 
1 3 8 38 
Similarly, 
v+K(a-f)=|1 8 a Ba'|=/1 a’ sat, FS: 

lL, Baby RE. Lye cial : 

Ly tie Lye Lyn ly-6)y 

153 Ga ey 1 8-B 8 (5-B)8' 


and so of the others. 
In doing this we learn, too, that 


¥+Ka = Wy29, Y+K(a-f) = Vang, 
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equations involving it must of course lead us back to some 
form or other of the equation with which we started. Thus, 
multiplying K by a and using the first of the four derived 
equations we obtain by subtraction 


0 = (aB+ y6)(y'—6)(a’— 8’) 

— (ay+6)(8'—6)(a'—y’) + (ad+ By)(B'—y')(a'-8), 
whence we deduce in the same manner as before that the 
expression * on the right when changed in sign is equal to V; 
and using any pair of the remaining equations we reach either 
the form of VY previously obtained or one of the two forms 
derivable from it by means of the simultaneous circular 


substitutions 
B, Y ) ae By 6, jen 
Bs y's O y; 6, Bs 


CAYLEY, A. (1858, February). 


[A fifth memoir on quantics. Philos. Transac. R. Soc. (London) 
exlviii. pp. 429-460; or Collected Math. Papers, ii. pp. 527- 
55T7.] 


The second part (§§ 96-114) of the memoir deals with two or 
more quadrics, and forming part of it is a digression (§§ 105-114) 
on involution and the anharmonic relation. The determinant ¥ 
thus again makes its appearance, and associated with it is the 
determinant 

1 ata ad 
1 B+B BP | or Y say, 
he ge walle 
for the reason that, when 6=a’ and 6’=a, V is readily shown to 


be equal to 
(a’—a)Y. 


* This second form of Y may be got directly from the determinant by expanding 
in terms of the two-line minors formable from the first and third columns, and 
the minors complementary to these. Of course we also have 


WY = (a'p’+7'8')(a-B)(y—8) — (a'y’+B'5')(a-y)(8-8) + (0'5'+ B’y')(a — 8) (8-7). 
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To obtain the required non-determinant forms of the two the 
multiplication-theorem is used with pleasing effect. In the first 
place Y is multiplied row-wise by 


wi —u il 
yv—yv i 
we —w i1i, 


the result being, of course, 


(w—a)(w—a’) (v—a)(v—a’) (w—a) (w—a’) 
(u—B)(u—B’) (v—B)(v—8) (w—B)(w-B) 
(u-y)(u-y’) (v-y)(v-y’) (w-y)(w—-y) |. 


Yi (w—v)(w—u)(v-u) = 


In this Cayley then puts w=a, v=d’, obtaining 
¥-(a'—a) = (a—B)(a—B')(a'—y)(a’ — y’) — (a’— B)(a’ — B’)(a— (ay, 
and putting u, v, w=a, 8, y obtains 
Y¥ = (a—B)(B-y)(y—-a’) — (a—y’)(B—a’)(y— 8B), 


a result known to Hesse in 1849 (see Crelle’s Journ. 1. p. 265). 
In the next place (§114) Y is multiplied by the similar 


determinant 
ae meg eg 
ve —t -t 1 
ww —w —w 1 or WY" say, 
ve —v -v 1 


the result being 


| (8—a)(s'—a’) (t-a) (a) (w—a)(w'—a’) (v—a) (v'—@’) 
gy _|b 76-8) ¢-B\t-B) (w—B)(w’-B’) (o—B)(v'—B’) 
(—yF—y¥) (ty) 7) (u-yw=y) @-y)v'-y) 
(8—8)(#—6) (t-8) (8) (u-8)(w=8) (v—8) (v8) 

so that on putting 


8, t, U, bem al y, 6 


yoy 
8, v*" w’, Vv, B, a’, 0, y’ 


ee 
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the product becomes 


(y—a)(o—a’) (6—a)(y'—a') 
: (y—6)(6'— 8’) (6—8)(y¥'—-B) 
(oy (Cy Nao 4) =a) 
(q—O)(Ga-0 = (8 —)(a —6 ) : 


and there is obtained 


Gurr come nema” GO. ‘as 
B 8 BBR) jl Ba Bal _ { (a—y)(B—8)(a’—0)(B'— a 
Vay nyy & |) lye ve: — (a—6)(B—y)(e’—y)(8B' — 6) 


6= 6 60 0 yoy’ 
From this Cayley concludes (1) that Y is not changed by the 


transposition 
( a’ %) 
ey rN ‘ 


and (2) that either form equals 
(a—y)(B—8)(a’—0’)(B'— y') — (a—6)(B— y)(a’— y)(B'— 8’). 


SARDI, C. (1864). 
[Quistione 39. Giornale di Mat., p. 256, pp. 315-316. ] 
On the determinant VY Sardi performs the operation which we 
may indicate by 
col, — col, — 6’ col, + Bd’ col, , 
thus obtaining 
a’ (a—B)(a’'—8') 
jes : 
Bae i) 70.) 
i oO” : , 
in which the cofactor of (a—8)(a’—0’) is 
Bryei ay 
Cast O12; 
and the cofactor of (y—)(y'— 6’) is 
| B-a B-a 
6—a dO —a’ 


jet fet 
m2 WR 


7) 


2 
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where, be it observed, it is the rows 1, 8B, 8’ and 1, 6, &’ that are 
diminished on both occasions. There is thus obtained 
= (a—By(a'—8){(B- (6) — (6-y(8-y)} 

— (y—B)(y' — 8’) {(B—4)(6'— a) — (B’—a’)(6—a) }, 
= (a—B)(a'—6')(y—6)(B'—y’) + (y—B)(y’ —6)(B’ —@’)(6—a), 
= —(a—B)(y—9)(a’—0')(y’— 8B’) + (a’— B’)(y’ —6’)(a—6)(y—B).* 


(y2) SYLVESTER’S UNISIGNANT. 


SYLVESTER, J. J. (1855, April). 


[On the change of systems of independent variables. Quart. 
Journ. of Math., i. pp. 42-56; or Collected Math. Papers, 
il. pp. 65-85. ] 


In the course of Sylvester’s investigations a peculiar three-line 
determinant turns up, which he considers deserving of attention 
on its own account, namely, the determinant 


A, +d,+ a3 — A, — Qs 
—b, b +b,+b, —b, 
= Cy —C, Cy+CgtCg |, 


the final expansion of which consists of 16 terms, all positive. 
To obtain this expansion a “simple rule” is laid down, namely, 
to substitute 


G Ap Ae a, UW, Gs 
be. b: bere efor sa «ab. w buns 
Ca, %& © G,. Mo Gs 


*TIt will be seen that merely by accident the three ways in which © can be 
expressed as the difference of two products have turned up in succession, and 
that they may be written 

| PQ’|,|QR’|,|PR’| 
(a-B)(y-5) = P, 
(a—y)(B-8) = Q, 
(a-8)(8-7) = R. 


if we put 
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and then multiply together the elements of the diagonal, reject- 
ing every term such as a,b,, @6,C,, ... . in which the letters form 
a cycle. Two examples are given, but no justification of the 
“rule” is vouchsafed. The examples are— 


A+ ata, —a — A, = abe+(Ca+cy)ab+ (a, +4,)be+(be+ba)ca 
— ba b + b, + ba = be +a(baCa + bacr 3 Cac) 
—Ca =p CF Ca + Cp +b (cpap + Coe + Ca) 
=e C( eb, ar Ada ae bap), 
A+ a,tae+ag —b, —Cq —dy 
—ay b+b.+batba —C% —dy 
— a, —b, C+Cg+ Cato —d, 
— Ad —ba —Ca d+dytd+d, 


= abed + d)abe(dat+dy+de) + djab(cadat+ ....) + Sja(becadlat..-.)- 


The arrangement of the two developments almost raises doubts 
as to whether the “rule” had been utilised, suggesting indeed 
that in the latter instance, for example, the cofactor of ab was 
first obtained in the form 


Cat Cate —d, 
ite dgtdyt+d, |, 


and the cofactor of a in the form of a similar determinant of the 
third order. The “rule,” however, is noted by Cayley in Crelle’s 
Journal, lii. (1855), p. 279. 

The number of terms is (n+1)""1, n being the order-number of 
the determinant. This Sylvester obtains by putting a, ay, a,,.. 
all equal to 1. It will be observed that from the form of the 
development we thus have 


1432433 = 4 
14434684416 = 5° 
1+ 54+ 1015 + 10:50 + 5125 = 6 
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BORCHARDT, C. W. (1859, May). 


[Ueber eine der Interpolation entsprechende Darstellung der 
Eliminations-Resultante. Crelle’s Jowrn., lvii. pp. 111-121 ; 
or Monatsb. d. Akad. d. Wiss. (Berlin), pp. 376-388; also 
abstract in Annali di Mat., 11. pp. 262-264.] 


The representation in question is in terms of the values which 
the two functions ¢(x) and y(«), both of the n™ degree, assume 


for the values a), @,, @,,..., a, of a It emerges as a special 
determinant of the form 
oj—- CU De2)y) ie 
—(21) o,—(22) .... —(2n) 
—(m1) —(m2) .... on—(nn) 
where 


o,=(70)+(71)+....+(rn) and (rs) =(sr), 
a form which we readily recognise to be the axisymmetric case 
of Sylvester’s determinant of the year 1855. To the considera- 


tion of it Borchardt, probably supposing it to be new, devotes 
the last six pages of his paper. 


Denoting it by (0,1, 2, ..., ), since it is a function of the 
sn(n+1) quantities, 
(OT) (02) See era 
OP) ph rented OED) 
(n—1, n), 
he first shows with some prolixity that the cofactor of (O01) in it 
is (0+1, 2, 3,..., n), next that the cofactor of (01)(02)...(02) is 
erie - i th4, Mchl pio eee sf n), 


and finally that 


(0, Lele 25 ey =e (01) CLs Dene an) 


+ 21(O1MO2)1F2, S25 een) 
-|- 


+ DoH 2) (ONT ok, k-P Ue 


i (1 (02) .. (On). 
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Resuming consideration, but proceeding on a different tack, he 
arrives at Sylvester's “rule,” namely, that (0, 1, 2,..., n) is 
“gleich der Summe aller nicht-cyclischen Producte, die aus je n 
jener $n(n+1) Elemente (7 &) gebildet werden kénnen.” Unlike 
Sylvester, however, he is careful to give a justification of it 
based on four observed facts, namely, (1) that (0, 1, 2,..., 7”) 
is unaltered by interchanging any two of the umbre; (2) that 
the coetlicient of the term (01)(02)...(0n) is 1; (3) that none 
of the terms is free of the umbra 0; (4) that, as already 
mentioned, the cofactor of (01) is (0-1, Fe tes Ue 
proof, which extends to two pages (pp. 119-120), applies only 
to the case of axisymmetry, it need not be given. 

Lastly, the number of terms in the development of (0, 1, 2,...,7) 
is investigated, the result obtained agreeing with Sylvester’s. 

We may note for ourselves in passing that the first three of the 
basic facts of the proof are, like the last, most readily appreciated 
by observing the determinant form, the case where n=3, namely, 


10+12+138 —12 —13 
—21 20+ 21+ 23 — 23 
—3l1 — 32 30+ 31432 


being amply sufficient. Thus, increasing any column by all the 
others, and thereafter increasing the corresponding row by all 
the other rows, we obtain the first result, learning at the same 
time that it only holds when axisymmetry exists; the second 
is self-evident; and the third follows from the fact that the 
aggregate of the terms which are free of 0, being got by 
deleting 10, 20, 30, is expressible as a vanishing determinant. 


(8) MISCELLANEOUS SPECIAL FORMS. 
CAYLEY, A. (1845). 


[On certain results relating to quaternions. Philos. Magazine, 
xxvi. pp. 141-145; or Collected Math. Papers, i. pp. 1238-126.] 


Assuming that in each term of the development of a deter- 


* As (01) occurs only in the element o, — (11), its cofactor is the primary minor 
obtained by deleting the first row and the first column, and this is seen to be 
(0+1,2,..., ) by definition. 
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minant the elements are arranged in the order of the columns 
from which they are taken, Cayley points out that if the elements 
be quaternions 


Tv 7 ol / / 
: =77r —a77 = 0, 
Ter 
but 
Tv OW 
paaie | SCRE Oe se 
TCs 


He is thus led to inquire what the non-zero value is in this latter 
case and in other similar cases. Taking 

7 =ex+ty +92 +kw, 
w= e+’ + 92 + kw’, 


os — oe” 4 ay” + 2" + kw”, 
he says it is easy to show * that 


ee SZ ee ya 
T 7 y 2w 
ays BEY, 
a a ee ae k 
Tr or cy £ w 
Tre oe ey 2) uw 


tila Y gr -aae Y el 


* Probably the easiest way is to express the determinant as a sum of deter- 
minants with monomial elements. In the case of the third order the number of 
such determinants is 64, of which 40 vanish, the sum remaining being 


123 + 132 + 213 +231 + 312 + 321 
+1244142+.... 
+13441438+.... 
+234+4+2438+.... 
where rs¢ stands for the determinant whose columns are in order the th, gth, ¢th 
columns of the array : 
cs w jz kw 


Le a | Toe 
a ie” qe kw” 
and where therefore 
L2S rt LOZ te eels alice ye all (G+tyt+y-y-y+zy) = 2k | xy’z" he 


and soon. The multiplication table of i, J, k, it may be recalled, is 
( wi y ik ) ( -l k -j ) 
jt a gk | = | -k -l a 
ki kj kk j -t -l | 5 
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but that for higher orders the result is 0. He next notes the 
identity 

e x | x ¢ 
ie 7 a / g 
~ xX oe 


adding “ete. for determinants of any order”;* and then from 
this set of identities and the previous set he concludes that if 
any four adjacent columns of a quaternion determinant be 
transposed in every ‘possible manner, the sum of the deter- 
minants thus obtained vanishes—a property which, he says, is 
much less simple than the analogous one for the rows, this last 
being the same that holds in the case of determinants with 
ordinary elements. Lastly, he gives the important warning that 
the eliminant of 


yp heptg Het took 
8 ame X xX 


2 


wIL+ ¢& = 0 } 
rIl+¢éb = 0 
is neither 7¢’—7'¢ nor rq — gz’, but 


aid — w-i¢’. 


TISSOT, A. (1852, May). 


[Sur un déterminant d’intégrales définies. Journ. (de Liouville) 
de Math., xvii. pp. 177-185.] 


The subject here is the evaluation of the determinant of the 
(n+1)* order whose (r, s) element is 


er me x da 
| a (f)s-1(&) 


* Very probably the next case is the identity 


gx Pe nx x ¢ OP 3 | 
¢' x’ y’ + ¢’ y’ x! + x! oo y’ Be i ab y’ x’ ¢’ 
¢” Xa y" ¢” yp’ x” | ' x" ¢” y” y’ x” og” 
go ¢ ¢ ¢ GS to Cu | ¢ ¢" 
= x’ x’ x’ ae Bee x” x” es x x x ae . ae x! x! x! 
yy yy yyy yy yp y vy wi, 


where, as in the other cases, the rt® determinant on the left is equal to the 
aggregate of the rt» terms of all the determinants on the right. 
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where 


pi(L) = (@—Ay)"(a —a,)” ... . (@—A4) (44, — 2)... (Ay), 


the m’s are all less than 1, and a,,,=0. The simplest example is 


Z po(@) * (2) 


come ada ee ada 
BS po”) 2 pi) 
In establishing the result, use is made of the fact that the 


determinant is expressible also as a multiple integral: for 
example, the two-line determinant just written is equal to 


ie 4 Pe e-*-(x,-—a)dada, 
(= &y)"( a4, — &)™(@, — Ay)™(2, — a, )™ 
a a 


BAZIN, [H.] (1854, July). 


[Démonstration d’un théoréme sur les déterminants. Journ. (de 
Inouville) de Math., xix. pp. 209-214.] 


The theorem in question is to the effect that if there be two 
n-by-m arrays R, R’ with integral elements, and such that 
the ratio of any n-line minor of R to the corresponding minor 
of R’ is constant and integral, and if the n-line minors of R 
have 1 for their highest common factor, then it is possible to 
find a determinant S of the n'* order with integral elements so 
that the product of S by any n-line minor of R’ shall equal the 
corresponding minor of R. For example, it being given that 


bach eb. 


C; Gy £5 


— Ta —™M,) . el —™M,) . (a,—d))'-"-™ + E74 


k 


nn vl 


Yu Ye 
where all the letters denote integers, and that the highest common 
factor of | b,c,|, |b,¢g|, | bocg| is 1, four integers a, B, y, 6 can be 
found such that 

pie ae 


b, db, bs 


Gilg olslay 


L, Wy, Ws 


'Y1 Yo Ys 
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BRIOSCHI, F. (1855). 


[Additions & l’article No. 15, page 239 dece tome. Crelle’s Journ., 
L. pp. 318-321; or Opere mat., v. pp. 271-276.] 


The determinant here (pp. 320-321) dealt with is, for shortness’ 
sake, taken to be of the 4th order, namely, | m, 6, b; ¢,|, in which 
61, 09, 63, 6, Stand for 

ax, + et, + fx, + 92,, 
ex, + ba, + ha, + ka, , 
Ja, + ha, + cH, + la, 
gx, + kx, + la, + da,, 


and where the.6’s, b’s, c’s are such that 


61, + d,@, + dss + 042, = 0 
bv, + boar, + ba, + ba, = 0, 
C0, + Cotta + Cel, + 6,0, = 0. 
The cofactor of m, in |m, 6, b, ¢,| being denoted by M,, we see 
that, as an example, 


ie WN Up OE 

ama ira! Se OR 

fie ROt ade oe 

Mien i 3 93 
a: 6, 5y 63 
b, by bs 
Cy GC, Cg 


which after performance of the operations 


col, — 2,col, — 2,col, — 2,col,, 
row, — ©,rOW, — TOW, — %3FOWg, 


becomes 
Care as A5 = ey aCe 
cha Dimaliecsics Wheres 
MZ =- j ; . Y \ x2, orsay —x7Z2A. 
b, b, bs by | 
C, Cy Cs % 
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As it can be shown similarly that 
M2=—22A, M2?=—a2A, M?=—2#2A, 
Brioschi obtains * 
| mySyby¢q | = (Myx, + Myx + Mgr, + mec,)/ —A, 
nothing being said as to the sign to be taken in extracting the 
square root of 2,’. 
We have only to add for ourselves that the first of the 
conditioning equations is the vanishing of the quaternary quadric 
ey ge aig ee 
ae f g|*% 
@> Soh. NieS) ee 
fi hie ntt (hae 
fi k oh dAg 
and that the 0’s are the halved differential quotients of this with 
respect to X,, , Ly, L4. 


4) 


HERMITE, C. (1855, January). 


[Sur la théorie de la transformation des fonctions abéliennes. 


Comptes rendus .... Acad. des Sci. (Paris), xl. pp. 249-254: 
or Huvres, i. pp. 444-478.] 


The special determinant here considered, as being auxiliary to 


Hermite’s main purpose, is | a,b,c,d,| with its elements subject to 
the conditions 


|a,d,| + |d,e,.| = 0 = | 4,45 | + | yes | 
|a,d,|+ |b] =k = | aga | + | bye | 
Jand,|+|b,c,] = 0 = | ag, | + | dsc, | 
and the results in regard to it are :—(1) that it is equal to k?; (2) 
that the row-by-row product of two such determinants is a 


determinant of the same type. No proof is given, but from the 
way in which Hermite writes the conditions, it would appear 


? 


*The minus sign is omitted by him throughout. If the number of x’s had 
been odd, the sign would have been +. 
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that the first was obtained by multiplying the given determinant 
columnwise by itself in the form 


Cy Cy C3 C4 
ar b, = by ss bs — b, 
| —a@, —a, —a, —a; 


A generalisation by Brioschi (1855) has already been dealt with 
under Skew Determinants. 


ZEHFUSS, G. (1858). 


[Uebungsaufgaben fiir Schiiler. Archiv d. Math. wu. Phys., xxxi. 
p- 246; or Nouv. Annales de Math., xviii. p. 171; (2) ii. pp. 
60-61. ] 

The proposition offered for proof by Zehfuss is in modern 
phraseology to the effect that the determinant of the difference of 
the two square matrices 


rest wah A Taal DAR De ates 2 0, 
Be. ig htae 2! Os Deae0, ee ID 
Gd, Shee UUANOS | aera 


vanishes for all orders higher than the second. The proof given 
by Gustave Harang in the Nouvelles Annales rests on the 
operations 

e01,;—col,, col,—Ctol,, .in.. 
When 1=2 we have 


a,—b, cy — by = (a, —a,)(b, — 6). 


a, —b, dy — b, 


CAYLEY, A. (1859, March). 


[On the double tangents of a plane curve. Philos. Transac. R. 
Soc. (London), exlix. pp. 193-212; or Collected Math. Papers, 

iv. pp. 186-206.] 
The theorem on which an important part of this investigation 
rests is enunciated by its author as follows: Jf the 2n—1 columns 
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of the special three-row matria 


a, a, 4G, a a, «, das 
, , / 

ad, Wy, Ms a, a, a, QW, 
, , ” OF. ” 

a, a 4G, Oe _ a, a, i 


be represented by 
Lt eee te eed Tie CL) (2) 1a. A a) 
respectively: the determinant whose columns are those thus 


represented by r, 8, (t) be denoted by {r, s, (t)}; and the determi- 
nant aggregates 


{n, n—1,(2)} + {n, n-2, (3)} Phi {n, 2" (n— 1); 


- {n, n—1,(1)} = {n, n—2, (2)| oi. {2 2, (n—2)} = {n, 1, (n— I)}, 
= ue 2, (n—1)\ — {1, 8, (n—2)} = Ay Le) ea a (1)}, 
We eo ant peste \ 
{1, 2,Gi= 2) te 18, (he 8) ied ed ee 


by I, I, II, 1V; then 
dol + aI + a,_1I + a,1V = 0. 


The mode of verification suggested consists in showing that there 
exist six quantities (12), (13), (14), (23), (24), (34), say, such that 


T= a0 + .,(12) + da_-,(13) + ay(14), 
Il = — a(12)+ 4,0 + ay-,(23) + a,(24), 
IIT = — a,(18) — a,(23) + an-1-0 + an(34), 
IV = — a,(14) — a,(24) — dy_,(34) + ay-0; 


and then taking the sum of the requisite multiples. The six 
quantities in question are actually found for the cases where 
n=3, 4,6. In the last ease, the matrix being 


a We fe Oh aS aR 0, iC pel ee. 
Dil CoMidh, Ginn s aed 


a’ Ly’ ro Cs e fs a’ aye (ied a he ee 


“ 


~ 
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their values are written by Cayley in the form 


eee +f 
(13) = bf + Ce + dd =- ee = bf’ Se ops d'd’ sepa —f, 

(14) = —0’e—c'd—d’c + be+ed +d +e, 

(23) = —a’f—b’e—c"d—d’'c—eb + af +b +ced +d+eb+fa 
(24) = a’e+b’d+e'ce+d'b —aé—bd —cc —d'b'—ea, 

(34) = —a"a + aa’. 


The final lemma used in the verification may be formulated 
thus: 


If from the n quantities x,, X,,..., X, and the 4n(n—1) others 
Zeal owen. LIE 
PAR Bs SPH 
mn 


there be formed n lineo-linear functions of the two sets, namely, 
J, = 2-0 + 2,(12) +2,(13) +... Foal) 
fo = ~ %:(12) + 7-0 + (23) +... + &n(27) 
fs = — @,(13) — 2,(28) + 4:0 +... + %n(37) 


5 


— a,(1n) — #,(2n) — «,(8n) —... + &n:0 ; 


then 
tify tofot --- +¢nfn=0.* 


It may be viewed as included in the identity 


Ly Lo LE POE 


a4 08 
12 1b) ar ome om 9 
—12 } 258 SEA 2) a, 
—-13 -23. ow eOTON We 
si =p SB 6e5 0 |) 8 


or in the statement that Any quadric whose discriminant is a 
zero-uaial skew determinant vanishes identically. 


* When the coefficient of x, inf; is not 0 but (rr), the result of course is 
ay fy+ ofgt--- + nfn = xP(11) + %P(22) +... Xn? (nN) 5 
and in this connection it may be well to recall a step in Hermite’s mode of 
effecting the automorphic transformation of a quadric (See under Orthogonants). 
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HIRST, T. A. (1859) 


[Question 489. (A determinant which vanishes for every order 
higher than the fourth.) Nouv. Annales de Math., xviii. 
p. 358; (2) ix. pp. 561-563. ] 


Hirst’s theorem is that if 


Ars = (a,+,8) cos sp + (y,+6,8) sin sp 
then the determinant 


Ay,s Oy, s41 Ogee Qi,s4+n-1 | 
Ags GFasti +-+++ Gasin-1 
Ans An s+1 oo tga On,st+n-1 


vanishes when n> 4, and has a non-zero value independent of 
s when n=4; and the real significance of it is best grasped 
by noting—as is not done in the Annales—that the determinant 
is the product 


1 Bm & 
dz By 2 de 
|| On fies Yn On | 
COS Sp cos(s+1)q@ apy tak cos (s+n—1)¢ 
scossp (s+1)cos(s+l)¢ .... (s+n—1)cos(s+nu—1)¢ 
sin sp sin(s+1)¢ Oacat sin(s+n—1)¢ 
ssinsp (s+1)sin(s+1l)@ .... (s+n—1)sin (stn—1)¢ 


The vanishing of it when »>4 is then self-evident, and its 
value when n=4 being 


|a,Boy954|-|  cossp 8 COS 8p Sin sp 8 Sin sp 
cos(s+1)h (s+1)cos(s+1)@ sin(s+1)¢ (s+ 1)sin(s+1)¢ 
cos(s+2)h (8+2)cos(s+2)% sin(s+2)¢ (s+2)sin(s+2)¢ 
cos(s+3)% (s+3)cos(s+3)h sin(s+3)p (s+ 3)sin(s+3)¢ | 
we have only to show that the second determinant here is 


independent of s. The solver (Lucien Bignon) does this by 
multiplying the determinant by itself in the form 
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8 COS SH — COS 8p ssin sp —sin sp 


(s+1)cos(s+1)@ —cos(s+1)¢ (s+1)sin(s+1)¢ —sin(s+1)¢ 


and so finding for its square a determinant whose every element 
is independent of s, the element in the place 7,7 being in fact 


(j-4) c08 (ji) ¢. 
He does not note, however, that such a determinant is zero-axial 
and skew, and that its value is thus readily seen, by a theorem of 
Cayley’s, to be 
(cos? — 4. cos*2@+3 cos ¢ cos 3)”, 
1.6. 
(—4sint¢)*. 


CAYLEY, A. (1859). 


[Note on the value of certain determinants, the terms of which 
are the squared distances of points in a plane or in space. 
Quart. Journ. of Math., 111. pp. 275-277 ; or Collected Math. 
Papers, iv. pp. 460-462. ] 

The five results given in the paper are more important than 
the title would imply, being true when instead of Cayley’s 


elements 12”, 13”, ... we write any elements whatever, namely, 
12,13,... This change being made, the fourth and fifth are 
IZ) io L114 
74 ge As eee = = 
= 1221. 3443 — 12 23 24 41, 
Ble) Oo py ps 
41 42 43 


feel oelo Lao b 
2te Weizo 24 825 


a ial Naan >) 12 23 34 45 51 
ier stot ie ~ | =D) 12 23381 . 45 54, 


51 52 53 54 


where the >’s cover 3, 6, 24, 20 terms respectively. No 
commentary is added, nor any indication of a law including 


> 
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both results. The three of the other set are less general, namely, 


LZ pce. 
ae igo ok 
ole poet ea 
Leoik yt 


= >) 1221 — >) 12 23, 


where the >’s cover 3 and 6 terms respectively ; 


Toa laoe Lap k 
21) 2 §23° 24 at 
Bik pa eh ar a 
41 42 43 1 
Lite Fee] piel 


= D712 28 34 — 5/12 34.43 — 5712 23 31, 


where the >’s cover 24, 12, 8, terms respectively ; 


Wy TRY Ses Ea 
: 24,251 = 

ie i — >) 122338445 —)>)1221 . 3443 
Se wa4e abt = 

= 44+)),1223 . 45544 >) 12 23 34.41 

ee >) 1228 381 . 45 
5205S) 54) Reel + gis 
a Re 


where the >’s cover 120, 15, 60, 30, 40 terms respectively. Here 
again no generalisation is attempted. 


(«<) CENSUS OF TERMS IN SPECIAL DETERMINANTS. 


The first instance of the finding of the number of terms in 
the final development of a determinant of special form has 
already been drawn attention to, the investigator being Scherk, 
and the date 1825. 

During the period now occupying us, the earliest suggestion 
on the subject occurs in 1844 in Crelle’s Jowrn., xxviii. pp. 
191-192, the determinant being of the 8th order, and the 
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specialisation consisting in having a zero in the places 


POe1 71S) 21,28, 31,38, 41, 42 
83, 82, 81, 72, 71, 68, 61, 58, 57. 


The proposer of the problem, so far as it appears, received no 
satisfaction. ‘The next instance occurred to Sylvester, who in 
1855 having hit upon a peculiar determinant whose terms were all 
positive, ascertained the number of them by evaluating a special 
circulant. (See Quart. Journ. of Math., i. pp. 42-56, or our notice 
of it given above, pp. 406-407.) The third instance, like the first, 
arose aS a problem and remained long unsolved. It appeared 
in 1858 in the Nouv. Annales de Math., xvii. p. 262, under the 
heading “Question 445,” the requirement being to find the 
number of terms remaining in the case of a determinant of 
the n" order when all those terms have been deleted which 
contain two or more diagonal elements. The fourth instance 
—which is more closely connected with the third than might 
at first appear—was the actual but incidental determination by 
Cayley in 1859 of the number of terms in a zero-axial determi- 
nant whose order is not greater than the 7". The numbers 
found were 9, 44, 265, for the 4%, 5, 6 orders respectively. 
(See Quurt. Journ. of Math., iii. pp. 275-277, or our notice of it 
given above, pp. 469-470.) 
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THEORY OF GROUPS OF FINITE ORDER 
by W. Burnside 


For some forty years this book has been the classic introduction to 
group theory. Written by the Professor of Mathematics at Royal 
Naval Academy, it is both a great historical contribution and the 
basic reference book in its area. It is the book most often referred 
to, in later work, for detailed exposition of basic material. 


The first portion of this book deals with the notion of substitutions, 
while later chapters deal with group properties, isomorphisms, and 
graphical representation. Six new chapters have been added to 
this second revised edition on linear substitutions and the properties 
of abstract groups. 


“Important,” ENCYCLOPAEDIA BRITANNICA. “More easily compre- 
hensible than most other books on the subject,” INTERNATIONAL 
MATHEMATICAL NEWS. “A classic work, extraordinarily rich,” ELE- 
MENTE DER MATHEMATIK 


PARTIAL CONTENTS. Permutations, groups. Properties of group in- 
dependent of its mode of representation. Composition series. Iso- 
morphism of a group with itself. Abelian groups. Groups whose 
orders are powers of primes. Sylow’s theorem. Permutation groups: 
transitive, intransitive, primitive, unprimitive. Representation of 
a group of finite order as a permutation group. Groups of linear 
substitutions; group of finite order represented as group of linear 
substitutions. Group-characteristics. Applications of theory of groups 
of linear substitutions and group-characteristics. Invariants. Graphi- 
cal representations. Cayley’s colour-groups. Congruence groups. 
Also, 44 pages of appendixes. 


Unabridged republication of 2nd 1911 edition. Two prefaces. Index. 


18 illustrations. 100 examples. xxiv ++ 512pp. 5% x 8. 
Paperbound $2.45 


INTRODUCTION TO THE THEORY OF GROUPS 
OF FINITE ORDER 


by R. Carmichael 


This handy book explains for you the theory of groups, and examines 
fundamental theorems and their application. Beginning with discus- 
sions of sets, systems, groups, permutations, isomorphism, and similar 
topics, tha author progresses in easy stages through the important 
types of groups. Except for a single chapter when an understanding 
of theory of matrices is helpful, no knowledge of higher mathematics 
is necessary for the reader to follow the author’s presentation. Con- 
nections are established by Professor Carmichael between the theory 
of finite groups and other domains of classical and modern mathe- 
matics. 


Partial contents. Introduction. Five fundamental theorems. Additional 
properties of groups in general. Abelian groups. Prime power groups. 
Permutation groups. Defining relations for abstract groups. Groups 
of linear transformations. Galois fields. Groups of isomorphisms of 


Abelian groups of order p™ and type (1,1,...., 1). Finite geometries. 
Collineation groups in the finite geometries. Algebras of doubly 
transitive groups of degree p" and order p" (p" — 1). Tactical con- 
figurations. 


783 exercises and problems. Index. xiv + 447pp. 5% x 8. 
$300 Paperbound $2.00 


THEORY OF SETS 
by E. Kamke 


This is the clearest and simplest introduction to the theory of sets. 
Making use of the discoveries of such mathematicians as Cantor, 
Russell, Weierstrass, Zermelo, Bernstein, Dedekind, and others, it 
analyzes the concepts and principles of set theory. Although em- 
phasis is on fundamentals, special subdivisions, such as the theory 
of sets of points, are considered. The text is accompanied by innu- 
merable examples. Presentation is simple, easily comprehensible to 
a reader who has some acquaintance with college algebra. 


“Exceptionally well written,’ SCHOOL SCIENCE AND MATHEMA- 
TICS. ‘‘A very fine book,’’ MATHEMATICS TEACHER. ‘‘Of real service 
to logicians and philosophers who have hitherto had no access to a 
concise and accurate introduction to the general theory of sets,’’ 
PHILOSOPHICAL REVIEW. 


PARTIAL CONTENTS. I. RUDIMENTS OF SET THEORY. First classifica- 
tions, subsets, sums, intersection of sets, nonenumerable sets, etc. 
Il. ARBITRARY SETS AND THEIR CARDINAL NUMBERS. Extensions 
of number concept; equivalence of sets; cardinal numbers; Bern- 
stein’s theorem; sums, products of two, many cardinal numbers; 
powers, etc. Ill. ORDERED SETS AND THEIR ORDER TYPES. Defini- 
tion; similarity; order type; sum, product of order types; powers, 
dense sets, continuous sets, etc. IV. WELL-ORDERED SETS AND THEIR 
ORDINAL NUMBERS. Definition of well-ordering, ordinal numbers; 
addition, multiplication of ordinal numbers; subsets, similarity map- 
pings; comparison of ordinal numbers, sequences or ordinals, op- 
erations with ordinals; transfinite induction; products, powers of 
ordinal numbers; well-ordering theorem; well-ordering of cardinal 
numbers, ordinal numbers and sets of points, and similar topics. 


Translated from the second edition by Frederick Bagemihl. Bibliog- 
raphy. Key to symbols used. Index. vii + 144pp. 5% x 8. 


$141 Paperbound $1.35 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA 
by V. N. Faddeeva 


English-speaking physicists, mathematicians, engineers will welcome this first English 
translation of a unique and valuable Russian work—a guide to computational methods of 
linear algebra. Translated especially for this edition by Curtis D. Benster, it is the only 
work now in English that presents a systematic exposition of the most important methods 
of linear algebra—classical ones, as well as those developed quite recently in Russia 
and elswhere, by A. N. Krylov, A. M. Danilevsky, D. K. Faddeev, and others. 


This unusual computor’s guide shows in detail how to derive numerical solutions of 
problems in mathematical physics which are frequently connected with the numerical 
solution of basic problems of linear algebra. Theory as well as individual practices are 
given. 


The book is divided into three long chapters, with numerous subchapters. The first 
chapter provides the basic material from linear algebra (matrices, linear transformations, 
the Jordan canonical form, etc.) that is indispensable to what follows. The second chapter 
describes methods of numerical solution of systems of linear equations. The third chapter 
provides methods of computing the proper numbers and proper vectors of a matrix. 


One of the outstanding and valuable features of this work is the care which has been 
taken in the preparation of the twenty-three tables which accompany chapters II and III. 
These tables have been specially rechecked and corrected by the translator, and carefully 
set (with uniform double-spacing) so as to allow the user to follow the computations 
throughout with ease. 


Translated by C. D. Benster. Author's preface. Translator’s note. New bibliography for 
readers of the first English edition. New index. 23 tables. x + 252pp. 5% x 8. 


Paperbound $1.95 
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